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Abstract: The primary objective of this paper is to develop a numerical approach for
solving a system of transport-diffusion equations. The proposed method is based on
Taylor polynomials, which are employed within a collocation method in the space
Sz(;11> (IIn,a) to approximate the solution of the corresponding Volterra integro-
differential equation. The convergence of the method is established, and numeri-
cal experiments are conducted to demonstrate its accuracy. This work contributes
to the field of system dynamics by introducing a new computational approach to
understanding and predicting the behavior of transport-diffusion systems. The Tay-
lor collocation method enables precise numerical approximations of these equations,
which is fundamental in modeling dynamic processes such as pollutant dispersion in
a moving fluid and thermal diffusion in engineered systems.
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1 Introduction
The transport-diffusion system is given by
Ou(t, ) +v(t) - Vu(t, z) — kAu(t,z) = g(t, z, u(t, x)) (1)

for all (t,z,u) € Rt x R x R%. This system is classified as a parabolic partial differen-
tial equation (for a mathematical analysis, see [8], which provided essential theoretical
foundations for the existence and uniqueness of the solution to this system). It is used
to model the process of transport and diffusion of a substance contained in a fluid, or a
property within a moving fluid.

Here, u represents the amount of the substance or the intensity of the property being
transported and diffused, v is the velocity vector of transport, & is the diffusion coefficient
(a positive constant), and g is the source or reaction term. This equation has applications
in various fields, including the analysis of dynamical systems and atmospheric problems
such as air pollution. It can also model water pollution problems in seas and other
aquatic systems.

In the study of this equation, two main cases arise depending on the value of g. The
first case is when g = 0. Many researchers have studied this case numerically in the
domain 0 < z < L under initial and boundary conditions, using different numerical
methods such as the compact finite differences method of sixth order |7] and B-spline
exponential collocation method |10]. The second case is when g # 0. Many researchers
have investigated this scenario. In [1], Alhumaizi analyzed a convection-diffusion system
with reaction using various standard reduction techniques. In [9], Liu presented a nu-
merical analysis of a diffusion-migration (transport) model with a reaction describing the
interaction between prey and predator in one-dimensional space under periodic boundary
conditions.

The main goal of this paper is to resolve the system of transport-diffusion equations in
a one-dimensional domain under initial conditions using an algorithm based on the Taylor
collocation method. This method is known for its powerful performance in solving differ-
ential, integral, and integro-differential equations numerically (see, for example, [2,3,5]).
Recently, a Taylor-based numerical framework was proposed for delay Volterra integral
equations with mixed kernels and spatial variables, demonstrating high accuracy and re-
liable convergence properties [11]. Motivated by these results, the present work extends
the Taylor collocation strategy to the case of proportional-delay Volterra equations.

The paper is organized as follows. In Section 2, we will pose the problem and convert
it to a Volterra integro-differential equation of the second kind. In Section 3, we will
approximate the solution of the Volterra integro-differential equation. We will also ex-
plore the convergence analysis and its order for the Volterra integro-differential equation.
Section 4 will present a numerical example to illustrate the theoretical results. Finally,
we will conclude with a summary of our research and prospects for further study.

2 Statement of the Problem

Consider the following system of transport-diffusion equations:

Ou(t, x)
o

o(#) 6“22“”) _ 2 2;’2’ D) gt ultz), (ta) €D,
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where D = [0,T] x [0, X] C Rt x R and u = (u1,ug,...,uq)T € R? (here, « is a strictly
positive constant), subject to the initial conditions

w(0,2) = ug(x), u(t,0) = h(t), uo(0) = h(0), auéi;O) — 1),

Here, h,l,g € R? and v = diag(vy, v, ..., vq) is a diagonal matrix.
We assume that g(t, z,u(t,z)) is affine in the third variable, i.e.,

g(t, z,u(t,x)) = a(t,z) - u(t,x) + b(t, x),

such that a (reaction term) is a d x d matrix and b = (by,bo,...,bq)T represents the
vector source term.

Integrating twice both sides of from 0 to x with respect to the second variable
yields a system of two-dimensional Volterra integro-differential equation of the form

ult, x) = /0 ’ [5 - L (alt,s) - ult, s) + b(t, s))] ds + (Id - %v(t)) h(t) + @l(t)
+ 1 /01 {(m — s)w + v(t)ul(t, s)] ds,

K

then

u(t,z) = F(t,2) + % /0 ' {(x _s) (8“(825) ~alt, s) -u(t,s)) 4 v(t)u(t,s)] ds,  (2)

where

f(t ) = /Om i - Tb(t, s)ds + (Id - %v(t)) h(t) + 2l(t).

The functions f, a, and v are smooth, with f and a defined on D = [0, T]x[0, X] C R?,
and v defined on [0,7] C R.

3 Description of the Method
Let Iy = {t; | t; =th,i=0,1,...,N}and y = {x; | z; = jk, j =0,1,..., M} denote
the uniform partitions of the intervals [0, T] and [0, X], respectively, with step sizes given
by h = % and k = % These partitions define a grid for D:

HN,M =1y x I = {(tn,xm), 0<n<N,0<m< M}
We define the subintervals as follows:

Onp — [tn,tn+1), n = 0, ]., .. .,N — 2; ON—-1 — [tN—latN]a

5m:[$maxm+l)a m:O,l,...,M72; 51\/[—1:[5L'M—1axM}a

and we define Dy, ,, := 0y, X 0, foralln=0,1,..., N-1;m=0,1,...,.M — 1.
Moreover, let m,_1 represent the set of all real polynomials in R of degree not exceeding
p—1in ¢t and z. We define the real polynomial spline space of degree p — 1 as follows:

SV (M) = {a: Gm = alp,,, €704, n=0,...,N~1L;m=0,...,M —1}.
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Its dimension is dNMp?, which corresponds to the total number of coefficients of the
polynomials %y, forn =0,...,N—=1; m =0,..., M —1. To determine these coefficients,
we apply the Taylor polynomial on each rectangle.

First, we approximate u in the rectangles Dy o by the polynomials

p—1 L
1 9"u(0,0) ; -
— _ J .
H00(t0) = D a5 gpiggr 17 () € Doo, )
i+75=0
9"74(0,0) ity
here —————~ is the exact value of ——— at the point (0, 0).
v oo Ay Ot 0w point (0,0)
i+j
To obtain e we differentiate equation (2) j times with respect to x and ¢ times
x

with respect to t, considering three distinct cases.

o If j =0, then we have
9 u(t7x) _ 0 f(tax) + l/ 9 (’U(t) 'u<ta S))ds
0

ot o K ot

. i/ol(w g (azzﬁg s) ai(a(t,z)t;u(t,s))> is.

e If j =1, then we obtain
I tu(t,x)  OHf(tx) | 10 (v(t)ult,x))

otior  Otidx K ot
1 /x Itlu(t,s)  9'(alt,s) - ult,s)) s
& Jo otitl ot '

e If j > 2 then we find

otiulte)  otife) 10 (v0) T
otidxi  —  Otidxd P ot
1o = y(t,x) 10797 2(a(t,z) - u(t,x))
Kk OLt19zi-2 g otidxi—2 ‘

Second, we approximate u in the rectangles Dy, ,,,,n =0,..,.N =1, m=0,....,M —1
and (n,m) # (0,0), by the polynomials

p—1 it

_ ]- al+]un,m(tnaxm) 7 1

U, (t, ) = Zofj! T (t—tn)(z —xm)’ 5 (t,2) € Dpmy  (4)
itj=

where i, ,,, is the exact solution of the integral equation

m—1 ZTpt1 _
nnlte) = fitea) 2 50 [ o) (P ) 00 ) s
p=0 Y Zp

1 m—1 Tpt1 T
+ - V()T p(t, s)ds + | 0(t)iim(t, s)ds ()
(51 / )

=

m

+ /xm (z — 5) (W —alt,s) - tnm(t, 5)) ds.

x|
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To find %, we differentiate equation j times with respect to = and ¢ times with
respect to t, considering three different cases.

e If j =0, then we get

Oy m (t, ) _ o'f(t, ) n /”” x—s <8i+1ﬂn,m(t,s) di(a(t, s) -ﬂn_,m(t,s))> ds

oti oti ok i+l oti
m—1 i1 — i _
1 To+l O, ,(t,s)  0'(alt,s) - tUn,,(t,s))
—|—;Z/z (a:—s)( P - o7 )ds
p=0 "%
m—1 i i
1 Tot1 98 (0(t) U, p(t, 8)) /g” 0" (V(t) i, m(t, s))
+ p (,; /a:p o ds + . o ds | .

e If j =1, then we get

O My (t,x) I f(tx) | 10 (0(t)in,m(t,x))

otiox T dtidx K ott
m—1 ; _ ; _
1 Tett (9, L(ts)  OY(alt, s) - Un,,(t, 8))
T ; /m ( o ot ) s
L [% (0T m(t,s) O (alt,s) - Gnm(t,s))
oo [ (Tt - e e o,

o If 7 > 2 then we get

S S 7 ajilﬁn,M(tvm)
Ot t) _ 0 f(ta) | 19 (007t

B0z otox K ot
l ('“)i‘”_lﬂn,m(t, gj) _ 1 6i+j_2(a(t, JI) . an,m (tv .’L'))
Kk OtH1oxi—2 K ot I =2 '

4 Study of the Convergence and the Error of the Numerical Method

This section will focus on studying the convergence of the method above and evaluating
its error. The following lemmas will be important in this analysis.

Lemma 4.1 (Taylor’s theorem for functions of two independent variables) Let f be
p times continuously differentiable on D = [0,a] x [0,b] and let (xo,y0) € D. Then for
all (z,y) € D, we have

p—1 .
_ z : 1 3”]][(33071/0) i j
f(xv y) - et Z'j' axlayj ((E - 1’0) (y - yO)

1 8i+jf(x1ayl)
+ Z iljl Oxioyd

(x = x0)"(y — v0)’,
i+j=p

where

{mzprrlotme oy

y1 =0y + (1 —0)yo € [0, 0],
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Lemma 4.2 (Discrete Gronwall-type inequality [6]) Let {k;}}_, be a given non-
negative sequence and the sequence {e,} satisfy eg < po and

n—1
en <po+ Y kigi, n>1,
1=0

with pg > 0. Then €, can be bounded by €, < pyexp (Z;L;()l kj) , n>1.

Lemma 4.3 Let f and v be p-times continuously differentiable on their respective
domains. Then, under the assumptions

Lk V4 /V24+26(1+ A)
k< mm{Z’ 2(1 1 A) }
_ V|| 8" . _ ; _ V|| 8" a S
where V = max{(r) o=, ©=0,..,p, 7=0, ...,z}, A= max{(r) |, 1=

0,...,p, =0,..., i}, there exists a positive number C(p) such that for alln =10,..., N —
1l,m=0,.... M—1andi+j=0,1,...,p, we have

< C(p),
L% (D)

ot U, ,m
OtiOxJ

where G o(t,x) = u(t,z) for (t,x) € Dy .

Proof. The proof follows from a more straightforward generalization of the tech-
niques applied in Lemma 5 of [4]. O
The following theorem will give the convergence of the presented method.

Theorem 4.1 Let f,a, and v be p times continuously differentiable on their respec-
b and defines a unique

tive domains. Assume that u € S;(>:1 (IIy,nm) in equations
approximate solution. Then the error function e = u — u satisfies the condition

lellzoe(py < C(h+ k)P,
C 1is a finite constant independent of h and k.

Proof. Define the error e(t,z) on Dy by €nm(t, ) = u(t,x) — Gy m(t,x) for all
ne{0,...,N—1}and m€{0,...,M —1}.
Claim 1. There exists a constant 3; independent of h and k such that [leg ol 1o (p,,) <
Bi(h + k)P.

Let (t,z) € Do, by using Lemma we obtain from that

1|0l ,,
Y i
leo,o(t, )] < Z i1 || 9t
i+j=p
Hence, by Lemma we have
C
oot )l < C2(h v by,

p!
~——
B1
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Claim 2. There exists a constant (5 independent of h and & such that [|e, m ||z~ D
Ba(h+k)P~tforalln=0,....N—landm=1,...,M — 1.
Let (t,x) € Dy, m, we have from that

nym) =

m—1 T

Jult, ) = dnn(t,2)] < c1k Y (10ren,pll + llenpl) + 62/ 10ru(t, 5) = Oytin,m(t, s)|ds

p=0 Em

te / lult, ) — @i (£, ) s,

m

(6)

where ¢y and ¢y are positive numbers.
On the other hand, by differentiating (5)) with respect to t, we have, for x # x,,,

/w (x — 5)(Oeul(t, s) — Oplin,m(t,s))ds = w(u(t, ) — tpnm(t,x))

m

+ /I ((x — s)a(t, s) — v(t))(ult,s) — Unm(t,s))ds

m

m—1 ez,
s / (& — $)(Dpult, 5) — Dyiimp(t, 8)) + 0(t) (u(t, 5) — (¢, ))ds.
p=0 " Tp

Hence
m—1
3|0 — Optin | < Kllu — g | + keal|u — nm || + kes Z ([10eenpll + llenol)
p=0
then
—1
~ K+ kea . kes s
[[Oru — Oyl m|| < - [ = tn,m || + . > l0ven,pll + llenol)- (7)
p=0

If x = z,,,: by differentiating with respect to t, we obtain

m—1
k‘C6

011 = Bl < 503 (1Bhen ] + ) ®
p=0
using and , we get
) K+ ke R e
90t = Byt ] < (7 )= | - R 3 (gl + llen,l), (9)
p=0

where c3, ¢4, ¢5 and cg are positive numbers and c¢7 = k(2 + ).
Then, from (6) and (9)), we have

m—1
e = @ | + 105 = Dot | < Kler + e7) D (10sen,pll + llenoll)
p=0

. 1 Xec R
+ X | 04w — Byt || + (cQX +—+ —4) [t = G|,
C3 KRC3



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 26 (2) (2026) 145

denote by cg = max{c2 X, o X + é + %}, then

)

[t = i, || + |G —

+ cs(flu — un,mll + 10¢u — Ot )
Hence

Cl+C7k

[w = tnmll + 10cu — Optin | <

m—1
Z ”aten,pH + Hen,p D?
p=0

\_\,_/

C9

and by Lemma, we deduce that

||aten,m|| + ||en,m|| < [|0pu — atﬁn’mH + ||6tan,m — Ot + Jlu — 7ln,m” + ||ﬁn’m —al

m—1

C(p T+ X _

< cab 3 (100l + lenpl) + ot (T2 4 1) oy
p=0 ’

Using Lemma we obtain

C T+X
iensnl + lenanll < (220 (T2

p
B2

+ 1) exp(coX)(h + k)Pt

This implies that for alln =0,.... N—1land m=0,...., M — 1,
[en,ml < B(h+ k)p_l

where § = max{f1, 52}
Thus, the proof of Theorem [.1]is completed. O

5 Numerical Example

In this section, we will examine the practical application of the method discussed in
detail in the previous sections to solve a transport-diffusion system. The calculations
were performed using Maple 17 running under Windows 7 on a computer equipped with
an Intel Core i7-2630QM CPU @2.00 GHz and 8,00 Go of RAM.

Example 5.1 Consider the linear two-dimensional Volterra integro-differential sys-
tem of two equations

ui(t,z) = fi(t,z) + % fom(m —5) (5U1({§:,8) + 3t2suq (t, 8) — In(2)t%ua(t, s)) +

e Pui(t, s)ds

uz(t,z) = fo(t, o)+ 3 [ (x—s) (3?126(;‘,8) —t3etuy (t, 8) — (t+ s)ual(t, s)) +

+t3usa(t, s)ds
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for t,x € [0,1], where fi(t,z) and fa(¢,z) are chosen so that the exact solution is
(u1(t, ), ua(t,z)) = (t*sin(—2?), —t3cos(z)). We can easily show that this system of
equations is equivalent to the following transport-diffusion system:

6“13(5’””) +et’ 8“19(;’:”) - 332%1;5’1) = —3t2zu (t, z) + In(2)t2us(t, x) — 3762]330(3’93)
2 2
Pt POl 30t = e tuy () + (¢ + @)ua(t,x) — 355

with the initial conditions uy (0, 2) = uy (t,0) = 220 — 0 yy(0,2) = 220 — ( and

ua(t,0) = —t3. The numerical results for p = 3 and (N, M) = (5,5), (10, 10) of the Taylor
collocation method are shown in Table [

N=M-=5 N=M=10

(t,z) el e2 el €2

(0,0) 0 0 0 0
(0.1,0.1) 9.99¢ — 07 9.95e—04 | 1.13e — 08 3.67¢ — 08
(0.2,0.2) 1.48¢ —06 1.96e —06 | 5.84e — 07 7.80e — 07
(0.3,0.3) 2.39e —04 5.54e—04 | 5.30e — 06 3.70e — 06
(0.4,0.4) 7.98e — 05 3.15e —05 | 2.53e — 05 9.52e — 06
(0.5,0.5) 1.64de — 03 4.22e — 04 | 8.48¢ — 05 1.39e — 05
(0.6,0.6) 7.3le— 04 3.09¢ — 05 | 2.26e — 04 7.26e — 06
(0.7,0.7) 4.90e —03 6.83e —04 | 5.08¢ —04 1.45e¢ — 04
(0.8,0.8) 3.29¢ —03 1.23e—03 | 9.87e — 04 6.94e — 04

(0.9,0.9) 8.14e — 03 4.99¢ — 03 | 1.66e — 03 2.49e — 03
CPU time/sec 20.43 s 654.18s

Table 1: Comparison of the absolute errors in Example

6 Conclusion

This work presents a method for solving the transport-diffusion equation using the Taylor
collocation method. This approach effectively approximates solutions to Volterra integro-
differential equations, and a thorough analysis of the proposed method’s convergence
properties has been conducted.

The numerical experiments demonstrate the efficacy of the Taylor collocation method
in solving the transport-diffusion system, even in the presence of reaction terms. These
results confirm the method’s utility in this context and highlight its potential for appli-
cations in other fields involving the spread of pollutants in a moving fluid or thermal
diffusion in engineered systems in modeling dynamic processes, transport, and diffusion
processes, such as environmental and atmospheric modeling.

Future research will aim to extend this approach to more complex systems and higher-
dimensional domains. Additionally, the effect of various boundary conditions on the
convergence and accuracy of the numerical solutions will be investigated.
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