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Abstract: Modern cameras inevitably introduce noise into images, which impacts
their visual quality. As a result, various noise reduction strategies are necessary.
Researchers have proposed numerous techniques for reducing noise, including ap-
proaches based on the linear and nonlinear partial differential equations. The choice
of parameter values in partial differential equations plays a significant role in im-
age denoising. Accurate tuning of these parameters can balance noise reduction and
detail preservation, leading to higher quality denoised image. On the other hand,
misadjusted parameters can result in either excessive smoothing or insufficient noise
removal. Given these reasons, in this paper, we will concentrate on denoising the
image using the heat equation and aim to identify the optimal thermal diffusivity
value by solving a nonlinear inverse problem, which will allow us to achieve the best
possible image denoising results. Finally, for the numerical experiments, we will em-
ploy deep learning and the Physics-Informed Neural Networks method to find this
optimal value.
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1 Introduction

One of the main challenges in computer vision and image processing is image denoising,
which aims to estimate the original image by reducing noise from the contaminated
version. Intrinsic and extrinsic conditions, such as sensor and environmental factors, can
lead to image noise, which is often unavoidable in practical situations. Image denoising
is quite important in many different applications, including image registration, image
restoration, image classification and image segmentation, where reclaiming the original
image content is essential for achieving high performance in these fields. Although several
algorithms have been put forth for denoising images, the challenge of suppressing image
noise persists, especially when images are captured under suboptimal conditions with
high noise levels.

Generally, there are two typical methods for reducing image noise. One approach
involves acquiring the data multiple times and averaging it, but this results in an ex-
tended acquisition time. Another method is to use post-processing techniques to reduce
noise in the image. Numerous techniques have been proposed in the literature for image
denoising [1]; these include the classic spatial and temporal filters, the nonlocal means
algorithm, methods using anisotropic diffusion filters, bilateral and trilateral filters, the
transformations of the curvelet and the contourlet, the wavelet transform, deep learning
based methods, the maximum likelihood approach, and models based on partial differ-
ential equations (PDEs) [2,3].

Recently, there has been a surge of interest in segmentation schemes based on PDEs,
due to their many advantages, such as the reduction in computational complexity and
their simplicity, since the problem reduces to the form of a PDE solution, which could
be solved by iterative methods like the Finite Difference Method [4L|5]. One of the most
widely used PDEs is the heat diffusion equation, which is defined as

'Ut(xa:%t)*pAv(xay,t):O in D x J7
v(z,y,0) =vg on D, (1)
v(z,y,t) =0 on dD x J,

where D C R? is a bounded domain, J = [0, 7] is the interval of time with 7' > 0 and p
represents the thermal diffusivity. The solution of this equation can be represented
as a convolution with a Gaussian function G, (z,y) [6], specifically

U(.’I},y,t) = GU * ’U()(il?,y)-

Instead of using the original image’s classical convolution with G, it is possible to solve
the linear heat equation using the original image as the initial condition.

One of the biggest challenges when trying to denoise an image is the optimal choice of
p value. As shown in Figure[I] each choice of p results in different denoising, and it is clear
that the image is denoised better by p = 0.8 than by p = 0.2 since the PSNR value in the
first case is equal to 25.50 and in the second case to 21.51, The question remains whether
we can find the value that provides the best denoising. Indeed, searching for these optimal
values often leads to inverse problems [7], which can be quite challenging in mathematics,
and requires careful consideration and analysis to find the best solution. One of the
techniques used in solving an inverse problem is the Physics-Informed Neural Networks
(PINNs) method [§]. Recently, PINNs have appeared as a simple alternative method
to solve many problems in engineering and computational science. Specifically, they
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do not need meshes and may effectively resolve forward problems and ill-posed inverse
problems [9,[10], which are typically challenging or unfeasible to resolve by employing
conventional numerical techniques.

The primary advantage of the PINNs method is its capability to smoothly integrate
all provided information, including initial/boundary conditions, experimental data, and
governing equations, into the loss function. This effectively converts the original problem
into an equivalent optimization problem. In the specific case of denoising using the heat
equation, PINNs can learn the optimal value of p by minimizing the difference between
the original and predicted denoised images. This approach can significantly reduce the
computational cost and time required for denoising. The primary aim of this paper is to

original image Noisy image

Denoised image

Denoised image with p=0.8

Figure 1: Image denoising using heat equation with various p values.

determine the optimal p to achieve the best image denoising using the PINNs method.

This paper is structured into several sections, which are outlined below. In Section
we demonstrate the existence of p. In Section [3] we use deep learning and the PINNs
method to solve the heat inverse problem and find the optimal p. In Section [ we
perform a series of numerical experiments. The paper concludes with a summarization
of key insights and findings.

2 Heat Inverse Problem

In this part, we are interested in the theoretical existence of p. The primary elements
introduced in this section are Lemma and T heorem . Then we consider
the problem and we frequently receive the terminal condition observation given by

v(z, T) = r(x) Vo € D,

where D represents a bounded domain in R%(d > 1) with a boundary II that is piecewise
smooth.
To establish the existence of p, we will require the following space:

GL(D) = {p € L'(D):|lpllgrp) < oo},
where

|w@@=mm@+éwm

and

[ 100l = sun{ [ paivadsi g € (YD) lg@)| <1 D)
D D
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We define the parameter identification problem as the subsequent constrained mini-
mization process

min J(p) = 5 [ IV ((pT) = 1)da +1P(p). 2)
where w = w(p;t) € H (D) satisfying
w(z,0) = vo(z), (3)
and for a.e t € (0,7,
/D wypd + /D pVwVedr =0 Yo € H) (D). (4)

We denote the solution to the variational problem (3] and as w(p;t) or w(p). In (),
the function r € H} (D) represents the measured data, and P(p) serves as a regularization
term with a weighting coefficient v > 0. Specifically,

P(o) = [ 1Dl

defines the semi-norm in the GL-space or in H'(D). The Q is a subset of H!(D) or
GL(D) and is defined by

Q= {p e L'(D); |lplll < coand p1 < p < B2 a.e in D},

where |||p||| = ||p||a2 () or |[lpll] = ||pllaL(p), B1 and B2 are two positive constants.

It is essential to recognize that evaluating the cost functional J(p) necessitates having
the terminal state value of the solution w(p;t) for the system described by and
at t = T. This implies the regularity w € C(0,T; H}(D)).

For the purposes of this analysis, we will consider the following assumption about the
initial data for the problem :

vo € HY(D). (5)

Assuming , classical parabolic theory assures that for every p € @, there exists a
unique solution w(p;t) to the parabolic problem, which corresponds to the variational
problem defined in and . This solution exhibits the following regularity properties:

w(p) € L*(0,T; Hy(D)), w(p) € H'(0,T;L*(D)), w(p) € C(0,T;L*(D)).

Instead of using the system described in —, we will adopt a simpler formulation as
follows:

. e
winJ(p) =5 [ [ pV(w(pit) - r)Pdudt 1P (p), (
PER 2JroJp
where o is a small constant number and w = w(p;t) € H}(D) satisfying
w(z,0) =vo(x) inD, (7)
/ wpdx Jr/ pVwVeo =0 V¢ € Hy (D), (8)
D D

for a.e, t € (0,T).
We will now show that the problem (6])-(8) has a minimizer by employing the following
lemma.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 26 (1) (2026) [69 73

Lemma 2.1 [11] Let {p,} be a sequence in Q that converges to p € LY(D) as
m — 0o, then we have

T T
i [ [ pulVwlpn) - Pt = [ [ V(o) - )Pt
m=oo Jr_oJD T—0 JD

Using Lemma we obtain the following result.

Theorem 2.1 [12,|15] For the optimization problem @—, there is at least one
minimizer.

3 Using Deep Learning for Solving the Heat Inverse Problem and Finding
p Optimal

We use heat equation to denoise the image, knowing that the solution to the equation
is the denoised image. The noisy image is denoted as vg, the original image as vy, and
the Laplacian Av is defined as the convolution product between the noisy image and the
kernel I, which is defined as

0 1 0
I=]1 -4 1
0 1 0

The choice of p is very important, so we will look for an optimal p which is a solution
to the heat inverse problem , and to solve it we use PINNs. To define the algorithm
for PINNs, we can refer to [14].

Algorithm 3.1 PINNs for Solving the Inverse Problem
1. Create a neural network (NN) with parameter p, initialized randomly.
2. Identify the training datasets.

3. Define the loss function as the weighted sum of the L? norms of: the initial condition
residual, the PDE residual, and the final-time solution residual.

4. Train the NN to optimize the parameter p by minimizing the loss function.

First, a NN denoted by 0(X;0;p) with X = (z,y,t) is constructed as a surrogate
of the solution of the problem v(z,y,t), and it takes the coordinates (x,y,t) as the
inputs, and outputs a vector that has the same dimension as v. Here, the NN parameters
that will be tuned at the training stage are denoted by 6, namely, 6 contains all of the
biases b and weights w, and p is a specific parameter representing thermal diffusivity.
One benefit of employing PINNs, where neural networks are utilized as approximators for
v, is that it enables us to compute the derivatives of v with respect to its input X. This
is achieved through the chain rule for differentiating function compositions, supported by
automatic differentiation tools |14] that are commonly integrated into machine learning
packages such as PyTorch and TensorFlow. In the following step, it is necessary to ensure
that the neural network ¢ conforms to the physical constraints dictated by the PDE and
the boundary /initial conditions. Practically, this is accomplished by constraining ¢ at a
series of scattered points, which serve as the training data 7 = {X;, Xo,..., X} with a
size of |7].
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To evaluate the disparity between the constraints and the neural network ¢, we define
the loss function as

x(0;p) = [lve = qAv|| 2 + [|v = wol[L2 + [Jo — vr|[L2.

In the last step, we employ gradient-based optimization methods, including Adam, to
minimize the loss function and find the optimal parameters 6 (6*) and p (p*). Refer to
Figure [2| for a visual representation of a neural network.

Consider the noisy image as a given gray-scale intensity map vg : D — [0, 255] for the
image domain D € R2. The solution of the problem denotes the restored image, and
vp is the original image. We can find p* by following Algorithm [3:2]

Algorithm 3.2 Finding p* using deep learning

1. Read the image from a file using an image processing library (e.g., OpenCV, PIL,
or skimage).

2. Add noise to the image.

3. Discretize a two-dimensional spatial domain (z,y) and a temporal domain (t) using
linspace from the NumPy library.

4. Generate a meshgrid of coordinates X and Y from given 1D arrays x and y, and
define initial time (to) and final time (ty).

5. Define Xstar, Xstarf, and Xsparo using hstack().

6. Define the function heat_loss, which takes three parameters: v, p, and Xsiqr, and
returns the squared sum of vy — pVo.

7. Define the function heat_loss0, which takes three parameters: v, p, and Xgiq:0,
and returns the squared sum of the difference between the noisy image and the
neural network’s output.

8. Define the function heat_lossT, which takes three parameters: v, p, and Xgiarf,
and returns the squared sum of the difference between the original image and the
neural network’s output.

9. Define a total loss function as the sum of heat_loss, heat_loss0, and heat_lossT.
10. Construct a neural network (NN) with parameter p.

11. Train the model and optimize the loss function using the Adam optimizer.

4 Numerical Results

In this part, we perform our experiments using the well-known images Lena.png, Bar-
bara.png and Mandrill.png noised with Gaussian additive noise ( o = 50). All tests were
performed with PYTHON.

We use Algorithm for three images Lena.png, Barbara.png, and Mandrill.png. The
hyperparameters used are listed in Table [} After determining p*, the obtained values
are presented in Table
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1st hidden 2nd hidden
layer layer
(2nd layer) (3rd layer)

Input layer
(1st layer)

Qutput layer
(4th layer)

loss function

19¢ — pA#|[ 22 + (|5 — Foll g2 + ||F — |2

Figure 2: PINNs schematic for solving the heat inverse problem.

Activation function | Optimizer | Learning rate
tanh Adam 0.0001

Table 1: Hyperparameters used for all experiments.

Image | Lena.png | Barbara.png | Mandrill.png
p* 0.9634 0.9360 0.9752

Table 2: Optimal p values (p*) for various images.

Original image

Noisy image

Figure 3: Denoising results for Lena.png image with various p values: (a) p = 0.01, (b) p = 0.1,
(c) p=0.9634, (d) p=1, (e) p=4, (f) p=38.
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Original image

Noisy image

Figure 4: Denoising results for Barbara.png image with various p values: (a) p = 0.01, (b)
p=0.1, (c) p=10.9360, (d) p=1, (e) p=14, (f) p=8.

Original image Noisy image

Figure 5: Denoising results for Mandrill.png image with various p values: (a) p = 0.01, (b)
p=0.1,(c) p=0.9752, (d) p=1, (e) p=4, (f) p=28.

Then restore the image using the heat equation with At equal to 0.001. The denoising
results are illustrated in Figures [3] [ and [f]

To evaluate image quality and perform comparisons, we will utilize the widely-used
metric, peak-signal-to-noise ratio (PSNR) [15], which is defined as

MN x 2552
PSNR:IOlogm( X 255 )

>, (Lij —maj)?



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 26 (1) (2026) [69 7

where M x N represents the image dimensions, and m;; and [;; are the values of the
pixels of the restored and original images, respectively.

Tables illustrate the PSNR values for each p value for the three images, and
we observe that the highest PSNR value is the value corresponding to p*.

p 0.01 0.1 0.7 0.8 0.9634 1 2 4 8
PSNR | 15.26 | 18.80 | 25.40 | 25.48 | 25.5079 | 25.4934 | 24.71 | 23.21 | 21.52

Table 3: PSNR (dB) of different p values for Lena.png image.

p 0.01 0.1 0.7 0.8 0.9360 1 2 4 8
PSNR | 10.07 | 18.58 | 25.59 | 25.70 | 25.7434 | 25.7341 | 25.01 | 24.28 | 23.45

Table 4: PSNR (dB) of different p values for Barbara.png image.

p 0.01 0.1 0.7 0.8 0.9752 1 2 4 8
PSNR | 14.73 | 16.50 | 21.31 | 21.42 | 21.4819 | 21.4813 | 21.08 | 20.48 | 19.84

Table 5: PSNR (dB) of different p values for Mandrill.png image.

5 Conclusion

In this study, we investigated the use of the heat equation for image denoising and
demonstrated the existence of the optimal value of the thermal diffusivity p by solving
a nonlinear inverse problem. We also introduced a novel algorithm that combines deep
learning and Physics-Informed Neural Networks to determine the optimal p for each im-
age. To demonstrate the effectiveness of our proposed method, we conducted a numerical
simulation and compared the denoising results for three images using the optimal p* and
various other p values. Then, in Tables 3, 4 and 5, we present the PSNR values for each
p value, highlighting that the highest PSNR value occurs at the optimal p*. The results
of our study show that the optimal choice of thermal diffusivity p* plays a crucial role in
achieving the best image denoising performance. The combination of deep learning tech-
niques and Physics-Informed Neural Networks proves to be an effective and innovative
approach to determining this optimal value. Our numerical experiments demonstrate
that this method outperforms traditional techniques and offers a promising solution for
image denoising in various practical applications. For future research, we would like to
work with other types of noise, and we will focus on other models based on PDEs.
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