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1 Introduction

Let I ⊂ R be an interval. A function ⅁ : I → R is said to be convex if

⅁(ϱx+ (1− ϱ)y) ≤ ϱ⅁(x) + (1− ϱ)⅁(y)

holds for all x, y ∈ I and ϱ ∈ [0, 1].
The first finding between convex functions and integrals was the Hermite–Hadamard

inequality, which can be stated as follows: for every convex function ⅁ on the interval
[ξ1, ξ2] with ξ1 < ξ2, we have

⅁
(

ξ1+ξ2
2

)
≤ 1

ξ2−ξ1

ξ2∫
ξ1

⅁ (x) dx ≤ ⅁(ξ1)+⅁(ξ2)
2 . (1)
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The above inequality has many advantages and is broadly utilized, especially in nu-
merical integration, operator theory, approximation theory, and engineering problems.
Because of its numerous applications, mathematicians have extensively worked on it and
obtained numerous results related to (1), see [3, 5, 6, 10, 15, 24, 26].

The idea of convexity has been generalized in different ways. One of these general-
izations is presented by Breckner, called the s-convexity and declared as follows.

A nonnegative function ⅁ : I ⊂ [0,∞) → R is said to be s-convex in the second sense
for some fixed s ∈ (0, 1] if

⅁(ϱx+ (1− ϱ)y) ≤ ϱs⅁(x) + (1− ϱ)s⅁(y)

holds for all x, y ∈ I and ϱ ∈ [0, 1].
Dragomir and Fitzpatrick [8] proved the following variant of inequality (1) which holds

for s-convex functions in the second sense. For every positive and s-convex function in
the second sense ⅁ on the interval [ξ1, ξ2] with ξ1 < ξ2, we have

2s−1⅁
(

ξ1+ξ2
2

)
≤ 1

ξ2−ξ1

ξ2∫
ξ1

⅁ (x) dx ≤ ⅁(ξ1)+⅁(ξ2)
s+1 . (2)

Fractional calculus has become an important topic in mathematical analysis nowdays,
and has attracted the attention of many researchers due to its wide applications in pure
and applied mathematics as well as other sciences. Indeed, it provides an excellent tool for
the description of memory and heritable properties of various materials and processes. In
the literature, several fractional operators have been introduced [1, 7, 16, 17, 25], however
the most used is that attributed to Liouville.

The Riemann-Liouville operator is defined as follows.

Definition 1.1 Let ⅁ ∈ L1[ξ1, ξ2]. The Riemann-Liouville fractional integrals Iα
ξ+1

⅁
and Iα

ξ−2
⅁ of order α > 0 with ξ1 ≥ 0 are defined by

Iα
ξ+1

⅁(x) = 1
Γ(α)

x∫
ξ1

(x− ϱ)
α−1 ⅁(ϱ)dϱ, x > ξ1,

Iα
ξ−2

⅁(x) = 1
Γ(α)

ξ2∫
x

(ϱ− x)
α−1 ⅁(ϱ)dϱ, ξ2 > x,

respectively, where Γ(α) =
∞∫
0

e−ϱϱα−1dϱ is the Gamma function and I0
ξ+1

⅁(x) =

I0
ξ−2

⅁(x) = ⅁(x).

For papers dealing with the applications and other characteristics of convex functions
and their variant forms via various types of fractional integral operators, we refer the
readers to [2, 4, 5, 9, 12, 13, 14, 18-23, 27] and the references therein.

In this paper, we propose to study one of the five-point Newton-Cotes inequalities
given as follows:∣∣∣∣∣∣∣
7⅁(ξ1)+32⅁( ξ1+3ξ2

4 )+12⅁( ξ1+ξ2
2 )+32⅁( 3ξ1+ξ2

4 )+7⅁(ξ2)
90 − 1

ξ2−ξ1

ξ2∫
ξ1

⅁ (u) du

∣∣∣∣∣∣∣ ≤ 4(ξ2−ξ1)
6

945

∥∥∥⅁(6)
∥∥∥ ,
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where ⅁ is a 6-times differentiable mapping and
∥∥⅁(6)

∥∥ = sup
x∈[ξ1,ξ2]

∣∣⅁(6) (x)
∣∣ < +∞

(see [11]). For this, we first prove a new identity involving Riemann-Liouville fractional
integrals. By using this identity, we establish some new fractional Boole-type integral
inequalities for functions whose first derivatives are s-convex in the second sense. We
end this work by some applications to quadrature formulas and inequalities for special
means.

2 Main Results

Before giving our main results, let us recall some special functions.

Definition 2.1 For any complex number and non-positive integers x, y such that
Re(x ) > 0 and Re(y) > 0 , the Beta function is defined by

B(x, y) =

1∫
0

ϱx−1 (1− ϱ)
y−1

dϱ.

The definition of the incomplete Beta function is given as follows.

Definition 2.2 For any complex number and non-positive integers x, y such that
Re(x ) > 0 and Re(y) > 0 , we have

Bξ1(x, y) =

ξ1∫
0

ϱx−1 (1− ϱ)
y−1

dϱ, ξ1 < 1.

Definition 2.3 The hypergeometric function is defined for Re(c) > Re(ξ2 ) > 0
and |z| < 1, as follows:

2F1(ξ1, ξ2, c, z) =
1

B(ξ2, c− ξ2)

1∫
0

ϱξ2−1 (1− ϱ)
c−ξ2−1

(1− zϱ)−ξ1dϱ,

where c > ξ2 > 0, |z| < 1 and B(., .) is the Beta function.

Lemma 2.1 Let ⅁ : I ⊂ R → R be a differentiable function on I◦, ξ1, ξ2 ∈ I◦ with
ξ1 < ξ2, and ⅁′ ∈ L1 [ξ1, ξ2], then the following equality holds:

7⅁(ξ1)+32⅁( ξ1+3ξ2
4 )+12⅁( ξ1+ξ2

2 )+32⅁( 3ξ1+ξ2
4 )+7⅁(ξ2)

90 − 4α−1Γ(α+1)
(ξ2−ξ1)

α B (ξ1, ξ2, I
α⅁)

= ξ2−ξ1
16

 1∫
0

(
ϱα − 14

45

)
⅁′
(
(1− ϱ) ξ1 + ϱ 3ξ1+ξ2

4

)
dϱ
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−
1∫
0

(
(1− ϱ)

α − 4
15

)
⅁′
(
(1− ϱ) 3ξ1+ξ2

4 + ϱ ξ1+ξ2
2

)
dϱ

+

1∫
0

(
ϱα − 4

15

)
⅁′
(
(1− ϱ) ξ1+ξ2

2 + ϱ ξ1+3ξ2
4

)
dϱ

−
1∫
0

(
(1− ϱ)

α − 14
45

)
⅁′
(
(1− ϱ) ξ1+3ξ2

4 + ϱξ2

)
dϱ

 ,

where
B (ξ1, ξ2, I

α⅁) =

= Iα
( 3ξ1+ξ2

4 )
−⅁(ξ1) + Iα

( 3ξ1+ξ2
4 )

+⅁( ξ1+ξ2
2 ) + Iα

( ξ1+3ξ2
4 )

−⅁( ξ1+ξ2
2 ) + Iα

( ξ1+3ξ2
4 )

+⅁(ξ2). (3)

Proof. Let
I = I1 − I2 + I3 − I4, (4)

where

I1 =

1∫
0

(
ϱα − 14

45

)
⅁′
(
(1− ϱ) ξ1 + ϱ 3ξ1+ξ2

4

)
dϱ,

I2 =

1∫
0

(
(1− ϱ)

α − 4
15

)
⅁′
(
(1− ϱ) 3ξ1+ξ2

4 + ϱ ξ1+ξ2
2

)
dϱ,

I3 =

1∫
0

(
ϱα − 4

15

)
⅁′
(
(1− ϱ) ξ1+ξ2

2 + ϱ ξ1+3ξ2
4

)
dϱ

and

I4 =

1∫
0

(
(1− ϱ)

α − 14
45

)
⅁′
(
(1− ϱ) ξ1+3ξ2

4 + ϱξ2

)
dϱ.

Integrating by parts I1, we get

I1 = 4
ξ2−ξ1

(
ϱα− 14

45

)
⅁
(
(1−ϱ) ξ1+ϱ 3ξ1+ξ2

4

)∣∣∣ϱ=1

ϱ=0
− 4α

ξ2−ξ1

1∫
0

ϱα−1⅁
(
(1−ϱ) ξ1+ϱ 3ξ1+ξ2

4

)
dϱ

= 124
45(ξ2−ξ1)

⅁
(

3ξ1+ξ2
4

)
+ 56

45(ξ2−ξ1)
⅁ (ξ1)− 4α

ξ2−ξ1

1∫
0

ϱα−1⅁
(
(1− ϱ) ξ1 + ϱ 3ξ1+ξ2

4

)
dϱ

= 124
45(ξ2−ξ1)

⅁
(

3ξ1+ξ2
4

)
+ 56

45(ξ2−ξ1)
⅁ (ξ1)− 4α+1α

(ξ2−ξ1)
α+1

3ξ1+ξ2
4∫
ξ1

(u− ξ1)
α−1 ⅁ (u) du

= 124
45(ξ2−ξ1)

⅁
(

3ξ1+ξ2
4

)
+ 56

45(ξ2−ξ1)
⅁ (ξ1)− 4α+1Γ(α+1)

(ξ2−ξ1)
α+1 I

α

( 3ξ1+ξ2
4 )

−⅁(ξ1). (5)
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Similarly, I2, I3 and I4 can be found as

I2 = − 16
15(ξ2−ξ1)⅁

(
ξ1+ξ2

2

)
− 44

15(ξ2−ξ1)⅁
(

3ξ1+ξ2
4

)
+ 4α+1Γ(α+1)

(ξ2−ξ1)
α+1 I

α

( 3ξ1+ξ2
4 )

+⅁( ξ1+ξ2
2 ),(6)

I3 = 44
15(ξ2−ξ1)

⅁
(

ξ1+3ξ2
4

)
+ 16

15(ξ2−ξ1)
⅁
(

ξ1+ξ2
2

)
− 4α+1Γ(α+1)

(ξ2−ξ1)
α+1 I

α

( ξ1+3ξ2
4 )

−⅁( ξ1+ξ2
2 ), (7)

I4 = − 56
45(ξ2−ξ1)

⅁ (ξ2)− 124
45(ξ2−ξ1)

⅁
(

ξ1+3ξ2
4

)
+ 4α+1Γ(α+1)

(ξ2−ξ1)
α+1 I

α

( ξ1+3ξ2
4 )

+⅁(ξ2). (8)

Substituting (5)-(8) into (4), and then multiplying the resulting equality by ξ2−ξ1
16 , we

get the desired result.

Theorem 2.1 Let ⅁ : [ξ1, ξ2] → R be a differentiable function on (ξ1, ξ2) such that
⅁′ ∈ L1 [ξ1, ξ2] with 0 ≤ ξ1 < ξ2. If |⅁′| is s-convex in the second sense for some fixed
s ∈ (0, 1], then we have

∣∣∣∣ 7⅁(ξ1)+32⅁( ξ1+3ξ2
4 )+12⅁( ξ1+ξ2

2 )+32⅁( 3ξ1+ξ2
4 )+7⅁(ξ2)

90 − 4α−1Γ(α+1)
(ξ2−ξ1)

α B (ξ1, ξ2, I
α⅁)

∣∣∣∣
≤ ξ2−ξ1

16

((
14

45(s+1)

(
1− 2

(
1−

(
14
45

) 1
α

)s+1
)
− χ

(
α, s, 14

45

))
(|⅁′ (ξ1)|+ |⅁′ (ξ2)|)

+ 2
(s+1)(α+s+1)

(
32(s+1)−13α

45 + α(14)1+
s+1
α +α(12)1+

s+1
α

(45)1+
s+1
α

)
×

×
(∣∣∣⅁′

(
3ξ1+ξ2

4

)∣∣∣+ ∣∣∣⅁′
(

ξ1+3ξ2
4

)∣∣∣)
+ 2

(
4

15(s+1)

(
1− 2

(
1−

(
4
15

) 1
α

)s+1
)
− χ

(
α, s, 4

15

)) ∣∣∣⅁′
(

ξ1+ξ2
2

)∣∣∣) ,

where α > 0,B (ξ1, ξ2, I
α⅁) is defined by (3) and

χ (α, s, x) = B
x

1
α
(α+ 1, s+ 1)−B

1−x
1
α
(s+ 1, α+ 1) . (9)

Proof. From Lemma 2.1, the modulus and s-convexity of |⅁′|, we have

∣∣∣∣ 7⅁(ξ1)+32⅁( ξ1+3ξ2
4 )+12⅁( ξ1+ξ2

2 )+32⅁( 3ξ1+ξ2
4 )+7⅁(ξ2)

90 − 4α−1Γ(α+1)
(ξ2−ξ1)

α B (ξ1, ξ2, I
α⅁)

∣∣∣∣
≤ ξ2−ξ1

16

 1∫
0

∣∣ϱα − 14
45

∣∣ ∣∣∣⅁′
(
(1− ϱ) ξ1 + ϱ 3ξ1+ξ2

4

)∣∣∣ dϱ
+

1∫
0

∣∣(1− ϱ)
α − 4

15

∣∣ ∣∣∣⅁′
(
(1− ϱ) 3ξ1+ξ2

4 + ϱ ξ1+ξ2
2

)∣∣∣ dϱ
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+

1∫
0

∣∣ϱα − 4
15

∣∣ ∣∣∣⅁′
(
(1− ϱ) ξ1+ξ2

2 + ϱ ξ1+3ξ2
4

)∣∣∣ dϱ
+

1∫
0

∣∣(1− ϱ)
α − 14

45

∣∣ ∣∣∣⅁′
(
(1− ϱ) ξ1+3ξ2

4 + ϱξ2

)∣∣∣ dϱ


≤ ξ2−ξ1
16

((
14

45(s+1)

(
1− 2

(
1−

(
14
45

) 1
α

)s+1
)
− χ

(
α, s, 14

45

))
(|⅁′ (ξ1)|+ |⅁′ (ξ2)|)

+ 2
(s+1)(α+s+1)

(
32(s+1)−13α

45 + α(14)1+
s+1
α +α(12)1+

s+1
α

(45)1+
s+1
α

)
×

×
(∣∣∣⅁′

(
3ξ1+ξ2

4

)∣∣∣+ ∣∣∣⅁′
(

ξ1+3ξ2
4

)∣∣∣)
+ 2

(
4

15(s+1)

(
1− 2

(
1−

(
4
15

) 1
α

)s+1
)
− χ

(
α, s, 4

15

)) ∣∣∣⅁′
(

ξ1+ξ2
2

)∣∣∣) ,

where we have used
1∫
0

∣∣ϱα − 14
45

∣∣ (1− ϱ)
s
dϱ = 14

45(s+1)

(
1− 2

(
1−

(
14
45

) 1
α

)s+1
)
− χ

(
α, s, 14

45

)
, (10)

1∫
0

∣∣ϱα − 14
45

∣∣ ϱsdϱ = 31(s+1)−14α
45(s+1)(α+s+1) +

2α
(s+1)(α+s+1)

(
14
45

)1+ s+1
α , (11)

1∫
0

∣∣(1− ϱ)
α − 4

15

∣∣ (1− ϱ)
s
dϱ = 11(s+1)−4α

15(s+1)(α+s+1) +
2α

(s+1)(α+s+1)

(
4
15

)1+ s+1
α , (12)

1∫
0

∣∣(1− ϱ)
α − 4

15

∣∣ ϱsdϱ = 4
15(s+1)

(
1− 2

(
1−

(
4
15

) 1
α

)s+1
)
− χ

(
α, s, 4

15

)
. (13)

The proof is finished.

Remark 2.1 By simple calculation, we easily obtain

χ (1, s, x) = 1
(s+1)(s+2) +

2
s+2 (1− x)

s+2 − 2
s+1 (1− x)

s+1
,

χ (α, 1, x) = 2
α+1x

1+ 1
α − 2

α+2x
1+ 2

α − 1
(α+1)(α+2) , χ (1, 1, x) = 6x2−4x3−1

6 .

Corollary 2.1 In Theorem 2.1, if we take α = 1, then we obtain∣∣∣∣∣∣∣
7⅁(ξ1)+32⅁( ξ1+3ξ2

4 )+12⅁( ξ1+ξ2
2 )+32⅁( 3ξ1+ξ2

4 )+7⅁(ξ2)
90 − 1

ξ2−ξ1

ξ2∫
ξ1

⅁ (w) dw

∣∣∣∣∣∣∣
≤ ξ2−ξ1

16

((
14s−17

45(s+1)(s+2) +
2

(s+1)(s+2)

(
31
45

)s+2
)
(|⅁′ (ξ1)|+ |⅁′ (ξ2)|)

+ 2
(s+1)(s+2)

(
32s+19

45 + (14)s+2+(12)s+2

(45)s+2

)(∣∣∣⅁′
(

3ξ1+ξ2
4

)∣∣∣+ ∣∣∣⅁′
(

ξ1+3ξ2
4

)∣∣∣)
+ 2

(
4s−7

15(s+1)(s+2) +
2

(s+1)(s+2)

(
11
15

)s+2
) ∣∣∣⅁′

(
ξ1+ξ2

2

)∣∣∣) .
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Corollary 2.2 In Theorem 2.1, if we take s = 1, then we obtain

∣∣∣∣ 7⅁(ξ1)+32⅁( ξ1+3ξ2
4 )+12⅁( ξ1+ξ2

2 )+32⅁( 3ξ1+ξ2
4 )+7⅁(ξ2)

90 − 4α−1Γ(α+1)
(ξ2−ξ1)

α B (ξ1, ξ2, I
α⅁)

∣∣∣∣
≤ ξ2−ξ1

16

((
45−7(α+1)(α+2)
45(α+1)(α+2) + 2α

α+1

(
14
45

)1+ 1
α − α

α+2

(
14
45

)1+ 2
α

)
(|⅁′ (ξ1)|+ |⅁′ (ξ2)|)

+ α
45(α+2)

(
64−13α

α + (14)1+
2
α +(12)1+

2
α

(45)
2
α

)(∣∣∣⅁′
(

3ξ1+ξ2
4

)∣∣∣+ ∣∣∣⅁′
(

ξ1+3ξ2
4

)∣∣∣)
+ 2

(
15−2(α+1)(α+2)
15(α+1)(α+2) + 2α

α+1

(
4
15

)1+ 1
α − α

α+2

(
4
15

)1+ 2
α

) ∣∣∣⅁′
(

ξ1+ξ2
2

)∣∣∣) .
Corollary 2.3 In Theorem 2.1, if we take α = s = 1, then we obtain

∣∣∣∣∣∣∣
7⅁(ξ1)+32⅁( ξ1+3ξ2

4 )+12⅁( ξ1+ξ2
2 )+32⅁( 3ξ1+ξ2

4 )+7⅁(ξ2)
90 − 1

ξ2−ξ1

ξ2∫
ξ1

⅁ (w) dw

∣∣∣∣∣∣∣
≤ 239(ξ2−ξ1)

3240 ×(
53507|⅁′(ξ1)|+215494|⅁′( 3ξ1+ξ2

4 )|+107298|⅁′( ξ1+ξ2
2 )|+215494|⅁′( 3ξ1+ξ2

4 )|+53507|⅁′(ξ2)|
645300

)
.

Theorem 2.2 Let ⅁ : [ξ1, ξ2] → R be a differentiable function on (ξ1, ξ2) such that
⅁′ ∈ L1 [ξ1, ξ2] with 0 ≤ ξ1 < ξ2. If |⅁′|q is s-convex in the second sense for some fixed
s ∈ (0, 1] and q > 1 with 1

q + 1
p = 1, then we have

∣∣∣∣ 7⅁(ξ1)+32⅁( ξ1+3ξ2
4 )+12⅁( ξ1+ξ2

2 )+32⅁( 3ξ1+ξ2
4 )+7⅁(ξ2)

90 − 4α−1Γ(α+1)
(ξ2−ξ1)

α B (ξ1, ξ2, I
α⅁)

∣∣∣∣
≤ ξ2−ξ1

16

(((
14
45

)p+ 1
α 1

αB
(
1
α , p+ 1

)
+
(
31
45

)p+ 1
α 2F1(1− 1

α ,1,p+2; 3145 )
α(p+1)

) 1
p

×

((
|⅁′(ξ1)|q+|⅁′( 3ξ1+ξ2

4 )|q
s+1

) 1
q

+

(
|⅁′( ξ1+3ξ2

4 )|q+|⅁′(ξ2)|q
s+1

) 1
q

)

+

((
4
15

)p+ 1
α 1

αB
(
1
α , p+ 1

)
+
(
11
15

)p+ 1
α 2F1(1− 1

α ,1,p+2; 1115 )
α(p+1)

) 1
p

×

((
|⅁′( 3ξ1+ξ2

4 )|q+|⅁′( ξ1+ξ2
2 )|q

s+1

) 1
q

+

(
|⅁′( ξ1+ξ2

2 )|q+|⅁′( ξ1+3ξ2
4 )|q

s+1

) 1
q

))
,

where B (ξ1, ξ2, I
α⅁) is defined by (3) and B and 2F1 are the Beta and hypergeometric

functions, respectively.

Proof. From Lemma 2.1, the modulus, Hölder’s inequality and s-convexity of
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|⅁′|q, we have

∣∣∣∣ 7⅁(ξ1)+32⅁( ξ1+3ξ2
4 )+12⅁( ξ1+ξ2

2 )+32⅁( 3ξ1+ξ2
4 )+7⅁(ξ2)

90 − 4α−1Γ(α+1)
(ξ2−ξ1)

α B (ξ1, ξ2, I
α⅁)

∣∣∣∣
≤ ξ2−ξ1

16


 1∫

0

∣∣ϱα − 14
45

∣∣p dϱ


1
p
 1∫

0

∣∣∣⅁′
(
(1− ϱ) ξ1 + ϱ 3ξ1+ξ2

4

)∣∣∣q dϱ


1
q

+

 1∫
0

∣∣(1− ϱ)
α − 4

15

∣∣p dϱ


1
p
 1∫

0

∣∣∣⅁′
(
(1− ϱ) 3ξ1+ξ2

4 + ϱ ξ1+ξ2
2

)∣∣∣q dϱ


1
q

+

 1∫
0

∣∣ϱα − 4
15

∣∣p dϱ


1
p
 1∫

0

∣∣∣⅁′
(
(1− ϱ) ξ1+ξ2

2 + ϱ ξ1+3ξ2
4

)∣∣∣q dϱ


1
q

+

 1∫
0

∣∣(1− ϱ)
α − 14

45

∣∣p dϱ


1
p
 1∫

0

∣∣∣⅁′
(
(1− ϱ) ξ1+3ξ2

4 + ϱξ2

)∣∣∣q dϱ


1
q


= ξ2−ξ1

16

(((
14
45

)p+ 1
α 1

αB
(
1
α , p+ 1

)
+
(
31
45

)p+ 1
α 2F1(1− 1

α ,1,p+2; 3145 )
α(p+1)

) 1
p

×

((
|⅁′(ξ1)|q+|⅁′( 3ξ1+ξ2

4 )|q
s+1

) 1
q

+

(
|⅁′( ξ1+3ξ2

4 )|q+|⅁′(ξ2)|q
s+1

) 1
q

)

+

((
4
15

)p+ 1
α 1

αB
(
1
α , p+ 1

)
+
(
11
15

)p+ 1
α 2F1(1− 1

α ,1,p+2; 1115 )
α(p+1)

) 1
p

×

((
|⅁′( 3ξ1+ξ2

4 )|q+|⅁′( ξ1+ξ2
2 )|q

s+1

) 1
q

+

(
|⅁′( ξ1+ξ2

2 )|q+|⅁′( ξ1+3ξ2
4 )|q

s+1

) 1
q

))
,

where we have used the fact that

1∫
0

∣∣ϱα − 14
45

∣∣p dϱ =

( 14
45 )

1
α∫

0

(
14
45 − ϱα

)p
dϱ+

1∫
( 14

45 )
1
α

(
ϱα − 14

45

)p
dϱ

=
(
14
45

)p+ 1
α 1

αB
(
1
α , p+ 1

)
+
(
31
45

)p+ 1
α 2F1(1− 1

α ,1,p+2; 3145 )
α(p+1)

and

1∫
0

∣∣ϱα − 4
15

∣∣p dϱ =
(

4
15

)p+ 1
α 1

αB
(
1
α , p+ 1

)
+
(
11
15

)p+ 1
α 2F1(1− 1

α ,1,p+2; 1115 )
α(p+1) .

The proof is finished.
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Corollary 2.4 In Theorem 2.2, if we take α = 1, we obtain∣∣∣∣∣∣∣
7⅁(ξ1)+32⅁( ξ1+3ξ2

4 )+12⅁( ξ1+ξ2
2 )+32⅁( 3ξ1+ξ2

4 )+7⅁(ξ2)
90 − 1

ξ2−ξ1

ξ2∫
ξ1

⅁ (w) dw

∣∣∣∣∣∣∣
≤ ξ2−ξ1

16

(
1

p+1

) 1
p

((
14p+1+31p+1

45p+1

) 1
p

((
|⅁′(ξ1)|q+|⅁′( 3ξ1+ξ2

4 )|q
s+1

) 1
q

+

(
|⅁′( ξ1+3ξ2

4 )|q+|⅁′(ξ2)|q
s+1

) 1
q

)
+
(

4p+1+11p+1

15p+1

) 1
p

×

((
|⅁′( 3ξ1+ξ2

4 )|q+|⅁′( ξ1+ξ2
2 )|q

s+1

) 1
q

+

(
|⅁′( ξ1+ξ2

2 )|q+|⅁′( ξ1+3ξ2
4 )|q

s+1

) 1
q

))
.

Corollary 2.5 In Theorem 2.2, if we take s = 1, we obtain∣∣∣∣ 7⅁(ξ1)+32⅁( ξ1+3ξ2
4 )+12⅁( ξ1+ξ2

2 )+32⅁( 3ξ1+ξ2
4 )+7⅁(ξ2)

90 − 4α−1Γ(α+1)
(ξ2−ξ1)

α B (ξ1, ξ2, I
α⅁)

∣∣∣∣
≤ ξ2−ξ1

16

(((
14
45

)p+ 1
α 1

αB
(
1
α , p+ 1

)
+
(
31
45

)p+ 1
α 2F1(1− 1

α ,1,p+2; 3145 )
α(p+1)

) 1
p

×

((
|⅁′(ξ1)|q+|⅁′( 3ξ1+ξ2

4 )|q
2

) 1
q

+

(
|⅁′( ξ1+3ξ2

4 )|q+|⅁′(ξ2)|q
2

) 1
q

)

+

((
4
15

)p+ 1
α 1

αB
(
1
α , p+ 1

)
+
(
11
15

)p+ 1
α 2F1(1− 1

α ,1,p+2; 1115 )
α(p+1)

) 1
p

×

((
|⅁′( 3ξ1+ξ2

4 )|q+|⅁′( ξ1+ξ2
2 )|q

2

) 1
q

+

(
|⅁′( ξ1+ξ2

2 )|q+|⅁′( ξ1+3ξ2
4 )|q

2

) 1
q

))
.

Corollary 2.6 In Theorem 2.2, if we take α = s = 1, we obtain∣∣∣∣∣∣∣
7⅁(ξ1)+32⅁( ξ1+3ξ2

4 )+12⅁( ξ1+ξ2
2 )+32⅁( 3ξ1+ξ2

4 )+7⅁(ξ2)
90 − 1

ξ2−ξ1

ξ2∫
ξ1

⅁ (w) dw

∣∣∣∣∣∣∣
≤ ξ2−ξ1

16

(
1

p+1

) 1
p

((
14p+1+31p+1

45p+1

) 1
p

((
|⅁′(ξ1)|q+|⅁′( 3ξ1+ξ2

4 )|q
2

) 1
q

+

(
|⅁′( ξ1+3ξ2

4 )|q+|⅁′(ξ2)|q
2

) 1
q

)
+
(

4p+1+11p+1

15p+1

) 1
p

×

((
|⅁′( 3ξ1+ξ2

4 )|q+|⅁′( ξ1+ξ2
2 )|q

2

) 1
q

+

(
|⅁′( ξ1+ξ2

2 )|q+|⅁′( ξ1+3ξ2
4 )|q

2

) 1
q

))
.

Theorem 2.3 Let ⅁ : [ξ1, ξ2] → R be a differentiable function on (ξ1, ξ2) such that
⅁′ ∈ L1 [ξ1, ξ2] with 0 ≤ ξ1 < ξ2. If |⅁′|q is s-convex in the second sense for some fixed
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s ∈ (0, 1] and q ≥ 1, then we have

∣∣∣∣ 7⅁(ξ1)+32⅁( ξ1+3ξ2
4 )+12⅁( ξ1+ξ2

2 )+32⅁( 3ξ1+ξ2
4 )+7⅁(ξ2)

90 − 4α−1Γ(α+1)
(ξ2−ξ1)

α B (ξ1, ξ2, I
α⅁)

∣∣∣∣
≤ ξ2−ξ1

16

((
V
(
α, 0, 14

45

))1− 1
q

((
K
(
α, s, 14

45

)
|⅁′ (ξ1)|

q
+ V

(
α, s, 14

45

) ∣∣∣⅁′
(

3ξ1+ξ2
4

)∣∣∣q) 1
q

+
(
K
(
α, s, 4

15

) ∣∣∣⅁′
(

ξ1+ξ2
2

)∣∣∣q + V
(
α, s, 4

15

) ∣∣∣⅁′
(

ξ1+3ξ2
4

)∣∣∣q) 1
q

)
+
(
V
(
α, 0, 4

15

))1− 1
q

((
V
(
α, s, 4

15

) ∣∣∣⅁′
(

3ξ1+ξ2
4

)∣∣∣q +K
(
α, s, 4

15

) ∣∣∣⅁′
(

ξ1+ξ2
2

)∣∣∣q) 1
q

+
(
V
(
α, s, 14

45

) ∣∣∣⅁′
(

ξ1+3ξ2
4

)∣∣∣q +K
(
α, s, 14

45

)
|⅁′ (ξ2)|

q
) 1

q

)
,

where B (ξ1, ξ2, I
α⅁) is defined by (3),

K (α, s, x) = x
s+1

(
1− 2

(
1− x

1
α

)s+1
)
− χ (α, s, x) (14)

and

V (α, s, x) = (1−x)(s+1)−xα
(s+1)(α+s+1) + 2α

(s+1)(α+s+1)x
1+ s+1

α . (15)

Proof. From Lemma 2.1, the modulus, power mean inequality and s-convexity of
|⅁′|, we have

∣∣∣∣ 7⅁(ξ1)+32⅁( ξ1+3ξ2
4 )+12⅁( ξ1+ξ2

2 )+32⅁( 3ξ1+ξ2
4 )+7⅁(ξ2)

90 − 4α−1Γ(α+1)
(ξ2−ξ1)

α B (ξ1, ξ2, I
α⅁)

∣∣∣∣
≤ ξ2−ξ1

16


 1∫

0

∣∣ϱα − 14
45

∣∣ dϱ
1− 1

q
 1∫

0

∣∣ϱα − 14
45

∣∣ ∣∣∣⅁′
(
(1− ϱ) ξ1 + ϱ 3ξ1+ξ2

4

)∣∣∣q dϱ


1
q

+

 1∫
0

∣∣(1− ϱ)
α − 4

15

∣∣ dϱ
1− 1

q

×

 1∫
0

∣∣(1− ϱ)
α − 4

15

∣∣ ∣∣∣⅁′
(
(1− ϱ) 3ξ1+ξ2

4 + ϱ ξ1+ξ2
2

)∣∣∣q dϱ


1
q
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+

 1∫
0

∣∣ϱα − 4
15

∣∣ dϱ
1− 1

q
 1∫

0

∣∣ϱα − 4
15

∣∣ ∣∣∣⅁′
(
(1− ϱ) ξ1+ξ2

2 + ϱ ξ1+3ξ2
4

)∣∣∣q dϱ


1
q

+

 1∫
0

∣∣(1− ϱ)
α − 14

45

∣∣ dϱ
1− 1

q

×

 1∫
0

∣∣(1− ϱ)
α − 14

45

∣∣ ∣∣∣⅁′
(
(1− ϱ) ξ1+3ξ2

4 + ϱξ2

)∣∣∣q dϱ


1
q


= ξ2−ξ1

16

((
V
(
α, 0, 14

45

))1− 1
q

((
K
(
α, s, 14

45

)
|⅁′ (ξ1)|

q
+ V

(
α, s, 14

45

) ∣∣∣⅁′
(

3ξ1+ξ2
4

)∣∣∣q) 1
q

+
(
K
(
α, s, 4

15

) ∣∣∣⅁′
(

ξ1+ξ2
2

)∣∣∣q + V
(
α, s, 4

15

) ∣∣∣⅁′
(

ξ1+3ξ2
4

)∣∣∣q) 1
q

)
+
(
V
(
α, 0, 4

15

))1− 1
q

((
V
(
α, s, 4

15

) ∣∣∣⅁′
(

3ξ1+ξ2
4

)∣∣∣q +K
(
α, s, 4

15

) ∣∣∣⅁′
(

ξ1+ξ2
2

)∣∣∣q) 1
q

+
(
V
(
α, s, 14

45

) ∣∣∣⅁′
(

ξ1+3ξ2
4

)∣∣∣q +K
(
α, s, 14

45

)
|⅁′ (ξ2)|

q
) 1

q

)
,

where K and V are defined by (14) and (15), respectively. The proof is completed.

Corollary 2.7 In Theorem 2.3, if we take α = 1, we obtain∣∣∣∣∣∣∣
7⅁(ξ1)+32⅁( ξ1+3ξ2

4 )+12⅁( ξ1+ξ2
2 )+32⅁( 3ξ1+ξ2

4 )+7⅁(ξ2)
90 − 1

ξ2−ξ1

ξ2∫
ξ1

⅁ (w) dw

∣∣∣∣∣∣∣
≤ ξ2−ξ1

16

((
1157
4050

)1− 1
q

((
K
(
1, s, 14

45

)
|⅁′ (ξ1)|

q
+ V

(
1, s, 14

45

) ∣∣∣⅁′
(

3ξ1+ξ2
4

)∣∣∣q) 1
q

+
(
K
(
1, s, 4

15

) ∣∣∣⅁′
(

ξ1+ξ2
2

)∣∣∣q + V
(
1, s, 4

15

) ∣∣∣⅁′
(

ξ1+3ξ2
4

)∣∣∣q) 1
q

)
+
(
137
450

)1− 1
q

((
V
(
1, s, 4

15

) ∣∣∣⅁′
(

3ξ1+ξ2
4

)∣∣∣q +K
(
1, s, 4

15

) ∣∣∣⅁′
(

ξ1+ξ2
2

)∣∣∣q) 1
q

+
(
V
(
1, s, 14

45

) ∣∣∣⅁′
(

ξ1+3ξ2
4

)∣∣∣q +K
(
1, s, 14

45

)
|⅁′ (ξ2)|

q
) 1

q

)
,

where
K
(
1, s, 14

45

)
= 14s−17

45(s+1)(s+2) +
2

(s+1)(s+2)

(
31
45

)s+2
,

V
(
1, s, 14

45

)
= 31s+17

45(s+1)(s+2) +
2

(s+1)(s+2)

(
14
45

)s+2
,

K
(
1, s, 4

15

)
= 4s−7

15(s+1)(s+2) +
2

(s+1)(s+2)

(
11
15

)s+2
,

V
(
1, s, 4

15

)
= 11s+7

15(s+1)(s+2) +
2

(s+1)(s+2)

(
4
15

)s+2
.
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Corollary 2.8 In Theorem 2.3, if we take s = 1, we obtain∣∣∣∣ 7⅁(ξ1)+32⅁( ξ1+3ξ2
4 )+12⅁( ξ1+ξ2

2 )+32⅁( 3ξ1+ξ2
4 )+7⅁(ξ2)

90 − 4α−1Γ(α+1)
(ξ2−ξ1)

α B (ξ1, ξ2, I
α⅁)

∣∣∣∣
≤ ξ2−ξ1

16

((
31−14α
45(α+1) +

2α
α+1

(
14
45

)1+ 1
α

)1− 1
q

×
((

K
(
α, 1, 14

45

)
|⅁′ (ξ1)|

q
+ V

(
α, 1, 14

45

) ∣∣∣⅁′
(

3ξ1+ξ2
4

)∣∣∣q) 1
q

+
(
K
(
α, 1, 4

15

) ∣∣∣⅁′
(

ξ1+ξ2
2

)∣∣∣q + V
(
α, 1, 4

15

) ∣∣∣⅁′
(

ξ1+3ξ2
4

)∣∣∣q) 1
q

)
+
(

11−4α
15(α+1) +

2α
α+1

(
4
15

)1+ 1
α

)1− 1
q

×

((
V
(
α, 1, 4

15

) ∣∣∣⅁′
(

3ξ1+ξ2
4

)∣∣∣q +K
(
α, 1, 4

15

) ∣∣∣⅁′
(

ξ1+ξ2
2

)∣∣∣q) 1
q

+
(
V
(
α, 1, 14

45

) ∣∣∣⅁′
(

ξ1+3ξ2
4

)∣∣∣q +K
(
α, 1, 14

45

)
|⅁′ (ξ2)|

q
) 1

q

)
,

where

K
(
α, 1, 14

45

)
= 45−7(α+1)(α+2)

45(α+1)(α+2) + 28α
45(α+1)

(
14
45

) 1
α − 14α

45(α+2)

(
14
45

) 2
α ,

V
(
α, 1, 14

45

)
= 31−7α

45(α+2) +
14α

54(α+2)

(
14
45

) 2
α ,

K
(
α, 1, 4

15

)
= 15−2(α+1)(α+2)

15(α+1)(α+2) + 8α
15(α+1)

(
4
15

) 1
α − 4α

15(α+2)

(
4
15

) 2
α ,

V
(
α, 1, 4

15

)
= 11−2α

15(α+2) +
4α

15(α+2)

(
4
15

) 2
α .

Corollary 2.9 In Theorem 2.3, if we take α = s = 1, we obtain∣∣∣∣∣∣∣
7⅁(ξ1)+32⅁( ξ1+3ξ2

4 )+12⅁( ξ1+ξ2
2 )+32⅁( 3ξ1+ξ2

4 )+7⅁(ξ2)
90 − 1

ξ2−ξ1

ξ2∫
ξ1

⅁ (w) dw

∣∣∣∣∣∣∣
≤ ξ2−ξ1

16

((
1157
4050

)1− 1
q

((
53507
546750 |⅁

′ (ξ1)|
q
+ 102688

546750

∣∣∣⅁′
(

3ξ1+ξ2
4

)∣∣∣q) 1
q

+
(

1987
20250

∣∣∣⅁′
(

ξ1+ξ2
2

)∣∣∣q + 4178
20250

∣∣∣⅁′
(

ξ1+3ξ2
4

)∣∣∣q) 1
q

)
+
(
137
450

)1− 1
q

((
4178
20250

∣∣∣⅁′
(

3ξ1+ξ2
4

)∣∣∣q + 1987
20250

∣∣∣⅁′
(

ξ1+ξ2
2

)∣∣∣q) 1
q

+
(

102688
546750

∣∣∣⅁′
(

ξ1+3ξ2
4

)∣∣∣q + 53507
546750 |⅁

′ (ξ2)|
q
) 1

q

)
,
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3 Applications

Let Υ be the partition of the points ξ1 = x0 < x1 < ... < xn = ξ2 of the interval [ξ1, ξ2],
and consider the quadrature formula

ξ2∫
ξ1

⅁ (u) du = λ (⅁,Υ) +R (⅁,Υ) ,

where

λ (⅁,Υ) =

n−1∑
i=0

xi+1−xi

90

(
7⅁ (xi) + 32⅁

(
3xi+xi+1

4

)
+ 12⅁

(
xi+xi+1

2

)
+ 32⅁

(
xi+3xi+1

4

)
+ 7⅁ (xi+1)

)
and R (⅁,Υ) denotes the associated approximation error.

Proposition 3.1 Let n ∈ N and ⅁ : [ξ1, ξ2] → R be a differentiable function on
(ξ1, ξ2) with 0 ≤ ξ1 < ξ2 and ⅁′ ∈ L1 [ξ1, ξ2]. If |⅁′| is an s-convex function in the second
sense for some fixed s ∈ (0, 1], we have

|R (⅁,Υ)| ≤
n−1∑
i=0

(xi+1−xi)
2

16

((
14s−17

45(s+1)(s+2) +
2

(s+1)(s+2)

(
31
45

)s+2
)
(|⅁′ (xi)|+ |⅁′ (xi+1)|)

+ 2
(s+1)(s+2)

(
32s+19

45 + (14)s+2+(12)s+2

(45)s+2

)(∣∣∣⅁′
(

3xi+xi+1

4

)∣∣∣+ ∣∣∣⅁′
(

xi+3xi+1

4

)∣∣∣)
+ 2

(
4s−7

15(s+1)(s+2) +
2

(s+1)(s+2)

(
11
15

)s+2
) ∣∣∣⅁′

(
xi+xi+1

2

)∣∣∣) .
Proof. Applying Corollary 2.1, on the subintervals [xi, xi+1] (i = 0, 1, ..., n− 1) of

the partition Υ, we get∣∣∣∣∣∣ 7⅁(xi)+32⅁
(

xi+3xi+1
4

)
+12⅁

(
xi+xi+1

2

)
+32⅁

(
3xi+xi+1

4

)
+7⅁(xi+1)

90 − 1
xi+1−xi

xi+1∫
xi

⅁ (w) dw

∣∣∣∣∣∣
≤ xi+1−xi

16

((
14s−17

45(s+1)(s+2) +
2

(s+1)(s+2)

(
31
45

)s+2
)
(|⅁′ (xi)|+ |⅁′ (xi+1)|)

+ 2
(s+1)(s+2)

(
32s+19

45 + (14)s+2+(12)s+2

(45)s+2

)(∣∣∣⅁′
(

3xi+xi+1

4

)∣∣∣+ ∣∣∣⅁′
(

xi+3xi+1

4

)∣∣∣)
+ 2

(
4s−7

15(s+1)(s+2) +
2

(s+1)(s+2)

(
11
15

)s+2
) ∣∣∣⅁′

(
xi+xi+1

2

)∣∣∣) . (16)

Multiplying both sides of (16) by (xi+1 − xi), and then summing the obtained inequalities
for all i = 0, 1, ..., n− 1, and using the triangular inequality, we get the desired result.

Application to special means.
For arbitrary real numbers ξ1, ξ2, we have:
The Arithmetic mean: A (ξ1, ξ2) =

ξ1+ξ2
2 .

The Geometric mean: G (ξ1, ξ2) =
√
ξ1ξ2, ξ1, ξ2 > 0.

The p-Logarithmic mean: Lp (ξ1, ξ2) =
(

ξp+1
2 −ξp+1

1

(p+1)(ξ2−ξ1)

) 1
p

, ξ1, ξ2 > 0, ξ1 ̸= ξ2 and

p ∈ R‵ {−1, 0}.
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Proposition 3.2 Let ξ1, ξ2 ∈ R with 0 < ξ1 < ξ2, then we have∣∣∣∣7A(ξ 1
2
1 , ξ

1
2
2

)
+ 32A2

((
ξ1+3ξ2

4

) 1
2

,
(

3ξ1+ξ2
4

) 1
2

)
+ 6A

1
2 (ξ1, ξ2)− 45L2

2 (ξ1, ξ2)

∣∣∣∣
≤ 3

√
62(ξ2−ξ1)

16

((
241
279

) 1
2

((
ξ21 +

(
3ξ1+ξ2

4

)2) 1
2

+

((
ξ1+3ξ2

4

)2
+ ξ22

) 1
2

)

+

(((
3ξ1+ξ2

4

)2
+
(

ξ1+ξ2
2

)2) 1
2

+

((
ξ1+ξ2

2

)2
+
(

ξ1+3ξ2
4

)2) 1
2

))
.

Proof. The assertion follows from Theorem 2.3 applied to the function ⅁ (x) = x2

with p = q = 2.

4 Conclusion

This study is part of the approach of applying analysis tools to differential and integral
equations as well as other branches. So, we first established a new identity involving five
points, based on this identity and playing on the s-convexity of the first derivative, we
obtained new inequalities of Boole type. Finally, we gave some applications to quadrature
formula and inequalities for special means.
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