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Abstract: This work presents a numerical approach for solving systems of linear two-
dimensional Volterra integral equations (2D-VIEs), which frequently arise in modeling
dynamical systems with memory effects, including applications in control theory, pop-
ulation dynamics, and epidemic modeling. An algorithm based on Taylor polynomials
is developed to construct a collocation solution for these systems. The convergence of
the proposed method is established, ensuring accurate and efficient approximations
while preserving the integral structure of the system. Numerical examples are pro-
vided to illustrate the accuracy and applicability of the method in solving problems
relevant to systems theory.
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1 Introduction

The numerical solution of integral equations, particularly systems of Volterra integral
equations (VIEs), is crucial for modeling and solving complex problems in science and
engineering. Such equations frequently arise in fluid dynamics, signal processing, control
theory, mathematical biology, and various other areas of nonlinear dynamics and systems
theory. For instance, in nonlinear dynamical systems, VIEs are used to describe systems
with memory effects, such as in population dynamics, where the interaction between

∗ Corresponding author: mailto:hafida.laib@gmail.com

© 2026 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.ua 29

mailto:hafida.laib@gmail.com
http://e-ndst.kiev.ua


30 C. HENNOUS AND H. LAIB

species or components is influenced. Similarly, in systems theory, VIEs provide a frame-
work for modeling the evolution of systems under nonlinear influences, such as in control
theory, where the system’s behavior over time is influenced by feedback mechanisms that
are inherently memory-dependent.

Numerous numerical methods have been developed for one-dimensional cases, in-
cluding the modified homotopy perturbation method [5], the semi-orthogonal B-spline
collocation method [11], and the Hybrid Legendre Block-Pulse functions method [12].
Research on computational methods for solving systems of two-dimensional integral equa-
tions (2D-IEs) remains limited.

This paper further develops the Taylor collocation method (TCM), as introduced
in [1–3, 6], to solve (1). The TCM provides a direct and reliable framework for address-
ing such systems. Unlike traditional techniques that transform equations into algebraic
systems, the TCM leverages Taylor series expansions to approximate solutions directly
in their integral form. By exploiting the inherent smoothness and flexibility of Taylor
series, the method ensures accurate approximations while preserving the structure of the
original system.

The structure of the paper is as follows. Section 2 introduces the approximation of

solutions for 2D VIEs using the polynomial spline space S
(−1)
p−1,p−1 in conjunction with Tay-

lor polynomials. Section 3 provides a detailed convergence analysis. Section 4 presents
numerical examples to validate and illustrate the theoretical findings. Finally, the paper
concludes with a summary of the research findings and directions for future work.

2 Description of the Method

We aim to solve a linear system of two-dimensional Volterra integral equations (2D VIEs)
of the form{

u1(x, y) = g1(x, y) +
∫ x

0

∫ y

0
[K1,1(x, y, t, s)u1(t, s) +K1,2(x, y, t, s)u2(t, s)] dsdt,

u2(x, y) = g2(x, y) +
∫ x

0

∫ y

0
[K2,1(x, y, t, s)u1(t, s) +K2,2(x, y, t, s)u2(t, s)] dsdt,

(1)

where (x, y) ∈ D, and the functions gd and Kd,δ, with d, δ = 1, 2, are given continuous
real-valued functions defined on D = [0, a] × [0, b] ⊂ R2, S = {(x, y, t, s) : 0 ≤ t ≤ x ≤
a, 0 ≤ s ≤ y ≤ b}.

The existence and uniqueness of solutions for systems of 2D VIEs have been estab-
lished in [10,13].

To numerically solve these equations, let ΠN = {xi = ih, i = 0, 1, . . . , N} and ΠM =
{yj = jk, j = 0, 1, . . . ,M} represent uniform partitions of the intervals [0, a] and [0, b],
with step sizes h = a

N and k = b
M . These partitions form a grid for D given by

ΠN,M = ΠN ×ΠM = {(xn, ym) : 0 ≤ n ≤ N, 0 ≤ m ≤ M}.

Define the subintervals

σn = [xn, xn+1), n = 0, 1, . . . , N − 2; σN−1 = [xN−1, xN ],

δm = [ym, ym+1), m = 0, 1, . . . ,M − 2; δM−1 = [yM−1, yM ],

and the rectangular regions

Dn,m := σn × δm, n = 0, . . . , N − 1; m = 0, . . . ,M − 1.
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Additionally, let πp−1,p−1 denote the set of all real polynomials of degree at most
p− 1 in both x and y. The polynomial spline space of degree p− 1 in x and y is defined
as

S
(−1)
p−1,p−1(ΠN,M ) = {(v1, v2)t : (v1,n,m, v2,n,m)t = (v1, v2)

t|Dn,m
∈ πp−1,p−1,

n = 0, . . . , N − 1; m = 0, . . . ,M − 1}.

This space consists of bivariate polynomial spline functions of degree at most p−1 in x and
y. It has dimension 2NMp2, equal to the total number of coefficients of the polynomials
v1,n,m and v2,n,m. To determine these coefficients, we use Taylor polynomials on each
rectangular region Dn,m.

The solution u of (1) is known along part of the boundary of D

u(x, y) = g(x, 0), for 0 ≤ x ≤ a and y = 0,

u(x, y) = g(0, y), for 0 ≤ y ≤ b and x = 0.

First, we approximate u in the rectangle D0,0 by the polynomials

vd,0,0(x, y) =

p−1∑
i+j=0

1

i!j!

∂i+jud(0, 0)

∂xi∂yj
xiyj ; (x, y) ∈ D0,0, d = 1, 2, (2)

where
∂i+jud(0, 0)

∂xi∂yj
is the exact value of

∂i+jud

∂xi∂yj
at point (0, 0).

To find
∂i+ju1(x, y)

∂yj
and

∂i+ju2(x, y)

∂yj
, we differentiate (1) j times with respect to y,

then i times with respect to x, we obtain

∂i+jud(x, y)

∂xi∂yj
= ∂

(i)
1 ∂

(j)
2 gd(x, y) +

j−1∑
r=0

r∑
l=0

i−1∑
q=0

q∑
η=0

(
r

l

)(
q

η

)
×

∂q−η

∂xq−η

[
∂i−1−q

∂xi−1−q

∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂
(j−1−r)
2 Kd,1(x, y, t, y)

])] ∂η+lu1(x, y)

∂xη∂yl

+
∂q−η

∂xq−η

[
∂i−1−q

∂xi−1−q

∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂
(j−1−r)
2 Kd,2(x, y, t, y)

])] ∂η+lu2(x, y)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

(
r

l

)∫ x

0

∂i

∂xi

[
∂r−l

∂yr−l
[∂

(j−1−r)
2 Kd,1(x, y, t, y)]

]
∂lu1(t, y)

∂yl

+
∂i

∂xi

[
∂r−l

∂yr−l
[∂

(j−1−r)
2 Kd,2(x, y, t, y)]

]
∂lu2(t, y)

∂yl
dt

+

i−1∑
q=0

q∑
η=0

(
q

η

)∫ y

0

∂q−η

∂xq−η

[
∂
(i−1−q)
1 ∂

(j)
2 Kd,1(x, y, x, s)]

] ∂ηu1(x, s)

∂xη

+
∂q−η

∂xq−η

[
∂
(i−1−q)
1 ∂

(j)
2 Kd,2(x, y, x, s)]

] ∂ηu2(x, s)

∂xη
ds

+

∫ x

0

∫ y

0

∂
(i)
1 ∂

(j)
2 Kd,1(x, y, t, s)u1(t, s) + ∂

(i)
1 ∂

(j)
2 Kd,2(x, y, t, s)u2(t, s)dsdt.
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Second, we approximate u in the rectangles Dn,0, n = 1, ..., N−1, by the polynomials

vd,n,0(x, y) =

p−1∑
i+j=0

1

i!j!

∂i+j v̂d,n,0(xn, 0)

∂xi∂yj
(x− xn)

iyj ; d = 1, 2; (x, y) ∈ Dn,0, (3)

where v̂d,n,0 , d = 1, 2 is the exact solution of the system

v̂d,n,0(x, y) = gd(x, y)

+

n−1∑
ξ=0

∫ xξ+1

xξ

∫ y

0

Kd,1(x, y, t, s)v1,ξ,0(t, s) +Kd,2(x, y, t, s)v2,ξ,0(t, s)dsdt

+

∫ x

xn

∫ y

0

Kd,1(x, y, t, s)v̂1,n,0(t, s) +Kd,2(x, y, t, s)v̂2,n,0(t, s)dsdt.

(4)

To find
∂i+j v̂d,n,0(x, y)

∂yj
, we differentiate (4) j times with respect to y, then i times with

respect to x, we obtain

∂i+j v̂d,n,0(x, y)

∂xi∂yj
= ∂

(i)
1 ∂

(j)
2 gd(x, y)

+

n−1∑
ξ=0

j−1∑
r=0

r∑
l=0

(
r

l

)∫ xξ+1

xξ

∂i

∂xi

[
∂r−l

∂yr−l
[∂

(j−1−r)
2 Kd,1(x, y, t, y)]

]
∂lv1,ξ,0(t, y)

∂yl

+
∂i

∂xi

[
∂r−l

∂yr−l
[∂

(j−1−r)
2 Kd,2(x, y, t, y)]

]
∂lv2,ξ,0(t, y)

∂yl
dt

+

n−1∑
ξ=0

∫ xξ+1

xξ

∫ y

0

∂
(i)
1 ∂

(j)
2 Kd,1(x, y, t, s)v1,ξ,0(t, s) + ∂

(i)
1 ∂

(j)
2 Kd,2(x, y, t, s)v2,ξ,0(t, s)dsdt

+

j−1∑
r=0

r∑
l=0

i−1∑
q=0

q∑
η=0

(
r

l

)(
q

η

)
×

∂q−η

∂xq−η

[
∂i−1−q

∂xi−1−q

∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂
(j−1−r)
2 Kd,1(x, y, t, y)

])] ∂η+lv̂1,n,0(x, y)

∂xη∂yl

+
∂q−η

∂xq−η

[
∂i−1−q

∂xi−1−q

∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂
(j−1−r)
2 Kd,2(x, y, t, y)

])] ∂η+lv̂2,n,0(x, y)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

(
r

l

)∫ x

xn

∂i

∂xi

[
∂r−l

∂yr−l
[∂

(j−1−r)
2 Kd,1(x, y, t, y)]

]
∂lv̂1,n,0(t, y)

∂yl

+
∂i

∂xi

[
∂r−l

∂yr−l
[∂

(j−1−r)
2 Kd,2(x, y, t, y)]

]
∂lv̂2,n,0(t, y)

∂yl
dt

+

i−1∑
q=0

q∑
η=0

(
q

η

)∫ y

0

∂q−η

∂xq−η

[
∂
(i−1−q)
1 ∂

(j)
2 Kd,1(x, y, x, s)

] ∂η v̂1,n,0(x, s)

∂xη

+
∂q−η

∂xq−η

[
∂
(i−1−q)
1 ∂

(j)
2 Kd,2(x, y, x, s)

] ∂η v̂2,n,0(x, s)

∂xη
ds

+

∫ x

xn

∫ y

0

∂
(i)
1 ∂

(j)
2 Kd,1(x, y, t, s)v̂1,n,0(t, s) + ∂

(i)
1 ∂

(j)
2 Kd,2(x, y, t, s)v̂2,n,0(t, s)dsdt.
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Third, we approximate u in the rectangle Dn,m, n = 0, ..., N − 1 and m = 1, ...,M − 1
by, the polynomials

vd,n,m(x, y) =

p−1∑
i+j=0

1

i!j!

∂i+j v̂d,n,m(xn, ym)

∂xi∂yj
(x− xn)

i(y− ym)j ; d = 1, 2; (x, y) ∈ Dn,m,

(5)
where v̂d,n,m , d = 1, 2, is the exact solution of the system

v̂d,n,m(x, y) = gd(x, y)

+

n−1∑
ξ=0

m−1∑
ρ=0

∫ xξ+1

xξ

∫ yρ+1

yρ

Kd,1(x, y, t, s)v1,ξ,ρ(t, s) +Kd,2(x, y, t, s)v2,ξ,ρ(t, s)dsdt

+
n−1∑
ξ=0

∫ xξ+1

xξ

∫ y

ym

Kd,1(x, y, t, s)v1,ξ,m(t, s) +Kd,2(x, y, t, s)v2,ξ,m(t, s)dsdt

+

m−1∑
ρ=0

∫ x

xn

∫ yρ+1

yρ

Kd,1(x, y, t, s)v1,n,ρ(t, s) +Kd,2(x, y, t, s)v2,n,ρ(t, s)dsdt

+

∫ x

xn

∫ y

ym

Kd,1(x, y, t, s)v̂1,n,m(t, s) +Kd,2(x, y, t, s)v̂2,n,m(t, s)dsdt.

(6)

To find
∂i+j v̂d,n,m(x, y)

∂yj
, we differentiate (6) j times with respect to y, then i times with

respect to x, we obtain

∂i+j v̂d,n,m(x, y)

∂xi∂yj
= ∂

(i)
1 ∂

(j)
2 gd(x, y)

+

n−1∑
ξ=0

m−1∑
ρ=0

∫ xξ+1

xξ

∫ yρ+1

yρ

∂
(i)
1 ∂

(j)
2 (Kd,1(x, y, t, s)v1,ξ,ρ(t, s) +Kd,2(x, y, t, s)v2,ξ,ρ(t, s)) dsdt

+

n−1∑
ξ=0

j−1∑
r=0

r∑
l=0

(
r

l

)∫ xξ+1

xξ

∂i

∂xi

[
∂r−l

∂yr−l
[∂

(j−1−r)
2 Kd,1(x, y, t, y)]

]
∂lv1,ξ,m(t, y)

∂yl

+
∂i

∂xi

[
∂r−l

∂yr−l
[∂

(j−1−r)
2 Kd,2(x, y, t, y)]

]
∂lv2,ξ,m(t, y)

∂yl
dt

+

n−1∑
ξ=0

∫ xξ+1

xξ

∫ y

ym

∂
(i)
1 ∂

(j)
2 Kd,1(x, y, t, s)v1,ξ,m(t, s) + ∂

(i)
1 ∂

(j)
2 Kd,2(x, y, t, s)v2,ξ,m(t, s)dsdt

+

m−1∑
ρ=0

i−1∑
q=0

q∑
η=0

(
q

η

)∫ yρ+1

yρ

∂q−η

∂xq−η

[
∂
(i−1−q)
1 ∂

(j)
2 Kd,1(x, y, x, s)

] ∂ηv1,n,ρ(x, s)

∂xη

+
∂q−η

∂xq−η

[
∂
(i−1−q)
1 ∂

(j)
2 Kd,2(x, y, x, s)

] ∂ηv2,n,ρ(x, s)

∂xη
ds

+

m−1∑
ρ=0

∫ x

xn

∫ yρ+1

yρ

∂
(i)
1 ∂

(j)
2 Kd,1(x, y, t, s)v1,n,ρ(t, s) + ∂

(i)
1 ∂

(j)
2 Kd,2(x, y, t, s)v2,n,ρ(t, s)dsdt
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+

j−1∑
r=0

r∑
l=0

i−1∑
q=0

q∑
η=0

(
r

l

)(
q

η

)
×

∂q−η

∂xq−η

[
∂i−1−q

∂xi−1−q

∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂
(j−1−r)
2 Kd,1(x, y, t, y)

])] ∂η+lv̂1,n,m(x, y)

∂xη∂yl

+
∂q−η

∂xq−η

[
∂i−1−q

∂xi−1−q

∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂
(j−1−r)
2 Kd,2(x, y, t, y)

])] ∂η+lv̂2,n,m(x, y)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

(
r

l

)∫ x

xn

∂i

∂xi

[
∂r−l

∂yr−l
[∂

(j−1−r)
2 Kd,1(x, y, t, y)]

]
∂lv̂1,n,m(t, y)

∂yl

+
∂i

∂xi

[
∂r−l

∂yr−l
[∂

(j−1−r)
2 Kd,2(x, y, t, y)]

]
∂lv̂2,n,m(t, y)

∂yl
dt

+

i−1∑
q=0

q∑
η=0

(
q

η

)∫ y

ym

∂q−η

∂xq−η

[
∂
(i−1−q)
1 ∂

(j)
2 Kd,1(x, y, x, s)

] ∂η v̂1,n,m(x, s)

∂xη

+
∂q−η

∂xq−η

[
∂
(i−1−q)
1 ∂

(j)
2 Kd,2(x, y, x, s)

] ∂η v̂2,n,m(x, s)

∂xη
ds

+

∫ x

xn

∫ y

ym

∂
(i)
1 ∂

(j)
2 Kd,1(x, y, t, s)v̂1,n,m(t, s) + ∂

(i)
1 ∂

(j)
2 Kd,2(x, y, t, s)v̂2,n,m(t, s)dsdt.

3 Analysis of Convergence and Numerical Error

We consider the space L∞(D) with the norm

∥φ∥ = inf {C ∈ R : |φ(τ, z)| ≤ C for a.e. (τ, z) ∈ D} < ∞.

The following lemmas will be used in proving the convergence of the presented method.

Lemma 3.1 (Discrete Gronwall type inequality [4]) Let {kj}nj=0 be a given non neg-
ative sequence and the sequence {εn} satisfies ε0 ≤ p0 and

εn ≤ p0 +

n−1∑
i=0

kiεi, n ≥ 1,

with p0 ≥ 0. Then εn can be bounded by

εn ≤ p0 exp

n−1∑
j=0

kj

 , n ≥ 1.

Lemma 3.2 (Discrete Gronwall type inequality of two variables [8] ) Let un,m be a
given non negative sequence, and let Ki, (i = 1, 2, 3) and ∆ be strictly positive. If the
sequence un,m satisfies, for all n = 0, 1, ..., N,m = 0, 1, ...,M ,

un,m ≤ hK1

n−1∑
ξ=0

uξ,m + kK2

m−1∑
ρ=0

un,ρ + hkK3

n−1∑
ξ=0

m−1∑
ρ=0

uξ,ρ +∆,

then un,m ≤ ∆exp(γ(Nh+Mk)), where γ = 1
2

(
K1 +K2 +

√
(K1 +K2)2 + 4K3

)
.
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Lemma 3.3 (Wendroff’s inequality [14]) Let f and u be continuous and non nega-
tive functions defined on [a, b] × [c, d], and let g be non negative and twice continuously
differentiable function on [a, b]× [c, d]× [a, b]× [c, d]. Then the inequality

u(x, y) ≤ f(x, y) +

∫ x

a

∫ y

c

g(x, y, t, s)u(t, s)dsdt, (x, y) ∈ [a, b]× [c, d],

implies that

u(x, y) ≤ f(x, y) exp

(∫ x

a

∫ y

c

R(t, s)dsdt

)
, (x, y) ∈ [a, b]× [c, d],

where

R(x, y) =g(x, y, x, y) +

∫ x

a

∂1g(x, y, t, y)dt

+

∫ y

b

∂2g(x, y, x, s)ds+

∫ x

a

∫ y

c

∂2∂1g(x, y, t, s)dsdt.

Theorem 3.1 (Taylor’s Theorem for functions of two independent variables [9]) Let
f be p times continuously differentiable on D = [a, b]× [c, d] and let (x0, y0) ∈ D. Then
for all (x, y) ∈ D, we have

f(x, y) =

p−1∑
i+j=0

1

i!j!

∂i+jf(x0, y0)

∂xi∂yj
(x−x0)

i(y−y0)
j+

∑
i+j=p

1

i!j!

∂i+jf(x1, y1)

∂xi∂yj
(x−x0)

i(y−y0)
j ,

where {
x1 = θx+ (1− θ)x0 ∈ [a, b],
y1 = θy + (1− θ)y0 ∈ [c, d],

θ ∈ (0, 1).

In the following, for a given function φ ∈ C(D,R2), we define the norm ∥φ∥ by

∥φ∥ = max{ |φd(x, y)|, (x, y) ∈ D, d = 1, 2}.

Theorem 3.2 Let g and K be p times continuously differentiable on their re-
spective domains. Then equations (2),(3),(5) define a unique approximation v ∈
(S

(−1)
p−1,p−1(ΠN,M ))2, and the resulting error function e(x, y) = u(x, y)− v(x, y) satisfies

∥e∥ ≤ C(h+ k)p,

where C is a finite constant independent of h, k.

Proof. The proof is split into three steps.
Claim 1. Define the error e0 = e|D0,0

by ed,0,0(x, y) = ud(x, y)− vd,0,0(x, y), for d = 1, 2.
There exists a constant C1 independent of h and k such that ∥e0∥ ≤ C1(h+ k)p.

Let (x, y) ∈ D0,0, by using Taylor’s theorem, we obtain from (2)

|ed,0,0(x, y)| ≤
∑

i+j=p

1

i!j!

∥∥∥∥ ∂i+jud

∂xi∂yj

∥∥∥∥hikj , d = 1, 2.
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When employing a more direct generalization of the methods used in Lemma 5 of [2],
there exists a positive constant α(p) such that for all n = 0, . . . , N−1, m = 0, . . . ,M−1,
d = 1, 2, and i+ j = 0, 1, . . . , p, the following inequality holds:∥∥∥∥∂i+j v̂d,n,m

∂xi∂yj

∥∥∥∥
L∞(Dn,m)

≤ α(p).

Hence, we have

|ed,0,0(x, y)| ≤ α(p)
∑

i+j=p

1

i!j!
hikj =

α(p)

p!︸ ︷︷ ︸
C1

(h+ k)p, d = 1, 2.

Claim 2. Define the error en = e|Dn,0
by ed,n,0(x, y) = ud(x, y) − vd,n,0(x, y) for all

n ∈ {0, . . . , N − 1} and d = 1, 2.
There exists a constant C2 independent of h and k such that ∥en∥ ≤ C2(h + k)p for all
n = 1, . . . , N − 1. Let (x, y) ∈ Dn,0, we have from (4)

ud(x, y)− v̂d,n,0(x, y) =

n−1∑
ξ=0

∫ xξ+1

xξ

∫ y

0

(Kd,1(x, y, t, s)(u1(t, s)− v1,ξ,0(t, s))

+Kd,2(x, y, t, s)(u2(t, s)− v2,ξ,0(t, s)))dsdt+

∫ x

xn

∫ y

0

(Kd,1(x, y, t, s)(u1(t, s)− v̂1,ξ,0(t, s))

+Kd,2(x, y, t, s)(u2(t, s)− v̂2,ξ,0(t, s)))dsdt,

hence,

|ud(x, y)− v̂d,n,0(x, y)| ≤
n−1∑
ξ=0

hkKd∥e∥

+Kd

∫ x

xn

∫ y

0

|u1(t, s)− v̂1,n,0(t, s)|+ |u2(t, s)− v̂2,n,0(t, s)|dsdt,

where Kd = ∥Kd,1∥+ ∥Kd,2∥, d = 1, 2. By adding the two inequalities, we have

|u1(x, y)− v̂1,n,0(x, y)|+ |u2(x, y)− v̂2,n,0(x, y)| ≤
n−1∑
ξ=0

hkK∥eξ∥

+K

∫ x

xn

∫ y

0

|u1(t, s)− v̂1,n,0(t, s)|+ |u2(t, s)− v̂2,n,0(t, s)|dsdt,

where K = K1 +K2. Then by Lemma 3.3,

|ud(x, y)− v̂d,n,0(x, y)| ≤
n−1∑
ξ=0

h bK exp
(
Kab

)︸ ︷︷ ︸
λ1

∥eξ∥, d = 1, 2.

Which implies, by Taylor’s theorem, that

|ed,n,0(x, y)| ≤ |ud(x, y)− v̂d,n,0(x, y)|+ |v̂d,n,0(x, y)− vd,n,0(x, y)|

≤
n−1∑
ξ=0

hλ1∥eξ∥+
∑

i+j=p

1

i!j!

∥∥∥∥∂i+j v̂d,n,0
∂xi∂yj

∥∥∥∥hikj ,
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hence, we obtain |ed,n,0(x, y)| ≤
∑n−1

ξ=0 hλ1∥eξ∥ + α(p)
p! (h + k)p, d = 1, 2. Then, by

Lemma 3.1, we have

∥en∥ ≤ α(p)

p!
(h+ k)p exp(aλ1).

Thus, we take C2 = α(p)
p! exp(aλ1).

Claim 3. Define the error en,m = e|Dn,m by ed,n,m(x, y) = ud(x, y) − vd,n,m(x, y) for
all n ∈ {0, . . . , N − 1} , m ∈ {0, . . . ,M − 1} and d = 1, 2.
There exists a constant C3 independent of h and k such that

∥en,m∥ ≤ C3(h+ k)p

for all n = 0, . . . , N − 1 and m = 1, . . . ,M − 1. Let (x, y) ∈ Dn,m, we have from (6)

|ud(x, y)− v̂d,n,m(x, y)| ≤
n−1∑
ξ=0

m−1∑
ρ=0

hkKd∥eξ,ρ∥+
n−1∑
ξ=0

hkKd∥eξ,m∥+
m−1∑
ρ=0

hkKd∥en,ρ∥

+Kd

∫ x

xn

∫ y

ym

|u1(t, s)− v̂1,n,m(t, s)|+ |u2(t, s)− v̂2,n,m(t, s)|dsdt, d = 1, 2.

By adding the two inequalities, we have

|u1(t, s)− v̂1,n,m(t, s)|+ |u2(t, s)− v̂2,n,m(t, s)| ≤
n−1∑
ξ=0

m−1∑
ρ=0

hkK∥eξ,ρ∥+
n−1∑
ξ=0

hkK∥eξ,m∥

+

m−1∑
ρ=0

hkK∥en,ρ∥+K

∫ x

xn

∫ y

ym

|u1(t, s)− v̂1,n,m(t, s)|+ |u2(t, s)− v̂2,n,m(t, s)|dsdt,

then by Lemma 3.3,

|ud(x, y)− v̂d,n,m(x, y)| ≤
n−1∑
ξ=0

m−1∑
ρ=0

hkK exp
(
Kab

)︸ ︷︷ ︸
λ2

∥eξ,ρ∥

+

n−1∑
ξ=0

h bK exp
(
Kab

)︸ ︷︷ ︸
λ3

∥eξ,m∥+
m−1∑
ρ=0

k aK exp
(
Kab

)︸ ︷︷ ︸
λ4

∥en,ρ∥, d = 1, 2.

Which implies, by Taylor’s theorem, that

|ed,n,m(x, y)| ≤|ud(x, y)− v̂d,n,m(x, y)|+ |v̂d,n,m(x, y)− vd,n,m(x, y)|

≤
n−1∑
ξ=0

m−1∑
ρ=0

hkλ2∥eξ,ρ∥+
n−1∑
ξ=0

hkλ3∥eξ,m∥+
m−1∑
ρ=0

hkλ4∥en,ρ∥

+
∑

i+j=p

1

i!j!

∥∥∥∥∂i+j v̂d,n,m
∂xi∂yj

∥∥∥∥hikj , d = 1, 2.

Hence, we obtain for d = 1, 2,

∥en,m∥ ≤
n−1∑
ξ=0

m−1∑
ρ=0

hkλ2∥eξ,ρ∥+
n−1∑
ξ=0

hkλ3∥eξ,m∥+
m−1∑
ρ=0

hkλ4∥en,ρ∥+
α(p)

p!
(h+ k)p.
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Then, by Lemma 3.2, we obtain ∥en,m∥ ≤ α(p)
p! (h+ k)p exp(γ2(a+ b)),

where γ2 = 1
2 (λ3 + λ4 +

√
(λ3 + λ4)2 + 4λ2). Thus, we take C3 = α(p)

p! exp(γ2(a+ b)).

The proof is completed by taking C = max{C1, C2, C3}. 2

4 Numerical Examples

In this section, two numerical examples are given to show the efficiency of our proposed
method for approximating the solution of a system of 2D VIEs.

Example 4.1 Consider the following system of 2 DVIEs:{
u1(x, y) = g1(x, y) +

∫ x

0

∫ y

0
cos(s)u1(t, s) + sin(s)u2(t, s)dsdt,

u2(x, y) = g2(x, y) +
∫ x

0

∫ y

0
xt2u1(t, s) + (x+ t)u2(t, s)dsdt,

where g1(x, y) = xcos(y)− 1
2yx

2, g2(x, y) = xsin(y)− 1
4x

5sin(y) + 5
6x

3cos(y)− 5
6x

3.
The exact solution of this system is u1(x, y) = xcos(y) and u2(x, y) = xsin(y).

The absolute error of the proposed method for N = M = 10, p = 3, 5 is shown in
Table 1.

(x, y) p = 3 p = 5
|e1| |e2| |e1| |e2|

(0, 0) 0 0 0 0
(0.1, 0.1) 8.32e− 07 3.88e− 09 4.30e− 10 6.00e− 12
(0.2, 0.2) 3.34e− 06 1.19e− 07 2.00e− 09 9.63e− 09
(0.3, 0.3) 7.61e− 06 7.06e− 07 3.60e− 08 1.08e− 07
(0.4, 0.4) 1.37e− 05 2.42e− 06 1.91e− 07 5.67e− 07
(0.5, 0.5) 2.19e− 05 6.29e− 06 6.70e− 07 2.01e− 06
(0.6, 0.6) 3.23e− 05 1.37e− 05 1.84e− 06 5.68e− 06
(0.7, 0.7) 4.54e− 05 2.68e− 05 4.35e− 06 1.36e− 05
(0.8, 0.8) 6.17e− 05 4.38e− 05 9.15e− 06 2.94e− 05
(0.9, 0.9) 8.19e− 05 8.24e− 05 1.77e− 05 5.83e− 05

Table 1: Absolute errors in Example 4.1 for N = M = 10.

Example 4.2 Consider the following system of 2D VIEs:{
u1(x, y) = g1(x, y) +

∫ x

0

∫ y

0
x−y+t−s

4 u2(t, s)dsdt,

u2(x, y) = g2(x, y) +
∫ x

0

∫ y

0
x−y+t−s

4 u1(t, s)dsdt,

where
g1(x, y) = xe1−y − e

24
y2(3 + 3x− 5y + e−x(−3− 6x+ 5y)),

g2(x, y) = ye1−x +
e

24
x2(3− 5x+ 3y + e−y(−3 + 5x− 6y)).

The exact solution of this system is u1(x, y) = xe1−y and u2(x, y) = ye1−x.

Comparison of the absolute errors of the hybrid functions method (HFM) [7] and the
proposed method (TCM) for N = M = 10, p = 4 is shown in Table 2.
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(x, y) HFM [7] TCM
|e1,2,5| |e2,2,5| |e1| |e2|

(0, 0) 1.11e− 07 5.02e+ 11 0 0
(0.1, 0.1) 4.90e− 08 3.25e− 08 1.00e− 10 2.00e− 10
(0.2, 0.2) 1.41e− 07 1.34e− 07 2.60e− 09 1.90e− 09
(0.3, 0.3) 2.10e− 07 2.03e− 07 1.07e− 08 8.50e− 09
(0.4, 0.4) 1.53e− 07 1.37e− 07 3.12e− 08 2.71e− 08
(0.5, 0.5) 6.80e− 07 6.80e− 07 7.60e− 08 6.45e− 08
(0.6, 0.6) 1.18e− 07 1.18e− 07 1.54e− 07 1.35e− 07
(0.7, 0.7) 2.84e− 07 2.84e− 07 2.83e− 07 2.51e− 07
(0.8, 0.8) 3.29e− 07 3.28e− 07 4.80e− 07 4.26e− 07
(0.9, 0.9) 1.86e− 07 1.87e− 07 7.68e− 07 6.76e− 07

Table 2: Absolute errors in Example 4.2.

5 Conclusion

In this paper, we developed and applied the Taylor Collocation Method (TCM) to ap-
proximate the solution of a system of linear two-dimensional Volterra integral equations
(2D-VIEs). Unlike traditional numerical approaches, which often rely on discretization
or transformation into algebraic systems, the proposed method directly exploits the Tay-
lor series expansion to construct a highly accurate collocation solution while preserving
the integral structure of the equations. This methodological advantage enhances both
accuracy and computational efficiency.

The numerical results confirm the effectiveness and reliability of the method, demon-
strating high convergence rates and excellent agreement between the theoretical error
estimates and practical computations. The approach is particularly well-suited for prob-
lems in applied mathematics and systems theory, where integral equations naturally arise
in modeling processes with memory effects.

A key contribution of this work is the extension of TCM to systems of 2D-VIEs,
which has been less explored in the literature compared to one-dimensional cases. In
future work, we aim to generalize this framework to larger systems of n Volterra integral
equations in two dimensions and explore its application to integral equations with weakly
singular kernels or variable delays.
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