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Abstract: This paper deals with a mathematical model for oil filtration in a porous
medium and its self-similar and traveling wave regimes. The model consists of the
equation of mass conservation and dependencies of porosity, permeability, and oil
density on pressure. The oil viscosity is considered to be the experimentally de-
termined parabolic relationship with respect to pressure. To close the model, two
types of the Darcy law are used: the classic one and the dynamic one describing the
relaxation processes during filtration. In the former case, self-similar solutions are
studied, while in the latter case, traveling wave solutions are the focus. Using the
invariant solutions, the initial model is reduced to the nonlinear ordinary differential
equations possessing the trajectories vanishing at infinity and representing the mov-
ing liquid fronts in porous media. To approximate these solutions, we elaborate the
semi-analytic procedure based on modified Padé approximants. In fact, we calculate
sequentially Padé approximants up to the 3-rd order for a two-point boundary value
problem on the semi-infinite domain. A good agreement of evaluated Padé approxi-
mants and numerical solutions is observed. The approach provides relatively simple
quasi-rational expressions of solutions and can be easily adapted for other types of
model’s nonlinearity.
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1 Introduction

The filtration processes are studied in many branches of science, including geophysics,
biology, ecology, medicine, etc. Control of the filtration processes is at the heart of
technologies applied for enhancing oil and gas recovery [2,[5], cleaning polluted gas-
liquid substances, and providing high-quality drugs in the biopharmaceutical industry.
Due to the significance and prevalence of these processes in nature and technological
developments, theoretical studies of filtration in porous media are relevant, especially
regarding the deviation of filtration flow dynamics from linear patterns.

The complete formulation of filtration problems, incorporating process nonlinearity,
high intensity, and multiphasicity of liquid flows, interacting effects, and complex initial
and boundary conditions, presents significant challenges. This necessitates the develop-
ment of new or improved tools for study.

In this research, we consider the oil filtration in a porous medium within the frame-
work of continuous mechanics [2], taking into account several nonlinear effects. The
filtration model consists of the equation of motion representing the conservation of mass,
the equation of state for oil, the dependencies of porosity and permeability on pressure,
and finally, the Darcy law, which is considered in its classical or generalized form. Model
nonlinearity originates from the nonlinear dependence of oil viscosity on pressure which is
discovered experimentally. Note that the viscosity of reservoir oil is an important charac-
teristic that affects the proper functioning of producing wells [4,{10]. Other fluid dynamics
problems in porous media also seek to determine the influence of variable viscosity and
permeability of filtrating liquids on flow behavior [15].

In the case of the classic Darcy law, the model in the one-dimensional case is reduced
to the nonlinear filtration equation, which can be regarded as a weakly nonlinear diffusion
equation |111/19,20] p; = (k(p)pz )=, where the function k(p) is the diffusion coefficient or
hydraulic conductivity. A vast number of studies concern the boundary value problem
(BVP) on a semi-infinite domain when the model admits self-similar regimes.

Another interesting class of filtration models known as relaxation models or models
with memory [8,|14] has been formed when considering the filtration processes with a
relatively rapid change in parameters, the flows of non-Newtonian liquids (heavy oil, so-
lutions of polymers, mixtures, emulsions, multiphase liquids with mass exchange between
phases), and filtration in layers with a particularly complex structure (crack-porous me-
dia) |2]. In such conditions, a delay is observed in the response of the filtration flow; in
other words, there is a local nonequilibrity of the filtration process accompanied by the
relaxation of pressure and velocity. To incorporate process nonequilibrity, the classical
Darcy law is generalized by adding the terms with the first temporal derivatives [5/12}/18]
describing the approach of pressure and velocity to their equilibrium values. As a rule,
the nonequilibrium (or relaxation) filtration models do not admit the same self-similar
solutions as the classical Darcy-type models. Instead, the relaxation models possess the
traveling wave solutions, the structure of which is richer.

Despite an immense number of research on the nonlinear diffusion-type equations,
they rarely succeed in obtaining a general exact solution of equations, especially their
hyperbolic generalizations. Therefore, there is still a need to improve existing and de-
velop more general methods of derivation of solutions, including the development of the
asymptotic approach [1] in combination with the extensive involvement of numerical
methods [13].

Thus, we aim to develop a semi-analytic approach based on the Padé approximants,
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which were proven to be effective in many applications [1}}3}/17], and use it for calculating
the invariant solutions describing the filtration of oil with variable viscosity.

2 The Model of Oil Filtration and Its Reduction to a Single Equation

The mathematical model for the elastic mode of filtration reads as follows:

(mp)e + (pv)z =0,  p=po(1+Cs(p—rpo)),

m=mo(1+Cp(p—po)), k=ko(l+Cr(p—po))- M

Here, the system consists of the continuity equation expressing the mass conservation
law, equation of state for a fluid, and dependencies of porosity and permeability on
pressure. The traditional designations used are: p is the fluid density, p is the pressure,
v is the filtration velocity, Cf, Cy,, and C}, are the compression coefficients of the fluid,
porosity, and permeability.

To close the system, we used the generalized Darcy law containing the description of
the nonequilibrium (or relaxation) filtration process [5L{12}/18]

T(U+Koop;c)t+v+K0px =0, (2)

where the hydraulic conductivity functions K, = k and K., = 0K, are related to the
equilibrium and frozen diffusion coefficients, 7 and 6 are constants. In this research,
we pay more attention to the oil viscosity u, assuming that it varies significantly with
pressure, which prompts the consideration of nonlinear pressure dependencies for the
function p(p).
It is obvious that by dropping the relaxing terms in 7 we arrive at the classical
Darcy law
v = —Kops- (3)

To simplify the problem, we reduce the model of filtration to a single equation with
respect to p.

Let us start with considering the model using the classic Darcy law while justifying
the quadratic pressure dependence of oil viscosity u.

To specify the function p, we consider the process of oil filtration in a reservoir in
the range of pressures when the oil is close to the phase transition zone which can form
during depletion away from a wellbore ( [4], p.42). We are interested in the vicinity
of the phase transition point, where a single phase of oil transforms into a gas-liquid
mixture. Assume that in this zone, the amount of gas phase is not enough to influence
the filtration dynamics, but the oil viscosity undergoes significant changes, which are
taken into account in the model.

We consider the experimental data concerning the measurements of the viscosities of
oils under reservoir conditions [10]. Several experimental points from the paper [10] (see
Fig.3, curve 4) are depicted in Fig These data confidently show the convex character
of the graph of oil viscosity at pressure variations.

In this study, we pay attention to the vicinity of the point of minimum known as a
bubble point and describe the oil viscosity p as a quadratic function of pressure,

1= Ho (1+a(p—po)2), (4)

where p is the viscosity at p = pg, a is a positive constant.
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To specify the function u, we approximate the experimental data in Figll] by the
parabola whose vertex coincides with the minimum value of the data (Fig. The
coordinates of the parabola vertex (po; o) are evaluated from the experimental data
quite accurately providing that po = 0.005 Pa-s and py = 41.6855 bar (or 4.169 MPa).
The evaluation of the parameter a leads to the following value a = 1.507 - 1014 Pa~2.

u, Pas

0.0080
0.0075
0.0070°
0.0065}
0.0060| ¢

0.0055 e .

0.0050 b, bat

Figure 1: The approximation of viscosity by the parabola yu = uo (1+a(p — po)®) with the
vertex (po; po) = (4.16855 - 10°,0.005) and a = 1.507 - 107** Pa=2. The experiment of Hocott
et al. [10] is marked with filled circles, while their parabolic approximation is drawn with the
dashed line.

Applying the auxiliary constraints C'yC), < 1, the filtration model closed by the
dynamic Darcy law is reduced to the single partial differential equation

it — TO[D(P)pelat + Pt — [D(P)pelz = 0, (5)
where
D(p) = H—l +Ck (p _p02) and kK = —ko .
1+a(p—po) pomo(Cs + Cm)

When 7 = 0, that is, the classic Darcy law is used, it follows from that
pe = (D(P)pz), - (6)
Next, we consider the invariant solutions of equations and (6) and develop the
semi-analytical procedure for their approximation using Padé approximations. Let us

start from the more straightforward equation @ and solve a BVP possessing the self-
similar invariant solutions.

3 BVP for the Filtration Model with the Classical Darcy Law and Its Self-
Similar Solutions

When equation @ is subject to the following initial and boundary conditions:

p(JE,t = 0) =DP1, p(fE = 07t) = P2, P12 = COIlSt, (7)
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we arrive at the classical BVP [2,[7/16] that admits self-similar solutions. To continue
the theoretical studies, let us perform the substitution

p(l’,t) = Q(P + yl)v (8)

where ) = 1/\/& and Po,i2 = Qy071,2.
Then equation @ and conditions can be written in the form of the dimensionless
BVP

v 9)

where
1 P 14+ CyQ (y1 —
D(P)=D(0)G(P), G(P)= 1+25§ inuﬁzpz’ D) = L’Zyl(glyo)g())’
it 1 _ (yl—yo)

f1

= , o= ———————, By= —
1+ CrQ2 (y1 — o) 1+ (y1 — y0)? 1+ (y1 — 0)°

Further studies do not require the value of D(0) due to the special selection of the solution
form, while 3; affects the solution characteristics.

Since a ~ 10~ !* Pa~2, one has Q ~ 107 = 10 MPa. The values of Cy and Cy, are of
order 10719 — 1078 Pa~1! |2], therefore, 3; may not be small, especially if we take into
account the possibility of a negative value of y1 — yo.

The remarkable feature of the model @[) is that this problem possesses the well-known
self similar solution

x
P(z,t) = P(§), = — 10
(@)= PO, €= o (10)

reducing @[) to the ordinary differential equation

d 1+ /P dP) dP
— — | = 26— 11
d¢ (1+263P+ﬁ2P2 dg§ fdf 1
subjected to the conditions

P(E=0)=y2 -y, P(§ = 00) = 0. (12)

Equation has a long history that can be traced through the works [7,/16]. Here,
we briefly remark that the construction of the solution of depends on the form of
hydraulic conductivity function D(P). It is known [7},/16] that the analytical representa-
tion of the solution can be obtained for the cases 81 = B2 = 0, B3 = —¢q, B2 = ¢%, and
51 = 0. In other cases, equation is analyzed by alternative methods.

In what follows, we develop the semi-analytic procedure for the evaluation of solutions
to BVP - utilizing the Padé approximants.

4 The Padé Approximant Construction for the BVP Self-Similar Solutions

To do this, we need the integral relations representing a certain type of conservation laws
for equation . In particular, integrating over the interval (0;00), we obtain

dpP . 1+283P(0) + B2 P(0)* [
&0 =2 [ b

(13)
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In essence, the procedure is the adaptation of the approaches developed in [1,j17]. The
direct application of the procedures outlined in the above-mentioned papers encounters
massive symbolic calculations that do not allow to obtain desired results or significantly
exploit the peculiarities of the model. In this research, we use the specific conservation
laws and quasi-fractional Padé approximants [1].

Thus, we are looking for the solution of the problem in the form of the Taylor series

N
P=> "rg, (14)
=0

where P(0) = r¢ is evaluated from the initial condition at £ = 0.

Inserting it into equation , we derive the coefficients r;, i > 2, as the functions of
r1 = P’(0) only. As £ increases, series diverges and does not describe the solution
properly. Therefore, we approximate it by a Padé approximant, i.e., the rational approx-
imation for a series. To specify the form of the Padé approximant, we use the additional
information on the solution’s behavior at infinity.

Assume that P({) is vanishing as £ tends to infinity. Then, from equation (L)),

2 . .
4 &123 = -2 ‘fi—?, whose vanishing

it follows that asymptotics is defined by the equation
solution is P(§) = const - erfc(§) = const - f;o exp(—22)dz. In turn, the asymptotics of

the function erfc(&) ~ Q(&) exp(—£2) is also valid.

Thus, to construct the solution valid for all £, we approximate the Taylor series
by the quasi-fractional Padé approximant [1] combining the rational Padé approximant
and the asymptotics ~ exp(—¢?)

M i
Zi:O A’Lg 6_52

) 15
S B (15)

PApnyv =

where M is the order of the Padé approximant; A; and B; are constants.

Let us recall that A; and B; depend on r; only. To evaluate M coefficients of A;
and Bj, we need to derive N = 2M coefficients of the Taylor series . Relation
is inserted in integral relations which are solved with respect to r;. Note that the
form of PA[nr/ar) can be modified further by incorporating the polynomial Zé C&F into
the exponent of the exponential function. The constants C can be calculated by the
auxiliary integral equations deduced from the starting equation by multiplying by £™ and
integration over (0;00) [1].

4.1 Application of the procedure of BVP solving

To apply the procedure developed above, we consider BVP (11)) — at a and pg
evaluated for the parabola of Fig. [Il We choose the value p; = 2MPa, which lies to the
left of the point p = po in Fig. [I] Then we obtain Q = 1//a = 0.81 - 107; (y; — yo) =
(20-10° —pg)/Q = —0.2677. To evaluate 3, we fix the product Cy2 that varies in a wide
range due to the significant variations of C} as mentioned above. Then, for instance,
when CQ) = 0.001, then $; = 0.001, while at CrQ = 0.4, we have 8, = 0.447973.
Therefore, let us consider two cases. The former when (37 is small enough to be neglected
and the latter when /7 is not small. For the sake of simplicity, the initial condition yo —1
is assumed to be 1. Thus, P(0) =79 =1 in for all further studies.
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Thus, the coefficients r; of series are as follows:

:r261(52 — 1) +2(B2 + fB3) B 1+ B2 + 203
2014 B1) (1 + B2+ 2065 3(1+ B)

rs =-—"r1
3 B3+ B3 +485) + 2(B2 + 383 + 6525 + 253) + 461(83 — B> — 285(1 + Bs))
! 6(1+ B1)%(1 + B2 +203)? T

The coefficients r;, i > 2, depend only on ry. However, they quickly become cumbersome
when the number ¢ increases.

Next, by relation , we construct the expression PA[ys/p for the Taylor series
in a conventional way taking into account in addition the expansion exp(—¢£?) =
domeo(—1)"€%"/nl. Let us start from the simplest case when M = 1 and PAp ) =
(1 4+ A16) exp(—€2)/(1 + B1€). Then the relation for specifying A; and B; reads as
follows:

T2

(A4 E+me+. . )A+BE) -1 - +€424 .. )1+ A8 =0.

Nullifying the coefficients at & and &2, we obtain a pair of equations whose roots are as
follows:

A =

R Tk U e (16)
gl ’ ! ry

0.020}

"exact" solution 0.015]

PA )

PApaI ] 0010
PA 33 U\'g'

“  0.005

0.000!
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Figure 2: a: The P(§) profiles for the solutions of BVPs - evaluated numerically
(regarded as the “exact” solution and marked by the solid curve) and corresponding P Az /1.
b: The differences drs(§) = P — PAa/ar vs. € for the profiles from the left panel.

Let the parameter values be as follows:
B1 = 0.447973; B2 = 0.933119; 283 = —0.249816. (17)

Using the Mathematica commands NDSolve[Equation (1I)), P[0]==1, P[5]==0}, P,
&, Method — {"Shooting”, "StartinglnitialConditions” — {P[0] == 1, P/[0] == -2}, we
calculate the trajectory P() (Figlh, solid curve) and its derivative at zero (r1)e, =
—1.32175, which is regarded as exact. The coefficients r; of the series are as follows:

ro =1, ri —unknown, 7o = 0.325477, r3 = —0.3875r; + 0.1883r%,
—0.3783r% + 0.0608r7, . . .

T4
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M 1 2 3
(ri)a by (13) | —1.28324 | —1.33149 | —1.32556

= |Cu=me | | 0291 0.0073 0.0028

(rl)ew

Table 1: Values of (r1)a and their relative errors depending on M ((r1)e. = —1.32175).

We construct PA[yr/ar) using the coefficients and insert the resulting Padé ap-
proximants into the integral law . Solving the resulting equations with respect to rq,
we obtain the successive approximations for r; shown in Table [T} the second row.

Then, using the evaluated values of r; and inserting them into , we write the
corresponding Pade approximants (it is especially easy to obtain PAj /) by evaluating

(16))

A 100863411z . PA 1+ 0.141081x + 0.4140612> e
A= T 119690 /2] = 1 £ 1.47257 + 0.79779922 ’
1+ 0.0632479z + 0.63253322 — 0.05485912% >

PAps = :

1+ 1.38881z + 0.901649x2 + 0.207737x3

To find out the quality of the approximation, we compare the numerically derived
profile P(£) and the profiles PAjys/a (Fig. ) For convenience, we depict the differences
dm(§) = P(§) — PApya in Fig2b. Obviously, the deviations of the profiles from zero
decrease when the order M grows. In particular, at M = 3, the difference J5(§) varies in
the interval [—0.0026;0.0012], i.e., P(§) and PA[y/p are almost indistinguishable.

The convergence of the iteration procedure of the Padé approximant evaluation is
monitored by calculating the relative error n = |{(r1)ar — (*1)ex }/(71)ex|, where (r1)ar =
dP Ajpyan/d€ is the derivative of the Padé approximant at § = 0 and (r1)e, = —1.32175.
The results of the calculations are presented in Table [I} the third row. Analyzing the
behavior of relative errors, we see that 1 decreases when M grows. This allows one to
conclude that the iteration process converges to the value (r1)e,.

5 Traveling Wave Solutions of the Filtration Model with the Relaxation
Darcy Law and Their Padé Approximants

Now, consider equation , assuming that the pressure approaches p; as * — oo, and
transform it using the substitution p = QP +p; = Q(P+y;) similar to . The resulting
equation is as follows:

where D(P) = D(0)G(P) is defined in (9). For our studies, we can further put D(0) = 1
without loss of generality.

Equation does not admit the self-similar regimes , instead, among invariant
solutions, there are traveling wave regimes. Therefore, in what follows, we consider the
traveling wave solution

p=PE), E=x-d, (20)

where c is the phase velocity.
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Inserting into , we get the ordinary differential equation of the third order.
After integration under the condition P — 0 when & tends to infinity, we get the second
order differential equation

72 P' 4+ ¢r0[G(P)P') — cP — G(P)P' = 0. (21)

Thus, the problem is to approximate the forward semi-trajectory starting from P(0)
and approaching zero at infinity by the Padé approximant. Note that such solutions can
be helpful for the description of moving fronts in models for heat and mass transfer [6].

To develop the Padé approximations for this solution, the conservation law is required.
To derive it, we integrate equation from 0O to infinity and arrive at the resulting

relation
/ Pdf—( e — cHG(1)P'(0 / G(x dm) Je=A (22)

Using the approach described in Section @; in the vicinity of the point £ = 0, we look
for the Taylor series expansion P = 1 + Z 4 rjfj inserting it into relation G) All
coefficients r;, j > 2, are the functions of = P’(0) only. The Padé approximant now
is written in the following form:

M ;
. Ai g

PApnmy = 725\20 3 e,
ijo ij]

where the multiplier ef¢ describes the asymptotic solution’s behavior as & — oo. To
evaluate H, we linearize equation arriving to

70P" + (1¢* = 1)P' — cP =0,

and then the simplest solution vanishing at infinity is ef¢, where H = (1 — 7¢? —

V(T2 —1)2 + 4710c)/(270) < 0
The coefficients of the P Ay nullify the relation for all &,

2M (He) M 4 2M ' M 4
Yo 1A - (1D g ) [1+) B | =0
=0 J: j=1 j=1 j=1

From this relation, the system of equations with respect to 2M variables A; and B; can
be extracted. For instance, when M = 1, we obtain

Al—Blz’I’l—H, HAl—TlBlzTQ—H2/2, (23)
and at M = 2,
AlfBliTlfH, AQ*T‘lBl*BQ+A1H:T'Q+H2/2,
—7"231—T132+A2H+A1H2/2=T3+H3/67 (24)
—T‘3B1 —7"2B2+A2H2/2+A1H3/6:T‘4+H4/24.

Systems (123 and ( are linear and consistent. Thus, they possess unique solutions
After 1dent1fy1ng Pade approximant ., we insert it 1nto the conservation law ,

where P'(0) = 1, G(1) = % = const, and fo (x)dx = const. The resultmg
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integral equation serves for the evaluation of the unknown quantity ry. It is hard to
solve such an equation even numerically.

To overcome this, we use the analytical representations for the integral term. Specif-
ically, for M = 1 or M = 2, the expression [ Pdz = [~ PAjyyade can be derived
analytically. Using the Mathematica command, we obtain

> e 1+A1.’E Al Al_Bl . H _H
PAy ydx = He— — 27y — — Ei | — /Bi (25
/0 (1,119 /0 I BT BET B \B)C » (25)

where Ei(-) is the exponential integral function. A similar, but a bit cumbersome ex-
pression can also be computed for M = 2. In this case, it is hard to derive the improper
integral. Instead, the definite integral on the interval [0, L] (L is large enough, L = 4 is
used in this case) fits well.

5.1 Padé approximant construction

Now, consider the application of the approach we developed at the fixed parameters
T=1,60=1.5, c=2.7, and the initial condition P(0) = 1. The parameters 3 2 3 for the
function G(p) coincide with (I7).

To justify the existence of a trajectory vanishing at infinity, let us integrate equation
under the second initial condition for the derivative P’(0), which varies in the range
[—2.218, —2.215] with the step 0.0005. The resulting bundle of solutions, depicted in the
inset of Fig[3p, contains the trajectories unbounded from above and others — from below.
Then we can conclude that a unique trajectory exists, vanishing at infinity at a certain
P’(0). To control the conservation law implementation, we also attach the equation
dY/d¢ = P(£) with the initial condition Y(0) = 0 to equation (21)) and calculate the
trajectory Y (§) which approaches to A as £ — oo, as shown in Fi.

The numerically evaluated trajectory is regarded as an “exact” solution with which
we will compare its Padé approximant. Using the Mathematica command NDSolve][-,
Method — {"Shooting”, "StartinglnitialConditions” — {P[0] == 1, P'[0] == -1.7}, the
trajectory we are looking for is estimated with good accuracy (Fig) providing P’(0) =
—2.21658 = (1) ex-

Finally, when the coefficients of the Taylor series 71,234 and Padé approximant A,
By, and relation are inserted into the conservation law (22, we arrive at the equa-
tion with respect to r; possessing the root r; = —2.18753. The corresponding Padé
approximant is as follows:

0.17637 + 0.94988¢ ¢

PAy =
[1/1] 017637 +€

H = —1.90335. (26)

Proceeding in the same manner, we calculate the next r; = —2.22365 and the corre-
sponding Padé approximant

1+ 2.00241€ 4 1.16097€2
1+ 2.32541¢ +0.28312¢2°

PApq = (27)

Figure exhibits the comparison of PA(; /1j (dashed line), PA[/9) (crosses), and “exact”
solution (solid curve). It is obvious that PA[y/g) is indistinguishable from the “exact”
solution.
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Figure 3: (a) The profiles of the solution of equation and Padé approximants PAj /q
and PA[y/9), defined by and , respectively. The inset shows the bundle of trajectories
starting from the initial conditions P(0) = 1 and P’(0) from the range [—2.218,—2.215]. (b)
The profile of Y (£) describing the approach of a conservative quantity to its limit value A.

6 Conclusion

Thus, this research considered the nonlinear model describing the filtration of oil with
variable viscosity in the semi-infinite domain. Model’s nonlinearity was mostly deter-
mined by the quadratic pressure dependence of oil viscosity, the parameters of which
were estimated from experimental data. The model incorporating the classical Darcy
law possesses self-similar invariant solutions, which allow one to reduce the initial BVP
to the nonlinear BVP for an ODE on a semi-infinite domain. The traveling wave solu-
tions are considered when the filtration model is closed by the relaxation Darcy law. The
research focused on the solutions vanishing at infinity. We developed the semi-analytical
procedure for approximating the self-similar and traveling wave solutions utilizing the
modified Padé approximant approach. The results of the procedure’s application were
compared with numerical solutions. It was shown that excellent results of approximation
can be achieved even when using the low-order Padé approximations (up to the 3-rd or-
der) in contrast to the use of conventional rational Padé approximations. Note also that
the proposed procedure can be applied to the filtration equation with another form of
hydraulic conductivity D(p). Note also that the low order modified Padé approximants
represent relatively simple and useful expressions for the model’s solutions, which are
preferable to use even when the exact but cumbersome solution exists. Moreover, quasi-
rational approximations are indispensable when further manipulations on solutions are
performed. Specifically, this is important for modeling well operation and liquid front
propagation in porous media. Similar models and their solutions are also encountered in
heat transfer theory [7,{16], demonstrating the multidisciplinary nature of the research.
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