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Abstract: This work presents a numerical approach for solving systems of linear two-
dimensional Volterra integral equations (2D-VIEs), which frequently arise in modeling
dynamical systems with memory effects, including applications in control theory, pop-
ulation dynamics, and epidemic modeling. An algorithm based on Taylor polynomials
is developed to construct a collocation solution for these systems. The convergence of
the proposed method is established, ensuring accurate and efficient approximations
while preserving the integral structure of the system. Numerical examples are pro-
vided to illustrate the accuracy and applicability of the method in solving problems
relevant to systems theory.
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1 Introduction

The numerical solution of integral equations, particularly systems of Volterra integral
equations (VIEs), is crucial for modeling and solving complex problems in science and
engineering. Such equations frequently arise in fluid dynamics, signal processing, control
theory, mathematical biology, and various other areas of nonlinear dynamics and systems
theory. For instance, in nonlinear dynamical systems, VIEs are used to describe systems
with memory effects, such as in population dynamics, where the interaction between
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species or components is influenced. Similarly, in systems theory, VIEs provide a frame-
work for modeling the evolution of systems under nonlinear influences, such as in control
theory, where the system’s behavior over time is influenced by feedback mechanisms that
are inherently memory-dependent.

Numerous numerical methods have been developed for one-dimensional cases, in-
cluding the modified homotopy perturbation method [5], the semi-orthogonal B-spline
collocation method [11], and the Hybrid Legendre Block-Pulse functions method [12].
Research on computational methods for solving systems of two-dimensional integral equa-
tions (2D-IEs) remains limited.

This paper further develops the Taylor collocation method (TCM), as introduced
in [143L[6], to solve (|1)). The TCM provides a direct and reliable framework for address-
ing such systems. Unlike traditional techniques that transform equations into algebraic
systems, the TCM leverages Taylor series expansions to approximate solutions directly
in their integral form. By exploiting the inherent smoothness and flexibility of Taylor
series, the method ensures accurate approximations while preserving the structure of the
original system.

The structure of the paper is as follows. Section 2 introduces the approximation of
solutions for 2D VIEs using the polynomial spline space 515:1)4771 in conjunction with Tay-
lor polynomials. Section 3 provides a detailed convergence analysis. Section 4 presents
numerical examples to validate and illustrate the theoretical findings. Finally, the paper
concludes with a summary of the research findings and directions for future work.

2 Description of the Method

We aim to solve a linear system of two-dimensional Volterra integral equations (2D VIEs)
of the form

{ul(x’ y) = gl(ma y) + f()a: foy [Klyl(x’ Y, ta S)ul(tv 5) =+ K1,2($7 Y, t, S)UQ(t, 5)} deta (1)

’U,Q(CE, y) = 92(5E7 y) + IOL foy [KQ,I(:Ev Y, t’ S)ul(t7 8) + KQ,Z(x7 Y, ta S)UQ(t, S)} detu

where (z,y) € D, and the functions g4 and Kg s, with d,d = 1,2, are given continuous
real-valued functions defined on D = [0,a] x [0,b] C R? S = {(z,y,t,5) : 0 <t < <
a,0 < s <y<b}.

The existence and uniqueness of solutions for systems of 2D VIEs have been estab-
lished in [10}13].

To numerically solve these equations, let Iy = {x; =ih,i =0,1,..., N} and [T, =
{y; = jk,j = 0,1,..., M} represent uniform partitions of the intervals [0, a] and [0, d],

with step sizes h = & and k = %. These partitions form a grid for D given by

Oy oy =1n Xy ={(@n,ym) : 0<n < N,0<m < M}
Define the subintervals

Un:[xnyanrl)y n:O71;7N_27 UN*IZ[I.N717$N]7

5m: [ymaym+l)a mzoalvaM_2; 5]\/171 - [nylay]W]v
and the rectangular regions

Dy =0nX6pm, n=0,...,N—-1 m=0,...
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Additionally, let m,_1 1 denote the set of all real polynomials of degree at most
p—1in both x and y. The polynomial spline space of degree p — 1 in x and y is defined
as

Sy My ar) = {(W1,02)" : (W1 ims V2.0.m)" = (1,02)! D, 0 € Tpo1po1,
n=0,...,N—1,m=0,...,.M —1}.

This space consists of bivariate polynomial spline functions of degree at most p—1 in x and
y. It has dimension 2N Mp?, equal to the total number of coefficients of the polynomials
V1,n,m and v2 . To determine these coefficients, we use Taylor polynomials on each
rectangular region D,, ,,.

The solution u of is known along part of the boundary of D

u(z,y) = g(x,0), for0<az<aandy=0,
U(.T,y):g(o,y)’ fOI"OSySbandx:O

First, we approximate u in the rectangle Dy o by the polynomials

”i 1 9"uy(0,0)

— J . _
’Ud7070(l‘,y) = Z ’L'j' axlayﬂ Ty 3 ($,y) € D0,07d =12 (2)
i+75=0
az‘+j 0.0 ai+j
where E?xutda(y;) is the exact value of 9ri Dy at point (0,0).

oiti oiti

To find 215% y) and g2§x’ y)7 we differentiate (|1)) j times with respect to y,

Y Y

then ¢ times with respect to x, we obtain

O ua(,y)  A6) al) - q
= e+ D555 () (1)

r=0 1=0 ¢g=07n=0 N

aa;:n [aiilqu t (;yrrll {agjlr)f(d,l(x,y,t,y)}ﬂ W
68::77 {38;:1__: _ (aay:__ll |:8éj1T)Kd,2($7y7t7y)}>:| ‘W
aa [fy 105 Kol y,t,yﬂ aluéz(ﬁ’y)df

—I—ZZ( ) Oy aa:q . [a%iflfq)aéj)[(m(x,y,x,s)}} 6”“8179?8)
q=0n=0
% (0500 Ky o, ., )] 3"%2755:,8) ds

/ / 8 )8 Kii(z,y,t,s)ui(t, )+8( 8 KdQ(JU Y, t, 8)us(t, s)dsdt.
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Second, we approximate u in the rectangles D,, g,n = 1,..., N —1, by the polynomials

p—1 i A
1 31+J7}d’n70($n, 0) i, j
Va,n,0(T,y) = Z TJ'W@ —xn)'y’ 3 d=1,2;(z,y) € Do, (3)
i+7=0
where 94,00 , d = 1,2 is the exact solution of the system

ﬁd,n,o (.I, y) = gd(x y)

Te+1 Y
+ Z/ / Kyi1(z,y,t,s)v16,0(t,8) + Kao(z,y,t,s)va ¢ ,0(t, s)dsdt (4)
0

+/ / Kii(z,y,t,8)01n,0(t,8) + Kao(z,y,t,s)02 0,0t s)dsdt.
0

To find —6i+j Od,n,0(2,Y)
oyd

respect to z, we obtain

81+] ﬁd7ny0 (.T, y)

, we differentiate 7 times with respect to y, then ¢ times with

=08 ga(,y)

al‘iayj
n—1j—1 r Te+1 az ar i alv t
+ZZZ<)/ [ — l[a(J " )Kdl(x v, t,y)] M
£=0 =0 1=0 Ay o
ot T or (j—1—r) 6102,5,o(t,y)
+ ozt [3yrl [52 Kd,2($,y,t,y>]:| 5 dt

LY ) o) (5) A7)
/ / 0,705 K1 (z,y,t,8)v1.60(t,8) + 0,705 Kao(z,y,t,8)v2e0(t, s)dsdt
0

+§§f§§§<’“)<)

09~ oi—1-4 ar (j—1—7) ot 01,n,0(2,Y)

Oxd—"n [axi—l—q . <ayr [a Kd 1(x y’t7y)})] W
o1~ oi—1-q ot (j—1—r) an+lv2 n, 0(.1‘ Y)
9pa |:6:Ci1q (ay"‘l |:82 Kd,2<x’y7t7y):|>:| W

or (j—1-1) 8o1.m0(t,y)
+ZZ< )/x 63/‘1 |:8y7" l[aZJ Kd1(SU y7t y)]:| T

r= Ql 0
+ aag;‘ [;;r_ll O Ko (a,y.t, y)]} Wdt
53 () [ e [0 Kusto ] g0
+ ;T (01900 K.y, )] GT(M "

z Yy . .
+ / / OO K g1 (x,y,t, 8)01mo(t,s) + OOV Ky o (2, y,t, 8)damo(t, s)dsdt.
0
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Third, we approximate u in the rectangle Dy, ,,,n =0,...,N—landm=1,..., M -1
by, the polynomials

p—1 it
1 adevd,n,m (xnv ym) i 1
Va,n,m(T,y) = Z 1,7, DDy (x—2n)'W—ym) ; d=1,2;(z,y) € Dpm,
i+j=0 5)
5

where 04.n.m , d = 1,2, is the exact solution of the system

@d n m(m y) = gd(xa y)

n—1m—1

Tet1 (Ypt1
+ Z Z / / Kai(z,y,t,8)v1e,,(t,8) + Kao(z,y,t,s)va e ,(t, s)dsdt

£=0 p=0

Tetl
+ Z/ / Kd,l(xayvta S)vl,E,m(tvs) + Kd,Q(xayatvS)”Z,{,m(tas)det (6)

Yp+1
+ Z/ / Kgi(z,y,t,8)v1n,,(t,8) + Kgo(z,y,t,s)van,(t, s)dsdt

Ty
+ / Kd,l(xv Y, t7 s)@l,n,m(ty 8) + Kd,2<xa Y, t7 s)ﬁQ,H,m(t; S)det-
y’nL

To find 2 Vnm (1)
oyJ
respect to x, we obtain

, we differentiate @ j times with respect to y, then i times with

O 0gmm(T,Y) @) A0G)
8xi—ayjzal 82 gd(l‘?y)

n—1m-—1

Tep1  Ypti
+ Z Z / /y 1)6 7) (Kaa(x,y,t,s)v16,0(t,s) + Kaa(x,y,t,s)vae o(t,s)) dsdt

£=0 p=0

e e 9l o 01 ¢ m(t
" em(t,y
+ZZZ< )/ {39’” 0T T K (gt y)) | T %yl( )

£=0r=01=0
ot or (j—1—7) al'UZ ¢ m(ta y)
+ aml |:8yr l [a d 2(1: y7t y)] ayl dt

nloemen N N
+ Z / 8§Z)G§])Kd71(x, Y, t, $)v1em(t,s) + 351)6§J)Kd72($, Y, t, $)Va.¢.m(t, s)dsdt
Ym

1—1 Yp+1 8q n an
(=1~ q) ,Ul,n,p(x,s)
ZZ()/ Oxi— ’7{8 8 Kdl(fr Y, T, S) T

0n=0

£=0
m—1
+2
p=0 ¢g=
o1

Oxd—"

T [ Ypt
+ Z/ / 3( )94 J)Kd 1(z,y,t, s)v1np(t, s )+5 )82 Kaa(z,y,t,8)van,,(t, s)dsdt
on Jy,

0"a p p(, 5)

+ ox"

[aii_l_q)aéj)Kd,g(x, Y, X, s)} ds



34 C. HENNOUS AND H. LAIB

j—1 r i—1 g¢q
SHHHAWIHE

r=0 [=0 ¢=07n=0
01" §i—1—a ot (j—1—r) an—‘rl@l,n,m(xay)
e [5331'1(1 _ (ay’“l [82 Kd,1(x,y,t7y)}>} T ooyl
g [ giml-a 0" oG-1-n) 0"t bg n,m (2, y)
T {833*'—1—‘1 _ <8 — {82 Kd,?(lﬂayat;y)}>:| ooyl

j=1 r T i r 1%
r 9" |9 (j—1-7) P Vnm(ty)
S () [ ot ] 55

r=0 [=0
8i 8T_ (j—1-r) 6l7}2 n,m (t, y)
- K — &MAD I/
+ axl |:8yr l [8 d 2(']: y7t y)] ayl dt
Y91 i—1—q) A 0" (z,s)
(i—1—q) 5(7) 1,n,m\T,
+ZOZO < ) Y 6Iq777 [al 62 Kd,l(m7y7xas):| T
q=0n= m
o 9"02,n.m (2, 5)

+

{8;1 - q)a Kqo(z,y,x, s)} ds

Oxa—"

/ / 8( )8 Kii1(z,y,t,8)01,n,m(t,s) +6( 8 Kdg(x Y, t, $)02.n.m(t, s)dsdt.

oxn

3 Analysis of Convergence and Numerical Error
We consider the space L (D) with the norm
loll =inf{C e R : |p(r,2)] < C for ae. (1,2) € D} < cc.
The following lemmas will be used in proving the convergence of the presented method.

Lemma 3.1 (Discrete Gronwall type inequality [4)]) Let {k;}7_, be a given non neg-
ative sequence and the sequence {€,} satisfies g < po and

n—1
En §p0+zki5ia nZl,
i=0
with pg > 0. Then €, can be bounded by
n—1
€n < poexp ij , n>1.
§=0

Lemma 3.2 (Discrete Gronwall type inequality of two variables (8] ) Let wy m be a
given non negative sequence, and let K;, (i = 1,2,3) and A be strictly positive. If the

sequence Un, .y, satisfies, for alln =0,1,...,N,m=0,1,..., M,
n—1 m—1 n—1m-—1
Unm KDY tem + Ky Y i, +hkKs > Y e, + A,
£=0 p=0 £€=0 p=0

then wpm < Aexp(y(Nh+ Mk)), where v = 3 <K1 + Ko + /(K1 + K2)% + 4K3) .
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Lemma 3.3 (Wendroff’s inequality [14)) Let f and u be continuous and non nega-
tive functions defined on [a,b] X [c,d], and let g be non negative and twice continuously
differentiable function on [a,b] X [c,d] x [a,b] X [c,d]. Then the inequality

o) < S+ | ’ / Y gyt syult,s)dsdt,  (z,y) € [a,b] x [e,d],

implies that
Ty
we < oo ([ [ Resisit), @) € o] el
where
R(z,y) =g(z,y,2,y) +/ Org(z,y,t,y)dt
y ‘ Ty
—|—/ 8zg(x,y,x,s)ds+/ / 02019(x, y,t, s)dsdt.
b a c

Theorem 3.1 (Taylor’s Theorem for functions of two independent variables [9]) Let
f be p times continuously differentiable on D = [a,b] X [¢,d] and let (xo,y0) € D. Then
for all (z,y) € D, we have

p—1 . o
1 9" f(xo,y0) i j 1 0" f(a1,y1) i ;
flz,y) = i+§j::0 i ozidy (z—wo) (y*yo)”rHZj:p W oroy (@=20)"(y=y0)”

where

0 ¢ (0,1).

x1 =0z + (1 —0)xg € [a, b,
y1 =0y + (1= 0)yo € [c,d],

In the following, for a given function ¢ € C(D,RR?), we define the norm ||| by

HSOH = max{ |30d(x7y)|7 (‘T7y) € Da d= 1u2}

Theorem 3.2 Let g and K be p times continuously differentiable on their re-
spective domains. Then equations ,, define a wunique approximation v €

(Sz(;:?pq(HN,M))Q; and the resulting error function e(z,y) = u(z,y) — v(z,y) satisfies

llell < C(h+k)*,
where C' is a finite constant independent of h, k.

Proof. The proof is split into three steps.
Claim 1. Define the error ey = e|p, , by €a,0,0(z,y) = ua(z,y) — vao,0(z,y), for d =1,2.
There exists a constant C; independent of h and k such that |leq| < Cy(h + k)P.

Let (z,y) € Do,0, by using Taylor’s theorem, we obtain from

Ozt OyI

lea,0,0(2,y)| < Z hik7, d=1,2.

i+j=p

1
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When employing a more direct generalization of the methods used in Lemma 5 of |2,
there exists a positive constant «(p) such that foralln =0,...,. N—1,m=0,..., M —1,
d=1,2,and i+ j=0,1,...,p, the following inequality holds:

é’)i+jf)ai,n,rrL

Oxtdy’ < alp)-

Lee (Dn,m)

Hence, we have

«
lea00(z,y)| < alp) > ﬁhlk] = @(H kP, d=1,2.
i+j=p v N p: ,
C1

Claim 2. Define the error e, = €e|p, , by €dn,o0(z,y) = ua(z,y) — Vano(z,y) for all
ne{0,....,N—1}and d =1,2. '
There exists a constant Co independent of h and k such that |e,| < Ca(h + k)P for all
n=1,...,N —1. Let (z,y) € Dy, we have from

Te41 Y
ud(z,y) — Van,0(z,y) / / (Ka(x,y,t,s)(ur(t,s) —vieolt,s))
0

+ Kao(z,y,t,5)(ua(t, s) —vaeo(t,s)))dsdt + /9” /Oy(Kd’l(a:,yJ, s)(ui(t,s) —v1e0(t,s))

+ Kao(z,y,t,8)(ua(t, s) — ba.e.0(t, s)))dsdt,
hence,

n—1

ta(@,y) = bamo(z,y)] < Y hkKalle|
£=0

Ty
Ry / / ur(t, 8) = Brmo(ts 8)| + |us(t, 8) — Pono(t, s)|dsdt,
x, J0

where K4 = ||[Kg1|| + | Kaz2|, d =1,2. By adding the two inequalities, we have

n—1

Jur (@, y) = d1,0,0(@, 9)| + [ua(@,y) = D2n0(w,y)| < D WEKleg]
£=0

Ty
+ K/ / ‘Ul (t, 5) - ’lA)Ln,o(t, $)| + |’(,L2(t, S) — 172’”70@, S)|d$dt,
x 0

where K = K, + K. Then by Lemma

n—1
ta(@,y) — ano(z,y)| < > hbKexp (Kab) lecl,  d=1,2.
£=0 N—————

A1
Which implies, by Taylor’s theorem, that
lea,n,0(@, y)| < |Ud(93 Y) = Ba,n,0(2, Y)| + |0d,n,0(2, ¥) — Vano(@, )|

< Zh)\l lecll + >

i+j=p

i1.J
Ox' Oyl WK,

’ Uan

iljl ‘
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hence, we obtain |eg . o(z,y)| < Zg;& hAq|leg]| + %(h + k)P, d = 1,2. Then, by
Lemma we have

llenl] <

1(7 )(h+ k)P exp(adr).

Thus, we take Cp = =] ap) exp(ah).

Claim 3. Define the error e, ,, = €|p, .. by €qnm(®,y) = va(z,y) — Vanm(x,y) for
alne{0,....,N—1} ,me{0,...,.M —1} and d =1, 2.
There exists a constant C3 independent of h and k such that

lenml < C3(h+ k)P
foralln=0,...,N—1landm=1,...,M — 1. Let (z,y) € Dy m, we have from (G

n—1m-—1 n—1 m—1
[wa(@,y) = Bamm(,9)| <D D WKallee ol + Y kK alleemll + > hkKallen,||
=0 p=0 =0 p=0

Ty
+Kd// [ur(t,s) = O1n,m(t, )| + |ua(t, s) — V2.n,m(t, s)|dsdt, d=1,2.

n Y Ym

By adding the two inequalities, we have

n—1l1m-—1 n—1
[ur(ts 8) = O1,m,m (8 8)] + |uz(t, s) = b2nm(t, ) < DY hkK|leg,pll + D hkE |legmll
£=0 p=0 £=0

+ Z W en, | + K / / (£, 5) = B (£ 8)| + [ua(t, 5) — Do (£, 5)|dsdlt,

then by Lemma (3.3]

n—1lm—1
wa(@,y) = Bamm(@,y)| <D D hk K exp (Kab) [leg,,|
£=0 p=0 ——
A2
n—1 m—1
+ Z hbK exp (Kab) |le¢m| + Z kaK exp (Kab) |le,,|, d=1,2.
p ﬁ/_/ — ———
3 A4

Which implies, by Taylor’s theorem, that

led,n,m(z, y)| <|ua(z,y) = Danm(T,y)| + [Danm(z,y) _Udnm(x )|

n—1lm-—1
<Y Y hkXafleg,|l + thgnegmn + Z hkAallen,p

£=0 p=0
1 8+Jvdnm P
— || ——==—|| K’ d=1,2.

2 Wi | ey ’ ) )

i+J=p
Hence, we obtain for d = 1,2,
n—1m-—1 n—1 m—1 ( )

lenmll <D0 hkdallee ol + > hkXslleemll + Y hkXallen,l + —<h+ k)P
£=0 p=0 £=0 p=0
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Then, by Lemma we obtain |le, || < a(p) (h+ k)P exp(y2(a + b)),

where v, =

The proof is completed by taking C' = max{C7,Cy,Cs}. O

4 Numerical Examples

In this section, two numerical examples are given to show the efficiency of our proposed

LOs+ M+ /s + )2 + 4)\2) Thus, we take Cs = 22 exp

p:

method for approximating the solution of a system of 2D VIEs.

Example 4.1 Consider the following system of 2 DVIEs:

(v2(a +0)).

)+ Jo Jo cos(s)ur(t, s) + sin(s)ua(t, s)dsdt,
+f0 fo wt?uy (t, s) + (@ + t)ua(t, s)dsdt,

where g1 (z,y) = zcos(y) — 3ya?, g2(x,y) = wsin(y) — ja°sin(y) + 2a3cos(y) — 2.
The exact solution of this system is uq(x,y) = zcos(y) and us(z, y) = zsin(y).
The absolute error of the proposed method for N = M = 10, p = 3,5 is shown in

z,y) = g1(z
7y) _92( z,y

Table [1I

(33, y) b= 3 p= 5
le1] |ea] le1] |ez]

0,0) 0 0 0 0
(0.1, 0.1) 8.32¢ — 07 | 3.88¢ —09 | 4.30e — 10 | 6.00e — 12
(0.2,0.2) | 3.34e — 06 | 1.19¢ — 07 | 2.00e — 09 | 9.63¢ — 09
(0.3,0.3) | 7.6le — 06 | 7.06e — 07 | 3.60e — 08 | 1.08¢ — 07
(0.4, 0.4) 1.37¢ — 05 | 2.42¢ — 06 | 1.91e — 07 | 5.67e¢ — 07
(0.5, 0.5) 2.19¢ — 05 | 6.29¢ — 06 | 6.70e — 07 | 2.0le — 06
(0.6, 0.6) 3.23¢ — 05 | 1.37e — 05 | 1.84e — 06 | 5.68¢ — 06
(0.7,0.7) | 4.54e — 05 | 2.68¢ — 05 | 4.35¢ — 06 | 1.36¢ — 05
(0.8,0.8) | 6.17e — 05 | 4.38¢ — 05 | 9.15¢ — 06 | 2.94e — 05
(0.9,0.9) | 8.19¢ — 05 | 8.24¢ — 05 | 1.77e — 05 | 5.83¢ — 05

Table 1: Absolute errors in Example for N = M = 10.

Example 4.2 Consider the following system of 2D VIEs:

uy (@ y)—91 y) + [ =y (t, s)dsdt,
uz(z,y) = v)+ fo I = yIt Suq(t, s)dsdt,
where
91(z,y) = xe' Y —ﬂy *(34 3z — by + e~ (=3 — 6z + 5y)),
galar.y) = ye' 7 + (3 = 5a+ 3y + ¢ ~V(=3 4 5z — 6y)).

The exact solution of this system is u; (z,y) = xe! ™Y and usz(z,y) = ye'~

Comparison of the absolute errors of the hybrid functions method (HFM) [7] and the

proposed method (TCM) for N = M = 10, p = 4 is shown in Table

x
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(z,y) HFM [7] TCM
|€1,2,5 |€2,2,5| le1] |ez]
(0,0) 1.11e — 07 | 5.02e 411 0 0
( ) | 4.90e — 08 | 3.25e — 08 | 1.00e — 10 | 2.00e — 10
( ) | 1.4le — 07 | 1.34e — 07 | 2.60e — 09 | 1.90e — 09
( ) | 2.10e — 07 | 2.03¢ — 07 | 1.07e — 08 | 8.50e — 09
( ) | 1.53e =07 | 1.37e — 07 | 3.12e — 08 | 2.71e — 08
(0.5,0.5) | 6.80e — 07 | 6.80e — 07 | 7.60e — 08 | 6.45¢ — 08
( )

( )

( )

( )

1.18e — 07 | 1.18e — 07 | 1.54e — 07 | 1.35e — 07
2.84e — 07 | 2.84e — 07 | 2.83e — 07 | 2.51le — 07
3.29e — 07 | 3.28e — 07 | 4.80e — 07 | 4.26e — 07
1.86e — 07 | 1.87e — 07 | 7.68e — 07 | 6.76e — 07

Table 2: Absolute errors in Example

5 Conclusion

In this paper, we developed and applied the Taylor Collocation Method (TCM) to ap-
proximate the solution of a system of linear two-dimensional Volterra integral equations
(2D-VIEs). Unlike traditional numerical approaches, which often rely on discretization
or transformation into algebraic systems, the proposed method directly exploits the Tay-
lor series expansion to construct a highly accurate collocation solution while preserving
the integral structure of the equations. This methodological advantage enhances both
accuracy and computational efficiency.

The numerical results confirm the effectiveness and reliability of the method, demon-
strating high convergence rates and excellent agreement between the theoretical error
estimates and practical computations. The approach is particularly well-suited for prob-
lems in applied mathematics and systems theory, where integral equations naturally arise
in modeling processes with memory effects.

A key contribution of this work is the extension of TCM to systems of 2D-VIEs,
which has been less explored in the literature compared to one-dimensional cases. In
future work, we aim to generalize this framework to larger systems of n Volterra integral
equations in two dimensions and explore its application to integral equations with weakly
singular kernels or variable delays.
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