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Solvability of Functional Equations’ Classes Arising in

Dynamic Programming Using Fixed-Point Technique
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Oussaeif 1, Nidal Anakira 4 and Tala Sasa 5
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Abstract: This paper is devoted to the existence, uniqueness, and iterative ap-
proximation of solutions for the classes of functional equations arising in dynamic
programming of multistage decision processes. The findings presented here extend
and integrate several results from the existing literature. Illustrative examples are
also provided to emphasize the significance of the main results. The approach is based
on fixed point techniques applied in suitable function spaces. Furthermore, our results
unify a variety of known theorems within a broader and more flexible framework.

Keywords: functional equations; dynamic programming; fixed point; iterative ap-
proximation.

Mathematics Subject Classification (2020): 70K20, 70K30, 93C10.

1 Introduction

In 1922, Banach [1] proved his celebrated fixed point theorem, commonly known as the
Banach contraction principle. Bellman [2, 3] introduced and explored the existence of
solutions for a class of functional equations arising in dynamic programming. Since then,
many researchers (see [4–11]) have studied the existence and uniqueness of solutions to
functional equations by modifying the conditions of Bellman’s equations in the context
of multistage decision processes.

∗ Corresponding author: mailto:i.batiha@zuj.edu.jo
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Recent advances in the study of functional equations, fractional differential models,
and fixed point theory have led to significant developments in both theory and applica-
tions across various mathematical and engineering domains. In particular, methods for
solving Volterra-type and fractional integro-differential equations have been extensively
developed using novel decomposition and numerical strategies [12–14]. Parallel to this,
fixed point techniques in generalized metric spaces have emerged as powerful tools for
addressing nonlinear problems in functional analysis and dynamic systems [15–17]. These
tools have found fruitful applications in the analysis of reaction-diffusion systems, blow-
up phenomena, and inverse problems under integral constraints [18–24]. Building on this
growing body of work, our paper aims to explore the solvability of functional equations
arising in dynamic programming by applying fixed point techniques in suitable function
spaces.

In this work, we present and analyze the existence, uniqueness, and iterative ap-
proximation of solutions for the following classes of functional equations and systems of
functional equations arising in dynamic programming:

f(x) = opty∈D {u(x, y) + opt {pi(x, y) +Ai(x, y, f(ai(x, y))) : i = 1, 2, 3}} , (1)

f(x) = opty∈D

{
u(x, y) + r(x, y)f(c(x, y)) + opt{pi(x, y)f(s(x, y)),
ti(x, y) + qi(x, y)Ai(x, y, f(ai(x, y))) : i = 1, 2, 3}

}
, (2)

f(x) = opty∈D {p(x, y) + opt {ui(x, y) +Ai(x, y, g(ai(x, y))) : i = 1, 2, 3}} , (3a)

f(x) = opty∈D {q(x, y) + opt {vi(x, y) +Bi(x, y, f(bi(x, y))) : i = 1, 2, 3}} . (3b)

Here, opt denotes either sup or inf. The variables x and y represent the state and
decision vectors, respectively. The mappings s, c, and ai (i = 1, 2, 3) denote process
transformations, and the functions f(x) and g(x) represent the optimal return functions
with initial state x.

The structure of this paper is as follows. In Section 2, we introduce basic concepts,
notations, and useful lemmas. In Section 3, we establish the existence, uniqueness, and
iterative approximation of solutions to functional equation (1) in the spaces BC(S) and
B(S).

2 Preliminaries

In this section, we introduce notations, definitions, and some preliminary results that
will be used in the remainder of the paper. Let R = (−∞,+∞), R+ = [0,∞), and
R− = (−∞, 0]. For every t ∈ R, let [t] denote the greatest integer less than or equal to
t. Let (X, ∥ · ∥) and (Y, ∥ · ∥′) be real Banach spaces. Let S ⊆ X denote the state space
and D ⊆ Y denote the decision space. We define the following function classes:

Φ1 =
{
φ : R+ → R+ | φ is right-continuous at t = 0

}
,

Φ2 =
{
φ : R+ → R+ | φ is non-decreasing

}
,

Φ3 = {φ ∈ Φ1 | φ(0) = 0} ,
Φ4 = {φ ∈ Φ1 ∩ Φ2 | φ(t) < t for all t > 0} ,
Φ5 = {φ ∈ Φ2 | φ(t) < t for all t > 0} .
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We also define the following function spaces:

B(S) = {f : S → R | f is bounded} ,
BC(S) = {f ∈ B(S) | f is continuous} ,
BB(S) = {f : S → R | f is bounded on bounded subsets of S} .

It is easy to verify that both (B(S), ∥ · ∥1) and (BC(S), ∥ · ∥1) are Banach spaces
under the supremum norm ∥f∥1 = supx∈S |f(x)|. For every positive integer k and for
f, g ∈ BB(S), define the pseudometric

dk(f, g) = sup
{
|f(x)− g(x)| : x ∈ B(0, k)

}
,

where B(0, k) = {x ∈ S : ∥x∥ ≤ k}. We then define a complete metric d on BB(S) by

d(f, g) =

∞∑
k=1

1

2k
· dk(f, g)

1 + dk(f, g)
.

The collection {dk}k≥1 forms a countable family of pseudometrics on BB(S). A sequence
{fn} ⊆ BB(S) is said to converge to f ∈ BB(S) if for every k ∈ N, we have dk(fn, fm) →
0 as n,m→ ∞. Therefore, (BB(S), d) is a complete metric space.

Definition 2.1 A metric space (M,ρ) is said to be metrically convex if for any
x, y ∈ M , there exists z ∈ M , with z ̸= x, y, such that ρ(x, y) = ρ(x, z) + ρ(z, y).
Intuitively, every Banach space is metrically convex.

Lemma 2.1 (Menger [5]) If M is a complete metrically convex metric space, then
for every α ∈ (0, 1) and for any x, y ∈M , there exists z ∈M such that ρ(x, z) = αρ(x, y)
and ρ(z, y) = (1− α)ρ(x, y).

Lemma 2.2 ( [5]) Assume that M is a complete metrically convex metric space and
that f :M →M is a mapping satisfying

ρ(fx, fy) ≤ Kρ(x, y) (4)

for some constant K <∞. Define the function ϕ : [0, b) → [0, b) by

ϕ(t) = sup{ρ(fx, fy) : x, y ∈M, ρ(x, y) = t}.

Then we have

(a) ϕ is subadditive; that is, for all s, t > 0 such that s+ t < b, we have

ϕ(s+ t) ≤ ϕ(s) + ϕ(t).

(b) ϕ is upper semicontinuous from the right on [0, b).

Proof. (a) Let x, y ∈ M with ρ(x, y) = s + t. Since M is metrically convex, there
exists z ∈M such that ρ(x, z) = s and ρ(z, y) = t. Then

ρ(fx, fy) ≤ ρ(fx, fz) + ρ(fz, fy) ≤ ϕ(s) + ϕ(t). ♢
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Taking the supremum over all such x, y ∈M with ρ(x, y) = s+ t gives the result in (a).
(b) From part (a), for t > t0 and t− t0 < b, we have

ϕ(t) ≤ ϕ(t− t0) + ϕ(t0) ≤ K(t− t0) + ϕ(t0)

since ϕ(t− t0) ≤ K(t− t0) by the assumption in equation (4). Therefore,

lim sup
t→t+0

ϕ(t) ≤ ϕ(t0),

proving that ϕ is upper semicontinuous from the right at t0.

Lemma 2.3 Let M be a complete metric space, and let f : M → M be a mapping
satisfying

ρ(fx, fy) ≤ φ (ρ(x, y)) , (5)

where φ : P → R+ is upper semicontinuous from the right on P and satisfies φ(t) < t
for all t ∈ P \ {0}. Then f has a unique fixed point x0 ∈ M , and for all x ∈ M , the
sequence fnx→ x0 as n→ ∞.

Proof. Fix x ∈ M and define cn = ρ(fnx, fn−1x). From the contractive condition,
we have

cn+1 = ρ(fn+1x, fnx) = ρ(f(fnx), f(fn−1x)) ≤ φ(cn),

which implies that {cn} is a decreasing sequence. Since φ(t) < t for all t > 0, the
sequence must converge to a limit c ≥ 0. Assume, by contradiction, that c > 0. Then,
taking limits, we get

c = lim
n→∞

cn ≤ lim sup
t→c+

φ(t) ≤ φ(c),

which contradicts φ(c) < c. Therefore, c = 0. Next, we show that {fnx} is a Cauchy
sequence. Suppose not. Then there exist ε > 0 and sequences {mk}, {nk} with mk >
nk ≥ k such that

dk := ρ(fmkx, fnkx) ≥ ε for all k ∈ N.

Choose mk as the smallest index greater than nk such that this holds. Since cn → 0, we
may assume

ρ(fmk−1x, fnkx) < ε.

Then

dk ≤ ρ(fmkx, fmk−1x) + ρ(fmk−1x, fnkx) ≤ cmk
+ ε.

Thus, dk → ε+ as k → ∞. However, consider

dk = ρ(fmkx, fnkx)

≤ ρ(fmkx, fmk+1x) + ρ(fmk+1x, fnk+1x) + ρ(fnk+1x, fnkx)

≤ cmk+1 + cnk+1 + φ(dk) ≤ 2ck + φ(dk).

Taking the limit as k → ∞, we obtain

ε ≤ φ(ε),
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which contradicts φ(ε) < ε for ε > 0. Hence, {fnx} is a Cauchy sequence. By the
completeness of M , there exists a limit point x0 ∈ M such that fnx → x0. Since f is
continuous (implied by the inequality and structure of the argument), we have

fx0 = lim
n→∞

f(fnx) = lim
n→∞

fn+1x = x0,

so x0 is a fixed point of f . To prove uniqueness, suppose x0 and x1 are both fixed points.
Then

ρ(x0, x1) = ρ(fx0, fx1) ≤ φ(ρ(x0, x1)) < ρ(x0, x1),

which is a contradiction unless ρ(x0, x1) = 0, hence x0 = x1.

Lemma 2.4 ( [5]) Let (M,ρ) be a complete metrically convex metric space, and let
f :M →M be a mapping satisfying

ρ(fx, fy) ≤ φ (ρ(x, y)) for all x, y ∈M, (6)

where φ : P → R+ is a function such that φ(t) < t for all t ∈ P \{0}, with P = {ρ(x, y) :
x, y ∈M} and P being its closure. Then f has a unique fixed point u ∈M , and for every
x ∈M , we have

lim
n→∞

fn(x) = u.

Proof. Let ϕ : [0, b) → [0, b) be defined as in Lemma 2.2:

ϕ(t) = sup{ρ(fx, fy) : x, y ∈M, ρ(x, y) = t}.

By Lemma 2.2, ϕ is upper semicontinuous from the right on [0, b). Furthermore, for all
t ∈ [0, b),

ϕ(t) ≤ φ(t).

If P = [0, b] with b <∞, we extend ϕ by defining ϕ(b) := φ(b). Then we have

ρ(fx, fy) ≤ ϕ (ρ(x, y)) for all x, y ∈M.

Now, since ϕ is upper semicontinuous from the right and satisfies ϕ(t) < t for t > 0, the
conditions of Lemma 2.1 (the generalized fixed point theorem) are satisfied for ϕ. Hence,
f has a unique fixed point u ∈ M , and the sequence {fn(x)} converges to u for every
x ∈M .

Lemma 2.5 ( [8]) Let {ai, bi : 1 ≤ i ≤ n} ⊆ R. Then

|opt{ai : 1 ≤ i ≤ n} − opt{bi : 1 ≤ i ≤ n}| ≤ max {|ai − bi| : 1 ≤ i ≤ n} . (∗)

Here, opt denotes either the supremum or infimum.

Proof. The inequality clearly holds for n = 1. Assume that (∗) holds for some n ∈ N.
Consider the case n+ 1:

opt{ai : 1 ≤ i ≤ n+ 1} = opt {opt{ai : 1 ≤ i ≤ n}, an+1} ,

and similarly for the bi’s. Using the inductive hypothesis and Lemma 2.1 from [9], we
obtain

|opt{ai : 1 ≤ i ≤ n+ 1} − opt{bi : 1 ≤ i ≤ n+ 1}|
≤ max {|opt{ai : 1 ≤ i ≤ n} − opt{bi : 1 ≤ i ≤ n}| , |an+1 − bn+1|}
≤ max {|ai − bi| : 1 ≤ i ≤ n+ 1} .

Hence, by induction, the inequality holds for all n ∈ N.
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Lemma 2.6 Let ai, bi ∈ R for i = 1, 2, 3. Then

max {|ai + bi| : i = 1, 2, 3} ≤ max {|ai| : i = 1, 2, 3}+max {|bi| : i = 1, 2, 3} .

Proof. By the triangle inequality, we have for each i = 1, 2, 3:

|ai + bi| ≤ |ai|+ |bi|.

Taking the maximum over i, we obtain

max {|ai + bi| : i = 1, 2, 3} ≤ max {|ai|+ |bi| : i = 1, 2, 3} .

Finally, since for each i,

|ai|+ |bi| ≤ max {|ai| : i = 1, 2, 3}+max {|bi| : i = 1, 2, 3} ,

we conclude

max {|ai + bi| : i = 1, 2, 3} ≤ max {|ai| : i = 1, 2, 3}+max {|bi| : i = 1, 2, 3} .

Lemma 2.7 [8]

(i) Let A : S × D → R be a mapping such that opty∈D A(x0, y) is bounded for some
x0 ∈ S. Then ∣∣opty∈D A(x0, y)

∣∣ ≤ sup
y∈D

|A(x0, y)| .

(ii) Let A,B : S × D → R be mappings such that both opty∈D A(x1, y) and
opty∈D B(x2, y) are bounded for some x1, x2 ∈ S. Then∣∣opty∈D A(x1, y)− opty∈D B(x2, y)

∣∣ ≤ sup
y∈D

|A(x1, y)−B(x2, y)| .

Proof. (i) If supy∈D |A(x0, y)| = +∞, the inequality holds trivially. Otherwise,
assume supy∈D |A(x0, y)| <∞. Then, for all y ∈ D,

−|A(x0, y)| ≤ A(x0, y) ≤ |A(x0, y)|.

Taking the infimum and supremum over y ∈ D, we obtain

inf
y∈D

A(x0, y) ≥ − sup
y∈D

|A(x0, y)|, sup
y∈D

A(x0, y) ≤ sup
y∈D

|A(x0, y)|.

Hence, ∣∣opty∈D A(x0, y)
∣∣ ≤ sup

y∈D
|A(x0, y)|.

(ii) If supy∈D |A(x1, y) − B(x2, y)| = +∞, the inequality holds trivially. Otherwise,
for all y ∈ D,

|A(x1, y)−B(x2, y)| ≤ sup
y∈D

|A(x1, y)−B(x2, y)|.

Thus,

B(x2, y)− sup
y∈D

|A(x1, y)−B(x2, y)| ≤ A(x1, y) ≤ B(x2, y) + sup
y∈D

|A(x1, y)−B(x2, y)|.

Taking opty∈D on both sides yields∣∣opty∈D A(x1, y)− opty∈D B(x2, y)
∣∣ ≤ sup

y∈D
|A(x1, y)−B(x2, y)|.
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3 Existence and Uniqueness of Solutions in BC(S) and B(S)

We now discuss the existence and uniqueness of solutions to the functional equation (1)
in the spaces BC(S) and B(S).

Theorem 3.1 Let u, pi : S ×D → R, ai : S ×D → S, and Ai : S ×D × R → R for
i = 1, 2, 3 be given mappings. Let φ ∈ Φ3 and ψ ∈ Φ4. Assume the following conditions
hold:

(C1) The mappings u, pi, and Ai are bounded for each i = 1, 2, 3.

(C2) For every x0 ∈ S, the limits

u(x, y) → u(x0, y), pi(x, y) → pi(x0, y), ai(x, y) → ai(x0, y)

hold uniformly for y ∈ D as x→ x0, for all i = 1, 2, 3.

(C3) For all x, x0 ∈ S, y ∈ D, and z ∈ R,

max {|Ai(x, y, z)−Ai(x0, y, z)| : i = 1, 2, 3} ≤ φ (∥x− x0∥) .

(C4) For all x ∈ S, y ∈ D, and z, z0 ∈ R,

max {|Ai(x, y, z)−Ai(x, y, z0)| : i = 1, 2, 3} ≤ ψ (∥z − z0∥) .

Then the functional equation (1) admits a unique solution w ∈ BC(S), and for every
h ∈ BC(S), the sequence {Hnh}n≥1 converges to w, where the operator H : BC(S) →
BC(S) is defined by

Hh(x) = opty∈D {u(x, y) + opt {pi(x, y) +Ai(x, y, h(ai(x, y))) : i = 1, 2, 3}} , x ∈ S.
(8)

Proof. Let x0 ∈ S and h ∈ BC(S). By condition (C1), it is clear that Hh is
bounded. From (C2), along with φ ∈ Φ3 and ψ ∈ Φ4, we know that for any ϵ > 0, there
exist δ1, δ2, δ3 > 0 such that

φ(∥x− x0∥) <
ϵ

4
for x ∈ S with ∥x− x0∥ < δ1, (9)

ψ(δ1) <
ϵ

4
, (10)

|u(x, y)− u(x0, y)| <
ϵ

4
for (x, y) ∈ S ×D with ∥x− x0∥ < δ1,

(11)

max {|pi(x, y)− pi(x0, y)| : i = 1, 2, 3} < ϵ

4
for ∥x− x0∥ < δ1, (12)

|h(x)− h(x0)| < δ1 for x ∈ S with ∥x− x0∥ < δ2, (13)

max {|ai(x, y)− ai(x0, y)| : i = 1, 2, 3} < δ2 for ∥x− x0∥ < δ3. (14)

From (10), (13), and (14), we deduce

ψ

(
sup
y∈D

{max {|h(ai(x, y))− h(ai(x0, y))| : i = 1, 2, 3}}
)
<
ϵ

4
, for ∥x− x0∥ < δ3. (15)
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Let δ = min{δ1, δ3}. Using (C3), (C4), (9), and (15), we get for all x ∈ S with ∥x−x0∥ <
δ:

|Hh(x)−Hh(x0)|
=

∣∣opty∈D {u(x, y) + opt {pi(x, y) +Ai(x, y, h(ai(x, y)))}}
− opty∈D {u(x0, y) + opt {pi(x0, y) +Ai(x0, y, h(ai(x0, y)))}}

∣∣
≤ sup

y∈D

{
|u(x, y)− u(x0, y)|+ max

i=1,2,3

[
|pi(x, y)− pi(x0, y)|

+ |Ai(x, y, h(ai(x, y)))−Ai(x0, y, h(ai(x0, y)))|
]}

≤ ϵ

4
+
ϵ

4
+
ϵ

4
+
ϵ

4
= ϵ.

This proves that Hh is continuous at x0, and hence H maps BC(S) into itself. Now, let
h, g ∈ BC(S) and fix x ∈ S. Suppose opty∈D = supy∈D. Then there exist y, z ∈ D such
that

Hh(x) < u(x, y) + opt {pi(x, y) +Ai(x, y, h(ai(x, y)))}+ ϵ,

Hg(x) < u(x, z) + opt {pi(x, z) +Ai(x, z, g(ai(x, z)))}+ ϵ,

Hh(x) ≥ u(x, z) + opt {pi(x, z) +Ai(x, z, h(ai(x, z)))} ,
Hg(x) ≥ u(x, y) + opt {pi(x, y) +Ai(x, y, g(ai(x, y)))} . (16)

Using (16) and condition (C4), we have

|Hh(x)−Hg(x)| < max
i=1,2,3

{|Ai(x, y, h(ai(x, y)))−Ai(x, y, g(ai(x, y)))|,

|Ai(x, z, h(ai(x, z)))−Ai(x, z, g(ai(x, z)))|}+ ϵ

≤ ψ

(
max

i=1,2,3
{|h(ai(x, y))− g(ai(x, y))|, |h(ai(x, z))− g(ai(x, z))|}

)
+ ϵ

≤ ψ(∥h− g∥1) + ϵ.

Taking the supremum over x ∈ S, we obtain

∥Hh−Hg∥1 ≤ ψ(∥h− g∥1) + ϵ. (17)

A similar argument holds if opty∈D = infy∈D. Letting ϵ→ 0+ in (17), we conclude

∥Hh−Hg∥1 ≤ ψ(∥h− g∥1).

By Lemma 2.4 (a variant of Boyd and Wong’s fixed point theorem [6]), the operator H
has a unique fixed point w ∈ BC(S), and for every h ∈ BC(S), the sequence {Hnh}n≥1

converges to w. Clearly, w is the unique solution of the functional equation (8) in BC(S).

Theorem 3.2 Let u, pi : S × D → R, ai : S × D → S, and Ai : S × D × R → R
for i = 1, 2, 3 be given mappings. Suppose that ψ ∈ Φ5, and that conditions (C1) and
(C4) hold. Then the functional equation (1) admits a unique solution w ∈ BC(S), and
the sequence {Hnh}n≥1 converges to w for every h ∈ BC(S), where the operator H is
defined by (8).
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Remark 3.1

1. If u = 0 and p3 = A3 = 0, then Theorem 3.2 reduces to Theorem 3.2 of Pathak
and Deepmala [25].

2. Theorem 3.2 generalizes and strengthens the classical result of Bellman [2].

Example 3.1 We present an example that demonstrates how Theorem 3.1 general-
izes and unifies several previous results, including those found in [2, 4, 8, 10, 11, 25, 26].
Let X = Y = R, S = [1,∞), and D = R+ = [0,∞). Define

φ(t) = 3t, ψ(t) =
t

4
.

Then Theorem 3.1 guarantees that the functional equation

f(x) = opty∈D

{
1 +

1

x2 + 1
2y

+ opt

{
x2

x+ y2
+

1

x2 + y2 + 1
+

1

3
sin

(
f(2x2y)

)
,

x+ y

1 + 3(x+ y)
+

1

x2 + y
+

1

3 + |f(sin(2x) + 3y)|
,

x3

x+ y4
+

1

1 + x2 + 2y2
+

f
(
5 + sin(7x− 3y)

)
3 + 3f

(
5 + sin(7x− 3y)

)2
}}

, ∀x ∈ S,

possesses a unique solution in B(S). To see this, define the following mappings:

u(x, y) = 1 +
1

x2 + 1
2y
,

p1(x, y) =
x2

x+ y2
, p2(x, y) =

x+ y

1 + 3(x+ y)
, p3(x, y) =

x3

x+ y4
,

and

A1(x, y, z) =
1

x2 + y2 + 1
+

1

3 sin z
,

A2(x, y, z) =
1

x2 + y
+

1

3 + |z|
,

A3(x, y, z) =
1

1 + x2 + 2y2
+

z

3 + 3z2
.

Then the following relations hold:

|Ai(x, y, z)−Ai(x0, y, z)| ≤ 3|x− x0| for all i = 1, 2, 3,

|Ai(x, y, z)−Ai(x, y, z0)| ≤
1

4
|z − z0| for all i = 1, 2, 3.

Thus, all the assumptions of Theorem 3.2 are satisfied, and hence the functional equation
possesses a unique solution in B(S).
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4 Conclusion

In this paper, we established new existence, uniqueness, and iterative approximation re-
sults for the classes of functional equations arising in dynamic programming. By employ-
ing fixed point techniques and suitable contractive conditions, we extended and unified
several known results in the literature. The general framework presented here accom-
modates a broad range of applications and improves upon classical formulations such as
Bellman’s equations. A detailed example was also provided to illustrate the applicability
of our main theorem.

References

[1] S. Banach. Sur les opérations dans les ensembles abstraits et leur application aux équations
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Abstract: In this paper, we propose an optimization model to address a specific class
of bilevel programming problems. We transform the bilevel problem into a single-
level optimization problem using the optimal value function reformulation. Since
the lower-level problem is non-convex, we rewrite the value function of the lower-
level problem as a Difference of Convex Functions (DC). To achieve this, we employ
a regularization approach in the value function of the lower-level problem, which
enables us to formulate the problem as a DC program. The resulting problem is then
solved using the DC algorithm (DCA). The efficiency of the proposed algorithm is
demonstrated through the results obtained from our computational analysis.
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1 Introduction

Bilevel optimization is a key area of mathematical programming that is crucial for solv-
ing hierarchical decision-making problems. In nonlinear dynamical systems, it enhances
control, responsiveness, and stability. For example, a nonlinear control model can rep-
resent the interaction between an upper-level controller that optimizes stability and a
lower-level controller that executes decisions based on system dynamics. This framework
is valuable in robotic control, smart grids, and energy management because it balances
competing objectives under dynamic constraints [8]. Additionally, discrete event simu-
lation (DES) and system dynamics (SD) have been used to analyze waiting times and
queue lengths in healthcare systems such as outpatient departments (OPDs) [3]. While
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these models do not explicitly employ bilevel programming, the implicit leader–follower
interaction between hospital management and patient flow can naturally be formulated
as a bilevel problem. Behavior patterns resemble the Nash equilibrium in decentralized
decision-making.

A bilevel optimization problem involves two interdependent levels of decision-making:
the leader at the upper level influences the objective function and the constraints for the
follower problem. The follower then optimizes their decision-making based on the leader’s
choices. This dynamic generates a multifaceted issue that necessitates solutions consid-
ering the interaction between both levels of decision-making. Even when all functions in
bilevel programming problems (BLPs) are linear, these problems are usually non-convex,
which makes them difficult to solve. Nevertheless, researchers have developed various
methodologies to address these challenges, including descent methods and smoothing
techniques, among others. Furthermore, mathematical methods such as applying the
KKT conditions to the lower-level problem or reformulating the lower-level value func-
tion (VFR) are used to convert BLPs into single-level problems [14], [12].

In this paper, we propose a numerical algorithm for a specific class of bilevel program-
ming problems using DC programming and the DCA, originally introduced by Pham
Dinh Tao in 1986 and further developed since 1994 [7]. This approach was applied to
bilevel problems with a convex quadratic upper-level objective and a linear lower-level
structure by Le Thi Hoai An and Tran Duc Quynh [13]. Similarly, in [2], the bilevel prob-
lem was reformulated using the KKT conditions and solved via DC programming. DC
programming has recently gained broader attention in bilevel optimization [6], and con-
tinues to be extended to various problem classes, including absolute value equations [1].

The remainder of this paper is organized as follows. Section 2 provides a concise
overview of DC programming and the DCA. Section 3 formulates the problem. Section 4
details the implementation of DC programming and the DCA to address the reformulated
problem. Computational results are presented in Section 5, followed by conclusions and
directions for future research in Section 6.

2 DC Programming and DCA

DC programming is a mathematical optimization domain that addresses problems in
which the objective function f is represented as the difference of two convex functions.
These functions are designated as the DC components of the function f , with g − h
signifying a DC decomposition of f .

Let the space Rn be equipped with the canonical inner product ⟨·, ·⟩. The Euclidean
norm is denoted by ∥·∥. A DC program takes the form

(PDC) min {f(x) = g(x)− h(x) : x ∈ Rn} ,

where g, h : Rn → R̄ are lower semicontinuous proper convex functions. The following
necessary local optimality conditions:

∅ ≠ ∂h(x∗) ⊂ ∂g(x∗) † and ∂g(x∗) ∩ ∂h(x∗) ̸= ∅ ‡

developed by Le Thi and Pham Dinh [7], have been widely used in DC programming,
where

∂h(x∗) = {p∗ ∈ Rn | h(x) ≥ h(x∗) + ⟨x− x∗, p∗⟩, ∀x ∈ Rn}
† Such a point is called a stationary point.
‡ Such a point is called a critical point.
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is the subdifferential of h at x∗.
The DCA is an efficient and adaptable optimization technique used to minimize dif-

ferences of convex functions. The fundamental principle of the DCA is to iteratively
approximate a non-convex optimization problem through a series of convex problems.
Each iteration entails solving a convex subproblem derived from the original DC prob-
lem. The algorithm can be implemented as follows.

Algorithm 2.1 DCA Algorithm
Initialization
Choose an initial point x0 ∈ Rn, the maximum number of iterations max.
Treatment

1. For k = 0, 1, . . . ,max

(a) Calculate pk ∈ ∂h(xk).

(b) Calculate xk+1 ∈ argmin
{
g(x)− h(xk)− ⟨x− xk, pk⟩ : x ∈ Rn

}
.

(c) If the convergence criterion is satisfied, then stop; otherwise set k := k + 1.

Theorem 2.1 [11] The DCA algorithm either converges after a finite number of
iterations or produces an infinite sequence of points (xk). If the sequences (xk) and (pk)
are bounded, one of the functions g or h is strongly convex 1 , and inf f > −∞, then
every accumulation point of the sequence (xk) is a critical point of the problem (PDC).

3 Problem Formulation

In this paper, we consider the following bilevel programming problem:

(BLP )


min
x,y

F (x, y)

s.t.
Gi(x, y) ≤ 0, i = 1, . . . ,m1,
y ∈ Ψ(x),

where Ψ(x) is the set of optimal solutions to the lower-level problem

(Px)


min
y

f(x, y) = y⊤Qx+ c⊤y

s.t.
li(y) ≤ 0, i = 1, . . . ,m2,

where F, f : Rn × Rm → R are the objective functions of the leader and the follower,
respectively, c ∈ Rm, Q ∈ Rm×n. The functions F, G, l are assumed to be convex. Let

S = {y ∈ Rm | li(y) ≤ 0, i = 1, . . . ,m2}

denote the feasible set of the lower level problem (Px),

S̄ = {(x, y) ∈ Rn × Rm | Gi(x, y) ≤ 0, lj(y) ≤ 0, i = 1, . . . ,m1, j = 1, . . . ,m2}
1 The function f is strongly convex with modulus ρ > 0 if, for all x, y ∈ Rn and for all λ ∈ [0, 1], we

have: f
(
λx+ (1− λ)y

)
≤ λf(x) + (1− λ)f(y)− ρ

2
λ(1− λ)∥x− y∥2.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 25 (6) (2025) 596–607 599

denote the constraint region of (BLP ),

R(x) = argmin
{
y⊤Qx+ c⊤y, y ∈ S

}
be the rational reaction set of the lower level for each x fixed, and

IR =
{
(x, y) ∈ Rn × Rm | (x, y) ∈ S̄, y ∈ R(x)

}
denote the inducible region of (BLP ).

The bilevel programming problem is known for its significant challenges stemming
from its hierarchical structure. To tackle these complexities, researchers commonly re-
formulate the BLP into a single-level optimization problem. A primary approach for
this transformation is the lower-level value function reformulation (LVFR), initially pro-
posed in [12] for numerical applications and subsequently utilized to derive optimality
conditions in [14]. This reformulation leads to the following equivalent problem:

(P )


min
x,y

F (x, y),

s.t.
Gi(x, y) ≤ 0, i = 1, . . . ,m1,
li(y) ≤ 0, i = 1, . . . ,m2,
y⊤Qx+ c⊤y − V (x) ≤ 0,

where the optimal value function of the lower-level problem (Px) is given by

V (x) = min
y

{
y⊤Qx+ c⊤y | li(y) ≤ 0, i = 1, . . . ,m2

}
.

In this paper, we adopt an effective approach grounded in DC programming. Our
methodology begins with regularizing the lower-level problem. Specifically, we replace
(Px) with the regularized problem (P r

x ), defined as

(P r
x )


min
y

f(x, y) = y⊤Qx+ c⊤y +
r

2
∥y∥2,

s.t.
li(y) ≤ 0, i = 1, . . . ,m2,

for r > 0. Let Ψr(x) denote the set of optimal solutions to this problem. Regularization is
commonly employed under certain assumptions to guarantee the uniqueness of solutions
to the lower-level problem (see [4] and references therein).

In our work, we use this regularized formulation to express the lower-level value func-
tion as the difference of two convex functions. Building on this, the bilevel programming
problem is reformulated into the following single-level problem:

(Pr)


min
x,y

F (x, y),

s.t.
Gi(x, y) ≤ 0, i = 1, . . . ,m1,
li(y) ≤ 0, i = 1, . . . ,m2,
y⊤Qx+ c⊤y + r

2∥y∥
2 − Vr(x) ≤ 0,

where the regularized value function is defined as

Vr(x) = min
y

{
y⊤Qx+ c⊤y +

r

2
∥y∥2 | li(y) ≤ 0, i = 1, . . . ,m2

}
.

The problem (Pr) is a complex one due to its non-convex nature and the presence of
the typically non-differentiable function Vr(x).

The next section proposes an optimization model for solving problem (Pr).
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4 The Proposed Optimization Model

In our work, we substituted the value function of the lower-level problem (Px):

V (x) = min
y

{
y⊤Qx+ c⊤y | li(y) ≤ 0, i = 1, . . . ,m2

}
with the value function of (P r

x ):

Vr(x) = min
y

{
y⊤Qx+ c⊤y +

r

2
∥y∥2 | li(y) ≤ 0, i = 1, . . . ,m2

}
.

In this context, r denotes the regularization parameter. Incorporating the regularization
term r

2∥y∥
2 into the objective function y⊤Qx + c⊤y of the lower-level problem (Px),

we effectively control the size of y by penalizing larger values. Specifically, the term
r
2∥y∥

2 serves as a penalty for large values of y, promoting a more stable and manageable
solution. As the regularization parameter r decreases, the influence of the penalty term
r
2∥y∥

2 diminishes. Thus, the solution to the regularized problem ȳr will converge to the
solution of the original issue ȳ (without regularization).

In other words, as the regularization parameter r decreases, the objective value of
the regularized problem, Vr(x), approaches the objective value of the original problem,
V (x). If r is small, then the term r

2∥ȳr∥
2 will also be small. For all ε > 0, there exists

δ > 0 such that for all 0 < r < δ, we have

ȳ⊤r Qx+ c⊤ȳr +
r

2
∥ȳr∥2 − ȳ⊤Qx− c⊤ȳ ≤ ε

2
,

and
r

2
∥ȳr∥2 ≤ ε

2
.

Thus, we obtain the following inequality:∣∣ȳ⊤Qx+ c⊤ȳ −
(
ȳ⊤r Qx+ c⊤ȳr

)∣∣ ≤ ε.

From this, we conclude that the regularized solution ȳr approximates the original
solution ȳ within ε.

Now, we can express Vr(x) as the difference of two convex functions, as demonstrated
in the following proposition.

Proposition 4.1 The function Vr(x) is a DC (Difference of Convex) function. It
can be expressed with a DC decomposition as

Vr(x) = V 1
r (x)− V 2

r (x), x ∈ Rn,

where

V 1
r (x) =

r

2

[
d

(
−Qx+ c

r
, S

)]2
and V 2

r (x) =
1

2r
∥Qx+ c∥2.

Here, d
(
−Qx+c

r , S
)
denotes the Euclidean distance from the point −Qx+c

r to the set S.

Proof.
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Vr(x) = min
y

{
y⊤Qx+ c⊤y +

r

2
∥y∥2 | y ∈ S

}
= min

y

{
(Qx+ c)⊤y +

r

2
∥y∥2 | y ∈ S

}
= min

y

{
(Qx+ c)⊤y +

r

2

[∥∥∥∥y + Qx+ c

r

∥∥∥∥2 + ∥∥∥∥Qx+ c

r

∥∥∥∥2 − 2
(Qx+ c

r

)⊤(
y +

Qx+ c

r

)]
| y ∈ S

}

= min
y

{
(Qx+ c)⊤y +

r

2

∥∥∥∥y + Qx+ c

r

∥∥∥∥2 + 1

2r
∥Qx+ c∥2 − (Qx+ c)⊤y − 1

r
∥Qx+ c∥2 | y ∈ S

}

= min
y

{
r

2

∥∥∥∥y + Qx+ c

r

∥∥∥∥2 − 1

2r
∥Qx+ c∥2 | y ∈ S

}

= min
y

{
r

2

∥∥∥∥y + Qx+ c

r

∥∥∥∥2 | y ∈ S

}
− 1

2r
∥Qx+ c∥2

=
r

2

[
d

(
−Qx+ c

r
, S

)]2
− 1

2r
∥Qx+ c∥2

= V 1
r (x)− V 2

r (x).

Based on the preceding theories and results, we will examine the following problem:

(Pr)


min
x,y

F (x, y),

s.t.
Gi(x, y) ≤ 0, i = 1, . . . ,m1,
li(y) ≤ 0, i = 1, . . . ,m2,
y⊤Qx+ c⊤y + r

2∥y∥
2 − Vr(x) ≤ 0.

As shown in Proposition 1, the function Vr(x) can be rewritten as the difference of two
convex functions. Additionally, since the inequality y⊤Qx+ c⊤y + r

2∥y∥
2 − Vr(x) ≤ 0 is

originally an equality constraint (see [14]), and given that y⊤Qx+c⊤y+ r
2∥y∥

2−Vr(x) ≥ 0,
by applying the exact penalty method, we obtain

(Pr,µ)


min
x,y

F (x, y) + µ
(
y⊤Qx+ c⊤y +

r

2
∥y∥2 −

(
V 1
r (x)− V 2

r (x)
))

s.t.
Gi(x, y) ≤ 0, i = 1, . . . ,m1,
li(y) ≤ 0, i = 1, . . . ,m2,

where µ is a positive penalty parameter.
We can also express the inner product y⊤Qx as the difference of two convex functions

as follows:

y⊤Qx =
1

4
∥Qx+ y∥2 − 1

4
∥Qx− y∥2.

Thus, the last problem is equivalent to
min
x,y

(
F (x, y) +

µ

4
∥Qx+ y∥2 + µc⊤y +

µr

2
∥y∥2 + µV 2

r (x)
)
−

(
µV 1

r (x) +
µ

4
∥Qx− y∥2

)
s.t.
Gi(x, y) ≤ 0, i = 1, . . . ,m1,
li(y) ≤ 0, i = 1, . . . ,m2.
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The problem (Pr,µ) is a DC program of the form

min
{
Fµ,v(x, y) = g(x, y)− h(x, y) : (x, y) ∈ S̄

}
,

where
g(x, y) = F (x, y) +

µ

4
∥Qx+ y∥2 + µc⊤y +

µr

2
∥y∥2 + µV 2

r (x),

and
h(x, y) = µV 1

r (x) +
µ

4
∥Qx− y∥2.

Note that the function V 1
r (x) is differentiable (see, [9], Exercise 3.2), with

∇V 1
r (x) =

r

2
∇d2

(
−Qx+ c

r
, S

)
=

r

2

[
−2

r
Q⊤

[
−Qx+ c

r
−Π

(
−Qx+ c

r
, S

)]]
,

and Π
(
−Qx+c

r , S
)
denotes the Euclidean projection from a point −Qx+c

r to a nonempty

closed convex set S in Rn.
To calculate the projection Π

(
−Qx+c

r , S
)
, we aim to find the point in the set S that

minimizes the distance to −Qx+c
r . Mathematically, this problem can be formulated as

Π

(
−Qx+ c

r
, S

)
= argmin

y∈S

∥∥∥∥y + Qx+ c

r

∥∥∥∥2 , (1)

where y is the point in S that minimizes this distance.
The subdifferential ∂h(x, y) is computed as

∂h(x, y) = ∇h(x, y) =

(
µ∇V 1

r (x) +
µ
2Q

⊤(Qx− y)
−µ

2 (Qx− y)

)
. (2)

The DC Algorithm (DCA) applied to the DC program (Pr,µ) involves, at each iteration
k, computing the sequences (tk, qk) and (xk, yk) such that (tk, qk) ∈ ∂h(xk, yk), and
(xk+1, yk+1) is the optimal solution to the following program:

min
{
g(x, y)− ⟨tk, x⟩ − ⟨qk, y⟩, (x, y) ∈ S̄

}
.

Alternatively,

min

{
g(x, y)−

(
µ∇V 1

r (x
k) +

µ

2
Q⊤(Qxk − yk)

)⊤
x+

(µ
2
(Qxk − yk)

)⊤
y, (x, y) ∈ S̄

}
.

(3)
Instead of using a fixed regularization parameter r, we often change r during iteration.
This adaptive approach allows the algorithm to dynamically refine the regularization
during execution, potentially leading to better performance and convergence. The scheme
of the algorithm is as follows.

Algorithm 4.1 BL-DCA Algorithm
Initialization: Let ε > 0, choose an initial point (x0, y0) ∈ S̄, select parameters
µ0 > 0, r0 > 0 and α > 0, set 0 < β < 1, the maximum number of iterations max.
Treatment:

1. For k = 0, 1, . . . ,max
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(a) Compute Π
(
−Qxk+c

r , S
)
using (1).

(b) Determine (tk, qk) ∈ ∂h(xk, yk) by applying (2).

(c) Solve the convex problem (3) to find (xk+1, yk+1).

(d) If
∥∥(xk+1, yk+1)− (xk, yk)

∥∥ ≤ ε, then stop. (xk+1, yk+1) is the optimal solu-
tion of (P ).

(e) Update the penalty parameter and the regularization parameter:

µk+1 = µk + α, rk+1 = βrk.

(f) Set k := k + 1.

Remark 4.1 We can address another class of bilevel programming problems using
the same technique, where the lower-level problem is a linear optimization problem de-
fined as follows for every fixed x:

(P ′
x)


min
y

f(x, y) = d⊤y

s.t.
Ax+By ≥ b,
y ≥ 0.

We can express (P ′
x) in the form of (Px). The dual problem of (P ′

x) is given by

(PDx)


min
λ

f(x, y) = λ⊤Ax− λ⊤b

s.t.
B⊤λ ≤ d,
λ ≥ 0,

where λ represents the dual variables. Under certain hypotheses, we can apply the strong
duality theorem to establish the equality of the optimal values of the two problems. By
substituting the optimal value function Vp(x) of the problem (P ′

x) with the optimal value
function Vd(x) of the problem (PDx), we derive a problem analogous to the one analyzed
earlier. When the objective function of the upper-level problem is linear, our method
encompasses an important class of problems known as ”Linear bilevel programming
problems”.

5 Computational Tests

We implemented the BL-DCA method using Julia 1.10.1. We selected problems with
linear constraints to employ CPLEX, a solver renowned for its speed and efficacy in
addressing various optimization problems, including linear and quadratic programming.
The algorithm was assessed on several problems from the Bilevel Optimization Library
(BOLIB) [15], which provides an extensive array of test problems with established so-
lutions. Each example in this collection includes comprehensive descriptions of input
functions, constraints, and established solutions, facilitating the effective implementa-
tion and evaluation of the BL-DCA algorithm.

For our experiments, we set ε = 10−2, with execution time reported in seconds. The
values used for (µ0, α), (r0, β), and the initial point (x0, y0) are provided in Table 1. We
denote the optimal solutions obtained by the BL-DCA algorithm as (x∗, y∗), and the
number of iterations as Iter. The global optimal solution, taken from the corresponding
reference, is denoted as Optimal Solution.
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5.1 Test problems

P1 :



min
x,y

x1 + y21 + y22

s.t.
−1 ≤ x1 ≤ 1
−1− x2 ≤ 0
1 + x2 ≤ 0

y ∈ argmin
y


x1y1 + x2y2
s.t.
−2y1 + y2 ≤ 0
y1 ≤ 2
0 ≤ y2 ≤ 2

P2 :



min
x,y

2x1 + x2 − 2y1 + y2

s.t.
−1 ≤ x1 ≤ 1
−1 ≤ x2 ≤ −0.75

y ∈ argmin
y


x1y1 + x2y2
s.t.
−2y1 + y2 ≤ 0
y1 ≤ 2
0 ≤ y2 ≤ 2

P3 :



min
x,y

(x1 − 0.5)2 + (x2 − 0.5)2 − 3y1 − 3y2

s.t.

y ∈ argmin
y


x1y1 + x2y2
s.t.
y1 + y2 ≤ 2
−y1 + y2 ≤ 0
y1, y2 ≥ 0

P4 :



min
x,y

−x− y

s.t.
−0.5 ≤ x ≤ 0.5

y ∈ argmin
y

 xy
s.t.
−1 ≤ y ≤ 1

P5 :



min
x,y

(x1 − 0.5)2 + (x2 − 0.5)2 + x2
3 − 3y1 − 3y2 − 6y3

s.t.

y ∈ argmin
y


x1y1 + x2y2 + x3y3
s.t.
y1 + y2 + y3 ≤ 2
−y1 + y2 ≤ 0
y1, y2, y3 ≥ 0

P6 :



min
x,y

(y1 − x1 + 20)2 + (y2 − x2 + 20)2

s.t.

y ∈ argmin
y


5x1y1 − 3x1y2 + 5x2y2 + y1 + y2
s.t.
0 ≤ y1 ≤ 6
0 ≤ y2 ≤ 6
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P7 :



min
x,y

−x1 + 10y1 − y2

s.t.
x ≥ 0

y ∈ argmin
y



−y1 − y2
s.t.
x+ y1 ≤ 1
x+ y2 ≤ 1
y1 + y2 ≤ 1
y ≥ 0

P8 :



min
(x,y)≥0

−4x1 + 8x2 + x3 − x4 + 9y1 − 9y2

s.t.
−9x1 + 3x2 − 8x3 + 3x4 + 3y1 ≤ −1
4x1 − 10x2 + 3x3 + 5x4 + 8y1 + 8y2 ≤ 25
4x1 − 2x2 − 2x3 + 10x4 − 5y1 + 8y2 ≤ 21
9x1 − 9x2 + 4x3 − 3x4 − y1 − 9y2 ≤ −1
−2x1 − 2x2 + 8x3 − 5x4 + 5y1 + 8y2 ≤ 20
7x1 + 2x2 − 5x3 + 4x4 − 5y1 ≤ 11

y ∈ argmin
y≥0



−9y1 + 9y2
s.t.
−6x1 + x2 + x3 − 3x4 − 9y1 − 7y2 ≤ −15
4x2 + 5x3 + 10x4 ≤ 26
−9x1 + 9x2 − 9x3 + 5x4 − 5y1 − 4y2 ≤ −5
5x1 + 3x2 + x3 + 9x4 + y1 + 5y2 ≤ 32

5.2 Results Analysis

Problems P1–P5 and P7 were taken from the BOLIB. The solutions obtained using the
BL-DCA algorithm are either close to or identical to the optimal solutions, and the
algorithm demonstrates convergence within a reasonable number of iterations and com-
putational time; most problems show that, with appropriate values for µ and r, the
algorithm can achieve optimal solutions in a small number of iterations. Specifically,
Problem P1 converges to the optimal solution in four iterations when suitable settings
for r are used, and the time required is relatively small. Problems P7 and P8 highlight the
algorithm’s effectiveness in solving linear bilevel programming problems. Additionally,
Problem P6, which we proposed, was solved manually to verify the optimal solution; the
manually computed solution was identical to the one obtained by applying the BL-DCA
algorithm. These results suggest that the choice of initial values and the update rules
for µ and r significantly influence the algorithm’s performance, including the number of
iterations and the computational time. In summary, the BL-DCA algorithm has demon-
strated high efficiency in experiments, particularly when its parameters are appropriately
tuned. It performs exceptionally well in terms of both solution quality and computation
time.
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Pr. (µ0, α) (r0, β) (x0, y0) (x∗, y∗) Time Iter Optimal Solution

P1 [15] (1, 2) (1, 0.6) (0,−1, 0, 0) (−0.01,−1, 1, 1.99) 0.26 10

(10, 4) (0.1, 0.2) (0,−1, 0, 0) (0.06,−1, 1, 1.99) 0.13 4 (0,−1, 1, 2)

(1, 2) (0.5, 0.6) (−1,−1, 0, 0) (0.09,−1, 1, 1.99) 0.96 7

P2 [15] (0.1, 2) (0.1, 0.1) (−1,−1, 0, 0) (−0.99,−0.98, 1.99, 1.99) 0.12 4

(100, 5) (0.01, 0.1) (−1,−1, 0, 0) (−0.99,−0.98, 1.99, 1.99) 0.10 3 (−1,−1, 2, 2)

(0.01, 5) (0.1, 0.1) (1,−0.75, 0, 0) (−0.99,−0.98, 1.99, 1.99) 0.14 4

P3 [15] (1, 2) (0.1, 0.6) (0, 0, 0, 0) (−0.02,−0.02, 1, 0.99) 0.15 4

(10, 2) (0.01, 0.1) (0, 0, 0, 0) (−0.001,−0.001, 1, 0.99) 0.12 3 (0, 0, 1, 1)

(1, 10) (0.1, 0.01) (0, 0, 0, 0) (0.03, 0.03, 1, 0.99) 0.06 2

P4 [15] (0.1, 2) (0.5, 0.6) (−0.5, 0) (−0.07, 0.99) 0.23 8

(1, 2) (0.01, 0.06) (0, 0) (−0.07, 0.99) 0.24 8 (0, 1)

(10, 2) (0.01, 0.06) (0, 0) (0.0.99) 0.24 9

P5 [15] (10−3, 0.002) (3, 0.1) (0, 0, 0, 0, 0, 0) (0.49, 0.49, 0, 0, 0, 1.99) 0.06 2

(0.1, 0.01) (3, 0.1) (0, 0, 0, 0, 0, 0) (0.49, 0.49, 0.05, 0, 0, 1.99) 0.11 4 (0.5, 0.5, 0, 0, 0, 2)

(1, 2) (0.1, 0.1) (0.5, 0.5, 0, 0, 0, 0) (0.49, 0.49, 0.07, 0, 0, 1.99) 0.04 2

P6 (0.01, 0.01) (5, 0.5) (0, 0, 0, 0) (19.97, 20.01, 0, 0) 0.24 8

(0.001, 0.01) (5, 0.1) (0, 0, 0, 0) (19.97, 20, 0, 0) 0.14 4 (20, 20, 0, 0)

(10−4, 0.01) (5, 0.01) (2, 2, 6, 6) (19.99, 19.99, 0, 0) 0.10 3

P7 [15] (0.1, 0.001) (4, 0.01) (0, 0, 0) (0, 0, 1) 0.13 4

(100, 100) (4, 0.01) (0.5, 0.5, 0) (0, 0, 0.99) 0.12 3 (0, 0, 1)

(1000, 10) (0.01, 0.01) (0.5, 0.5, 0) (0, 0, 0.99) 0.04 2

P8 [10] (10−5, 10−5) (0.1, 0.6) (0, 0, 0.125, (1.49, 0, 0.799 0.05 2 (1.50, 0, 0.8

0, 0, 2.1607) 0, 0, 2.075) 0, 0, 2.075)

Table 1: Numerical Results for the BL-DCA Algorithm.
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6 Conclusions and Future Work

In this paper, we use DC programming approaches to introduce a novel method for ad-
dressing a class of bilevel programming problems. The key innovation lies in regularizing
the lower-level value function, enabling the problem to be effectively reformulated as
a DC program. This transformation offers a new perspective on handling non-convex
bilevel problems where traditional methods fail. Although DC programming provides
only local solutions, it proves to be highly effective for non-convex problems. In future
work, we plan to develop additional methods within the DC programming framework
to ensure global solutions and extend the algorithm to address other classes of bilevel
programming problems.
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1 Introduction

Chaotic synchronization is one of the most important branches of chaos theory due
to its real applications in numerous fields including secure communications [1], optical
communication [2], biological systems [3], finance [4], neural networks [5], cryptography
[6, 7], and lasers [8].

Various control techniques have been proposed to achieve chaos synchronization,
namely active control [9, 10], sliding mode [11], event-triggered strategy [12], backstep-
ping [13], adaptive control [14,15].

In recent years, more attention has been paid to the study of combination synchro-
nization. This method was initially proposed by Luo [16], when two master systems
were synchronized with one slave system. Subsequently, Ayub et al. [17] proposed dual
combination-combination synchronization (DCCS) between four master and four slave
systems.

The DCCS scheme is a promising technique to improve both privacy and security in
communication networks, to encode and decode information at the hardware level.

In the literature, there is also a number of results on combination synchronization,
see [18,19].

On the other hand, note that all the above papers [18,19] concern only the asymptotic
chaos synchronization, in which the master and slave systems synchronize with the infinite
settling time.

Later, some papers studied combination synchronization in finite-time, see [20], but
this method has some limitations, in particular, the settling time of synchronisation
depends on the initial conditions.

This is a shortcoming because the application of this method in reality is impractical,
especially if the initial conditions are not known in advance, in addition, the design of the
synchronization scheme applied in these studies relates to the synchronization between
two identical chaotic systems with known parameters. This is also a deficiency since the
parameters of chaotic systems may be unknown, moreover, generalized synchronization
is worth studying more than identical synchronization.

So, achieving chaos combination synchronization in determined time independent of
any initial value in the practical engineering application is a desirable objective.

Researchers have recently been interested in studying synchronization in fixed time,
see [21,22], and so far, there are few results in the literature on this subject.

Compared to the current results, there are no published papers in which the adaptive
fixed-time combination synchronization of multiple master and slave chaotic systems has
been studied. This has prompted us to undertake this work to address some of the
aforementioned deficiencies.

Inspired by the discussion above, this paper discussed the combination synchroniza-
tion of different multiple chaotic systems with unknown parameters in a fixed time.

The main contribution of this paper is to show how a basic technique can be used to
design an appropriate controller to accomplish fixed time combination synchronization
and it is summarized as follows.

• Based on the fixed time stability theory and adaptive method, an effective control
is designed to solve the fixed time combination synchronization of different multiple
chaotic systems.

• A new theorem is proposed to demonstrate that the presented algorithm is an
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appropriate choice to achieve the combination synchronization of chaotic systems
with unknown parameters.

• The settling time of the fixed time combination synchronization is bounded for any
initial condition states.

The features of the proposed scheme that made it innovative and very important are:

• The scheme can be applied to almost all chaotic and even hyperchaotic dynamic
systems.

• The possibility of applying it in case all master and slave systems are different and
customizing it in case they are identical.

• The combination synchronization is achievable in a short fixed time.

The remainder of this paper is organizes as follows.
Some necessary definitions and lemmas are presented in Section 2. Section 3 contains

the proposed scheme that is designed to obtain the desired fixed time combination syn-
chronization. Some numerical simulations are presented in Section 4. The conclusion of
the work is given in the last section.

2 Definitions and Lemmas

This section presents some of the definitions and lemmas related to this work.
Consider the nonlinear autonomous system{

dX(t)
dt = F (X(t)),

X(0) = X0,
(1)

where X ∈ Rn. Here, the results are presented under the assumption that the origin is
an equilibrium point of the system (1).

Definition 2.1 The origin of (1) is said to be fixed-time stable if it is globally
finite-time stable and the settling-time function T ∗(X0) is bounded, i.e., ∃T ∗

Max > 0 :
T ∗(X0) < T ∗

Max, ∀ X0 ∈ Rn.

Lemma 2.1 [23] If there exists a continuous radically unbounded function V :
Rn −→ R+ ∪ {0} such that

• V (x) = 0 ⇔ x = 0,

• any solution X(t) of (1) satisfies the inequality

V̇ (X(t)) + β1V
α1(X(t)) + β2V

α2(X(t)) ≤ 0
for β1, β2, α1, α2 > 0, α1 < 1, α2 > 1,

then the origin of (1) is fixed-time stable and the settling-time function is estimated by

T ∗(X0) ≤
1

β1 (1− α1)
+

1

β2 (α2 − 1)
,∀X0 ∈ Rn.
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Lemma 2.2 [24] For any Vi, (i = 1, n), 0 < a < 1, b > 1,
n∑

i=1

(Vi)
a ≥

[
n∑

i=1

(Vi)

]a

,

n∑
i=1

(Vi)
b ≥ n1−b

[
n∑

i=1

(Vi)

]b
.

3 Formulation of Fixed Time Combination Synchronization Scheme

In this section, we propose a new control law to achieve the adaptive fixed time combina-
tion synchronization of multiple master and slave systems. Under the proposed control
laws, errors converge to zero in a bounded time. Consider the first two master chaotic
systems given as {

ẋ = f1 (x) +A (x) η,
ẏ = f2 (y) +B (y) ξ,

(2)

where x = (x1, x2, ..., xn)
T , y = (y1, y2, ..., yn)

T are the state vectors, f1, f2 : Rn −→
Rn are two nonlinear functions, A (x) ∈ Rn×r, B (y) ∈ Rn×s are matrix functions, η ∈ Rr,
ξ ∈ Rs are unknown parameter vectors.

The second two master chaotic systems are described as follows:{ ·
x̄ = f̄1 (x̄) + Ā (x̄) η̄,
·
ȳ = f̄2 (ȳ) + B̄ (ȳ) ξ̄,

(3)

where x̄ = (x̄1, x̄2, ..., x̄n)
T , ȳ = (ȳ1, ȳ2, ..., ȳn)

T are the state vectors, f̄1, f̄2 : Rn −→ Rn

are two nonlinear functions, Ā (x̄) ∈ Rn×r̄, B̄ (ȳ) ∈ Rn×s̄ are matrix functions, η̄ ∈ Rr̄,
ξ̄ ∈ Rs̄ are unknown parameter vectors.

The combination of the state vectors of two primary (2) and two secondary (3) master
systems is given, respectively, by

X =

(
x

y

)
= (x1, ..., xn, y1, y2, ..., yn)

T
, X̄ =

(
x̄

ȳ

)
= (x̄1, ..., x̄n, ȳ1, ȳ2, ..., ȳn)

T
.

The combination of nonlinear functions of two primary and two secondary master
systems is represented, respectively, by

f (X) =

(
f1 (x)

f2 (y)

)
= [f11 (x) , f12 (x) , ..., f1n (x) , f21 (y) , f22 (y) , ..., f2n (y)]

T
, (4)

f̄
(
X̄
)
=

(
f̄1 (x̄)

f̄2 (ȳ)

)
=
[
f̄11 (x̄) , f̄12 (x̄) , ..., f̄1n (x̄) , f̄21 (ȳ) , f̄22 (ȳ) , ..., f̄2n (ȳ)

]T
. (5)

Consider the first two chaotic slave systems given below:{
ż = g1 (z) + C (z) ρ+ u1,
ẇ = g2 (w) +D (w) θ + u2,

(6)

where z = (z1, z2, ..., zn)
T , w = (w1, w2, ..., wn)

T are the state vectors, g1, g2 : Rn −→
Rn are two nonlinear functions, C (z) ∈ Rn×q, D (w) ∈ Rn×l are matrix functions,
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ρ ∈ Rq, θ ∈ Rl are unknown parameter vectors, u1 = (u11, u12, ..., u1n) , and u2 =
(u21, u22, ..., u2n) represent the controllers which are to be designed.

Suppose the second two slave chaotic systems are given as follows:{ ·
z̄ = ḡ1 (z̄) + C̄ (z̄) ρ̄+ ū1,
·
w̄ = ḡ2 (w̄) + D̄ (w̄) θ̄ + ū2,

(7)

where z̄ = (z̄1, z̄2, ..., z̄n)
T , w̄ = (w̄1, w̄2, ..., w̄n)

T are the state vectors, ḡ1, ḡ2 : Rn −→ Rn

are two nonlinear functions, C̄ (z̄) ∈ Rn×q̄, D̄ (w̄) ∈ Rn×l̄ are matrix functions, ρ̄ ∈ Rq̄,
θ̄ ∈ Rl̄ are unknown parameter vectors, ū1, ū2 ∈ Rn represent the controllers of the
second slave systems, where ū1 = (ū11, ū12, ..., ū1n) , ū2 = (ū21, ū22, ..., ū2n).

The combination of the state vectors of two primary (6) and two secondary (7) slave
systems is given, respectively, by

Y =
(
z
w

)
= (z1, z2, ..., zn, w1, ..., wn)

T
, Ȳ =

(
z̄
w̄

)
= (z̄1, z̄2, ..., z̄n, w̄1, ..., w̄n)

T
.

The combination of nonlinear functions of two primary and two secondary slave sys-
tems is represented, respectively, by

g (Y ) =

(
g1 (z)

g2 (w)

)
= [g11 (z) , g12 (z) , ..., g1n (z) , g21 (w) , g22 (w) , ..., g2n (w)]

T
, (8)

ḡ
(
Ȳ
)
=

(
ḡ1 (z̄)

ḡ2 (w̄)

)
= [ḡ11 (z̄) , ḡ12 (z̄) , ..., ḡ1n (z̄) , ḡ21 (w̄) , ḡ22 (w̄) , ..., ḡ2n (w̄)]

T
. (9)

Remark 3.1 The matrix functions are combined as shown below:

ψ (X) =

(
A (x) 0
0 B (y)

)
, ψ̄

(
X̄
)

=

(
Ā (x̄) 0
0 B̄ (ȳ)

)
, ϕ (Y ) =(

C (z) 0
0 D (w)

)
, ϕ̄
(
Ȳ
)
=

(
C̄ (z̄) 0
0 D̄ (w̄)

)
.

The combination synchronization error between the systems (2), (3) and the systems
(6), (7) is defined by

e = Y + Ȳ −
(
X + X̄

)
,

where e =
(
e1
e2

)
=
(
Y−X
Ȳ−X̄

)
, e1 = (e11, e12, ..., e1n)

T
, and e2 = (e21, e22, ..., e2n)

T
.

Then we obtain the error dynamical system

ė = Ẏ +
·
Ȳ −

(
Ẋ +

·
X̄

)
. (10)

Theorem 3.1 Let T ∗ be given by

T ∗ =
1

2
µ+1
2

(
1−µ
2

)
k
+

1

2
λ+1
2 (Q)

1−λ
2
(
λ−1
2

)
k
, (11)

where Q = 2n+m+ m̄+ p+ p̄.
Adaptive combination synchronization between systems (2), (3) and systems (6), (7)

in fixed time (11) can be obtained if the following conditions are met.
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1. Control laws are designed as

u (t) + ū (t) = −
[
g (Y ) + ḡ

(
Ȳ
)
+ ϕ (Y ) γ̃ + ϕ̄

(
Ȳ
)∼
γ̄
]

+

(
f (X) + f̄

(
X̄
)
+ ψ (X) δ̃ + ψ̄

(
X̄
)∼
δ̄

)
− k

(
|e|µ + |e|λ

)
sgn (e) .

2. Parameter update laws are given by



·
δ̃ = − [ψ (X)]

T
e+ k

(∣∣∣δ − δ̃
∣∣∣µ +

∣∣∣δ − δ̃
∣∣∣λ) sgn(δ − δ̃

)
,

·
∼
δ̄ = −

[
ψ̄
(
X̄
)]T

e+ k

(∣∣∣∣δ̄ − ∼
δ̄

∣∣∣∣µ +

∣∣∣∣δ − ∼
δ̄

∣∣∣∣λ
)
sgn

(
δ̄ −

∼
δ̄

)
,

·
γ̃ = [ϕ (Y )]

T
e+ k

(
|γ − γ̃|µ + |γ − γ̃|λ

)
sgn (γ − γ̃) ,

·
∼
γ̄ =

[
ϕ̄
(
Ȳ
)]T

e+ k

(∣∣∣γ̄ −
∼
γ̄
∣∣∣µ +

∣∣∣γ̄ −
∼
γ̄
∣∣∣λ) sgn(γ̄ −

∼
γ̄
)
,

(12)

where k > 0, 0 < µ < 1, λ > 1.

Proof. Substituting (12) into (10) yields the error dynamics

ė = ϕ (Y ) (γ − γ̃) + ϕ̄
(
Ȳ
) (
γ̄ −

∼
γ̄
)
−
(
ψ (X)

(
δ − δ̃

)
+ ψ̄

(
X̄
)(

δ̄ −
∼
δ̄

))
(13)

−k
(
|e|µ + |e|λ

)
sgn (e) .

Take the Lyapunov function candidate as

V =
1

2

 eT e+
(
δ − δ̃

)T (
δ − δ̃

)
+

(
δ̄ −

∼
δ̄

)T (
δ̄ −

∼
δ̄

)
+ (γ − γ̃)

T
(γ − γ̃)+

+
(
γ̄ −

∼
γ̄
)T (

γ̄ −
∼
γ̄
)

 . (14)

Compute the derivative of Lyapunov function

V̇ =
1

2


ėT e+

(
δ − δ̃

)T (
−

·
δ̃

)
+

(
δ̄ −

∼
δ̄

)T
−

·
∼
δ̄

+ (γ − γ̃)
T

(
−

·
γ̃

)

+
(
γ̄ −

∼
γ̄
)T (

−
·
∼
γ̄

)
 .
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Substituting expressions (12) and (13), we get

V̇ =

 ϕ (Y ) (γ − γ̃) + ϕ̄
(
Ȳ
) (
γ̄ −

∼
γ̄
)
−
(
ψ (X)

(
δ − δ̃

)
+ ψ̄

(
X̄
)(

δ̄ −
∼
δ̄

))
−k
(
|e|µ + |e|λ

)
sgn (e)


T

e

+
(
δ − δ̃

)T [
[ψ (X)]

T
e− k

(∣∣∣δ − δ̃
∣∣∣µ +

∣∣∣δ − δ̃
∣∣∣λ) sgn(δ − δ̃

)]
+

(
δ̄ −

∼
δ̄

)T
[[
ψ̄
(
X̄
)]T

e− k

(∣∣∣∣δ̄ − ∼
δ̄

∣∣∣∣µ +

∣∣∣∣δ − ∼
δ̄

∣∣∣∣λ
)
sgn

(
δ̄ −

∼
δ̄

)]
+(γ − γ̃)

T
[
− [ϕ (Y )]

T
e− k

(
|γ − γ̃|µ + |γ − γ̃|λ

)
sgn (γ − γ̃)

]

+
(
γ̄ −

∼
γ̄
)T [

−
[
ϕ̄
(
Ȳ
)]T

e− k

(∣∣∣γ̄ −
∼
γ̄
∣∣∣µ +

∣∣∣γ̄ −
∼
γ̄
∣∣∣λ) sgn(γ̄ −

∼
γ̄
)]

= (γ − γ̃)
T
[ϕ (Y )]

T
e+

(
γ̄ −

∼
γ̄
)T [

ϕ̄
(
Ȳ
)]T

e−
(
δ − δ̃

)T
[ψ (X)]

T
e

−
(
δ̄ −

∼
δ̄

)[
ψ̄
(
X̄
)]T

e− k (sgn (e))
T
(
|e|µ + |e|λ

)T
e

+
(
δ − δ̃

)T
[ψ (X)]

T
e− k

(
δ − δ̃

)T (∣∣∣δ − δ̃
∣∣∣µ +

∣∣∣δ − δ̃
∣∣∣λ) sgn(δ − δ̃

)
+

(
δ̄ −

∼
δ̄

)T [
ψ̄
(
X̄
)]T

e− k

(
δ̄ −

∼
δ̄

)T
(∣∣∣∣δ̄ − ∼

δ̄

∣∣∣∣µ +

∣∣∣∣δ − ∼
δ̄

∣∣∣∣λ
)
sgn

(
δ̄ −

∼
δ̄

)
−

− (γ − γ̃)
T
[ϕ (Y )]

T
e− k (γ − γ̃)

T
(
|γ − γ̃|µ + |γ − γ̃|λ

)
sgn (γ − γ̃)−

−
(
γ̄ −

∼
γ̄
)T [

ϕ̄
(
Ȳ
)]T

e− k
(
γ̄ −

∼
γ̄
)T (∣∣∣γ̄ −

∼
γ̄
∣∣∣µ +

∣∣∣γ̄ −
∼
γ̄
∣∣∣λ) sgn(γ̄ −

∼
γ̄
)

V̇ = −k (sgn (e))T
(
|e|µ + |e|λ

)T
e− k

(
δ − δ̃

)T (∣∣∣δ − δ̃
∣∣∣µ +

∣∣∣δ − δ̃
∣∣∣λ) sgn(δ − δ̃

)
−k
(
δ̄ −

∼
δ̄

)T
(∣∣∣∣δ̄ − ∼

δ̄

∣∣∣∣µ +

∣∣∣∣δ − ∼
δ̄

∣∣∣∣λ
)
sgn

(
δ̄ −

∼
δ̄

)
−k (γ − γ̃)

T
(
|γ − γ̃|µ + |γ − γ̃|λ

)
sgn (γ − γ̃)

−k
(
γ̄ −

∼
γ̄
)T (∣∣∣γ̄ −

∼
γ̄
∣∣∣µ +

∣∣∣γ̄ −
∼
γ̄
∣∣∣λ) sgn(γ̄ −

∼
γ̄
)

V̇ = −k
2n∑
i=1

(
|ei|µ+1

+ |ei|λ+1
)
− k

m∑
i=1

(∣∣∣δi − δ̃i

∣∣∣µ+1

+
∣∣∣δi − δ̃i

∣∣∣λ+1
)

−k
m̄∑
i=1

(∣∣∣∣δ̄i − ∼
δ̄ i

∣∣∣∣µ+1

+

∣∣∣∣δi − ∼
δ̄ i

∣∣∣∣λ+1
)

− k

p∑
i=1

(
|γi − γ̃i|µ+1

+ |γi − γ̃i|λ+1
)

−k
p̄∑

i=1

(∣∣∣γ̄i − ∼
γ̄i

∣∣∣µ+1

+
∣∣∣γ̄i − ∼

γ̄i

∣∣∣λ+1
)
,
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then

V̇ = −k


2n∑
i=1

((
e2i
)µ+1

2

)
+

m∑
i=1

((
δi − δ̃i

)2)µ+1
2

+
m̄∑
i=1

((
δ̄i −

∼
δ̄ i

)2
)µ+1

2

+
p∑

i=1

(
(γi − γ̃i)

2
)µ+1

2

+
p̄∑

i=1

((
γ̄i −

∼
γ̄i

)2)µ+1
2



−k


2n∑
i=1

((
e2i
)λ+1

2

)
+

m∑
i=1

((
δi − δ̃i

)2)λ+1
2

+
m̄∑
i=1

((
δ̄i −

∼
δ̄ i

)2
)λ+1

2

+
p∑

i=1

(
(γi − γ̃i)

2
)λ+1

2

+
p̄∑

i=1

((
γ̄i −

∼
γ̄i

)2)λ+1
2

 .

According to the equation (14),

V =
1

2

[
2n∑
i=1

(ei)
2
+

m∑
i=1

(
δi − δ̃i

)2
+

m̄∑
i=1

(
δ̄i −

∼
δ̄ i

)2

+

p∑
i=1

(γi − γ̃i)
2
+

p̄∑
i=1

(
γ̄i −

∼
γ̄i

)2]
.

According to Lemma (2.2),

V̇ ≤ −2
µ+1
2 k

(
Q∑
i=1

Vi

)µ+1
2

− 2
λ+1
2 k (Q)

1−λ
2

(
Q∑
i=1

Vi

)λ+1
2

.

This means
V̇ ≤ −2

µ+1
2 k V

µ+1
2 − 2

λ+1
2 k (Q)

1−λ
2 V

λ+1
2 .

According to Lemma (2.1), we can conclude that the origin e0 of system (10) is fixed
time stable under the proposed controller (12), this means that the adaptive combination
synchronization is achieved between the systems (2), (3) and the systems (6), (7) in fixed
time convergence, and the settling-time function T ∗(e0) is bounded by (11), and also,
e(t) = 0 for t ≥ T ∗

Max. This completes the proof.

4 Numerical Simulations

In this section, four different master systems and four different response systems are used
to verify the effectiveness of the proposed scheme.

First two master systems [25], [26] are given, respectively, by ẋ1 = −η1x1 + η2x2x3,
ẋ2 = η3x2 − η4x1x3,
ẋ3 = −η5x3 + η6x1x2,

(15)

 ẏ1 = ξ1(y2 − y1),
ẏ2 = −y1y3 + ξ2y2,
ẏ3 = y1y2 − ξ3y3,

(16)

where ηi, (i = 1, 6) and ξi, (i = 1, 3) are unknown parameters, according to [25] and [26],
the systems (15) and (16) are chaotic when the parameters take the values (η1 = 4,
η2 = 3, η3 = 1, η4 = 7, η5 = 1, η6 = 2) and (ξ1 = 36, ξ2 = 28, ξ3 = 3).
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The second two master systems defined in [27] are given as follows:
·
x̄1 = x̄2x̄3,
·
x̄2 = x̄1 − x̄2,
·
x̄3 = η̄1 |x̄1| − η̄2x

2
1,

(17)


·
ȳ1 = ξ̄1(ȳ2 − ȳ1),
·
ȳ2 = −ȳ1ȳ3 + ξ̄2ȳ2,
·
ȳ3 = exp(ȳ1ȳ2)− ξ̄3ȳ3,

(18)

where η̄i, (i = 1,2) and ξ̄i, (i = 1, 3) are unknown parameters. The systems (17) and (18)
are chaotic when the parameters are given by (η̄1 = 5, η̄2 = 2) and (ξ̄1 = 33, ξ̄2 = 19.5,
ξ̄3 = 8).

The two first slave systems [28], [29] are given as follows: ż1 = ρ1(z2 − z1) + u11,
ż2 = ρ2z1 − ρ3z1z2 + u12,
ż3 = −ρ4z3 + ρ5z

2
1 + u13,

(19)

 ẇ1 = θ1(w2 − w1) + u21,
ẇ2 = w1w3 + θ2w2 + u22,
ẇ3 = −w2

1 − θ3w3 + u23,
(20)

where ρi, (i = 1, 5) and θi, (i = 1, 3) are unknown parameters, according to [28] and [29],
the systems (19) and (20) are chaotic when the parameters take the values (ρ1 = 10,
ρ2 = 40, ρ3 = 1, ρ4 = 2.5, ρ5 = 4) and (θ1 = 30, θ2 = 15, θ3 = 11).

Second slave systems [30], [31] are defined as follows:
·
z̄1 = z̄2 + ū11,
·
z̄2 = z̄3 + ρ̄1z̄2 + ū12,
·
z̄3 = ρ̄2z̄1 + ρ̄3z̄2 + ρ̄4z̄3 + ρ̄5z̄

2
1 + ū13, ,

(21)


·
w̄1 = θ̄1(w̄2 − w̄1 + w̄2w̄3) + ū21,
·
w̄2 = −w̄1w̄3 + θ̄2w̄2 + ū22,
·
w̄3 = w̄1w̄2 − θ̄3w̄3 + ū23,

(22)

where ρ̄i, (i = 1, 5) and θ̄i, (i = 1, 3) are unknown parameters, according to [30] and [31],
the systems (21) and (22) are chaotic when the parameters are (ρ̄1 = −0.5, ρ̄2 = −6,
ρ̄3 = −2.85, ρ̄4 = −0.5, ρ̄5 = 3) and (θ̄1 = 35, θ̄2 = 14, θ̄3 = 5).

In the numerical simulation, we choose arbitrarily the initial state vectors as

X (0) = (−1, − 10, − 4, − 20, 10, − 1)
T
, X̄ (0) = (1, 1, 2, 1, 1, 10)

T
,

Y (0) = (10, 3, 1, 20, − 20, 8)
T
, Ȳ (0) = (−10, 10, − 5, 3, 15, − 25)

T
.

The initial values of unknown parameters are arbitrarily taken as

δ =

(
ηi
(
i = 1, 6

)
ξi
(
i = 1, 3

)) = (10, − 8, 3, 1, 7, − 4, 1, 5, 10)
T
,

δ̄ =

(
η̄i
(
i = 1, 2

)
ξ̄i
(
i = 1, 3

)) = (−5, 8, − 12, 3, 10)
T
,
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Figure 1: Synchronization for the state trajectories between
(a): z1 + z̄1 and x1 + x̄1, (b): z2 + z̄2 and x2 + x̄2.
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Figure 2: Synchronization for the state trajectories between
(a): z3 + z̄3 and x3 + x̄3, (b): w1 + w̄1 and y1 + ȳ1.

γ =

(
ρi
(
i = 1, 5

)
θi
(
i = 1, 3

)) = (5, − 10, 45, 30, − 8, − 20, 40, 1)
T
,

γ̄ =

(
ρ̄i
(
i = 1, 5

)
θ̄i
(
i = 1, 3

)) = (−10, 1, 12, − 20, 2, 16, 4, − 6)
T
.

The control gain is given by k = 6. Figures 1, 2 and 3 depict the combination syn-
chronization between four master systems (2), (3) and four slave systems (6), (7).

5 Conclusion

The results obtained indicate that in this paper, we have sufficiently proved the combi-
nation synchronization of multiple chaotic systems with unknown parameters in a fixed
time using an appropriate control algorithm, this algorithm is based on integrating an
adaptive control strategy and a fixed time control. According to the Lyapunov theory
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ȳ 2
,w

2
+

w̄
2

 

 

0 0.1 0.2

−50

0

50

y2 + ȳ2
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ȳ 3
,w

3
+

w̄
3

 

 

0 0.1 0.2 0.3 0.4

0

50

100

150

y3 + ȳ3
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Figure 3: Synchronization for the state trajectories between
(a): w2 + w̄2 and y2 + ȳ2, (b): w3 + w̄3 and y3 + ȳ3.

and fixed time laws, the unknown parameters were estimated and the settling time was
also determined.

The proposed scheme was applied to eight different chaotic systems with unknown
parameters. Numerical simulation results were presented to demonstrate the effectiveness
of theoretical analysis of the proposed scheme. The proposed scheme is an important
extension of several existing schemes, which gives this work substantial merits.
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Abstract: Currently, in the health sector, Indonesia is facing several problems that
the government is focusing on, one of which is stunting. The problem of stunting is a
focus for the government since it ranks second after the problem of maternal mortality
during childbirth. Stunting is a term used in the health sector describing a condition of
growth failure in children under five due to chronic malnutrition in the first 1000 days
of life. The causes of stunting can be identified from low nutritional intake and health
status of pregnant women at risk of giving birth to babies with low body weight and
below-standard baby length. With the current advances in the field of information
technology, the stunting rate can be estimated using a machine learning method.
There are numerous machine learning methods for prediction, such as Support Vector
Regression (SVR), Decision Tree, K-Nearest Neighbour (K-NN) and many more.
In this study, we aim to compare two prediction methods, namely Support Vector
Regression (SVR) and Decision Tree, and determine how both methods succeed in
predicting well. The Support Vector Regression (SVR) method achieved the best
error value of 0.137 and the Decision Tree method had the best error value of 0.164.
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1 Introduction

Stunting is the focus of health concerns for the Indonesian government and the East Java
provincial government. Stunting is a condition of malnutrition associated with insufficient
nutrients in the past so it is considered a chronic nutritional problem [1]. Children
experiencing stunting are more likely to grow into unhealthy and poor adults. Stunting
of children is also associated with increased vulnerability to disease, both infectious
and non-communicable diseases (NCDs), as well as increased risk of overweight and
obesity [2].

The stunting problem in East Java initially occurred in areas with a low economic
level, a low level of education, and a culture of early marriage, typically in Madura and
the eastern part of East Java [3]. East Java provincial Nutritional Status Monitoring
(DPSG) data shows that the prevalence of stunting among children under five in East
Java is 27.1%, consisting of 17.6% short and 9.5% very short. The prevalence of stunting
among children under five in one of the Madura Island districts, namely Bangkalan, is
the highest in East Java, at 53.2%, with a prevalence of very short toddlers of 27.4% [4].

To address this issue, a method is required to predict the stunting rate in East Java
province with the help of relevant advances in information technology. Prediction, in its
definition, is the activity of estimating what will happen in the future using past data [5].
Through accurate and computerized prediction methods, decision making on policies to
be taken to deal with this stunting problem becomes more measurable. In this research,
the authors use the Support Vector Regression (SVR) and Decision Tree methods to
predict the rate of stunting in East Java.

The Support Vector Regression (SVR) method has been widely used in various pre-
diction studies. The Support Vector Regression (SVR) method is a derivative of the
Support Vector Machine (SVM) method which has gained recognition for its ability to
handle high-dimensional data and work well on relatively small datasets but with a large
number of features [6]. Meanwhile, Decision Tree is a learning method that constructs
a prediction model in the form of a tree structure. The tree consists of nodes represent-
ing decisions based on attribute values, and branches representing the results of those
decisions [7]. In the previous research, both methods were used to predict the risk of
stunting in families [8].

In this study, the Support Vector Regression (SVR) and Decision Tree methods were
used to compare the performance of each method in predicting the rate of stunting in
East Java. This approach is expected to provide a clear view of the stunting rate, making
it easier for the parties involved to make decisions.

2 Research Methods

The dataset used in this study comes from the official website of the Ministry of Home
Affairs (https://aksi.bangda.kemendagri.go.id/emonev/) which consists of 156 rows
and 6 columns with a time span ranging from January 02, 2021 to December 18, 2024.
The data in this study were analyzed using the Python programming language with a
dataset as in Table 1 below.

After the data are obtained and explored, the next step is to carry out the stages of
the research methodology one by one as shown in Figure 1 below.

1. Problem Identification: This research raises a case study on the prediction of
stunting prevalence rates in East Java province.

https://aksi.bangda.kemendagri.go.id/emonev/
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Year Regency Number Short Very Short Preva-
of Toddlers Stunting Stunting lence(%)

02/01/2021 Pacitan 3068 2337 653 9.7
15/01/2021 Ponorogo 44307 482 1784 14.9
18/01/2021 Trenggalek 36144 2932 574 9.7
21/01/2021 Tulungagung 63329 167 431 3.3
31/01/2021 Blitar 76118 4258 1395 7.4
02/02/2021 Kediri 79244 8445 2327 13.6
15/02/2021 Malang 88532 651 1351 8.9

. . . . . . . . . . . . . . . . . .
18/12/2024 Kota Batu 10945 106 269 12.1

Table 1: Dataset.

Figure 1: Research Methods.

2. Data Acquisition: The data used in this study is secondary data sourced
from the official website of the Ministry of Home Affairs (https://aksi.bangda.
kemendagri.go.id/emonev/) which consists of 156 rows and 6 columns with a
time span ranging from January 02, 2021 to December 18, 2024.

https://aksi.bangda.kemendagri.go.id/emonev/
https://aksi.bangda.kemendagri.go.id/emonev/
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3. Data Preprocessing & Analytics: The data preprocessing and analytics are
basically used to see the initial condition of the dataset obtained from the source.
At this stage, the dataset is identified from the data type to missing values that
may occur in the dataset.

4. Feature Selection: This study uses the Pearson Product correlation analysis
technique to find a linear relationship between two variables having a normal dis-
tribution [9]. Below is the function of the Pearson Product

rxy =
NΣXY − (ΣX)(ΣY )√

[NΣX2 − (ΣX)2][NΣY 2 − (ΣY )2]
. (1)

Notes:

• rxy: Relationship coefficient

• N : Number of samples used

• ΣX: The total score of the question

• ΣY : Sum of total scores

5. Model Selection: Support Vector Regression (SVR) is a development algorithm
of the Support Vector Machine (SVM) algorithm introduced by Cortes and Vap-
nik [10]. Like SVM, SVR also uses the best hyperplane in the form of a regression
function by making the error as small as possible. The function of SVR can gener-
ally be written as follows:

f(x) = wφ(x) + b (2)

with

• f(x): Regression function

• w: Vector

• b: bias

and the decision boundary equation

Wx + b = +ε,

Wx + b = −ε

so that the hyperplane fulfills the equation

−ε < y − (Wx + b) < +ε

with the minimization function

min
1

2
∥w∥2 + C

n∑
i=1

|ξi|

and the constraint function

|yi − wixi| ≤ ε+ |ξi|.
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Then, the Decision Tree algorithm begins by calculating the entropy value to mea-
sure the level of uncertainty or impurity in the dataset [11]. The equation for
finding the entropy value is as follows:

Entropy(S) =

m∑
i=1

−p(wi|S) · log2(p(wi|S)). (3)

Description:

• S: The case set being analyzed.

• m: Total number of different classes within the data set S.

• p(wi|S): Probability of occurrence of class wi in the data set S.

The next step is to calculate the gain value, which is a measure of how much
information is obtained from separating data based on certain attributes. The gain
calculation function is as follows:

Gain(S, J) = Entropy(S)−
n∑

i=j

p(vi|S) · Entropy(Si). (4)

Notes:

• S: The case set being analyzed

• J : Features/attributes considered in data splitting

• n: Number of classes in the node

• p(vi|S): Proportion of v values appearing in the class in the node

• Si: The entropy of the composition of v values for the j-th class in the i-th
data node.

6. Model Training: At this stage, the predicted values of the Support Vector Re-
gression (SVR) and Decision Tree algorithms are trained based on the distribution
of training data and testing data to obtain error values and accuracy values.

7. Model Testing: Model testing of learning outcomes against prepared testing data.

8. Model Evaluation: At the evaluation stage, the model trained and tested is
calculated for accuracy based on the resulting error value. This research uses the
Root Mean Square Error (RMSE) method to calculate the error value generated
by the model. The function of the Root Mean Square Error (RMSE) is as follows:

RMSE =

√∑n
i=1 (yi − ŷi)

2

n
(5)

with

• n: Quantity of data

• yi: Actual value at the i-th data

• ŷi: Predicted value at the i-th data
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Figure 2: First Simulation Plot SVR Decision Tree (70% training data, 30% testing data).

3 Result and Discussion

The results of the testing simulation carried out with the proportion of training data and
testing data are shown in Figure 2 to Figure 5.

The first simulation shown by Figure 2, produced SVR algorithm parameter values,
that is, Cost = 1, Epsilon = 0.001, and Gamma = 0.1 on the Radial Basis Function
kernel with a ratio of 70% training data and 30% testing data, with the SVR algorithm
forecasting results not yet close to the actual value or less than optimal and the Decision
Tree algorithm results close to the actual value. The results show that the first simulation
produced an RMSE value of 0.1647. Meanwhile, the Decision Tree algorithm with the
parameters of a max depth = 100 and min samples split = 10, produced an RMSE value
of 0.2004.

Figure 3: Second Simulation Plot SVR Decision Tree (75% training data, 25% testing data).

The results of the second simulation presented on Figure 3, show the parameter
values of the SVR algorithm, namely Cost = 1 Epsilon = 0.001 Gamma = 0.1 on the
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Radial Basis Function kernel with a ratio of 75% training data and 25% testing data with
forecasting results close to the actual value or maximum enough. The first simulation
resulted in an RMSE value of 0.1448. Meanwhile, the Decision Tree algorithm with the
parameters such as max depth = 100 and min samples split = 10, produced an RMSE
value of 0.1751.

Figure 4: Third Simulation Plot SVR Decision Tree (80% training data, 20% testing data).

In the third simulation shown in Figure 4, the parameter values of the SVR algorithm
are Cost = 1 Epsilon = 0.001 Gamma = 0.1 on the Radial Basis Function kernel with
a ratio of 80% training data and 20% testing data with forecasting results close to the
actual value or maximum enough. These first simulation results have an RMSE value of
0.1450. Meanwhile, using the Decision Tree algorithm with the parameters of max depth
= 100 and min samples split = 10, the RMSE value is 0.1642.

Figure 5: Fourth Simulation Plot SVR Decision Tree (90% training data, 10% testing data).

In the fourth simulation presented in Figure 5, the parameter values of the SVR
algorithm are Cost = 1 Epsilon = 0.001 Gamma = 0.1 on the Radial Basis Function
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kernel with a ratio of 90% training data and 10% testing data with forecasting results
close to the actual value or maximum enough. The results of this first simulation have
an RMSE value of 0.1377. When using the Decision Tree algorithm with the parameters
of max depth = 100 and min samples split = 10, the RMSE value is 0.2030.

The recapitulation of the simulation results of the Support Vector Regression (SVR)
and Decision Tree algorithms can be seen in the table below.

Percentage Comparison RMSE value RMSE value
of Training Data by Support Vector by Decision
and Testing Data Regression (SVR) Tree

70% : 30% 0.1647 0.2004
75% : 25% 0.1448 0.1751
80% : 20% 0.1450 0.1642
90% : 10% 0.1377 0.2030

Table 2: Comparison of RMSE values.

In the table above, it can be seen that the maximum results produced by the Support
Vector Regression (SVR) algorithm occurred in the fourth simulation with an RMSE
value of 0.1377, while the best results of the Decision Tree algorithm occurred in the
third simulation with an RMSE value of 0.1642.

4 Conclusion

Based on the simulation results, it can be concluded that the SVR algorithm produces
the best simulation results in the fourth simulation with an RMSE value of 0.1377 and
the Decision Tree algorithm produces the best simulation results in the third simulation
with an RMSE value of 0.1642. The results prove that the Support Vector Regression
and Decision Tree methods are able to provide good prediction results and fulfil the
objective of this study and could be optimized in the next study.
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1 Introduction of Lane-Emden System Equations

The linear and nonlinear two–dimensional Lane–Emden type equations were first intro-
duced by Wazwaz, Rach and Duan in [1], as follows:

uxx +
∝
x
ux + uyy +

β

y
uy + g(x, y)f (u) = 0, (1)

x > 0, y > 0, ∝> 0, β > 0,

u (x, 0) = h (x) , uy (x, 0) = 0, u (0, y) = h (y) , ux (0, y) = 0, (2)

where g (x, y) f (u) is a linear or nonlinear term.
In [2], N. Teyar introduced the linear and nonlinear two–dimensional Lane–Emden

system equations
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uxx + ∝

x ux + uyy +
β
y uy + f (x, y, v) = 0,

vxx + γ
xvx + vyy +

θ
yvy + g (x, y, u) = 0,

(3)

x > 0, y > 0, ∝> 0, β > 0, γ > 0, θ > 0,
u (x, 0) = h (x) , uy (x, 0) = 0,
v (x, 0) = k (x) , vy (x, 0) = 0,
u (0, y) = h (y) , ux (0, y) = 0,

v (0, y) = k (y) , vx (0, y) = 0.

(4)

This type of systems can model configurations such as double stars in gravitational
interaction or gaseous structures in hydrostatic equilibrium under the influence of several
components. Because of the spherical symmetry of the solutions of the Lane–Emden
equation, the second line of conditions (4) is not mentioned in general. These equations
generalize the Lane-Emden equation to a coupled two-field system in two dimensions,
which could describe: 1- Anisotropic self-gravitating fluids (e.g., accretion disks, gas
clouds); 2- Two interacting astrophysical components (e.g., a coupled gas-star system);
3- Modified gravity effects (e.g., alternative gravity models for stellar structures).

In this paper, we apply modified differential transform methods for solving this kind
of elliptic system problems, with singularities in both x and y, for obtaining exact solu-
tions, by using a new product and quotient properties of the MDTM proved in [2], which
implies a minimum of computation. We will obtain exact analytic solutions for these sys-
tem equation. Liliane Maia, Gabrielle Nornberg and Filomena Pacella in [3], introduce a
dynamical system approach for the second-order Lane–Emden type problems by defining
some new variables that allow us to transform the radial fully nonlinear Lane-Emden
equations into a quadratic dynamical system. For the one-dimension Lane-Emden equa-
tion, the original formal conservation of specific entropy along streamlines was given by
a PDE in function of t (time) and r (radius).

2 Definition and Properties of Modified Differential Transform Method
(MDTM)

We introduce the basic definitions of the modified differential transform method as fol-
lows.

Definition 2.1 The modified differential transform of u(x, y) with respect to the
variable y at y0 is defined as

U(x, h) =
1

h!

(
∂h

∂xh
u(x, y)

)
y=y0

, k∈ N, (5)

where u(x, y) is the original function and U(x, h) is the transformed function.

Definition 2.2 The modified inverse differential transform U(x, h) of u(x, y) is de-
fined as

u(x, y) =

∞∑
h=0

U(x,h)(y − y0)
h
. (6)
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Original functions Transformed functions

w (x, y) = αu (x, y)± βv (x, y) W (x, h) = αU(x, h) + βV (x, h)

w (x, y) = xmyn W (x, h) = xmδ(h− n)

w (x, y) = xmynu (x, y) W (x, h) = xmU (x, h− n)

w (x, y) = u (x, y) v (x, y) W (x, h) =
∑k

s=0 U (x, s)V (x, h− s)

w (x, y) = [u (x, y)]3 W (x, h) =
∑h

r=0

∑r
s=0 U (x, h− r)U (x, s)U (x, r − s)

w (x, y) = ∂u(x,y)
∂x

W (x, h) = ∂U(x,h)
∂x

w (x, y) = ∂2u(x,y)

∂x2 W (x, h) = ∂2U(x,h)

∂x2

w (x, y) = ∂u(x,y)
∂y

W (x, h) = (h+ 1)U (x, h+ 1)

w (x, y) = ∂2u(x,y)

∂y2 W (x, h) = (h+ 1) (h+ 2)U (x, h+ 2)

w (x, y) = eau(x,y) W (x, h) =

{
eaU(x,0), h = 0

a
∑h−1

s=0
s+1
h

U (x, s+ 1)W (x, h− s− 1) , h ≥ 1

Table 1: Fundamental properties of the MDTM.

Then combining equations (5) and(6), we write

u(x, y) =

∞∑
h=0

1

h!

(
∂h

∂xh
u(x, y)

)
y=y0

(y − y0)
h
. (7)

When (x, y0) is taken as (x, 0), then (7) can be expressed as

u(x, y) =

∞∑
h=0

U(x, h)yh.

Some important properties of the MDTM used in this paper, are listed in Table 1.

3 Theorems and Corollaries

Theorem 3.1 [2] If w(x, y) = u(x,y)
v(x,y) and V (x, 0) ̸= 0, then the modified differential

transform version is

W (x, h) =


U(x,0)
V (x,0) , if h = 0,

U(x,h)−
∑h−1

i=0 W (x,i)V (x,h−i)

V (x,0) , if h ≥ 1.

Corollary 3.1 [2] If w(x, y) = xmyn

v(x,y) and V (x, 0) ̸= 0, then the modified differential

transform version is

W (x, h) =


xmδ(n)
V (x,0) if h = 0,

xmδ(h−n)−
∑h−1

i=0 W (x,i)V (x,h−i)

V (x,0) if h ≥ 1.

Corollary 3.2 [2] If w(x, y) = 1
v(x,y) and V (x, 0) ̸= 0, then the modified differential

transform version is

W (x, h) =


1

V (x,0) if h = 0,

−
∑h−1

i=0 W (x,i)V (x,h−i)

V (x,0) if h ≥ 1.
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Theorem 3.2 [2] If w(x, y) = u(x,y)
xmyn and (x, y) ̸= (0, 0), then the modified differen-

tial transform version of w(x, y) is

W (x, h) =
U(x, h+ n)

xm
.

Corollary 3.3 [2] If w(x, y) = u(x,y)
x , x ̸= 0, then the modified differential transform

version is

W (x, h) =
U(x, h)

x
.

Corollary 3.4 [2] If w(x, y) = u(x,y)
y , y ̸= 0, then the modified differential transform

version is
W (x, h) = U(x, h+ 1).

4 Main Result and Description of Method

The classical Lane-Emden equation describes the structure of a self-gravitating, spheri-
cally symmetric polytropic gas cloud:

1

r2
d

dr

(
r2

dθ

dr

)
+ θn = 0,

where θ(r) represents a dimensionless density profile, and n is the polytropic index. We
will solve the following system of two equations:

uxx + ∝
x ux + uyy +

β
y uy + f (x, y, v) = 0,

vxx + γ
xvx + vyy +

θ
yvy + g (x, y, u) = 0,

(8)

x > 0, y > 0, ∝> 0, β > 0, γ > 0, θ > 0,

u (x, 0) = h (x) , uy (x, 0) = 0, v (x, 0) = k (x) , vy (x, 0) = 0. (9)

In Table 2, we compare the physical meaning of some variables in the classical Lane-
Emden equation and the variables in our system of equations.

The following theorem constitutes the main result of this paper.

Theorem 4.1 The Lane-Emden system of equations given by (8), subject to the ini-
tial conditions (9), can be effectively solved using the Modified Differential Transform
Method (MDTM), yielding exact symmetric solutions.

Proof: From Table 1 and Corollaries 3.3, 3.4, the modified differential transform version
of (8) is

∂2U(x,h)
∂x2 + ∝

x
∂U(x,h)

∂x + (h+ β + 1) (h+ 2)U (x, h+ 2) + F (x, h) = 0,

∂2V (x,h)
∂x2 + γ

x
∂V (x,h)

∂x + (h+ θ + 1) (h+ 2)V (x, h+ 2) +G (x, h) = 0,
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Feature Classical Lane-Emden Our System
Dimension 1D (radial r) 2D (x, y)
Symmetry Spherical Possibly cylindrical or more

general
Nonlinear source
term

θn f(x, y, v), g(x, y, u) (self-
interacting fields or relativis-
tic corrections)

Number of equations Single equation Coupled system
Physical meaning Polytropic stars Two-component fluid, modi-

fied gravity, or plasma model

Table 2: Comparison of Classical Lane-Emden system and our System.

where F (x, h) and G (x, h) are, respectively, the modified differential transform version
of f (x, y, v) and g (x, y, v). Also, the modified MDTM versions of initial conditions (9)
are

U (x, 0) = H(x), U (x, 1) = 0, V (x, 0) = K(x), V (x, 1) = 0.

Then  U (x, h+ 2) = −1
(h+β+1 )(h+2)

[
∂2U(x,h)

∂x2 + ∝
x

∂U(x,h)
∂x + F (x, h)

]
V (x, h+ 2) = −1

(h+θ+1 )(h+2)

[
∂2V (x,h)

∂x2 + γ
x
∂V (x,h)

∂x +G (x, h)
]
.

For h = 0:

 U (x, 2) = −1
2(β+1 )

[
∂2U(x,0)

∂x2 + ∝
x

∂U(x,0)
∂x + F (x, 0)

]
V (x, 2) = −1

2(θ+1 )

[
∂2V (x,0)

∂x2 + γ
x
∂V (x,0)

∂x +G (x, 0)
]
.

For h = 1: 
U (x, 3) = −1

3(β+2 )

[
∂2U(x,1)

∂x2 + ∝
x

∂U(x,1)
∂x + F (x, 1)

]
V (x, 3) = −1

3(θ+2 )

[
∂2V (x,1)

∂x2 + γ
x
∂V (x,1)

∂x +G (x, 1)
]
.

For h = 2: 
U (x, 4) = −1

4(β+3 )

[
∂2U(x,2)

∂x2 + ∝
x

∂U(x,2)
∂x + F (x, 2)

]
V (x, 4) = −1

4(θ+3 )

[
∂2V (x,2)

∂x2 + γ
x
∂V (x,2)

∂x +G (x, 2)
]
.

For h = 3: 
U (x, 5) = −1

5(β+4 )

[
∂2U(x,3)

∂x2 + ∝
x

∂U(x,3)
∂x + F (x, 3)

]
V (x, 5) = −1

5(θ+4 )

[
∂2V (x,3)

∂x2 + γ
x
∂V (x,3)

∂x +G (x, 3)
]
.

.

.

.

.

.
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After computing the first terms U (x, h), we obtain the series solution

u(x, y) =

∞∑
h=0

U(x, h)yh.

5 Applications

Example 1.
uxx + 2

xux + uyy +
3
yuy + 6e−2v = 0,

vxx + 3
xvx + vyy +

4
yvy − 14u = 0,

(10)

u (x, 0) =
1

x2
, uy (x, 0) = 0, v (x, 0) = 2lnx, vy (x, 0) = 0, (11)

with exact solutions

u (x, y) =
1

x2 + y2
, v (x, y) = ln(x2 + y2).

The terms
2

x
ux and

3

y
uy suggest a formulation in cylindrical or spherical coordinates,

commonly used for modeling a stellar structure or gravitational equilibrium in astrophys-
ical settings.

The term 6e−2v suggests a nonlinear source term, which could represent an energy
density or a self-interaction potential, as in plasma physics or cosmology.

The coupling between u and v in the equations suggests an interaction between two
physical fields, possibly related to density-pressure relations in a self-gravitating system.
From Table 1 and Corollaries 3.3, 3.4, the modified differential transform version of (10)
is 

∂2U(x,h)
∂x2 + 2

x
∂U(x,h)

∂x + (h+ 4) (h+ 2)U (x, h+ 2) + 6F (x, h) = 0,

∂2V (x,h)
∂x2 + 3

x
∂V (x,h)

∂x + (h+ 5) (h+ 2)V (x, h+ 2)− 14U (x, h) = 0,

where F (x, h) is the modified differential transform version of e−2v (Table 1), such as

F (x, h) =


e−2V (x,0) = 1

x4 , h = 0,

−2
∑h−1

s=0
s+1
h V (x, s+ 1)F (x, h− s− 1) , h ≥ 1.

Also, the modified MDTM versions of initial conditions (11) are

U (x, 0) =
1

x2
, U (x, 1) = 0, V (x, 0) = 2lnx, V (x, 1) = 0.

Then 
U (x, h+ 2) = −1

(h+4 )(h+2)

[
∂2U(x,h)

∂x2 + 2
x
∂U(x,h)

∂x + 6F (x, h)
]
,

V (x, h+ 2) = −1
(h+5 )(h+2)

[
∂2V (x,h)

∂x2 + 3
x
∂V (x,h)

∂x − 14U (x, h)
]
.
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For h = 0:



U (x, 2) = −1
8

[
∂2U(x,0)

∂x2 + 2
x
∂U(x,0)

∂x + 6F (x, 0)
]
,

= −1
8

[
6
x4 + 2

x .
−2
x3 + 6

x4

]
= −1

x4 ,

V (x, 2) = −1
10

[
∂2V (x,0)

∂x2 + 3
x
∂V (x,0)

∂x − 14U (x, 0)
]
,

= −1
10

[−2
x2 + 3

x .
2
x − 14

x2

]
= 10

10x2 = 1
x2 .

For h = 1: (F (x, 1) = −2V (x, 1)F (x, 0) = 0)
U (x, 3) = −1

15

[
∂2U(x,1)

∂x2 + 2
x
∂U(x,1)

∂x − V (x, 1)F (x, 0)
]
= 0,

V (x, 3) = −1
18

[
∂2V (x,1)

∂x2 + 3
x
∂V (x,1)

∂x − 14U (x, 1)
]
= 0.

For h = 2: 

U (x, 4) = −1
24

[
∂2U(x,2)

∂x2 + 2
x
∂U(x,2)

∂x + 6F (x, 2)
]
,

= −1
24

[−20
x6 + 2

x .
4
x5 − 12

x6

]
= 1

x6 ,

V (x, 4) = −1
28

[
∂2V (x,2)

∂x2 + 3
x
∂V (x,2)

∂x − 14U (x, 2)
]
,

= −1
28

[
6
x4 + 3

x .
−2
x3 + 14

x4

]
= −14

28x4 = −1
2x4 .

For h = 3:  U (x, 5) = −1
35

[
∂2U(x,3)

∂x2 + 2
x
∂U(x,3)

∂x + 6F (x, 3)
]
= 0,

V (x, 5) = −1
40

[
∂2V (x,3)

∂x2 + 3
x
∂V (x,3)

∂x − 14U (x, 3)
]
= 0.

For h = 4:  U (x, 6) = −1
48

[
∂2U(x,4)

∂x2 + 2
x
∂U(x,4)

∂x + 6F (x, 4)
]
= 1

x8 ,

V (x, 6) = −1
54

[
∂2V (x,4)

∂x2 + 3
x
∂V (x,4)

∂x − 14U (x, 4)
]
= 1

3x6 .

Then by substituting the quantities U (x, h) , V (x, h) in (7), we get the series solutions

u (x, y) =
1

x2

(
1−

(y
x

)2
+
(y
x

)4
−
(y
x

)6
· · ·
)

v (x, y) = 2lnx+
(y
x

)2
− 1

2

(y
x

)4
+

1

3

(y
x

)6
· · ·

And the exact solutions are

u (x, y) =
1

x2 + y2
, v (x, y) = ln

(
x2 + y2

)
on the region x ≥ y.

By applying the symmetric conditions of (11)
u (0, y) = 1

y2 , ux (0, y) = 0, v (0, y) = 2lny, vx (0, y) = 0,
we obtain the series solutions
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u (x, y) = 1
y2

(
1−

(
x
y

)2
+
(

x
y

)4
−
(

x
y

)6
· · ·
)

v (x, y) = 2lny +
(

x
y

)2
− 1

2

(
x
y

)4
+ 1

3

(
x
y

)6
· · ·

which converge to the same exact solutions on the region x ≤ y.

Example 2.
uxx + 1

xux + uyy +
1
yuy − 24v−1 = 0,

vxx + 2
xvx + vyy +

3
yvy + 6u−1 = 0,

(12)

u (x, 0) = x4, uy (x, 0) = 0, v (x, 0) =
1

x2
, vy (x, 0) = 0 (13)

with exact solutions

u (x, y) = (x2 + y2)
2
, v (x, y) =

1

x2 + y2
.

This system could model two interdependent physical quantities evolving under nonlinear
interactions and spatial symmetries possibly within a self-gravitating system, plasma
configuration, or cosmological model. The presence of the terms +6u−1 , −24v−1 in the
equations indicates a nonlinear coupling between two functions u and v. Physically, this
might correspond to the interactions between two fields such as pressure and density, or
temperature and concentration in self-regulating systems like stars or gases under gravity.

From Table 1 and Corollaries 3.3, 3.4, the modified differential transform version of
(12) is 

∂2U(x,h)
∂x2 + 1

x
∂U(x,h)

∂x + (h+ 2)
2
U (x, h+ 2)− 24F (x, h) = 0,

∂2V (x,h)
∂x2 + 2

x
∂V (x,h)

∂x + (h+ 4) (h+ 2)V (x, h+ 2) + 6G (x, h) = 0.

,

where F (x, h) and G (x, h) are the modified differential transform versions of
v−1, u−1, respectively, such as (from Corollary 3.2)

F (x, h) =


1

V (x,0) = x2, h = 0,

−
∑h−1

i=0 F (x,i)V (x,h−i)

V (x,0) , h ≥ 1.

G (x, h) =


1

U(x,0) =
1
x4 , h = 0,

−
∑h−1

i=0 G(x,i)U(x,h−i)

U(x,0) , h ≥ 1.

Also, the MDTM versions of initial conditions (13) are

U (x, 0) = x4, U (x, 1) = 0, V (x, 0) =
1

x2
, V (x, 1) = 0.

Then 
U (x, h+ 2) = −1

(h+2)2

[
∂2U(x,h)

∂x2 + 1
x
∂U(x,h)

∂x − 24F (x, h)
]
,

V (x, h+ 2) = −1
(h+4 )(h+2)

[
∂2V (x,h)

∂x2 + 2
x
∂V (x,h)

∂x + 6G (x, h)
]
.
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For h = 0:



U (x, 2) = −1
4

[
∂2U(x,0)

∂x2 + 1
x
∂U(x,0)

∂x − 24F (x, 0)
]
,

= −1
4

[
12x2 + 1

x .4x
3 − 24x2

]
= 2x2,

V (x, 2) = −1
8

[
∂2V (x,0)

∂x2 + 2
x
∂V (x,0)

∂x + 6G (x, 0)
]
,

= −1
8

[
6
x4 + 2

x .
−2
x3 + 6 1

x4

]
= −8

8x4 = −1
x4 .

For h = 1: (F (x, 1) = 0, G (x, 1) = 0) U (x, 3) = −1
9

[
∂2U(x,1)

∂x2 + 1
x
∂U(x,1)

∂x − 24F (x, 1)
]
= 0,

V (x, 3) = −1
15

[
∂2V (x,1)

∂x2 + 2
x
∂V (x,1)

∂x + 6G (x, 1)
]
= 0.

For h = 2: 

U (x, 4) = −1
16

[
∂2U(x,2)

∂x2 + 1
x
∂U(x,2)

∂x − 24F (x, 2)
]
,

= −1
16

[
4 + 1

x .4x− 24
]
= 1,

V (x, 4) = −1
24

[
∂2V (x,2)

∂x2 + 2
x
∂V (x,2)

∂x + 6G (x, 2)
]
,

= −1
24

[−20
x6 + 2

x .
4
x5 − 12

x6

]
= 24

24x6 = 1
x6 .

For h = 3:  U (x, 5) = −1
25

[
∂2U(x,3)

∂x2 + 1
x
∂U(x,3)

∂x − 24F (x, 3)
]
= 0,

V (x, 5) = −1
35

[
∂2V (x,3)

∂x2 + 2
x
∂V (x,3)

∂x + 6G (x, 3)
]
= 0.

For h = 4:  U (x, 6) = −1
36

[
∂2U(x,4)

∂x2 + 1
x
∂U(x,4)

∂x − 24F (x, 4)
]
= 0,

V (x, 6) = −1
48

[
∂2V (x,4)

∂x2 + 2
x
∂V (x,4)

∂x + 6G (x, 4)
]
= −1

x8 .

Then by substituting the quantities U (x, h) in (7), we get the exact solution

u (x, y) = x4 + 2x2y2 + y4 = (x2 + y2)
2

and the series solution

v (x, y) =
1

x2

(
1−

(y
x

)2
+
(y
x

)4
−
(y
x

)6
· · ·
)
.

The exact solution is

v (x, y) =
1

x2 + y2

on the region x ≥ y.
By appling the symmetric conditions of (13)
u (0, y) = y4, ux (0, y) = 0, v (0, y) = 1

y2 , vx (0, y) = 0,
we obtain the series solutions
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v (x, y) = 1
y2

(
1−

(
x
y

)2
+
(

x
y

)4
−
(

x
y

)6
· · ·
)

which converge to the same exact solutions on the region x ≤ y.

Example 3.
uxx + 3

xux + uyy +
4
yuy − 14√

v
= 0,

vxx + 1
xvx + vyy +

1
yvy − 24eu = 0,

(14)

u (x, 0) = 2lnx, uy (x, 0) = 0, v (x, 0) = x4, vy (x, 0) = 0 (15)

with exact solutions

u (x, y) = ln(x2 + y2), v (x, y) = (x2 + y2)
2
.

From Table 1 and Corollaries 3.3, 3.4, the modified differential transform version of (14)
is {

∂2U(x,h)
∂x2 + 3

x
∂U(x,h)

∂x + (h+ 5) (h+ 2)U (x, h+ 2)− 14F (x, h) = 0,
∂2V (x,h)

∂x2 + 1
x
∂V (x,h)

∂x + (h+ 2)
2
V (x, h+ 2)− 24G (x, h) = 0,

where F (x, h) , G (x, h) are the modified differential transform versions of

1√
v
and eu, respectively, such as

G (x, h) =


eU(x,0) = x2 , h = 0,∑h−1
s=0

s+1
h U (x, s+ 1)G (x, h− s− 1) , h ≥ 1.

Also, the MDTM versions of initial conditions (15) are

U (x, 0) = 2lnx, U (x, 1) = 0, V (x, 0) = x4, V (x, 1) = 0.

Then  U (x, h+ 2) = −1
(h+5)(h+2)

[
∂2U(x,h)

∂x2 + 3
x
∂U(x,h)

∂x − 14F (x, h)
]
,

V (x, h+ 2) = −1
(h+2)2

[
∂2V (x,h)

∂x2 + 1
x
∂V (x,h)

∂x − 24G (x, h)
]
.

For h = 0, we have

F (x, 0) =
1

0!

(
∂0

∂y0

(
1√

v (x, y)

))
y=0

=
1√

V (x, 0)
=

1

x2
.

So,



U (x, 2) = −1
10

[
∂2U(x,0)

∂x2 + 3
x
∂U(x,0)

∂x − 14F (x, 0)
]
,

= −1
10

[−2
x2 + 3

x .
2
x − 14

x2

]
= 1

x2 ,

V (x, 2) = −1
4

[
∂2V (x,0)

∂x2 + 1
x
∂V (x,0)

∂x − 24G (x, 0)
]
,

= −1
4

[
12x2 + 1

x .4x
3 − 24x2

]
= 8x2

4 = 2x2.
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For h = 1, we have

F (x, 1) =
1

1!

(
∂

∂y

(
1√

v (x, y)

))
y=0

=
−1

2

(
∂v (x, y)

∂y
.

1

v (x, y)
√
v (x, y)

)
y=0

=
−1

2
.V (x, 1) .

1

V (x, 0)
√

V (x, 0)
= 0 ,

G (x, 1) = U (x, 1)G (x, 0) = 0.

So,  U (x, 3) = −1
18

[
∂2U(x,1)

∂x2 + 3
x
∂U(x,1)

∂x − 14F (x, 1)
]
= 0,

V (x, 3) = −1
9

[
∂2V (x,1)

∂x2 + 1
x
∂V (x,1)

∂x − 24G (x, 1)
]
= 0.

For h = 2, we have

F (x, 2) =
1

2!

(
∂2

∂y2

(
1√

v (x, y)

))
y=0

=
−1

4

(
∂

∂y

(
∂v (x, y)

∂y
.(v (x, y))

− 3
2

))
y=0

=
−1

4

(
∂2v (x, y)

∂y2
.(v (x, y))

− 3
2 − 3

2
. (v (x, y))

− 5
2 .
∂v (x, y)

∂y

)
y=0

=
−1

2
.V (x, 2) (V (x, 0))

− 3
2 +

3

8
.(V (x, 0))

− 5
2 .V (x, 1)

=
−1

2
.V (x, 2) (V (x, 0))

− 3
2 =

−1

2
.
2x2

x6

= − 1

x4
.

G (x, 2) =

1∑
s=0

s+ 1

2
U (x, s+ 1)G (x, 1− s) =

1

2
U (x, 1)G (x, 1) + U (x, 2)G (x, 0)

=
1

x2
.x2 = 1.

So, 

U (x, 4) = −1
28

[
∂2U(x,2)

∂x2 + 3
x
∂U(x,2)

∂x − 14F (x, 2)
]
,

= −1
28

[
6
x4 + 3

x .
−2
x3 + 14

x4

]
,

= −1
2x4 ,

V (x, 4) = −1
16

[
∂2V (x,2)

∂x2 + 1
x
∂V (x,2)

∂x − 24G (x, 2)
]
,

= −1
16

[
4 + 1

x .4x− 24
]
= 1.

For h = 3:  U (x, 5) = −1
25

[
∂2U(x,3)

∂x2 + 3
x
∂U(x,3)

∂x − 14F (x, 3)
]
= 0,

V (x, 5) = −1
35

[
∂2V (x,3)

∂x2 + 1
x
∂V (x,3)

∂x − 24G (x, 3)
]
= 0.
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For h = 4:  U (x, 6) = −1
36

[
∂2U(x,4)

∂x2 + 3
x
∂U(x,4)

∂x − 14F (x, 4)
]
= 1

3x6 ,

V (x, 6) = −1
48

[
∂2V (x,4)

∂x2 + 1
x
∂V (x,4)

∂x − 24G (x, 4)
]
= 0.

Then by substituting the quantities U (x, h) in (7), we get the exact solution

v (x, y) = x4 + 2x2y2 + y4 = (x2 + y2)
2

and the series solution

u (x, y) = 2lnx+
(y
x

)2
− 1

2

(y
x

)4
+

1

3

(y
x

)6
· · ·

the exact solution is
u (x, y) = ln(x2 + y2)

on the region x ≥ y.
By applying the symmetric conditions of (15)
u (0, y) = 2lny, ux (0, y) = 0, v (0, y) = y4, vx (0, y) = 0,
we obtain the series solutions

u (x, y) = 2lny +
(

x
y

)2
− 1

2

(
x
y

)4
+ 1

3

(
x
y

)6
· · ·

which converge to the same exact solutions on the region x ≤ y.

6 Conclusion

In this study, we are the first to introduce the two-dimensional Lane–Emden system
equations and to derive exact analytical solutions without resorting to linearization, dis-
cretization, or perturbation techniques. By successfully applying the Modified Differen-
tial Transformation Method (MDTM) to these nonlinear forms, we obtain highly accurate
solutions with significantly reduced computational effort. This approach leverages novel
product and quotient properties specific to various differential transform methods, which
we previously established in another paper.
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Abstract: We propose a two-parameter quasi-boundary regularization method for
solving the ill-posed backward Cauchy problem. The Lambert W function is employed
for the first time to derive enhanced stability bounds and refined convergence rates.
Our approach perturbs the final data via two distinct parameters, providing better
control of approximation errors. We prove the regularised problem’s well-posedness
and derive novel Hölder-Lambert stability estimates. Numerical experiments confirm
that our method improves the accuracy of estimated errors, especially under high
noise levels.
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1 Introduction

Let H be a Hilbert space with the inner product (., .) and the norm ∥.∥, and A be a
self-adjoint operator on H. Assume that A admits an orthonormal eigenbasis (φi)i≥1 in
H, associated to the eigenvalues (λi)i≥1 such that

0 < λ1 < λ2 < ...et lim
i−→+∞

λi = +∞.
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The problem is to find a function u : [0, T ] → H, the solution of the final-value problem
(FV P ):

u′(t) +Au(t) = 0, 0 ≤ t ≤ T, (1)

with a final condition

u(T ) = f (2)

for some predefined final value f ∈ H.

The FVP (1),(2) is an ill-posed problem. Even in the case of a unique solution that
exists on [0, T ], the latter does not depend continuously on the final value of f . This
type of problem has been considered by several authors using different regularisation
methods, one of which is the quasi-reversibility method introduced by Lattes and Lions [1]
and developed by Payne [2], Miller [3] and Showalter [4]. We replaced the operator A
with a perturbation operator in this method. The other method of regularisation is the
quasi-boundary value method introduced by Showalter [5] and developed in [6–10]. This
method perturbs the final condition with one regularisation parameter. Moreover, in [6],
the final condition (2) is replaced by

u(T ) + αu(0) = f,

and in [7], by

u(T )− αu′(0) = f.

In other studies [11–13], the perturbation is applied directly to the final data instead
of the condition, with either one or two regularization parameters. The origin of this
method goes back to [11], by giving a specific value to f .

In this work, we propose a new version of the quasi-boundary regularization method
based on a two-parameter perturbation, α and τ , of the final data f . The parameter
α accounts for measurement errors, while τ reflects the regularity of the solution. Fur-
thermore, we introduce, for the first time in this context, the Lambert W function as a
central analytical tool such that equation (2) is replaced by

u(T ) = fα,τ , (3)

where τ ≥ 0, α ∈ (0, 1) and

fα,τ =

∞∑
i=1

bie
−λi(T+τ)

e−λi(T+τ) + αλ2
i

φi. (4)

The backward Cauchy problem studied in this work naturally arises in nonlinear
dynamical systems, especially in optimal control, inverse heat conduction, and system
identification scenarios. Such problems typically involve reconstructing past states from
final-time measurements, often subject to high noise levels. The ill-posedness of these
problems directly impacts stability, accuracy, and predictive capability in nonlinear dy-
namical settings. Our proposed two-parameter quasi-boundary regularization method
addresses these fundamental challenges by enhancing stability and convergence proper-
ties, making it particularly suitable for the reliable prediction and control of complex
nonlinear systems.
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We analyze the modified problem rigorously, proving the existence and uniqueness of
the regularized solution. We then generate stability estimates that outperform the classi-
cal Holder results, introducing a new Holder-Lambert convergence rate. Furthermore, we
provide error bounds for both exact and noisy data, and validate our theoretical results
by comparing the numerical results in [13] with the remarkable accuracy and efficiency
of our method, especially for small values of the noise level.

In Section 2, we introduce the Lambert W function, formulate the modified problem
and present our theoretical results, including stability and convergence theorems. In Sec-
tion 3, we provide numerical experiments that illustrate the effectiveness of the proposed
method.

2 The Lambert W Function and the Approximate Problem

For historical notes and the upcoming Lambert W special function in the mathematical
literature, we would like to refer the reader to the papers [14–17] and references there. To
stay in the real case, it is the function usually denoted byW (x) and defined as the inverse
of the function (xex), it is generally used for solving transcendental algebraic equations.
The function (xex) being one-to-one an x ≥ 1, the principal Lambert function W (x) is
its reciprocal. We may find different analytic and differential properties of W (x). In our
context, we need its asymptotic expansion established in [15,16], and given by

W (x) = log(x)− log(log(x)) +
∑
n≥1

(−1)n

(log x)
n an(x) ;x ≫ A, (5)

where an(x) =
∑n

m=1 (−1)ms(n, n−m+ 1) (log(log(x)))
m

m! , s(n, k) are Stirling numbers of
the first kind. Therefore, our results are much sharper and more exact through the use
of (5) than any others known in the literature on the regularization of ill-posed problems,
particularly backward in time heat problems.

We turn now to the study of the approximate problem QBV P (1),(3). We first show
that QBV P (1),(3) is a well-posed problem. If (φi)i≥1 is an orthonormal basis in H,
then for all f ∈ H, we have

f =

∞∑
i=1

biφi, bi = (f, φi) ,∀i ≥ 1. (6)

If the problem FV P (1),(2) (respectively, QBV P (1),(3)) admits a solution u (respec-
tively, uα,τ ), then

u(t) =

∞∑
i=1

bie
λi(T−t)φi ,∀t ∈ [0, T ], (7)

and

uα,τ (t) =

∞∑
i=1

bie
−λi(t+τ)

e−λi(T+τ) + αλ2
i

φi ,∀t ∈ [0, T ]. (8)

To start, for the upcoming results, we need the following lemma, which introduces
the Lambert W special function.
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Lemma 2.1 For all t ∈ [0, T ] , τ ⩾ 0 and α ∈ (0, 1), we have

e−λ(t+τ)

e−λ(T+τ) + αλ2
⩽

1(
αW

(
(T+τ)2

2α

)) T−t
T+τ

 (T + τ)2

2 +W
(

(T+τ)2

2α

)


T−t
T+τ

. (9)

Proof. Let t ∈ [0, T ] , τ ⩾ 0 and α ∈ (0, 1). If we consider the function

h(λ) =
1

e−λ(T+τ) + αλ2
, λ ∈ R∗

+,

then h(λ) attains its maximum at

λ0 =
1

T + τ
W

(
(T + τ)2

2α

)
, (10)

hence
1

e−λ(T+τ) + αλ2
⩽

1

αW
(

(T+τ)2

2α

) (T + τ)2(
2 +W

(
(T+τ)2

2α

)) . (11)

Consequently, the lemma follows from the equality

e−λ(t+τ)

e−λ(T+τ) + αλ2
=

e−λ(t+τ)(
e−λ(T+τ) + αλ2

) T−t
T+τ

(
e−λ(T+τ) + αλ2

) t+τ
T+τ

and the estimate (11) above.

Theorem 2.1 For all f ∈ H, the regularized problem QBVP (1),(3) has a unique
solution uα,τ . Moreover, the following estimate holds:

∥uα,τ (t)∥ ≤ 1(
αW

(
(T+τ)2

2α

)) T−t
T+τ

 (T + τ)2

2 +W
(

(T+τ)2

2α

)


T−t
T+τ

∥f∥, t ∈ [0, T ], (12)

where τ ⩾ 0 , α ∈ (0, 1) and W is the Lambert function.

Proof. For t ∈ [0, T ], let us take

uα,τ(n)(t) =

n∑
i=1

bie
−λi(t+τ)

e−λi(T+τ) + αλ2
i

φi.

Since
(
uα,τ(n)

)
n⩾1

represents the sequence of partial sums of the series (8), it suffices to

show that uα,τ(n) ∈ C1([0, T ], H) and

∥∥∥∥ lim
n−→+∞

uα,τ(n)(0)

∥∥∥∥ < +∞.

Set

vα,τ (t) = −
+∞∑
i=1

λibie
−λi(t+τ)

e−λi(T+τ) + αλ2
i

φi.
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So,

u′
α,τ(n)(t)− vα,τ (t) =

+∞∑
i=n+1

λibie
−λi(t+τ)

e−λi(T+τ) + αλ2
i

φi.

Using the hypothesis λ2
i −→ +∞ and the inequality

λ2
i b

2
i e

−2λi(t+τ)

(e−λi(T+τ) + αλ2
i )

2
≤ b2i

α2
, ∀i ≥ 1, (13)

we get

lim
n−→+∞

sup
t∈[0,T ]

∥∥∥u′
α,τ(n)(t)− vα,τ (t)

∥∥∥ = 0.

Then the sequence (u
′

α,τ(n))n⩾1 converges uniformly in t. Moreover, the use of the

Weierstrass criterion insures that uα,τ ∈ C1([0, T ], H) and

u′
α,τ (t) = −

∞∑
i=1

λibie
−λi(t+τ)

e−λi(T+τ) + αλ2
i

φi;∀t ∈ [0, T ], τ ⩾ 0. (14)

Using (13), we have uα,τ (t) ∈ D(A) and

Auα,τ (t) =

+∞∑
i=1

λibie
−λi(t+τ)

e−λi(T+τ) + αλ2
i

φi, ∀t ∈ [0, T ], τ ⩾ 0. (15)

So, by virtue of (8), (14) and (15), we find that uα,τ is a classical solution of QBV P
(1),(3).
Let t ∈ [0, T ]. From (8), we have

∥uα,τ (t)∥2 ≤
+∞∑
i=1

b2i

(
e−λi(t+τ)

e−λi(T+τ) + αλ2
i

)2

, (16)

and using Lemma 2.1, the estimate (12) is then deduced from (15).

Remark 2.1 We note in Theorem 2.1 above, we have a new stability order given by

ω(α, τ, T ) =
1(

αW 2
(

(T+τ)2

2α

)) T−t
T+τ

, α > 0, τ ⩾ 0,

where W 2 is the square of W (x). This order does not exist in the literature concerning
inverse problems backward in time. Our order of stability involves the Lambert W

function, and improves significantly the existing Hölder order α
t−τ
T+τ known up to date.

According to the asymptotic expansion of W given in (5), we largely have

1

αW 2
(

(T+τ)2

2α

) ≪ 1

α
, α > 0,
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for α small enough; W
(

(T+τ)2

2α

)
is approximatively

log

(
(T + τ)2

2α

)
− log

(
log

(
(T + τ)2

2α

))
+O


 log

(
log

(
(T+τ)2

2α

))
log

(
(T+τ)2

2α

)
2

 ,

the term 1

W 2
(

(T+τ)2

2α

) restrains 1
α from going to infinity rapidly; and consequently, stability

is much more controlled, particularly when using numerical schemes for applications.
Moreover, this mixed Hölder-Lambert type of stability is much more sharp and exact
than the Hölder type, stability is much more weighted by the presence of the term

W 2
(

(T+τ)2

2α

)
, particularly for applications and numerical computations. Finally, the

choice of a second parameter τ in our approach gives rather good uniform results and
regularity around the origin instant t0 = 0. This improves many results where the stability
is of order α− t

T , which is meaningless whenever t is in the neighborhood of the origin.

Theorem 2.2 For every f ∈ H and τ ≥ 0, ∥uα,τ (T )− f∥ −→ 0 as α → 0. That is,
uα,τ (T ) converges to f in H.

Proof. Let f ∈ H, τ ≥ 0, and ε > 0. Choose some N for which∑+∞
i=N+1 b

2
i < ε

2 .
From (4) and (8), we have

∥uα,τ (T )− f∥2 ≤ α2
N∑
i=1

λ4
i b

2
i e

2λi(T+τ) +
ε

2
. (17)

If we take α2 < ε
(
2
∑N

i=1 λ
4
i b

2
i e

2λi(T+τ)
)−1

, then we get

lim
α→0

∥uα,τ (T )− f∥ = 0,

as required.

Theorem 2.3 For all f ∈ H and τ ≥ 0, the FV P (1),(2) has a solution u given
by (7) if and only if the sequence (uα,τ (0)) converges in H. Furthermore, the sequence
(uα,τ ) converges to u as α tends to zero, uniformly in t.

Proof. Let f ∈ H and τ ≥ 0. Assume that limα→0 uα,τ (0) = u0 exists. Since
u0 ∈ H, we have

u0 =

+∞∑
i=1

u0iφi.

The solution of the initial problem{
v′(t) +Av(t) = 0 , 0 ≤ t ≤ T,
v(0) = u0,

is given by

v(t) =

+∞∑
i=1

u0ie
−λitφi. (18)
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Let t ∈ [0, T ]. From (8), we get

∥uα,τ (t)− v(t)∥ ≤ ∥uα,τ (0)− u0∥.

This means that uα,τ converges uniformly to v in H.
Moreover, limα→0 uα,τ (T ) = v(T ). Using Theorem 2.2, we have v(T ) = f and v is a
solution of the FV P (1),(2). Assuming that u is the solution to FV P (1),(2), given by
(7), we prove that (uα,τ (0)) converges in H. From (7) and (8), we have

∥uα,τ (t)− u(t)∥2 =

+∞∑
i=1

(
bie

−λiτ

e−λi(T+τ) + αλ2
i

− bie
λiT

)2

e−2λit

so that
∥uα,τ (t)− u(t)∥ ≤ ∥uα,τ (0)− u(0)∥. (19)

Since u is the solution of FV P (1)-(2), u(0) ∈ H and
∑+∞

i=1 b2i e
2λiT < +∞.

Let ε > 0 and choose some N for which
∑+∞

i=N+1 b
2
i e

2λiT < ε
2 . From (7),(8), we have

∥uα,τ (0)− u(0)∥2 ≤ α2
N∑
i=1

e4λiTλ4
i e

2λiτ b2i +
ε

2
. (20)

So, when taking α such that α2 < ε(2
∑N

i=1 e
4λiTλ4

i e
2λiτ b2i )

−1, the sequence (uα,τ (0))
converges to u(0) as α tends to zero. Furthermore, from (19),(20), uα,τ converges to u,
which ends the proof.

The following theorem expresses the error estimate in the case of exact data.

Theorem 2.4 Let f ∈ H, τ ≥ 0 and α ∈ (0, 1). Suppose that FV P (1),(2) has a
unique solution u such that the series CT,τ =

∑+∞
i=1 b2iλ

4
i e

2λi(T+τ) is convergent. Then
the following estimate holds for all t ∈ [0, T ]:

∥u(t)− uα,τ (t)∥ ≤ CT,τ
α

t+τ
T+τ(

W
(

(T+τ)2

2α

)) T−t
T+τ

(T + τ)2(
T−t
T+τ )(

2 +W
(

(T+τ)2

2α

))
T−t
T+τ

, (21)

where uα,τ is the solution of QBV P (1),(3).

Proof. Let ε > 0. Suppose that the problem FV P (1),(2) has a unique solution u.
Then u is given as

u(t) =

+∞∑
i=1

bie
λi(T−t)φi.

Therefore

∥u(t)− uα,τ (t)∥2 =

+∞∑
i=1

b2iα
2λ4

i

(
e−λi(t−T )

e−λi(T+τ) + αλ2
i

)2

, (22)

=

+∞∑
i=1

b2iα
2λ4

i e
2λi(T+τ)

(
e−λi(t+τ)

e−λi(T+τ) + αλ2
i

)2

. (23)
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Using (9), we get

∥u(t)− uα,τ (t)∥2 ≤ α2( t+τ
T+τ )

 (T + τ)2

W
(

(T+τ)2

2α

) [
2 +W

(
(T+τ)2

2α

)]
2( T−t

T+τ ) +∞∑
i=1

b2iλ
4
i e

2λi(T+τ).

Based on the condition
∑+∞

i=1 b2iλ
4
i e

2λi(T+τ) < +∞, we find

∥u(t)− uα,τ (t)∥ ≤ CT,τ
α

t+τ
T+τ(

W
(

(T+τ)2

2α

)) T−t
T+τ

(T + τ)2(
T−t
T+τ )(

2 +W
(

(T+τ)2

2α

))
T−t
T+τ

,

as required.

Remark 2.2 Thus, new mixed Hölder-Lambert type of convergence rate estimates

improves very much the Hölder type α
t+τ
T+τ known in the litterature. Clearly, from The-

orem 2.4, it is of the from

ωc(α, T, τ) =
α

t+τ
T+τ

W 2
(

(T+τ)2

2α

) T−t
T+τ

,

where W 2 is the square of W (x). From the asymptotic behaviour of the Lambert W
function in (11), we have

ωc(α, T, τ) ≪ α
t+τ
T+τ ,

and ωc(α, T, τ) tends to zero faster than α
t+τ
T+τ because of the new infinite term

W 2
(

(T+τ)2

2α

)
in the denominator. This Hölder-Lambert type is more strong and exact

than any Hölder type or Hölder-logarithmic rate known, and involves better precision for
numerical computation and applications.

Theorem 2.5 Let u and uδ
α,τ be solutions of the FVP (1),(2) and QBVP (1),(3),

respectively, in the case where f ≡ fδ such that ∥f − fδ∥ < δ.

Suppose that
∥∥∥∑+∞

i=1 biλ
2
i e

λiTφi

∥∥∥ ≤ K. Taking into account the fact that K is a positive

constant, we have

∥u(t)− uδ
α,τ (t)∥ ≤ Ck,δ,α

W
(

(T+τ)2

2α

) . (T + τ)2(
2 +W

(
(T+τ)2

2α

)) , (24)

where Ck,δ,α = ( δ
α +K).

Proof. Let u and uδ
α,τ be solutions of the FVP (1),(2) and QBVP (1),(3), respec-

tively, in the case where f ≡ fδ such that ∥f − fδ∥ < δ.
Set

uδ
α,τ (t) =

+∞∑
i=1

bδi e
−λi(t+τ)

e−λi(T+τ) + αλ2
i

φi , ∀t ∈ [0, T ], τ ⩾ 0, (25)
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where
bδi = (fδ, φi) , ∀i ≥ 1. (26)

Substitute (7) and (25) into the following inequality:

∥u(t)− uδ
α,τ (t)∥ ≤ ∥u(t)− uα,τ (t)∥+ ∥uα,τ (t)− uδ

α,τ (t)∥.

From (11), we obtain

∥u(t)− uα,τ (t)∥ ≤ (T + τ)2

W
(

(T+τ)2

2α

)(
2 +W

(
(T+τ)2

2α

))K (27)

and

∥uα,τ (t)− uδ
α,τ (t)∥ ≤ (T + τ)2δ

αW
(

(T+τ)2

2α

)(
2 +W

(
(T+τ)2

2α

)) , (28)

once again, the use of (27) and (28) gives us

∥u(t)− uδ
α,τ (t)∥ ≤ (T + τ)2K

W
(

(T+τ)2

2α

)(
2 +W

(
(T+τ)2

2α

)) +
(T + τ)2δ

αW
(

(T+τ)2

2α

)(
2 +W

(
(T+τ)2

2α

)) ,
from which, by taking α = δ, we obtain

∥u(t)− uδ
α,τ (t)∥ ≤ (T + τ)2

W
(

(T+τ)2

2δ

)(
2 +W

(
(T+τ)2

2δ

)) (1 +K).

In the above theorem, α and δ are kept proportional; and the rate of convergence is
of order

Ck,δ,α

W 2
(

(T+τ)2

2α

) , where W 2 is the square of W (x).

3 Numerical Experiments

In this section, we present numerical experiments to evaluate the performance of our two-
parameter modified quasi-boundary regularisation method for an inverse heat conduction
problem in a cylindrical domain. We consider the same example as that studied in [13]
to allow for a direct comparison of results.

We begin by recalling the following initial-boundary value problem, which has been
previously studied in [13]:

(3.1)


∂u
∂t = ∂2u

∂r2 + 1
r
∂u
∂r , 0 < r < r0, 0 < t < T,

u(r0, t) = 0, 0 ≤ t ≤ T,
u(r, t) bounded as r → 0 ,
u(r, T ) = fex(r), 0 ≤ r ≤ r0.

Here, r is the radial coordinate, fex(r) = eTJ0(
µ1

r0
r) represents the final temperature

history of the cylinder. The objective is to reconstruct the temperature distribution
u(., t) for 0 ≤ t ≤ T , from noisy final-time data. The solution to problem (3.1) is given
by

uex(r, t) = ete(
µ1
r0

)2(T−t)J0(
µ1

r0
r), (29)
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the function J0(x) is a Bessel function, where µn is its root. We will approximate (3.1)
by the following regularised problem:

(3.2)


∂u
∂t = ∂2u

∂r2 + 1
r
∂u
∂r , 0 < r < r0, 0 < t < T,

u(r0, t) = 0, 0 ≤ t ≤ T,
u(r, t) bounded as r → 0 ,
u(r, T ) = f ϵ(r), 0 ≤ r ≤ r0,

where

f ϵ(r) = eTJ0(
µ1

r0
r) +

p0∑
p=1

ϵapJ0

(
µp

r0
r

)
,

where p0 is a random natural number and ap is a finite sequence of random normal
numbers with mean 0 and variance A2. It follows that the error in the measurement
process is bounded by ϵ, ∥ f ϵ − fex ∥ ≤ ϵ. The regularized solution, which is obtained
by (8) and corresponds to the data f ϵ, is

uϵ,τ (r, t) =
e1−(

µ1
r0

)2(t+τ)

e−(
µ1
r0

)2(T+τ) + ϵ(µ1

r0
)4
J0(

µ1

r0
r) +

p0∑
i=1

ap
ϵe−(

µp
r0

)2(t+τ)

e−(
µp
r0

)2(T+τ) + ϵ(
µp

r0
)4
J0(

µp

r0
r). (30)

For each point of time, the relative error is obtained by the following relationship:

RE(ϵ, t) =
∥ uapp(., t)− uex(., t) ∥

∥ uex(., t) ∥
.

Fix T = 1, r0 = 2, p0 = 1000, A2 = 100.
Case 01:
Fix τ = 0.3. We consider the discretizations ϵ1 = 10−1, ϵ2 = 10−2, ϵ3 = 10−3, respec-
tively. The results obtained are presented in the following figures.

Figure 1: The exact solution and regularized solution with ϵ1 = 10−1 and τ = 0.3.
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Figure 2: The approximate solution with τ = 0.3, ϵ2 = 10−2, and ϵ3 = 10−3.

Case 02:
Fix ϵ = 10−3. We consider the discretizations τ1 = 0, τ2 = 0.3, respectively. The results
obtained are presented in the following figures.

Figure 3: The comparison between the exact solution and the approximate solution in this
paper and in [13] with ϵ = 10−3 for τ = 0.

Figure 4: The comparison between the exact solution and the approximate solution in this
paper and in [13] with ϵ = 10−3 for τ = 0.3.
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Furthermore, we provide comparison tables.

ε ∥uϵ,τ (., 0)− uex(., 0)∥ RE(ε, 0)
ε = 10−3 1.89912372122484 0.0183775205270803
ε = 10−4 0.370482962729477 0.00358510516002786
ε = 10−5 0.0568432599456435 0.000550063255385745
ε = 10−6 0.0508581110298997 0.000492145913915346
ε = 10−7 0.0111367060795689 0.00010776814711647

Table 1: Error and relative error of the proposed method for τ = 0.3 and various values of ε.

In paper [13], we have the same table as that we created with the same values ε, but
with results different from our results. We notice that whenever we reduce the values ε,
we find that the relative error and absolute error in the two tables decrease, but in our
work it decreases better, which makes the regular solution closer to the exact solution
and better than that found in [13], and this shows that our method is more effective.
We note that our method improved accuracy and so our results are more accurate than
in [13]. We also reduced the errors in the data. For comparison, we reproduce below the
table presented in paper [13] (see p. 11)

ε ∥uϵ,τ (., 0)− uex(., 0)∥ RE(ε, 0)
ε = 10−3 8.48702923827765 0.115626406608408
ε = 10−4 5.84620043944197 0.079648028791562
ε = 10−5 3.59734075211554 0.049009797519858
ε = 10−6 0.723559578438893 0.009857700695156
ε = 10−7 0.0550576642083171 0.000173396997915

Table 2: Error and relative error of the method by N.V. Hoa and T.Q. Khanh in [13] for τ = 0.3
and various values of ε.

The numerical experiments confirm that our two-parameter regularisation method is
accurate and stable. The solution improves as the noise level decreases, especially with
τ = 0.3. Our approach consistently achieves smaller errors than the method in [13]. These
results validate the effectiveness of our method for inverse heat conduction problems with
noisy data.

4 Conclusion

In this work, we proposed a two-parameter quasi-boundary regularisation method for
solving the backward Cauchy problem commonly encountered in nonlinear dynamical
systems. Our approach integrates the Lambert W function for the first time, signif-
icantly enhancing stability bounds and providing refined Hölder-Lambert-type conver-
gence rates. Rigorous theoretical analysis established the well-posedness and stability
of the regularised formulation. Numerical experiments demonstrated that our method
achieves greater accuracy and robustness than existing techniques, particularly under
high noise conditions. These results confirm our approach’s effectiveness and practical
applicability, especially for inverse problems involving noisy data in nonlinear dynamics
and optimal control settings.
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Abstract: In this paper, we investigate the mechanism called DDI (Diffusion Driven
Instability) for a full three dimensional matrix of diffusion coefficients. We apply
a linear approach in the neighborhood of an arbitrary equilibrium point using the
Routh-Hurwitz stability criterion and we study the existence of at least one eigenvalue
with positive real part of the matrix A (k). Our main result is the proof of sufficient
and necessary condition for the Turing instability. The research is extended to a
reaction-diffusion system for three species.
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1 Introduction

Back in the 1950s, Alan Turing published a paper under the title “The Chemical Basis
of Morphogenesis”. Turing demonstrated that under certain circumstances, chemicals
can react and diffuse in a way that results in solutions that do not have concentration
equilibrium. To study the process of morphogenesis, he took into account two coupled
reaction-diffusion systems. Mathematically, Turing’s idea was as follows:






∂u
∂t

= d1∆ u + f (u, v), t > 0 x ∈ Ω ,

∂v
∂t

= d2∆ v + g(u, v), t > 0 x ∈ Ω ,
(E)

∗ Corresponding author: mailto:abid.abdrraouf@univ-khenchela.dz

© 2025 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.ua 656














































































































	COV-V25N6_web
	Page 1
	Page 2

	NDST_Vol_25_N6

