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On Chaotification and Stabilization of Zeraoulia-Sprott

Map

Mamoune Aidel 1∗ and Elhadj Zeraoulia 2

1 University Larbi Ben M’hidi, Oum El Bouaghi, Algeria.
2 University Larbi Tebassi, Tebessa, Algeria.
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Abstract: This paper explores the stabilization of chaotic dynamics in the Zeraoulia-
Sprott (Z-S) map using both feedback and non-feedback control strategies. By lever-
aging the stability theorem for discrete systems and the principle that lower energy
correlates with greater stability, we systematically investigate the transition from
chaos to periodic behavior. The study compares the effectiveness of feedback-based
stabilization techniques with a minimum energy approach, analyzing their impact
across different periodic orbits and dimensions. Numerical simulations validate the
proposed methods, demonstrating their feasibility and efficiency in controlling chaos
within the Z-S system. These findings contribute to a broader understanding of chaos
suppression in discrete nonlinear systems and offer practical insights into their control
applications.

Keywords: discrete dynamical systems; Zeraoulia-Sprott map; chaos control; chao-
tification; stabilization; feedback control; minimum energy control.

Mathematics Subject Classification (2020): 39A33, 39A05, 93-03, 39A70.

1 Introduction

Nonlinear dynamical systems are essential in many scientific and engineering fields, where
discrete-time models can exhibit chaotic behavior, with applications in secure communi-
cation, cryptography, neural networks, and control theory. The Zeraoulia–Sprott (Z-S)
map, a simple yet complex 2D rational mapping, shows diverse dynamics—periodic,
quasi-periodic, and chaotic—making it a valuable model for studying stability and con-
trol [1].

∗ Corresponding author: mailto:smamoune.aidel@univ-khenchela.dz
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Chaotic maps are key in nonlinear dynamics for understanding bifurcations, attrac-
tors, and stability in discrete systems. Recent studies on the Z-S map emphasize its
high sensitivity to initial conditions and structural complexity [2], creating challenges for
stability in practical uses. Control strategies, such as perturbation methods [3], stability
criteria [4], and adaptive control [5,13,14,15,16], aim to regulate these behaviors, while
chaotification has been explored for beneficial uses in coupled map lattices [6]. Despite
applications like encryption [13], stabilizing chaotic maps, especially at p-periodic orbits,
remain a crucial research focus [7].

The snap-back repeller theory is a common tool for analyzing discrete chaotic systems,
offering criteria for chaos detection and control design [8–10]. Stabilization methods,
both feedback and non-feedback, have proven effective for maps like the Hénon map
[12]. This study applies these approaches to the chaotic Z-S map, targeting various
periodic orbits. Using stability theorems and the principle linking lower energy states
to greater stability, we evaluate and compare both methods through extensive numerical
simulations, assessing their feasibility and potential applications.

The paper is organized as follows. After the Introduction, Section 2 examines the sta-
bility and instability regions of the system and studies how chaotification occurs within
the stable region. Sections 3 and 4 focus on the unstable regions and develop a feedback
control strategy to achieve stabilization. Section 5 presents numerical simulation for se-
lected parameter values. Finally, Section 6 introduces a non-feedback (minimum energy)
control approach for stabilization, supported by additional numerical results, followed by
concluding remarks.

2 Problem and Formulation

The Z-S system is defined by the following recurrence: xk+1 =
−axk

1 + y2k
,

yk+1 = xk + byk.
(1)

The system has several behaviors depending on the values of the parameters
(a, b) according to G. Chen et al. [2].

Condition |a| |b|
1 < 1 < 1 : global asymptotic stability
2 < 1 > 1 : unbounded solutions
3 > 1 < 1 : nontrivial global attractor
4 > 1 > 1 : unbounded solutions

Table 1: Stability conditions based on parameters a and b.

In this paper, we will study the system behavior in the zone Ω defined
by
{
(a, b)) ∈ R2/ |a| < 1, |b| < 1

}
and

{
(a, b)) ∈ R2/ |a| > 1, |b| < 1

}
.

2.1 Chaotification of Z-S system

F

(
x
y

)
=

 −ax

1 + y2

x+ by

 .
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According to [2], the system is stable for a ∈] − 1, 1[, b ∈] − 1, 1[; we will chaotify it
using the theorem from [10].

Theorem 2.1 Consider the n-dimensional controlled system

Xk+1 = Xk + Uk (mod 1), (∗)

where the controller is given by Uk = cXk − F (0).
If F is continuously differentiable and ∥F (X)∥ < m for ∥X∥ < 1 and some positive

constant m, then by choosing |a| > 2m +
√
n such that all eigenvalues of (DF (0) +

cE)′(DF (0) + cE) exceed 1, and |a| is suitably large, the controlled system (∗) will be
chaotic in the sense of Li–Yorke.

If F is smooth and bounded, and a and c are chosen to satisfy certain eigenvalue and
magnitude conditions, the controlled n-dimensional system becomes Li–Yorke chaotic.

2.1.1 Application

• F is C1 with DF (X) =

 −a

1 + y2
2axy

1 + y2

1 b

 , ∥F (X)∥ ≤
√
5.

• Choosing |c| = 6 > 2
√
5 +

√
2 gives DF (0) + cE =

(
−a+ 6 0

1 b+ 6

)
with the

eigenvalues

λ1,2 =
1

2

(
d±

√
f
)
,

d = 12a− 12b+ a2 + b2 + 73

f = (a2 + 2ab+ b2 + 1)(a2 − 2ab− 24a+ b2 + 24b+ 145).

• For (a, b) ∈ (−1, 1)2, λ1 > 1 and λ2 > 1, hence the systemx(k + 1) =
−axk

1 + y2k
+ 6xk (mod 1),

y(k + 1) = xk + byk + 6yk (mod 1)

is chaotic.

Numerical application. The system

 xk+1 =
−0.5xk

1 + y2k
,

yk+1 = xk + 0.5yk

(2)

is stable and admits the origin as a stable fixed point.
According to the theorem above, the systemxk+1 =

−0.5xk

1 + y2k
+ 6xk (mod 1),

yk+1 = xk + 0.5yk + 6yk (mod 1)

(3)

is chaotic.
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Figure 1: Phase spaces and evolution (x, k), (y, k)

Figure 2: Chaotification.

3 Study of the Stability

Theorem 3.1 If there exists at least one eigenvalue of the Jacobian matrix of the
fixed point of one period greater than 1, the fixed point is unstable.

The system has three fixed points:
(0; 0) ,

(
(1− b)

√
−1− a;

√
−1− a

)
,
(
(b− 1)

√
−1− a;−

√
−1− a

)
.

3.1 Stability analysis

Fixed point (0, 0): For a < −1 and −1 < b < 1,

DF(0,0) =

(
−a 0
1 b

)
, λ(DF ) = (−a, b), |−a| > 1.

Hence (0, 0) is unstable in Ω.

Fixed point
(
(1− b)

√
−1− a,

√
−1− a

)
:

DF(x∗,y∗) =

(
1 2(b−1)(a+1)

a
1 b

)
, λ1,2 =

1 + b±
√

(b−1)(7a+ab+8)
a

2
.

• If 7a+ ab+ 8 > 0: λ1 > 1 for a > −1, λ2 > 1 has no solution in a < −1.

• If 7a+ ab+ 8 < 0: Eigenvalues are complex conjugates; |λ1,2| > 1 if a < −2.
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4 Stabilizing Periodic Orbits of Z-S Map by Feedback Method

We consider the predictive control method with state feedback when the trajectory is
near the fixed point. T. Ushio and S. Yamamoto [17] proposed, in this case, an alternative
to the original method of Pyragas.

Supposing the system Xk+1 = f(Xk, Uk), Ushio and Yamamoto [17] propose a se-
quence in the form

Uk = K (f(Xk, o)−X∗)⧸X∗ = (x∗, y∗) (4)

if it is desired that control be applied in an area such as

|Xk −Xk−1| < ε. (5)

With ε being a positive enough number, the control will be determined as follows:

Uk =

{
K (f(Xk, o)−X∗) if |Xk −Xk−1| < ε,

o otherwise.
(6)

4.1 Appliying the control law around fixed point (0, 0)

The control system is defined as follows: f(Xk, 0) = f(Xk) with the vector

Uk =

(
u1
k

u2
k

)
=

 K

(
−axk

1 + y2k
− 0

)
0 (xk + byk − 0)

 . (7)

The system admits the origin as a fixed point, the gain K is chosen such that this
fixed point becomes stable. We have xk+1 =

−axk

1 + y2k
+ u1

k

yk+1 = xk + byk + u1
k

⇒

 xk+1 =
−axk

1 + y2k
+K

(
−axk

1 + y2k

)
yk+1 = xk + byk.

(8)

We linearize the system around the origin Df (0, 0)) =

(
(1 +K) (−a) 0

1 b

)
with

the eigenvalues −a − Ka, b, |b| ≺ 1, |(1 +K) (−a)| < 1. The system is stable if −1 <
a(1 +K) < 1.

5 Numerical Simulation

Case a = −7, b = −0.1. All three fixed points are unstable; the bifurcation diagram
and a positive Lyapunov exponent indicate chaos. Choose a scalar gain K so that
−1 < 7 + 7K < 1 gives

K ∈
(
− 8

7 ,−
6
7

)
≈ (−1.14,−0.85),

which places both closed-loop eigenvalues inside the unit disk, ensuring local stabilization
of the targeted fixed point. For example, with K = −1.1 and control

Uk =

−1.1
−10xk

1 + y2k
0

 ,
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the uncontrolled system xk+1 =
7xk

1 + y2k
,

yk+1 = xk − 0.1 yk

is stabilized under the chosen feedback.

Figure 3: Zerraoulia-Sprotts
attractor for a = −7, b = −0.1.

Figure 4: Synchronization
(k, y).

The system under control is xk+1 =
7xk

1 + y2k
− 1.1

(
7xk

1 + y2k

)
,

yk+1 = xk − 0.1yk.
(9)

Figure 5: Stabilization (k,x), (k,y) and the control.

Around the fixed point
(
(1− b)

√
−1− a;

√
−1− a

)
= (x∗; y∗), xk+1 =

−axk

1 + y2k
+ k

(
−axk

1 + y2k
− x∗

)
,

yk+1 = xk + byk + 0(xk + byk − y∗),

Df (x∗; y∗) =

(
1 + k

2(1 + k)(b− 1)(1 + a)

a
1 b

)
.

For a = −7, b = −0.1, the three fixed points are unstable. From the bifurcation
diagram and the fact that one of Lyapunov’s exponents is positive, the system is chaotic.
We now calculate the gain K:

−1 < 7 + 7K < 1 =⇒ −1.14 < K < −0.85.
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When K belongs to this interval, the control system admits two eigenvalues less than
1, so the fixed point is surely stable. We take K = −1.1. The control is

Uk =

(
u1(k)

u2(k)

)
=

−1.1

(
−10xk

1 + y2k

)
0

 .

The uncontrolled system is xk+1 =
7xk

1 + y2k
,

yk+1 = xk − 0.1yk.

Figure 6: Zeraoulia–Sprott attractor.

Figure 7: Zeraoulia-Sprott attractor for a=-10,b=-0.5 and the evolution (k,x) (k,y).

We take K = −0.9. The system under control becomes xk+1 =
10xk

1 + y2k
− 0.9

(
10xk

1 + y2k
− 4.5

)
,

yk+1 = xk − 0.5yk + 0(xk − 0.5yk − 3).
(10)
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Figure 8: Stabilization (k,x), (k,y) and control.

6 Stabilizing Periodic Orbits of Z-S Map by Minimum Energy Method

For discrete chaotic systems, stabilizing high-periodic orbits with feedback is difficult
due to the large gains required. Instead, we propose a non-feedback method for the
Zeraoulia–Sprott map: by reducing the generalized energy (Lyapunov function) below a
chosen threshold Em < Eav, the system can be driven to periodic orbits.

6.1 Application of the method around unstable fixed point (0,0)

The system is defined by the recurrence xk+1 =
−ax

1 + y2k
yk+1 = xk + byk

⧸ (a, b) ∈ (Ω) . (11)

From the diagram below, we can notice the areas that can be chaotic.

Figure 9: Bifurcation diagram (em, x).

We take as an example a = −10, b = −0.1, x0 = 0.1, y0 = 0.1. The chaotic behavior
was confirmed by Lyapunov’s exponent.

The Control.

We chose as a function of Lyapunov E (x, y) =
1

a2
(
x2 + y2

)
. The average value of E
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for 100000 iterations is equal to 6.4485, now we will apply the control
Ek = 0.01

(
x2
k + y2k

)
,

xk+1 =
10xk

1 + y2k
,

yk+1 =
∼
yk

(12)

as

∼
yk =


xk − 0.1yk , Ek < Em,

−
√

Em − x2
k, Ek ≥ Em et

∼
yk < 0,√

Em − x2
k, Ek ≥ Em et

∼
yk ≥ 0.

According to the diagram, we distinguish the zone where the system has periodic
unstable orbits, we will apply the method to make these orbits stable. We chose some
samples: em=0.1 (7 periods), em=0.67 (14 periods), em=1.18 (14periodes), em=2.56 (22
periods), em=3.8 (15 periods).

Figure 10: Different types of stabilisation.

Although E ≤ Em is not always maintained, simulations show that the pro-
posed method can stabilize the Z-S map at various p-periodic orbits by adjusting
Em ∈ [0, 6.4485]. Control starts at n = 60 and works for both low- and high-periodic
orbits, with iteration costs ranging from ≈ 10 (1-periodic) to ≈ 30 (7-periodic).

7 Conclusion

This study examined the stabilization of the chaotic Zeraoulia-Sprott (Z-S) map using
feedback and non-feedback control methods. By applying the stability theorem for dis-
crete systems, we demonstrated the effectiveness of both approaches in directing the
system toward periodic orbits. Numerical simulations confirmed the feasibility of these
techniques, highlighting their potential for controlling chaos in nonlinear discrete sys-
tems. Future research may explore extensions to higher-dimensional maps and adaptive
control strategies.
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Abstract: This paper proposes some new 4D fractional-order hyperchaotic Rabi-
novich systems with Caputo derivatives. Using an exhaustive computer search, 20
simple hyperchaotic systems are found according to system parameters, initial condi-
tions, and fractional-order derivatives of the 4D fractional-order Rabinovich system.
These 20 systems are listed in this paper, and based on the Lyapunov exponents, the
basic dynamical behaviors of these 20 systems have been investigated. By designing
linear and nonlinear feedback controllers, the problems of local and global asymp-
totic stabilization are investigated for the first system of the proposed hyperchaotic
systems. Furthermore, the numerical simulations show the feasibility and the effec-
tiveness of the results.

Keywords: fractional-order derivative; hyperchaotic Rabinovich system; Lyapunov
exponents; feedback controller.
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1 Introduction

Hyperchaos, characterized as a chaotic system with at least two positive Lyapunov ex-
ponents, has attracted many researchers due to its potential applications in science and
engineering, such as neural networks, generation, control, synchronization, secure com-
munications, lasers, image encryption [15], and so on. The hyperchaotic system is a
higher dimensional chaotic system; its dynamics are richer and more extended in the
phase plane, it has more complex behavior and abundant dynamics than chaotic sys-
tems.
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Historically, hyperchaos was first described by Rössler in 1979 as a model of a par-
ticular chemical reaction. After that, many hyperchaotic systems have been studied,
including the Lorenz system, Rabinovich system, and Chua system [3,4], among others.

Nonlinear dynamical systems exhibit unpredictable characteristics due to the dis-
proportionate interactions that exist among their variables (inputs and outputs). The
exploration of nonlinear dynamics contributes significantly to a more profound under-
standing, modeling, prediction, and control of the behaviors exhibited by complex sys-
tems that manifest in both natural and engineered systems. Nonlinear dynamics with
their interdisciplinary applications can be found in almost every area of scientific research,
such as physics, economics, and biology [8]. Chaos, as a dynamical behavior, is one of the
most extensively studied topics in nonlinear dynamics in recent years. Comprehending
chaos and nonlinear dynamics not only improves knowledge but also provides tools to
find creative solutions to real-world phenomena.

Fractional-order calculus is a branch of applied mathematics that deals with differen-
tiation and integration under an arbitrary order of these operations. In recent decades,
fractional calculus has been a fruitful field of research, and it has been applied to almost
every field of mathematics, science, engineering, and technology. During the last few
years, fractional calculus and its applications have been undergoing rapid development,
with more and more convincing applications in the real world. In fact, many applications
of fractional calculus can be found in physics, signal processing, science and engineering,
and many other domains (see e.g. [9] as well as the references therein). Fractional-order
systems are closer to real-world phenomena due to their efficacy in modeling the memory
and heredity properties of some phenomena [1].

A variety of fractional-order chaotic systems have been extensively investigated in
the literature, for example, the fractional-order Lorenz, Chua, Chen, and Rabinovich
systems, as well as systems exhibiting hidden dynamics, hyperchaotic behavior, and
multi-scroll attractors [4, 14].

Many scientists and engineers have discovered the valuable applications of fractional-
order chaos in many fields of science such as engineering, physics, mathematical biology,
and psychology [12].

The Rabinovich differential system was first introduced as an important physical sys-
tem in [10]. It is a nonlinear dynamical system recognized for displaying complex behav-
iors, including chaos and hyperchaos. Fractional-order chaotic Rabinovich systems have
demonstrated significant potential across various advanced technological domains, in-
cluding secure communication and cryptography, signal processing, artificial intelligence
and machine learning, as well as the modeling of complex systems exhibiting memory-
dependent dynamics [2]. Liu et al. [7] proposed a new 4D hyperchaotic system, which is
generated via adding a controller to the 3D Rabinovich system, and studied its funda-
mental dynamics.

He and Chen in [4] proposed a 4D fractional-order hyperchaotic system and inves-
tigated its stability, hyperchaos, control of chaos, and synchronization for fixed system
parameters (a = 4, b = 1, h = 6.75, d = 1, k = 2) and fixed initial conditions
(5.5,−1.25, 8.4, 2.75) .

This paper proposes new 4D fractional-order hyperchaotic Rabinovich systems ac-
cording to varied system parameters, initial conditions, and fractional-order derivatives.
We also develop linear and nonlinear feedback controllers to address the problems of local
and global asymptotic stability for the first system of these proposed systems.

The rest of this paper is organized as follows. Section 2 presents some preliminaries
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such as Caputo’s fractional-order derivative and the theory of fractional-order nonlin-
ear dynamical systems. Section 3 describes the proposed fractional-order hyperchaotic
Rabinovich systems. Section 4 analyzes the stability and hyperchaos of these proposed
systems. Section 5 investigates the local and global asymptotic stabilization problems for
the first system of the proposed hyperchaotic systems by designing linear and nonlinear
feedback controllers, respectively. In the end, the conclusions are drawn in Section 6.

2 Preliminaries

2.1 Caputo fractional derivative

Among several fractional-order derivative approaches considered in the literature, Ca-
puto’s approach has the feature that the initial conditions for fractional differential
equations take on the same form as for integer-order differential equations. Due to
this feature, the Caputo fractional derivative is perfect for use in real applications. The
reader can refer to [11] for more details.

Definition 2.1 The α-th order Caputo fractional derivative of function f (t) with
respect to t and the terminal 0 is given by

0D
α
t f =

dαf (t)

dtα
=

1

Γ (m− α)

t∫
0

f (m) (τ)

(t− τ)
α+1−m dτ,

where m is an integer such that m−1 ≤ α < m, and Γ is a well-known Gamma function.

2.2 Stability of the fractional-order nonlinear dynamical system

We define the Caputo fractional-order nonlinear dynamical system as follows:

CDαxi = fi (x1, x2, ..., xn) ,
(
i = 1, n, 0 < α < 1

)
. (1)

We obtain the equilibrium points of the system (1) via solving the system
fi (x1, x2, ..., xn) = 0,

(
i = 1, n, 0 < α < 1

)
.

To study the stability of the system (1), the following theorem is crucial.

Theorem 2.1 [5] System (1) is asymptotically stable if all the eigenvalues λi, i =
1, n, of the Jacobian matrix J calculated at the equilibrium point of the system (1) satisfy
the condition

|arg (λi)| > α.
π

2
,
(
i = 1, n, 0 < α < 1

)
,

where the Jacobian matrix is defined as

J =
∂f

∂x
, f = (f1, f2, ..., fn)

T
, x = (x1, x2, ..., xn)

T
.

Theorem 2.2 [5] Let x (t) ∈ Rn be a vector of continuous and differentiable func-
tion, then the inequality

1
2

C

a
Dq

tx
T (t)x (t) ≤ xT (t)Dq

tx (t) holds.

Theorem 2.3 [5] The equilibrium point of system (1) is stable if for each x,

x (t)
T
f (x (t)) ≤ 0, and it is asymptotically stable if ∀x ̸= 0, x (t)

T
f (x (t)) < 0.
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3 New Fractional-Order Hyperchaotic Rabinovich Systems

He and Chen [4] proposed a 4D fractional-order hyperchaotic Rabinovich system as fol-
lows: 

Dα1x = hy − ax+ yz,
Dα2y = hx− by − xz + w,
Dα3z = −dz + xy,
Dα4w = −ky,

(2)

where Dαi denotes the derivatives of order αi, (0 < αi < 1, i = 1, n) in the sense of
Caputo, with fixed system parameter (a, b, d, h, k) = (4, 1, 1, 6.75, 2).

The stability and hyperchaos of the system (2) with the fixed system parameter were
analyzed by He and Chen in [4]. They showed that the origin is the only equilibrium
point and it is unstable. Also, they demonstrated that there is a hyperchaotic behavior
for the system (2) with varying fractional order α.

The authors propose new 4D fractional-order hyperchaotic Rabinovich systems ac-
cording to different system parameters and different initial conditions.

Twenty 4D fractional-order hyperchaotic Rabinovich systems are introduced and
listed in Table 1 as FE1 − FE20.

4 Stability and Hyperchaotic Behaviors of Proposed Systems

This section studies the dynamical behaviors of the new hyperchaotic proposed systems
FE1 − FE20, including equilibria, stability, and hyperchaos.

4.1 Equlibria

In order to obtain the equlibrium points of systems FE1 − FE20, we must have
hy − ax+ yz = 0,
hx− by − xz + w = 0,
−dz + xy = 0,
−ky = 0.

By calculation, we get that
(
∗
x,

∗
y,

∗
z,

∗
w
)
= (0, 0, 0, 0) is the only equilibrium point for

all systems FE1 − FE20.

4.2 Stability

The Jacobian matrix of the system (2) is given by

J =


−a h+ z y 0

h− z −b −x 1
y x −d 0
0 −k 0 0

 .

The characteristic equation |J − λI| = 0 at the equilibrium point (0, 0, 0, 0) is

(λ+ d)
[
λ3 + (a+ b)λ2 +

(
ab+ k − h2

)
λ+ ak

]
= 0.
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For all systems FE1 − FE20 ( see Table 1), we have

min
1≤i≤4

|arg (λi)| = |arg (λ1)| = |arg (λ2)| = 0 < α.
π

2
(0 < α < 1) .

According to Theorem 2.1, the equilibrium points (0, 0, 0, 0) are unstable for all sys-
tems FE1 − FE20.

4.3 Hyperchaos of the new proposed systems

We have used an exhaustive computer search by Matlab tools, considering combinations
of the system parameters, fractional orders, and initial conditions to find the cases in
which the Rabinovich system (2) shows hyperchaotic dynamics. Twenty simple examples
FE1 − FE20 are found in this way.

All the cases have the origin as the only equilibrium point. For each case that is
found, there are two positive Lyapunov exponents (≥ 0.001), which implies that this
cases are hyperchaotic systems.

The Kaplan-Yorke dimension [6] is an estimate of the fractal dimension based on the
spectrum of Lyapunov exponents of a chaotic system. Arrange the Lyapunov exponents
in order from largest to smallest LE1 ≥ LE2 ≥ ... ≥ LEn, let j be the largest index for

which

j∑
i=1

LEi ≥ 0 and

j+1∑
i=1

LEi < 0, then the Kaplan-Yorke ( Lyapunov) dimension is

defined as

DKY = j +
1

|LEj+1|

j∑
i=1

LEi.

The Lyapunov spectra (which are calculated by Wolf’s method [13]) and Kaplan-York
dimensions are listed in Table 1 along with system parameters, fractional orders, and
initial conditions.

The attractor dimensions of all cases FE1 − FE20 are just over 3.0, and the largest
of them is FE16 with DKY = 3.0847. In addition, Lyapunov exponents according to the
time of some proposed systems are shown in Fig.1.

The projections of the strange attractors in the xyz−space for the cases FE1−FE20

are shown in Fig.2.
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FE1 a = 4, b = 1, d = 1, λ1 = 4.1236 0.9 0.4843
h = 6.75, k = 2 λ2 = 0.2079 0.01015 3.0505

λ3 = −9.3315 −0.000
λ4 = −1 −9.7903

FE2 (0
.1
,0
,1
,0
.1
)

0.85 0.5784
0.1133 3.0574
0.0009

−12.0538
FE3 0.7 0.7732

0.0849 3.0392
−0.0019
−21.8128

FE4 a = 4, b = 1, d = 1, λ1 = 3.1019 0.99 0.2352
h = 6, k = 3 λ2 = 0.4522 0.0237 3.0395

λ3 = −8.5541 −0.0014
λ4 = −1 −6.5205

FE5 (1
,0
,1
,1
)

0.95 0.3149
0.0125 3.0422
0.000

−7.7631
FE6 0.9 0.3566

0.0033 3.0370
−0.0061
−9.5511

FE7 a = 2, b = 1, d = 1, λ1 = 3.2577 0.97 0.2331
h = 5, k = 2 λ2 = 0.0966 0.0025 3.0373

λ3 = −6.3543 −0.0588
λ4 = −1 −4.7335

(−
0
.5
,0
.5
,1
,0
)

Table1. New 4D fractional−order hyperchaotic Rabinovich systems.
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FE8 a = 4, b = 1, d = 1, λ1 = 2.4624 0.99 0.1511
h = 5, k = 1 λ2 = 0.2117 0.0594

λ3 = −7.6741 0.0021 3.0328
λ4 = −1 −6.4748

FE9 (0
.1
,0
,0
.1
,1
)

0.95 0.1827
0.0524 3.0310
0.0025
−7.6661

FE10 0.9 0.2173
0.0683 3.0303
0.0014
−9.4593

FE11 0.75 0.3198
0.0546 3.0217
0.0006

−17.2426
FE12 a = 4, b = 1, d = 2, λ1 = 4.3867 0.99 0.3367

h = 7, k = 2 λ2 = 0.1904 0.0269 3.0473
λ3 = −9.5771 −0.0006

λ4 = −2 −7.6700

FE13 (0
.1
,0
.1
,1
,0
.1
)

0.97 0.3784
0.0285 3.0486
−0.0000
−8.3725

FE14 0.95 0.4129
0.0285 3.0484
−0.000
−9.1221

FE15 0.85 0.6263
0.0054 3.0454
−0.0003
−13.8996

Table 1. (Continued.)
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FE16 a = 4, b = 1, d = 1, λ1 = 5.5329 0.99 0.5358
h = 8, k = 1 λ2 = 0.0682 0.0423 3.0847

λ3 = −10.6011 0.0013
λ4 = −1 −6.8434

FE17 (0
.1
,0
,1
,0
.5
)

0.95 0.6251
0.0530 3.0833
−0.0016
−8.1228

FE18 9 0.7695
0.0639 3.0827
−0.0012
−10.0625

FE19 0.8 1.1437
0.0692 3.0792
−0.0001
15.3143

FE20 0.7 0.6733
0.0109 3.0284
−0.0490
−22.38

Table 1. (Continued.)

Figure 1: Lyapunov exponents with respect to time for some proposed 4D fractional-order
hyperchaotic systems.
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Figure 2: Attractors for the proposed 4D fractional order Rabinovich systems in the xyz-plane
with initial conditions given in Table 1.
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5 Chaotic Control of the Fractional-Order Rabinovich System FE1

5.1 Linear feedback control

In this section, we study the chaotic control of system FE1 by using the linear feedback
control.

The linear controlled fractional-order Rabinovich system is as follows:

c
aD

β
t x = hy − ax+ yz − k1(x− x∗),

c
aD

β
t y = hx− by − xz + w − k2(y − y∗), (3)

c
aD

β
t z = −dz + xy − k3(z − z∗),

c
aD

β
t w = −ky − k4(w − w∗),

with the fractional order β = 0.9, and the parameters a = 4, b = 1, h = 6.75, d = 1,
k = 2. (x∗, y∗, z∗, w∗) = (0; 0; 0; 0) is the equilibrium point of system FE1 and k1, k2,
k3, k4 are four linear control parameters.

The Jacobian matrix J of system (3) at the equilibrium point (x∗, y∗, z∗, w∗) is

J (x∗, y∗, z∗, w∗) =


−a− k1 h+ z∗ y∗ 0
h− z∗ −b− k2 −x∗ 1
y∗ x∗ −d− k3 0
0 −k 0 −k4


and the corresponding characteristic equation for the parameters a = 4, b = 1, h = 6.75,
d = 1, k = 2 is

f(λ) =

∣∣∣∣∣∣∣∣
λ+ 4 + k1 −6.75 0 0
−6.75 λ+ 1 + k2 0 −1

0 0 λ+ d+ k3 0
0 2 0 λ+ k4

∣∣∣∣∣∣∣∣ = 0. (4)

We selected the control parameters k1, k2, k3 and k4 in such a way that all eigenvalus
λ of equation (4) should satisfy the condition |arg(λi)| > π > β.π/2 to stabilize system
(2).

5.1.1 Stabilization of the equilibrium point E

Lemma 5.1 System (3) is locally asymptotically stable at the equilibrium point
(0; 0; 0; 0) with the control parameters k1 = 2; k2 = 10; k3 = 1; k4 = 10.

Proof. Substitute the value of k1; k2; k3 and k4 into the characteristic equation (5),
we can get

f(t) =

∣∣∣∣∣∣∣∣
λ+ 6 −6.75 0 0
−6.75 λ+ 11 0 −1

0 0 λ+ 2 0
0 2 0 λ+ 10

∣∣∣∣∣∣∣∣ (5)

= λ4 + 29λ3 + 246.4375λ2 + 601.25λ+ 432.75 = 0,

and the characteristic roots of equation (5) are λ1 ≃ −15.4531, λ2 ≃ −10.1701, λ3 ≃ −2,
λ4 ≃ −1.3767.
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By Theorem 2.1, |arg(λi)| = π > (0.9).π/2, i = 1, 2, 3, 4, so the controlled fractional-
order Rabinovich system (3) is locally asymptotically stable at (0; 0; 0; 0) .

As depicted in Fig.3(a), the controllers are activated at t = 20s. The fractional
order Rabinovich system FE1 is hyperchaotic when t < 20s, and after activating the
controllers ( t ≥ 20), the state x (t) , y (t) , z (t) , and w (t) approaches the equilibium
point gradually; when t = 25, the system is controled entirely to the equilibrium point
(x∗, y∗, z∗, w∗) = (0; 0; 0; 0) .

If the controllers are activated at t = 30, Fig.3(b) shows that the fractional-order
Rabinovich system FE1 is hyperchaotic when t < 30s, and it is controlled entirely to the
equilibrium point when t = 35.

Figure 3: Stabilization of the fractional-order hyperchaotic Rabinovich system FE1 for k1 = 2,
k2 = 10, k3 = 1 and k4 = 10.

5.2 Nonlinear feedback control

By using the nonlinear feedback control method, we will enable the system (2) to achieve
the global asymptotical stability.

The nonlinear controlled fractional-order Rabinovich system is

c
aD

α
t x = hy − ax+ yz − U1, (6)

c
aD

α
t y = hx− by − xz + w + U2,

c
aD

α
t z = −dz + xy + U3,

c
aD

α
t w = −ky + U4,

where U1; U2; U3; U4 are the nonlinear controllers to be designed later.

Lemma 5.2 System (2) can achieve the global asymptotical stability under the con-
trollers

U1 = −k1x; U2 = −k2y; U3 = −k3 − z − xy; U4 = −k4w − y (7)

if and only if the conditions k1 > h2 − a; k2 > 3
2 − b; k3 > −d; k4 > k2

2 hold, where
k1; k2; k3; k4 are control parameters.

Proof. Choosing a positive definite Lyapunov function

V =
1

2

(
x2 + y2 + z2 + w2

)
(8)
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and applying Theorem 2.2 and the controllers (7), the fractional derivative of the Lya-
punov function (8) of the nonlinear controlled system (6) is obtained as

c
aD

q
tV ≤c

a Dα1
t x+c

a D
α2
t y +c

a D
α3
t z +c

a D
α4
t w

= x (hy − ax+ yz − U1) + y (hx− by − xz + w + U2)

+ z (−dz + xy + U3) + w (−ky + U4)

= x (hy − ax+ yz − k1x1) + y (hx− by − xz + w − k2y)

+ z (−dz + xy − k3z − xy) + w (−ky − k4w − y)

= − (hx− y)
2 −

(
a− h2 + k1

)
x2 −

(
b− 3

2
+ k2

)
y2

− (d+ k3) z
2 − 1

2
(y + kw)

2 − 1

2

(
−k2 + 2k4

)
w2,

where k1 > h2 − a; k2 > 3
2 − b; k3 > −d; k4 > k2

2 hold, the fractional derivative of the
Lyapunov function is negative definite (caD

q
tV < 0), according to Theorem 2.3, so the

controlled system (6) is globaly asymptotically stable.

Figure 4: Stabilization of the fractional-order hyperchaotic Rabinovich system FE1 for k1 =
45, k2 = 1, k3 = 0 and k4 = 10.

Fig.4 shows that with the parameters a = 4, b = 1, h = 6.75, d = 1, k = 2, q = 0.9 and
the control parameters k1 = 45, k2 = 1, k3 = 0, k4 = 10, the Rabinovich system FE1

is hyperchaotic if t < 20. After activating the controlers at t = 20, the system achieve
global stability gradually.

6 Conclusion

The paper proposed 20 new four-dimensional fractional-order hyperchaotic Rabinovich
systems with Caputo derivatives. Each system possessed a single equilibrium point lo-
cated at the origin, and the stability at this point was analyzed. Based on the computa-
tion of Lyapunov exponents, it was demonstrated that the proposed systems exhibited
hyperchaotic behavior under certain combinations of system parameters, initial condi-
tions, and fractional-order derivatives. The attractors, their dimensions, and the Lya-
punov exponents of selected systems were presented. Furthermore, the local and global
asymptotic stabilization problems for the first of the proposed hyperchaotic systems were
addressed through the design of linear and nonlinear feedback controllers, respectively.
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This study contributes to the development of theoretical research in chaos and con-
trol theory by introducing novel fractional-order hyperchaotic Rabinovich systems and
proposing an effective control strategy for system stabilization. Additionally, the results
suggest potential practical applications in areas such as secure communication systems,
modeling of memory-dependent materials (e.g., viscoelastic materials), and improved
modeling of anomalous diffusion processes in plasma dynamics. Future research may
further explore the dynamical properties and behaviors of these newly proposed hyper-
chaotic systems

References

[1] D. Baleanu, S. S. Sajjadi, J. H. Asad, A. Jajarmi and E. Estiri. Hyperchaotic behaviours,
optimal control, and synchronization of a nonautonomous cardiac conduction system. Ad-
vances in Difference Equation 2021 (1) (2021) 1–24.

[2] C. T. Deressa. On the chaotic nature of the Rabinovich system through Caputo and Atan-
gana–Baleanu–Caputo fractional derivatives. Advances in Continuous and Discrete Models
2022 (1) (2022), article number 66.

[3] Y. Ghettout, L. Meddour, T. Hamaizia, and R. Ouahabi. Dynamic Analysis of a New
Hyperchaotic System with Infinite Equilibria and Its Synchronization. Nonlinear Dynamics
and Systems Theory 24(2) (2024) 147–158.

[4] J. He and F. Chen. A new fractional order hyperchaotic Rabinovich system and its dynam-
ical behaviors. International Journal of Non-Linear Mechanics 95 (2017) 73-81.

[5] J. He and F. Chen. Dynamical analysis of a new fractional-order Rabinovich system and
its fractional matrix projective synchronization. Chinese Journal of Physics 56 (5) (2018)
2627–2637.

[6] J. Kaplan and J. York. Functional differential equations and approximations of fixed points.
Lecture Notes in Mathematics 730 (1979) 204–227.

[7] Y. J. Liu, Q. G. Yang and G. P. Pang. A hyperchaotic system from the Rabinovich system.
Journal of Computational and Applied Mathematics 234 (1) (2010) 101–113.

[8] E. Mosekilde. Topics in Nonlinear Dynamics: Applications to Physics, Biology and Eco-
nomic Systems. World Scientific, Singapore, (1996).

[9] S. Patnaik, J. P. Hollkamp and F. Semperlotti. Applications of variable-order fractional
operators: a review. Proceedings of the Royal Society A 476 (2234) (2020) 20190498.

[10] A. S. Pikovski, M. I. Rabinovich, and V. Y. Trakhtengerts. On set of stochasticity in
decay confinement of parametric instability. Soviet Journal of Experimental and Theoretical
Physics 47 (4) (1978) 715–719.

[11] I. Podlubny. Fractional Differential Equations. Academic Press, San Diego, 1999.

[12] M. S. Tavazoei. Fractional order chaotic systems: history, achievements, applications, and
future challenges. The European Physical Journal Special Topics 229 (2020) 887–904.

[13] A. Wolf, J. B. Swift, H. L. Swinney, and J. A. Vastano. Determining Lyapunov exponents
from a time series. Physica 16 (3) (1985) 285–317.

[14] F. Yu, S. Xu, Y. Lin, T. He, C. Wu and H. Lin. Design and analysis of a novel fractional-
order system with hidden dynamics, hyperchaotic behavior and multi-scroll attractors.
Mathematics 12 (14) (2024) 1–22.

[15] G. Zhao, H. Zhao, Y. Zhang and X. An. A new memristive system with extreme multista-
bility and hidden chaotic attractors and with application to image encryption. International
Journal of Bifurcation and Chaos 34 (01) (2024) 2450010.



Nonlinear Dynamics and Systems Theory, 26 (2) (2026) 138–147

Numerical Resolution of Transport-Diffusion Systems

via Taylor Collocation Method

A. Chettouh 1,2 and H. Laib 2,3∗

1Laboratory of Applied Mathematics and Didactics, Higher Normal School El Katiba Assia
Djebar, Constantine, Algeria.

2University of Abdelhafid Boussouf, Mila, Algeria.
3Higher Normal School Echeikh Mohamed Elbachir Elibrahimi, Algiers, Algeria.

Received: February 3, 2025; Revised: April 9, 2026

Abstract: The primary objective of this paper is to develop a numerical approach for
solving a system of transport-diffusion equations. The proposed method is based on
Taylor polynomials, which are employed within a collocation method in the space
S

(−1)
p−1 (ΠN,M ) to approximate the solution of the corresponding Volterra integro-

differential equation. The convergence of the method is established, and numeri-
cal experiments are conducted to demonstrate its accuracy. This work contributes
to the field of system dynamics by introducing a new computational approach to
understanding and predicting the behavior of transport-diffusion systems. The Tay-
lor collocation method enables precise numerical approximations of these equations,
which is fundamental in modeling dynamic processes such as pollutant dispersion in
a moving fluid and thermal diffusion in engineered systems.

Keywords: system of transport-diffusion equations; Volterra integro-differential
equation; collocation method; Taylor polynomials; error analysis.

Mathematics Subject Classification (2020): 35K15, 35R09, 65M70, 93A99.

∗ Corresponding author: mailto:hafida.laib@gmail.com

© 2026 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.ua138

mailto: hafida.laib@gmail.com
http://e-ndst.kiev.ua


NONLINEAR DYNAMICS AND SYSTEMS THEORY, 26 (2) (2026) 138–147 139

1 Introduction

The transport-diffusion system is given by

∂tu(t, x) + v(t) · ∇u(t, x)− κ∆u(t, x) = g(t, x, u(t, x)) (1)

for all (t, x, u) ∈ R+ × Rn × Rd. This system is classified as a parabolic partial differen-
tial equation (for a mathematical analysis, see [8], which provided essential theoretical
foundations for the existence and uniqueness of the solution to this system). It is used
to model the process of transport and diffusion of a substance contained in a fluid, or a
property within a moving fluid.

Here, u represents the amount of the substance or the intensity of the property being
transported and diffused, v is the velocity vector of transport, κ is the diffusion coefficient
(a positive constant), and g is the source or reaction term. This equation has applications
in various fields, including the analysis of dynamical systems and atmospheric problems
such as air pollution. It can also model water pollution problems in seas and other
aquatic systems.

In the study of this equation, two main cases arise depending on the value of g. The
first case is when g = 0. Many researchers have studied this case numerically in the
domain 0 < x < L under initial and boundary conditions, using different numerical
methods such as the compact finite differences method of sixth order [7] and B-spline
exponential collocation method [10]. The second case is when g ̸= 0. Many researchers
have investigated this scenario. In [1], Alhumaizi analyzed a convection-diffusion system
with reaction using various standard reduction techniques. In [9], Liu presented a nu-
merical analysis of a diffusion-migration (transport) model with a reaction describing the
interaction between prey and predator in one-dimensional space under periodic boundary
conditions.

The main goal of this paper is to resolve the system of transport-diffusion equations in
a one-dimensional domain under initial conditions using an algorithm based on the Taylor
collocation method. This method is known for its powerful performance in solving differ-
ential, integral, and integro-differential equations numerically (see, for example, [2,3,5]).
Recently, a Taylor-based numerical framework was proposed for delay Volterra integral
equations with mixed kernels and spatial variables, demonstrating high accuracy and re-
liable convergence properties [11]. Motivated by these results, the present work extends
the Taylor collocation strategy to the case of proportional-delay Volterra equations.

The paper is organized as follows. In Section 2, we will pose the problem and convert
it to a Volterra integro-differential equation of the second kind. In Section 3, we will
approximate the solution of the Volterra integro-differential equation. We will also ex-
plore the convergence analysis and its order for the Volterra integro-differential equation.
Section 4 will present a numerical example to illustrate the theoretical results. Finally,
we will conclude with a summary of our research and prospects for further study.

2 Statement of the Problem

Consider the following system of transport-diffusion equations:

∂u(t, x)

∂t
+ v(t)

∂u(t, x)

∂x
− κ

∂2u(t, x)

∂x2
= g(t, x, u(t, x)), (t, x) ∈ D,
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where D = [0, T ]× [0, X] ⊂ R+ × R and u = (u1, u2, . . . , ud)
T ∈ Rd (here, κ is a strictly

positive constant), subject to the initial conditions

u(0, x) = u0(x), u(t, 0) = h(t), u0(0) = h(0),
∂u(t, 0)

∂x
= l(t).

Here, h, l, g ∈ Rd and v = diag(v1, v2, . . . , vd) is a diagonal matrix.
We assume that g(t, x, u(t, x)) is affine in the third variable, i.e.,

g(t, x, u(t, x)) = a(t, x) · u(t, x) + b(t, x),

such that a (reaction term) is a d × d matrix and b = (b1, b2, . . . , bd)
T represents the

vector source term.
Integrating twice both sides of (1) from 0 to x with respect to the second variable

yields a system of two-dimensional Volterra integro-differential equation of the form

u(t, x) =

∫ x

0

[
s− x

κ
(a(t, s) · u(t, s) + b(t, s))

]
ds+

(
Id −

x

κ
v(t)

)
h(t) + xl(t)

+
1

κ

∫ x

0

[
(x− s)

∂u(t, s)

∂t
+ v(t)u(t, s)

]
ds,

then

u(t, x) = f(t, x) +
1

κ

∫ x

0

[
(x− s)

(
∂u(t, s)

∂t
− a(t, s) · u(t, s)

)
+ v(t)u(t, s)

]
ds, (2)

where

f(t, x) =

∫ x

0

s− x

κ
b(t, s) ds+

(
Id −

x

κ
v(t)

)
h(t) + xl(t).

The functions f , a, and v are smooth, with f and a defined onD = [0, T ]×[0, X] ⊂ R2,
and v defined on [0, T ] ⊂ R.

3 Description of the Method

Let ΠN = {ti | ti = ih, i = 0, 1, . . . , N} and ΠM = {xj | xj = jk, j = 0, 1, . . . ,M} denote
the uniform partitions of the intervals [0, T ] and [0, X], respectively, with step sizes given
by h = T

N and k = X
M . These partitions define a grid for D:

ΠN,M = ΠN ×ΠM = {(tn, xm), 0 ≤ n ≤ N, 0 ≤ m ≤ M}.

We define the subintervals as follows:

σn = [tn, tn+1), n = 0, 1, . . . , N − 2; σN−1 = [tN−1, tN ],

δm = [xm, xm+1), m = 0, 1, . . . ,M − 2; δM−1 = [xM−1, xM ],

and we define Dn,m := σn × δm for all n = 0, 1, . . . , N − 1; m = 0, 1, . . . ,M − 1.
Moreover, let πp−1 represent the set of all real polynomials in R of degree not exceeding
p− 1 in t and x. We define the real polynomial spline space of degree p− 1 as follows:

S
(−1)
p−1 (ΠN,M ) = {ū : ūn,m = ū|Dn,m

∈ πd
p−1, n = 0, . . . , N − 1; m = 0, . . . ,M − 1}.
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Its dimension is dNMp2, which corresponds to the total number of coefficients of the
polynomials ūn,m for n = 0, . . . , N−1; m = 0, . . . ,M−1. To determine these coefficients,
we apply the Taylor polynomial on each rectangle.

First, we approximate u in the rectangles D0,0 by the polynomials

ū0,0(t, x) =

p−1∑
i+j=0

1

i!j!

∂i+ju(0, 0)

∂ti∂xj
tixj ; (t, x) ∈ D0,0, (3)

where
∂i+ju(0, 0)

∂ti∂xj
is the exact value of

∂i+ju

∂ti∂xj
at the point (0, 0).

To obtain
∂i+ju

∂ti∂xj
, we differentiate equation (2) j times with respect to x and i times

with respect to t, considering three distinct cases.

• If j = 0, then we have

∂iu(t, x)

∂ti
=

∂if(t, x)

∂ti
+

1

κ

∫ x

0

∂i(v(t) · u(t, s))
∂ti

ds

+
1

κ

∫ x

0

(x− s)

(
∂i+1u(t, s)

∂ti+1
− ∂i(a(t, s) · u(t, s))

∂ti

)
ds.

• If j = 1, then we obtain

∂i+1u(t, x)

∂ti∂x
=

∂i+1f(t, x)

∂ti∂x
+

1

κ

∂i(v(t)u(t, x))

∂ti

+
1

κ

∫ x

0

[
∂i+1u(t, s)

∂ti+1
− ∂i(a(t, s) · u(t, s))

∂ti

]
ds.

• If j ≥ 2, then we find

∂i+ju(t, x)

∂ti∂xj
=

∂i+jf(t, x)

∂ti∂xj
+

1

κ

∂i
(
v(t)∂

j−1u(t,x)
∂xj−1

)
∂ti

+
1

κ

∂i+j−1u(t, x)

∂ti+1∂xj−2
− 1

κ

∂i+j−2(a(t, x) · u(t, x))
∂ti∂xj−2

.

Second, we approximate u in the rectangles Dn,m, n = 0, ..., N − 1, m = 0, ...,M − 1
and (n,m) ̸= (0, 0), by the polynomials

ūn,m(t, x) =

p−1∑
i+j=0

1

i!j!

∂i+j ûn,m(tn, xm)

∂ti∂xj
(t− tn)

i(x− xm)j ; (t, x) ∈ Dn,m, (4)

where ûn,m is the exact solution of the integral equation

ûn,m(t, x) = f(t, x) +
1

κ

m−1∑
ρ=0

∫ xρ+1

xρ

(x− s)

(
∂ūn,ρ(t, s)

∂t
− a(t, s) · ūn,ρ(t, s)

)
ds

+
1

κ

(
m−1∑
ρ=0

∫ xρ+1

xρ

v(t)ūn,ρ(t, s)ds+

∫ x

xm

v(t)ûn,m(t, s)ds

)

+
1

κ

∫ x

xm

(x− s)

(
∂ûn,m(t, s)

∂t
− a(t, s) · ûn,m(t, s)

)
ds.

(5)



142 A. CHETTOUH AND H. LAIB

To find ∂i+ju
∂ti∂xj , we differentiate equation (5) j times with respect to x and i times with

respect to t, considering three different cases.

• If j = 0, then we get

∂iûn,m(t, x)

∂ti
=

∂if(t, x)

∂ti
+

∫ x

xm

x− s

κ

(
∂i+1ûn,m(t, s)

∂ti+1
− ∂i(a(t, s) · ûn,m(t, s))

∂ti

)
ds

+
1

κ

m−1∑
ρ=0

∫ xρ+1

xρ

(x− s)

(
∂i+1ūn,ρ(t, s)

∂ti+1
− ∂i(a(t, s) · ūn,ρ(t, s))

∂ti

)
ds

+
1

κ

(
m−1∑
ρ=0

∫ xρ+1

xρ

∂i (v(t)ūn,ρ(t, s))

∂ti
ds+

∫ x

xm

∂i (v(t)ûn,m(t, s))

∂ti
ds

)
.

• If j = 1, then we get

∂i+1ûn,m(t, x)

∂ti∂x
=

∂i+1f(t, x)

∂ti∂x
+

1

κ

∂i (v(t)ûn,m(t, x))

∂ti

+
1

κ

m−1∑
ρ=0

∫ xρ+1

xρ

(
∂i+1ūn,ρ(t, s)

∂ti+1
− ∂i(a(t, s) · ūn,ρ(t, s))

∂ti

)
ds

+
1

κ

∫ x

xm

(
∂i+1ûn,m(t, s)

∂ti+1
− ∂i(a(t, s) · ûn,m(t, s))

∂ti

)
ds.

• If j ≥ 2, then we get

∂i+j ûn,m(t, x)

∂ti∂xj
=

∂i+jf(t, x)

∂ti∂xj
+

1

κ

∂i
(
v(t)

∂j−1ûn,m(t,x)
∂xj−1

)
∂ti

+
1

κ

∂i+j−1ûn,m(t, x)

∂ti+1∂xj−2
− 1

κ

∂i+j−2(a(t, x) · ûn,m(t, x))

∂ti∂xj−2
.

4 Study of the Convergence and the Error of the Numerical Method

This section will focus on studying the convergence of the method above and evaluating
its error. The following lemmas will be important in this analysis.

Lemma 4.1 (Taylor’s theorem for functions of two independent variables) Let f be
p times continuously differentiable on D = [0, a] × [0, b] and let (x0, y0) ∈ D. Then for
all (x, y) ∈ D, we have

f(x, y) =

p−1∑
i+j=0

1

i!j!

∂i+jf(x0, y0)

∂xi∂yj
(x− x0)

i(y − y0)
j

+
∑

i+j=p

1

i!j!

∂i+jf(x1, y1)

∂xi∂yj
(x− x0)

i(y − y0)
j ,

where {
x1 = θx+ (1− θ)x0 ∈ [0, a],
y1 = θy + (1− θ)y0 ∈ [0, b],

θ ∈ (0, 1).
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Lemma 4.2 (Discrete Gronwall-type inequality [6]) Let {kj}nj=0 be a given non-
negative sequence and the sequence {εn} satisfy ε0 ≤ p0 and

εn ≤ p0 +
n−1∑
i=0

kiεi, n ≥ 1,

with p0 ≥ 0. Then εn can be bounded by εn ≤ p0 exp
(∑n−1

j=0 kj

)
, n ≥ 1.

Lemma 4.3 Let f and v be p-times continuously differentiable on their respective
domains. Then, under the assumptions

k < min
{ κ

A
,
−V +

√
V 2 + 2κ(1 +A)

2(1 +A)

}
,

where V = max
{(

i
r

)∥∥∥∂i−rv
∂ti−r

∥∥∥, i = 0, ..., p, r = 0, ..., i
}
, A = max

{(
i
r

)∥∥∥∂i−ra
∂ti−r

∥∥∥, i =

0, ..., p, r = 0, ..., i
}
, there exists a positive number C(p) such that for all n = 0, . . . , N−

1, m = 0, . . . ,M − 1 and i+ j = 0, 1, ..., p, we have∥∥∥∥∂i+j ûn,m

∂ti∂xj

∥∥∥∥
L∞(Dn,m)

≤ C(p),

where û0,0(t, x) = u(t, x) for (t, x) ∈ D0,0.

Proof. The proof follows from a more straightforward generalization of the tech-
niques applied in Lemma 5 of [4]. 2

The following theorem will give the convergence of the presented method.

Theorem 4.1 Let f, a, and v be p times continuously differentiable on their respec-

tive domains. Assume that ū ∈ S
(−1)
p−1 (ΠN,M ) in equations (3) and (4) defines a unique

approximate solution. Then the error function e = u− ū satisfies the condition

∥e∥L∞(D) ≤ C(h+ k)p−1,

C is a finite constant independent of h and k.

Proof. Define the error e(t, x) on Dn,m by en,m(t, x) = u(t, x) − ūn,m(t, x) for all
n ∈ {0, . . . , N − 1} and m ∈ {0, . . . ,M − 1}.
Claim 1. There exists a constant β1 independent of h and k such that ∥e0,0∥L∞(D0,0) ≤
β1(h+ k)p.

Let (t, x) ∈ D0,0, by using Lemma 4.1, we obtain from (3) that

|e0,0(t, x)| ≤
∑

i+j=p

1

i!j!

∥∥∥∥ ∂i+ju

∂ti∂xj

∥∥∥∥hikj .

Hence, by Lemma 4.3, we have

|e0,0(t, x)| ≤
C(p)

p!︸ ︷︷ ︸
β1

(h+ k)p.
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Claim 2. There exists a constant β2 independent of h and k such that ∥en,m∥L∞(Dn,m) ≤
β2(h+ k)p−1 for all n = 0, . . . , N − 1 and m = 1, . . . ,M − 1.

Let (t, x) ∈ Dn,m, we have from (5) that

|u(t, x)− ûn,m(t, x)| ≤ c1k

m−1∑
ρ=0

(∥∂ten,ρ∥+ ∥en,ρ∥) + c2

∫ x

xm

∥∂tu(t, s)− ∂tûn,m(t, s)∥ds

+ c2

∫ x

xm

∥u(t, s)− ûn,m(t, s)∥ds,

(6)

where c1 and c2 are positive numbers.
On the other hand, by differentiating (5) with respect to t, we have, for x ̸= xm,∫ x

xm

(x− s)(∂tu(t, s)− ∂tûn,m(t, s))ds = κ(u(t, x)− ûn,m(t, x))

+

∫ x

xm

((x− s)a(t, s)− v(t))(u(t, s)− ûn,m(t, s))ds

−
m−1∑
ρ=0

∫ xρ+1

xρ

(x− s)(∂tu(t, s)− ∂tūn,ρ(t, s)) + v(t)(u(t, s)− ūn,ρ(t, s))ds.

Hence

c3∥∂tu− ∂tûn,m∥ ≤ κ∥u− ûn,m∥+ kc4∥u− ûn,m∥+ kc5

m−1∑
ρ=0

(∥∂ten,ρ∥+ ∥en,ρ∥),

then

∥∂tu− ∂tûn,m∥ ≤ κ+ kc4
c3

∥u− ûn,m∥+ kc5
c3

m−1∑
ρ=0

(∥∂ten,ρ∥+ ∥en,ρ∥). (7)

If x = xm: by differentiating (5) with respect to t, we obtain

∥∂tu− ∂tûn,m∥ ≤ kc6
κ

m−1∑
ρ=0

(∥∂ten,ρ∥+ ∥en,ρ∥), (8)

using (7) and (8), we get

∥∂tu− ∂tûn,m∥ ≤
(κ+ kc4

c3

)
∥u− ûn,m∥+ kc7

m−1∑
ρ=0

(∥∂ten,ρ∥+ ∥en,ρ∥), (9)

where c3, c4, c5 and c6 are positive numbers and c7 = k( c5c3 + c6
κ ).

Then, from (6) and (9), we have

∥u− ûn,m∥+ ∥∂tu− ∂tûn,m∥ ≤ k(c1 + c7)

m−1∑
ρ=0

(∥∂ten,ρ∥+ ∥en,ρ∥)

+ c2X∥∂tu− ∂tûn,m∥+
(
c2X +

1

c3
+

Xc4
κc3

)
∥u− ûn,m∥,
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denote by c8 = max{c2X, c2X + 1
c3

+ Xc4
κc3

}, then

∥u− ûn,m∥+ ∥∂tu− ∂tûn,m∥ ≤ k(c1 + c7)

m−1∑
ρ=0

(∥∂ten,ρ∥+ ∥en,ρ∥)

+ c8(∥u− ûn,m∥+ ∥∂tu− ∂tûn,m∥).

Hence

∥u− ûn,m∥+ ∥∂tu− ∂tûn,m∥ ≤ c1 + c7
1− c8︸ ︷︷ ︸

c9

k

m−1∑
ρ=0

(∥∂ten,ρ∥+ ∥en,ρ∥),

and by Lemma 4.3, we deduce that

∥∂ten,m∥+ ∥en,m∥ ≤ ∥∂tu− ∂tûn,m∥+ ∥∂tûn,m − ∂tū∥+ ∥u− ûn,m∥+ ∥ûn,m − ū∥

≤ c9k

m−1∑
ρ=0

(∥∂ten,ρ∥+ ∥en,ρ∥) +
C(p)

(p− 1)!

(
T +X

p
+ 1

)
(h+ k)p−1.

Using Lemma 4.2, we obtain

∥∂ten,m∥+ ∥en,m∥ ≤ C(p)

(p− 1)!

(
T +X

p
+ 1

)
exp(c9X)︸ ︷︷ ︸

β2

(h+ k)p−1.

This implies that for all n = 0, ..., N − 1 and m = 0, ...,M − 1,

∥en,m∥ ≤ β(h+ k)p−1,

where β = max{β1, β2}.
Thus, the proof of Theorem 4.1 is completed. 2

5 Numerical Example

In this section, we will examine the practical application of the method discussed in
detail in the previous sections to solve a transport-diffusion system. The calculations
were performed using Maple 17 running under Windows 7 on a computer equipped with
an Intel Core i7-2630QM CPU @2.00 GHz and 8,00 Go of RAM.

Example 5.1 Consider the linear two-dimensional Volterra integro-differential sys-
tem of two equations

u1(t, x) = f1(t, x) +
1
3

∫ x

0
(x− s)

(
∂u1(t, s)

∂t
+ 3t2su1(t, s)− ln(2)t2u2(t, s)

)
+

+e−t2u1(t, s)ds

u2(t, x) = f2(t, x) +
1
3

∫ x

0
(x− s)

(
∂u2(t, s)

∂t
− t3e−tu1(t, s)− (t+ s)u2(t, s)

)
+

+t3u2(t, s)ds
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for t, x ∈ [0, 1], where f1(t, x) and f2(t, x) are chosen so that the exact solution is
(u1(t, x), u2(t, x)) = (t4 sin(−x2),−t3 cos(x)). We can easily show that this system of
equations is equivalent to the following transport-diffusion system:{

∂u1(t,x)
∂t + e−t2 ∂u1(t,x)

∂x − 3∂2u1(t,x)
∂x2 = −3t2xu1(t, x) + ln(2)t2u2(t, x)− 3∂2f1(t,x)

∂x2

∂u2(t,x)
∂t + t3 ∂u2(t,x)

∂x − 3∂2u2(t,x)
∂x2 = t3e−tu1(t, x) + (t+ x)u2(t, x)− 3∂2f2(t,x)

∂x2

with the initial conditions u1(0, x) = u1(t, 0) =
∂u1(t,0)

∂x = 0, u2(0, x) =
∂u2(t,0)

∂x = 0, and
u2(t, 0) = −t3. The numerical results for p = 3 and (N,M) = (5, 5), (10, 10) of the Taylor
collocation method are shown in Table 1.

N = M = 5 N = M = 10
(t, x) e1 e2 e1 e2
(0, 0) 0 0 0 0

(0.1, 0.1) 9.99e− 07 9.95e− 04 1.13e− 08 3.67e− 08
(0.2, 0.2) 1.48e− 06 1.96e− 06 5.84e− 07 7.80e− 07
(0.3, 0.3) 2.39e− 04 5.54e− 04 5.30e− 06 3.70e− 06
(0.4, 0.4) 7.98e− 05 3.15e− 05 2.53e− 05 9.52e− 06
(0.5, 0.5) 1.64e− 03 4.22e− 04 8.48e− 05 1.39e− 05
(0.6, 0.6) 7.31e− 04 3.09e− 05 2.26e− 04 7.26e− 06
(0.7, 0.7) 4.90e− 03 6.83e− 04 5.08e− 04 1.45e− 04
(0.8, 0.8) 3.29e− 03 1.23e− 03 9.87e− 04 6.94e− 04
(0.9, 0.9) 8.14e− 03 4.99e− 03 1.66e− 03 2.49e− 03

CPU time/sec 20.43 s 654.18s

Table 1: Comparison of the absolute errors in Example 5.1.

6 Conclusion

This work presents a method for solving the transport-diffusion equation using the Taylor
collocation method. This approach effectively approximates solutions to Volterra integro-
differential equations, and a thorough analysis of the proposed method’s convergence
properties has been conducted.

The numerical experiments demonstrate the efficacy of the Taylor collocation method
in solving the transport-diffusion system, even in the presence of reaction terms. These
results confirm the method’s utility in this context and highlight its potential for appli-
cations in other fields involving the spread of pollutants in a moving fluid or thermal
diffusion in engineered systems in modeling dynamic processes, transport, and diffusion
processes, such as environmental and atmospheric modeling.

Future research will aim to extend this approach to more complex systems and higher-
dimensional domains. Additionally, the effect of various boundary conditions on the
convergence and accuracy of the numerical solutions will be investigated.
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Abstract: In this paper, we study a nonlinear fractional viscoelastic problem with
multiple delays. We consider the fractional model of Voigt in terms of generalized
fractional proportional derivative. Using the Banach contraction principle, we prove
the existence and uniqueness of the solution under some assumptions, then we confirm
the dependence of the latter upon the initial data. The Hyers-Ulam-Rassias stability
is established and the results are illustrated by a numerical example.
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Introduction

In recent years, fractional calculus has proven to be a powerful and versatile tool for
modeling many physical and mechanical phenomena, despite the existence of many def-
initions and formulas for fractional derivatives, see [1–5]. The fractional derivative is
an integral operator that has a memory term in the kernel, which is its advantage in
modeling rheological phenomena. It can accurately describe the behavior of viscoelastic
materials and well define the stress-strain relationships.

When we apply stress to an elastic material, the stress causes deformation, and the
material will instantly return to its initial shape when this stress is removed. We say
that the elastic deformation here is instantaneous and recoverable and the work is stored
in the form of elastic energy.
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Hooke’s law describes the behavior of a purely elastic ideal solid as follows:

σ = Eγ, (1)

where σ is the stress applied, γ is the strain and E is the elastic modulus.
By definition, the viscosity is the measure of fluid’s resistance to flow. It also reflects

the rate of dissipation of the material’s strain energy in the flow. Once there is a dis-
sipation of energy and the stress stops, the deformation becomes permanent and that
behavior can be expressed by the following equation:

σ = µ
dγ

dt
, (2)

where the stress is proportional to the strain velocity and µ is the coefficient of viscosity.
Elastic materials that have the ability to dissipate mechanical energy due to viscous

effects are called viscoelastic materials. There are many models that can describe vis-
coelastic phenomena, for example the Maxwell and Kelvin-Voigt models or combinations
of them. The Kelvin-Voigt model is a purely viscous damper and a purely elastic spring
connected in parallel, modelled by the following constitutive equation:

µ
dγ

dt
+ Eγ = σ. (3)

The above equation was studied by A. Chidouh et al. in [6]. They considered the
generalized nonlinear equation (3) involving fractional derivative, where the existence
results are established by means of the Guo-Krassnosl’ski theorem. In fact, there are
many works and papers that focused on studying rheological models that make use of
the fractional derivative due to the important role of the latter in studying viscoelastic
phenomena. F. Mainardi and G. Spada in [7] have provided a general survey of the
fractional viscoelastic models. Their analysis covered the creep, relaxation and viscosity
properties of basic fractional models. The papers dealing with rheological models have
usually relied on classical fractional derivatives such as the Rieman-Lioville, Caputo and
Caputo-Fabrizio ones, see [1–3,7, 8] and the references therein.

Recently, many definitions of the fractional derivative have appeared, similar to those
of the conformable fractional derivative, and many have succeeded in generalizing the
fractional derivative in a way that preserves its properties, see [9, 10] and the references
therein. In 2017, F. Jarad et al. [11] generalized the fractional proportional integral and
derivative, both containing the exponential function in their kernels. Those fractional
operators are well-behaved and have several advantages over the classical derivatives, such
as being an accurate generalization of the existing fractional derivatives and integrals of
Caputo and Riemann-Liouville.

We point out that in rheological models, delay terms appear naturally in certain
equations because the response of a viscoelastic material is not instantaneous, and here
we consider materials that are not at rest for t belonging to [−r, 0]. We also refer to [12],
one of the works that inspired us to study fractional differential equations involving
delays, where the authors established the existence and stability of solutions for the
following nonlinear fractional problem:

Dα
0+x (t) =

n∑
j=1

aj (t) f (t, x (t) , x (t− τj)) ; t ∈ (0, T ] , 0 < α < 1,

I1−α
0+ x (t)

∣∣
t=0+

= 0; x (t) = ϕ (t) , t < 0 and limϕ (t)
t→0

= 0.
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Motivated by the above papers and also dealing with the nonlinear Kelvin-Voigt
model containing the new generalized proportional Caputo derivative defined in [11], we
consider the following problem:

PCDα,ρ
0+ γ(t) + ωγ(t) =

n∑
j=1

aj(t)σj(γ(t− τj)), (t > 0, ω > 0), (4)

and

γ(t) = ς(t), t ∈ [−r, 0], (5)

where PCDα,ρ
0+ denotes the generalized proportional Caputo derivative of order 0 < α < 1

and 0 < ρ ≤ 1, taking into account that 0 < r = maxj=1,...,n {τj} ≤ T and γ(0) = ς(0) =
0.

The content of this paper is arranged as follows. In the first section, we will give
some basic definitions and some lemmas that will serve as an analysis tool in the rest of
this paper. In Section 2, we rely mainly on two results of [11, Theorem 3.8 and Theorem
5.3] and transform our fractional problem into an equivalent integral equation in a very
particular Banach space so that it allows us, under some assumptions, to study the
existence and uniqueness of the solution to the above equations. The dependence of the
solution on the initial data will also be discussed. In Section 3, we will use the approach
of Ulam-Hyers-Rassias to study the stability. Finally, our results will be illustrated by a
numerical example.

1 Method and Preliminaries

Here, we employ an effective method based on fixed-point theorems, along with some
functional analysis tools. The selection of appropriate functional spaces and sets is cru-
cial to facilitating the task. To achieve this, we first define a Banach space and a suitable
subset of it, which forms the basis of this method. Then, we transform our fractional
problem into an equivalent integral equation. Finally, from this derived equation, we
construct a continuous operator from a compact subset to itself, and via the fixed-point
theorems, prove the existence and uniqueness of the solution. All of this will be accom-
plished with the aid of some functional analysis tools, requiring the following concepts
and definitions. We will begin with an important definition of a new fractional derivative
which is called the generalized proportional fractional derivative, see [11].

Definition 1.1 For ρ ∈ [0, 1], let the functions k0, k1 : [0, 1] × [0, T ] → [0,∞) be
continuous such that for all t ∈ [0, T ], we have

lim k1(ρ, t) = 1,
ρ→0+

lim k1(ρ, t) = 0, and
ρ→1−

k1(ρ, t) ̸= 0, ρ ∈ [0, 1),

lim k0(ρ, t) = 0,
ρ→0+

lim k1(ρ, t) = 1, and
ρ→1−

k1(ρ, t) ̸= 0, ρ ∈ [0, 1).

Then the adjusted conformable derivative operator of order ρ is defined by

Dρu(t) = k1(ρ, t)u(t) + k0(ρ, t)u
′(t). (6)

The derivative mentioned in (6) is called a proportional derivative.
Here, consider k1(ρ, t) = 1− ρ and k0(ρ, t) = ρ. The equality (6) takes the form

Dρu(t) = (1− ρ)u(t) + ρu′(t), (7)
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which will be the focus of our study regarding the proportional derivative in the rest of
this paper. For more details, see [1, 8] and the references therein.

Definition 1.2 Let ρ ∈ (0, 1] and α > 0. The generalized proportional fractional
integral of the function u is defined by

(Iα,ρ0+ u)(t) =
1

ραΓ(α)

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1u(s)ds, t ∈ [0, T ]. (8)

Definition 1.3 Let ρ, α ∈ (0, 1]. The generalized proprotional Caputo derivative of
the function u is defined by

(PCDα,ρ
0+ )u(t) =

1

ρ1−αΓ(1− α)

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)−α(Dρu)(s)ds, t ∈ [0, T ].

Note that, if ρ = 1, we get

(PCDα,1u)(t) = (CDαu)(t),

where CDα denotes the Caputo derivative of order α, which means that the latter is a
particular case of the generalized proportional Caputo derivative.

Now, let us give important lemmas which play a key role in this work.

Lemma 1.1 [11] If ρ ∈ (0, 1], β > 0 and α ∈ (0, 1]. Then, for u being a real
continuous function on [0, T ], we have the following statements:

1.
Iα,ρ(Iβ,ρ0+ u)(t) = Iβ,ρ(Iα,ρ0+ u)(t) = (Iα+β,ρ

0+ u)(t); (9)

2.

Iα,ρ0+

(
PCDα,ρ

0+ u
)
(t) = u(t)− u(0) exp

(
ρ− 1

ρ
t

)
. (10)

Lemma 1.2 [13] Let 0 < α < 1 and β ≥ α, then we have

Eα,β(−z) ≤ 1

Γ(β)
; t > 0, (11)

where Eα,β (z) is the Mittag-Leffler function defined as follows:

Eα,β(z) =

∞∑
n=0

zn

Γ(αn+ β)
; (z, α, β ∈ C; Reα > 0). (12)

2 Existence Results

First of all, we consider the constitutive equation as a linear generalized proportional
fractional problem involving the Voigt model

(PCDα,ρ
0+ γ)(t) + ωγ(t) = σ(t), γ(0) = 0; (t > 0, ω > 0). (13)

Mechanical phenomena are usually described by differential equations, while we can
also describe the phenomena by integral equations which are very suitable for theoretical
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work such as studying the stability of solutions or other tasks, where it is sufficient for
these integral equations to be equivalent to the differential ones.

Now, we transform our equations (13) into an equivalent integral equation, where
we work on highlighting the space to which the solution belongs, so that we ensure the
equivalence between our two equations, which is what was not addressed in [11] as the
author used the Laplace transform.

Theorem 2.1 Let 0 < α < 1, ω > 0 and σ ∈ C ([0;T ],R) . Then the initial value
problem (13) is equivalent to the following integral equation:

γ(t) =
1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)
σ(s)ds (14)

in the Banach space of continuous functions.

Proof. Apply the generalized proportional fractional integral to equations (13).
Then, using the first statement (9) of Lemma (1.1), we get

γ(t) = (Iα,ρ0+ σ)(t)− ω(Iα,ρ0+ γ)(t) + γ(0) exp

(
ρ− 1

ρ
t

)
=

1

ραΓ(α)

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1σ(s)ds

− ω

ραΓ(α)

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1γ(s)ds.

We will use the successive approximations method to derive the solution, taking into
account

γ0(t) = (Iα,ρ0+ σ)(t) =
1

ραΓ(α)

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1σ(s)ds (15)

and

γm(t) = γ0(t)− ω(Iα,ρ0+ γm−1)(t). (16)

By (10), the second statement of Lemma 1.1, we get

γ1(t) = γ0(t)− ω(Iα,ρ0+ γ0)(t)

= (Iα,ρ0+ σ)(t)− ω(I2α,ρ0+ σ)(t)

and

γ2(t) = γ0(t)− ω(Iα,ρ0+ γ1)(t)

= (Iα,ρ0+ σ)(t)− ω(I2α,ρ0+ σ)(t) + ω2(I3α,ρ0+ σ)(t).

Continuing this process, we obtain

γm(t) =
1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1

m∑
k=0

(t− s)kα

ρkαΓ(kα+ α)
(−ω)kσ(s)ds.
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Taking the limit as m → ∞, denote lim
m→∞

γm(t) = γ(t), t ∈ [0, T ] (γ is the unique

solution which belongs to the Banach space of real continous functions) and consider
(12), we obtain

γ(t) =
1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)
σ(s)ds. (17)

The proof is complete.
Now, we turn our attention to the nonlinear problem (13), where

σ(t) =

n∑
j=1

aj(t)σj(γ(t− τj))

and
γ(t) = ς(t), t ∈ [−r, 0],

taking into account that 0 < r = maxj=1,...,n {τj} ≤ T and γ(0) = ς(0) = 0.
Let us introduce the following hypotheses.

(C1) aj : [0, T ] → R are continuous functions with Aj = sup
t∈[0,T ]

|aj(t)| .

(C2) σj : C[−v, T ] → C[−v, T ] are Lipschitz functions, i.e., there exists Bj > 0 such
that

∥σj(γ1)− σj(γ2)∥C[−v,T ] ≤ Bj ∥γ1 − γ2∥
C[−v,T ]

; γ1, γ2 ∈ C[−v, T ]. (18)

We suppose that Σ =

n∑
j=1

AjBj and σj(0) ̸= 0.

Theorem 2.2 Assume that (C1) and (C2) are satisfied. If

TαΣ

ραΓ(α+ 1)
≤ 1, (19)

then problem (4) and (5) has a unique solution γ ∈ (C[−r, T ],R).

Proof. Let us define the following space:

X =
{
γ ∈ (C[−v, T ],R) : γ

∣∣
[−r,0] = ς

}
,

which is a Banach space endowed with the sup-norm

∥γ∥X = sup
t∈[−r,T ]

|γ(t)| .

We consider the operator P : X → X defined by

(Pγ)(t) =


ς(t) for t ∈ [−r, 0],
1
ρα

∫ t

0
exp

(
ρ−1
ρ (t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t−s
ρ

)α)
×

n∑
j=1

aj(s)σj(γ(s− τj))ds for t ∈ [0, T ].
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From Theorem 2.1, finding a solution of (4) and (5) in (C[−r, T ],R) is equivalent to
finding a fixed point of the operator P .

For any γ1, γ2 ∈ (C[−v, T ],R) and each t ∈ [−r, T ], we have

|(Pγ1)(t)− (Pγ2)(t)| ≤
1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)

×

 n∑
j=1

|aj(s)|Bj |γ1(s− τj)− γ2(s− τj)|

 ds.

Putting z = (s− τj), we get

|(Pγ1)(t)− (Pγ2)(t)| ≤
n∑

j=1

1

ρα

∫ 0

−τj

exp

(
ρ− 1

ρ
(t− z − τj)

)
(t− z − τj)

α−1

× Eα,α

(
−ω

(
t− z − τj

ρ

)α)
|aj(s)|Bj |γ1(z)− γ2(z)| dz

+

n∑
j=1

1

ρα

∫ t−τj

0

exp

(
ρ− 1

ρ
(t− z − τj)

)
(t− z − τj)

α−1

× Eα,α

(
−ω

(
t− z − τj

ρ

)α)
|aj(s)|Bj |γ1(z)− γ2(z)| dz.

We have γ1(t) = γ2(t) = ς(t) for t ∈ [−r, 0]. Taking into account

exp

(
ρ− 1

ρ
(t− z − τj)

)
≤ 1, for ρ ∈ (0, 1], (20)

and (11), we get

|(Pγ1)(t)− (Pγ2)(t)| ≤
1

ραΓ(α)

n∑
j=1

∫ t−τj

0

(t− z − τj)
α−1 |aj(s)|Bj |γ1(z)− γ2(z)| dz.

Therefore,

∥(Pγ1)(t)− (Pγ2)(t)∥X ≤
(

TαΣ

ραΓ(α+ 1)

)
∥γ1 − γ2∥X .

In view of (19) and Banach’s fixed point, we deduce that P is a contraction. Hence,
the problem (4)-(5) has a unique solution on (C[−r, T ],R). This completes the proof.

Corollary 2.1 Under the conditions (18), the unique solution of (4) and (5) depends
continuously on function ς(t).

Proof. Let γ1 and γ2 be solutions of problem (4)-(5), corresponding to the functions
ς1 and ς2, respectively. Then we have

|γ1(t)− γ2(t)| =
∣∣∣∣ 1ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)
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×
n∑

j=1

aj(s) |σj(γ1(s− τj))− σj(γ2(s− τj))|

∣∣∣∣∣∣ .
Putting z = (s− τj) and taking into account (20) and (11), we get

|γ1(t)− γ2(t)| ≤
Σ

ραΓ(α)

∫ t−τj

−τj

(t− z − τj)
α−1 |γ1(z)− γ2(z)| dz

≤ Σ

ραΓ(α)

∫ 0

−τj

(t− z − τj)
α−1 |γ1(z)− γ2(z)| dz

+
Σ

ραΓ(α)

∫ t−τj

0

(t− z − τj)
α−1 |γ1(z)− γ2(z)| dz

≤ Σ

ραΓ(α)
sup

z∈[−v,0]

|γ1(z)− γ2(z)|
∫ 0

−τj

(t− z − τj)
α−1dz

+
Σ

ραΓ(α)
sup

z∈[0,T ]

|γ1(z)− γ2(z)|
∫ t−τj

0

(t− z − τj)
α−1dz

≤ (tα − (t− τj)
α) Σ

ραΓ(α+ 1)
∥ς1 − ς2∥C[−v,0]

+
(t− τj)

αΣ

ραΓ(α+ 1)
∥γ1 − γ2∥C[0,T ] .

Consequently, we have

∥γ1 − γ2∥C[0,T ] ≤
TαΣ

ραΓ(α+ 1)
∥γ1 − γ2∥C[0,T ] +

TαΣ

ραΓ(α+ 1)
∥ς1 − ς2∥C[−r,0] .

Then, in view of (9), we get

∥γ1 − γ2∥C[0,T ] ≤
TαΣ

ραΓ(α+ 1)− TαΣ
∥ς1 − ς2∥C[−r,0] .

This implies the dependence of γ(t) on the initial data ς(t) and completes the proof.

3 Stability Results

Definition 3.1 The problem (4)-(5) has the Ulam-Hyers stability if for each ε > 0
and each y ∈ C([−v, T ],R), there exists a solution of the following problem:

∣∣∣∣∣∣(PCDα,ρ
0+ y)(t) + ωy(t)−

n∑
j=1

aj(t)σj((t− τj))

∣∣∣∣∣∣ ≤ ε, t ∈ [0, T ],

y(t) = ς(t), t ∈ [−r, 0], ς(0) = 0.

(21)

There exist a solution γ ∈ C([−v, T ],R) of (4)-(5) and a real number k > 0 such that

|y(t)− γ(t)| ≤ kε.
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Remark 3.1 A function y ∈ C([−v, T ],R) is a solution of the problem (21) if and
only if there exists a function h ∈ C([0, T ],R) such that for every t ∈ [0, T ], we have
|h(t)| ≤ ε and (PCDα,ρ

0+ y)(t) + ωy(t) =

n∑
j=1

aj(t)σj(y(t− τj)) + h(t), t ∈ [0, T ],

y(t) = ς(t), t ∈ [−r, 0], ς(0) = 0.

(22)

Lemma 3.1 If y ∈ C([−v, T ],R) is a solution of the problem (21), then for t ∈ [0, T ],
y satisfies the relation∣∣∣∣y(t)− 1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)

×
n∑

j=1

aj(t)σj(y(s− τj))ds

∣∣∣∣∣∣
≤ Tα

ραΓ(α+ 1)
ε. (23)

Proof. For y(t) = ς(t), t ∈ [−r, 0], the solution of (22) satisfies

y(t) =
1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)

×

 n∑
j=1

aj(t)σj(y(s− τj)) + h(t)

 ds.

On the other hand,∣∣∣∣y(t)− 1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)

×
n∑

j=1

aj(t)σj(y(s− τj))ds

∣∣∣∣∣∣
≤

∣∣∣∣ 1ρα
∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)
h(t)ds

∣∣∣∣
≤ 1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)
|h(t)| ds

≤
(

Tα

ραΓ(α+ 1)

)
ε.

The proof is complete.

Theorem 3.1 If the problem (4)-(5) has a unique solution, then it is Ulam-Hyers
stable.

Proof. From Theorem 2.1, the problem (4)-(5) has a unique solution γ in
C([−v, T ],R). Let y be a solution of (21), then we obtain, for each t ∈ [−r, T ],

|y(t)− γ(t)| =
∣∣∣∣y(t)− 1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)
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×
n∑

j=1

aj(s)σj(γ(s− τj))ds

∣∣∣∣∣∣
≤

∣∣∣∣y(t)− 1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)

×
n∑

j=1

aj(s)σj(y(s− τj))ds

∣∣∣∣∣∣
+

1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)
×

n∑
j=1

|aj(s)| |σj(y(s− τj))− σj(γ(s− τj))| ds.

By Lemma 3.1, we get

|y(t)− γ(t)| ≤ Tα

ραΓ(α+ 1)
ε+

n∑
j=1

AjBj

ραΓ(α)

∫ t−τj

−τj

(t− z − τj)
α−1 |y(z)− γ(z)| dz

As y(z) = x(z) = ς(z) for z ∈ [−τj , 0], we get

|y(t)− x(t)| ≤ Tα

ραΓ(α+ 1)
ε+

Σ

ραΓ(α)

∫ t−τj

0

(t− z − τj)
α−1 |y(z)− γ(z)| dz

≤ Tα

ραΓ(α+ 1)
ε+

TαΣ

ραΓ(α+ 1)
∥y − γ∥C[0,T ] .

Hence,

∥y − γ∥C[0,T ] ≤
Tα

ραΓ(α+ 1)− TαΣ
ε

and (4)-(5) is Ulam-Hyers stable with the constant k = Tα

ραΓ(α+1)−TαΣ .

Let us now give a generalized results on stability that is known as the Ulam-Hyers-
Rassias stability.

Definition 3.2 The equation (4)-(5) has the Ulam-Hyers-Rassias stability with re-
spect to ϕ (t) if there exists a real number C > 0 such that for each ε > 0 and for each
y ∈ C ([−v, T ] ,R), there is a solution of the following problem:

∣∣∣∣∣∣(PCDα,ρ
0+ y)(t) + ωy(t)−

n∑
j=1

aj(t)σj(y(t− τj))

∣∣∣∣∣∣ ≤ εϕ (t) , t ∈ [0, T ],

y(t) = ς(t), t ∈ [−r, 0], ς(0) = 0.

(24)

There exists a solution γ ∈ C([−v, T ],R) of (4)-(5) such that

|y(t)− γ(t)| ≤ Cϕ (t) ε.
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Before we give the following lemma, we assume that for a continous function ϕ(t),
there is a positive constant θ such that∫ t

0

(t− s)α−1ϕ(s)ds ≤ θϕ(t).

Lemma 3.2 If y ∈ C([−v, T ],R) is a solution of the problem (24), then for t ∈ [0, T ],
y satisfies the relation∣∣∣∣y(t)− 1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)

×
n∑

j=1

aj(t)σj(y(s− τj))ds

∣∣∣∣∣∣
≤ θε

ραΓ(α)
ϕ(t). (25)

Proof. For y(t) = ς(t), t ∈ [−r, 0], the solution of (24) satisfies

y(t) =
1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)

×

 n∑
j=1

aj(t)σj(y(s− τj)) + h(t)

 ds,

where |h(t)| ≤ εϕ (t). Then∣∣∣∣y(t)− 1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)

×
n∑

j=1

aj(t)σj(y(s− τj))ds

∣∣∣∣∣∣
≤ 1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)
|h(t)| ds

≤ ε

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)
ϕ(s)ds

≤ εθ

ραΓ(α)
ϕ(s).

The proof is complete.

Theorem 3.2 If problem (4)-(5) has a unique solution, then it is Ulam-Hyers-
Rassias stable.

Proof. From Theorem 2.1, the problem (4)-(5) has a unique solution γ in
C([−v, T ],R). Let y be a solution of (24), then we obtain, for each t ∈ [−v, T ], that

|y(t)− γ(t)| =
∣∣∣∣y(t)− 1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)
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×
n∑

j=1

aj(s)σj(γ(s− τj))ds

∣∣∣∣∣∣
≤

∣∣∣∣y(t)− 1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)

×
n∑

j=1

aj(s)σj(y(s− τj))ds

∣∣∣∣∣∣
+

1

ρα

∫ t

0

exp

(
ρ− 1

ρ
(t− s)

)
(t− s)α−1Eα,α

(
−ω

(
t− s

ρ

)α)
×

n∑
j=1

|aj(s)| |σj(y(s− τj))− σj(γ(s− τj))| ds.

By Lemma 3.2, we get

|y(t)− γ(t)| ≤ θε

ραΓ(α)
ϕ(t) +

n∑
j=1

Bj lj

ραΓ(α)

∫ t−τj

−τj

(t− z − τj)
α−1 |y(z)− γ(z)| dz.

As y(z) = γ(z) = ς(z) for z ∈ [−τj , 0], we get

|y(t)− γ(t)| ≤ θε

ραΓ(α)
ϕ(t) +

n∑
j=1

AjBj

ραΓ(α)

∫ t−τj

0

(t− z − τj)
α−1 |y(z)− γ(z)| dz

≤ θε

ραΓ(α)
ϕ(t) +

TαΣ

ραΓ(α+ 1)
∥y − γ∥C[0,T ] .

Hence,

∥y − γ∥C[0,T ] ≤
αθ

ραΓ(α+ 1)− TαΣ
εϕ(t),

and (4)-(5) is Ulam-Hyers-Rassias stabe with respect to ϕ (t), where

C =
αθ

ραΓ(α+ 1)− TαΣ
.

Example

Consider the following delay fractional problem:
PCD

1
2 ,

1
2

0+ γ(t) + πγ(t) =

2∑
j=1

1
7j cos(jt) sin(jγ(t− j) + 1), t ∈ [0, π],

γ(t) = t, t ∈ [−2, 0],

(26)

where PCD
1
2 ,

1
2

0+ denotes the generalized proportional Caputo derivative of order α = 1
2

and ρ = 1
2 .
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Here, σj(x) = sin(jx+1)
7j , j = 1, 2. Take into account that in this example, we have

two stress functions σ1(x) =
1
7 sin(x+ 1) and σ2(x) =

1
14 sin(2x+ 1) which are Lipschitz

functions such that σj(0) ̸= 0 and the Lipschitz constant Bj =
1
7 for j = 1, 2.

On the other hand, aj(t) = cos(jt) such that max0≤t≤π |aj(t)| = max0≤t≤π |cos(jt)| =
1 for j = 1, 2.

Then we obtain that Σ =
2∑

j=1

AjBj = 2
7 . So, the assumptions (C1) and (C2) of

Theorem 2.2 are fulfilled as well as condition (19):

TαΣ

ραΓ(α+ 1)
=

8

7
√
2π

= 0.46 < 1.

Therefore, from Theorem 2.2, we conclude that our problem (26) has a unique solution
in C ([−2, π],R), which makes it Ulam-Hyers stable as follows from the above analysis.

4 Discussion

In this work, we studied a fractional differential equation involving a generalized fractional
proportional derivative. Our equation is a generalization of the classical viscoelastic Kelvin-
Voigt model with the addition of a delay term. Using a fractional-order derivative in the model
gives us a more accurate representation of memory than integer order, while the delay term
reflects the viscoelastic behavior observed in certain mechanical systems. The existence and
uniqueness of the solutions were established using the fixed point technique. This technique
is very effective when appropriate assumptions are made regarding the nonlinear terms and
delay functions, thus ensuring the validity of the proposed fractional delayed model. So, our
technique is not only a tool for solving many types of equations, but it is also a powerful means
that facilitates the study of stability in a way that has never been done before. The stability of
the solutions was analyzed according to the Ulam concept. These stability properties confirm
that approximate solutions remain close to precise solutions, highlighting the reliability of the
proposed model. The results obtained appear to be very strong and generalize many previous
findings. These results were further confirmed by a numerical example that explains the method
used in detail.
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Abstract: The conjugate gradient (CG) methods are a family of iterative algo-
rithms used to repeatedly (or iteratively) solve nonlinear systems and control theory
problems that can be formulated as unconstrained optimisation. The conjugate gra-
dient method is used for some algorithms; a subclass of it is the hybrid conjugate
gradient method. This paper provides new spectral and hybrid conjugate gradient
methods. The innovative spectral conjugate gradient technique demonstrates global
convergence features, supported by many presumptions and a rigorous Wolfe line
search. Moreover, the hybrid conjugate gradient technique fulfils the requirements
for achieving global convergence when employing accurate line searches. Additionally,
we demonstrate that the approaches provided in this study meet the necessary condi-
tions for descent. The suggested solutions exhibit a high level of competitiveness and
efficiency, as evidenced by the numerical results obtained from several test problems.

Keywords: conjugate gradient approach; spectral conjugate gradient; global conver-
gence analysis; Wolfe line condition.
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1 Introduction

In numerous nonlinear dynamic systems, the objective is to determine the best state or
combination of parameters that leads to the desired behavior. Optimizing parameters in
control systems is frequently required to ensure stability and prevent oscillations. Gradi-
ent methods can also be applied to address nonlinear systems that arise from electronic
and electrical circuits. Hence, the difficulty arising from the concerns mentioned above
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can be framed as an optimization problem, and an attempt can be made to resolve it
using iterative techniques such as the way suggested in this paper, see [1, 2].

Consider the following problem with unconstrained optimization:

minf(x), x ∈ Rn. (1)

Let f : R⋉ → R, if we think intuitively in terms of the graph of f , then we have a
gradient map (∇f)(x) mapping smoothly on the set R. In mathematics, we have 3 types
of solutions exact, approximate and numeric methods. Numerical methods to solve Eq.
(1) are a lot of them. Newton technique, conjugate gradient (CG), steepest descent(SD),
and quasi-Newton(QN) methods belong to these types two. This means that for huge
problems where the conjugate gradient method is not only extremely simple but also takes
much less memory. Conjugate gradient method is quite efficient. Conjugate gradient
methods enabled the numerical type classification. The bracketing method begins with
an initial guess x0 and then provides new guesses which converge to a solution of Eq.
(1) by repetitively enhancing the bound via an iteration xn. From here we are going
to compute our target function f(x) for the first object and then calculate it for the
other iterations x1, x2, x3, x4 and so on. Typically, in a non-linear conjugate gradient
procedure, it is an iterative approach to solve for the optimal solution.

xk+1 = xk + αkpk, (2)

The step-length αk is usually determined by means of one of the line searches. A Wolfe,
Goldstein or Armijo criterion provides a proper step of x(k) so as to calculate some
decrease in the function value without taking small steps. The first two terms guarantee
that the attention flows in the direction pk is given by

pk+1 =

{−gk+1 if k=0,

−gk+1+βkpk if k>0.

(3)

Within the framework of a three-term conjugate gradient approach (TTCG), as eluci-
dated by N. Andrei [2], it is possible to choose from various generic formats

pk+1 =

{−gk+1 if k=0,

−gk+1−αsk−byk if k>0.

(4)

A search direction is determined by adding the values of gk+1, sk, yk, when
αk and bk implemented the mathematical formula associated with the terms
||gk||2, ||gk+1||2, ||yk||2, sTk gk and yTk gk, etc. ak = βk is a commonality. Here, βk is a
parameter (0 < βk < 1) and gk+1 represents g(xk+1). There are a number of formulas
for βk, which are listed below.

In this context, where |.| is the Euclidean norm, gk+1 = g(xk+1) and yk = ▽fk+1 −
▽fk are vectors. We should be sure that function value is transported down as expected
and there are not many iterations. These criteria, including Wolfe and Goldstein, Armijo
conditions that are widely used to compute the step length αk actually. The line search
(LS) process is usually addressed with an inexact line search (ILS), like the Strong Wolfe
Conditions (SWC) that help also define which alphak assumes the statement above when
conducting the theoretical convergence analysis of CG method. [7],

f(xk+αkdk) ≤ f(xk)+δαkg
T
k pk, 0 ≤ δ ≤ 1

2
|pTk g(xk+αkdk)| ≤ −σpTk gk , δ ≤ σ ≤ 1. (5)
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βFR
k =

gT
k+1gk+1

gT
k gk

[3] βCD
k =

gT
k+1gk+1

−pT
k gk

[4] βBA1
k =

yT
k yk

−pT
k gk

[10]

βHS
k =

gT
k+1yk+1

dT
k yk

[2] βLS
k =

gT
k+1gk+1

−pT
k gk

[2] βBA2
k =

yT
k+1yk+1

gT
k gk

[10]

βPR
k =

gT
k+1yk+1

gT
k gk

[7] βDY
k =

gT
k+1gk+1

pT
k yk

[8] βBA3
k =

yT
k+1yk+1

pT
k yk

[10]

Table 1: Classical Conjugate Gradient Conjugacy Parameters.

Recently, some scholars have presented innovative strategies and revised procedures, as
evidenced in references [9–17]. In the subsequent sections, we will examine the given
formula in detail, prove its attribute of decreasing, and offer valuable insights into its
convergence.

2 New Direction for CG

Recent research has focused on enhancing the standard conjugate gradient approach by
consolidating parameters inside the conjugate gradient methodology. Various hybrid al-
gorithms were developed to use the strengths of classical conjugate gradient algorithms.
Numerous hybrid methods were explored with the aim of obtaining conjugate gradient
methods that were computationally efficient and exhibited favourable convergence fea-
tures. Hybrid CG outperforms standard conjugated gradient algorithms [18, 19]. Malik
et al. [20] have just created a novel βk which is derived from the formula βNPRP

k . The
coefficient βk is defined in the following manner:

βNPRP
k =

{X, if Y

0 otherwise,

(6)

where

X =
||gk||2 − ||gk+1||

||gk|| |gTk+1gk| − |gTk+1gk|
||pk+1||2

, (7)

Y = ||gk+1||2 >

(
gk+1

gk
+ 1

)
|gTk+1gk|. (8)

Using an equation similar to the one described above, we propose our approach which
incorporates new computed values of βk along with another spectral parameter θk. In
Eq.(6), we integrate an X -equation into the modification of Eq. (7).

βNPRP
k =

{X, if Y

0 otherwise,

(9)

X = βBA
k . (10)

βBA2
k , as mentioned in Table 1 for Al-Bayati and Al-Asaady and Y = ||gk+1||2 >

ωk, |gTk+1gk|, ωk = ||gk+1||
||gk|| +1, stay with the switch criteria. The imbalance of the formula

BA2 is because the amount in the numerator is yT y, it is the same problem found as in
the Polak-Ribiere formula for conjugacy, where the method is frequently recovered when
the slope in the new step is less than the old one. Also, frequent retrieval causes the
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conjugacy parameter to become zero, slowing down the regression. Therefore, the return
had to be done carefully and with the scale set below for that purpose. Furthermore,
it is possible that the spectral search direction facilitates the rapid descent towards the
optimal point. The main difference between standard and spectral conjugate gradient
methods is the computation of the search direction Pk. The search direction of the nor-
mal conjugate gradient method is determined by applying the formula Eq. 3, but the
search direction of the spectral conjugate gradient method is determined by scaling gk
using the formula

pk+1 =

{−gk+1 if k=0,

−θkgk+1+βkpk, if k>0.

(11)

In addition, Zhang et al. [21] also proposed a spectral conjugate gradient method
which is called the SCD method. The SCD method is applied based on conjugate gradient
coefficient (βk) and spectral gradient parameter (θk):

β = βFR
k and θk =

pTk yk
||gk||2

. (12)

The conjugacy parameter (βMAR) is imported and positioned in the second term of
Eq.(6). The trend’s ultimate manifestation is defined by newly established parameters:

βNPRP
k =

{X, if Y

0 otherwise,

(13)

X = βNPRP
k and Y = ||gk+1||2 > ωk, |gTk+1gk|, ωk =

||gk+1||
||gk||

+ 1. (14)

Denote the conjugate parameter βNPRP
k and spectral scaling for the gradient θNPRP

k

as follows:

θk =
pTk yk
||gk||2

. (15)

2.1 MAR-CG algorithm

Process (0): initialization, as start k = 0, set: x0ϵRn, compute all f(x0), g(x0), let
p0 = −g0 and α0 = 1/||g0||2.
Process (1): Check for convergence: If ∥gk∥ ≤ ϵ, then stop; xk is the optimal solution;
Else continue with Process (2).
Process (2): Second, obtain αk in the line search process bearing in mind the Wolfe
conditions and set variable xk+1 = xk + αkpk. Now coming to the input, find out fk+1,
gk+1, yk and pk.
Process (3): Obtain the direction defined by p= − θMAR

k gk+1 + βMAR
k pk, β

MAR
k is set as

described in Eq. (13).
Process (4): If we are satisfied with restarts from Powell’s, set pk+1 = −gk+1 and if not,
set pk+1 = p.
Process (5): If we are satisfied with restarts from Powell’s, set (pk+1 = −gk+1) and if
not set (pk+1 = p)

Process (6): Initialize the estimate with αk = αk−1

(
||pk||2

||pk−1||2

)
, set k = k+1 and go back

to Process (1).
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3 Analysis of Convergence

We need to show that the new CG-Algorithms are globally convergent, which is a neces-
sary condition.

3.1 Assumptions (H):

(i) We know that the set: s = {x : x ∈ Rn, f(x) ≤ f(x1)} is bounded. Here, x1 is the
starting point and c > 0 is a constant. The following statement is true for all B > 0.
(ii) The model f is continuously-differentiable in the neighborhood Ω of S, and the
gradient g satisfies a Lipschitz condition. Let L ≥ 0 be a constant such that

||g(x)− g(y)|| ≤ L||x− y|| ∀ x, yϵΩ. (16)

Now, by Assumption (H)(i), we can clearly find a positive constant D such that

B = max||x− y||, ∀ x, yϵS. (17)

Define the set B to be the diameter of the domain Ω. From (H)(ii) we can actually
deduce that there exists a positive constant Υ ≥ 0 such that:

||g(x)|| ≤ Υ, ∀ xϵS. (18)

However this correct descent or descent condition is statistically problematic to ensure
in general (see [3] for computational based methods in particular).

3.2 Theorem (Descendant property):

For simplicity, let us assume that Assumptions (H) are satisfied and that we use a line
search method with strong Wolfe conditions as discussed in Sec. We prove in Eqs. (5)

that the search directions pk can be obtained from them. In (14) and (15), c =
(pT

k yk)
||gk||2

immediately satisfies the required steering search sufficient condition;
pTk+1gk+1 ≤ −c||gk+1||2.

Proof. Start with multiplying the direction pk+1 in Eq. (14) by the gradient g= gk+1,

pTk+1g = −θ
|
k|g||

2 + βMAR
k pTk g. (19)

We have the condition ||gk+1||2 > ωk|gTk+1gk| to switch between βMAR
k = 0 or βBA

k . In

this case, βMAR
k+1 = 0 makes the descent hold directly.

Otherwise, set the value of the parameters βMAR
k and θk,

pTk+1gk+1 = − pTk yk
||gk||2

||gk+1||2 +
yTk yk
||gk||2

pTk gk+1.

Utilize the reality given from the strong Wolfe conditions pTk gk+1 < pTk yk, we get the
inequality

pTk+1gk+1 ≤ − pTk yk
||gk||2

||gk+1||2 +
yTk yk
||gk||2

pTk yk.

Or, we can rearrange the last term
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pTk+1gk+1 ≤ − pTk yk
||gk||2

||gk+1||2 +
yTk yk
||gk||2

yTk yk.

We have yTk yk = ||gk+1||2 + ||gk||2 − 2gTk+1gk , it implies that

pTk+1gk+1 ≤ − (pTk yk)

||gk||2
||gk+1||2 +

pTk yk)

||gk||2
(||gk+1||2 + ||gk||2 − 2gTk+1gk)

pTk+1gk+1 ≤ pTk yk
gk2

(||gk||2 − 2gTk+1gk)

and AT B≤ 1
2 (A

2 +B2) helps as in the second term

pTk+1gk+1 ≤ pTk yk
||gk||2

||gk||2 − 2
pTk yk
2gk2

(||gk+1||2 + ||gk||2)

pTk+1gk+1 ≤ −c||gk+1||2

with c =
pT
k yk

gk2 .

3.3 Property (Boundedness of βk)

Let us consider the existence of a generic conjugate gradient method and assume that [21]

ζ ≤ ||gk|| ≤ Υ,∀k ≥ 0, (20)

here ζ is positive. A CG-method is said to possess this characteristic if there are two
constants λ > 0 and b > 1 that guaranty, for all k,

|βk| ≥ b (21)

if

||pk|| ≤ λ , then |βk| ≤
1

2b
∀λ > 0. (22)

3.4 Corollary (Boundedness of θk)

Since Assumptions (H) are satisfied, and by using line search with strong Wolfe conditions
as described in Eq. (5) the search directions (pk) are computed through Eqs. From both
(14) and (15), we restrict θk.

Proof. Utilising the Cauchy-Schwarz inequality and the Lipschitz condition, we
obtain

|θk| =
∣∣∣∣pTk ykgTk gk

∣∣∣∣ = |pTk yk|
|gTk gk|

≤ |dk||yk|
||gk||2

<
λB

Υ2
= b.
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3.5 Lemma (Boundedness of αk)

Assuming that ∀Y on the line segment from y to x, there exists a descent direction pk
and Lipshitz continuity is satisfied, let L be constant for all ∥gk∥ [7], thus line search
direction satisfies Strong Wolfe condition.

αk ≤ (1− σ)|pTk gk|
Lpk2

. (23)

Proof. employing the curvature inequality in Equation (5)

σpTk gk ≤ pTk gk+1 ≤ −σpTk gk ⇒ σpTk gk ≤ pTk gk+1). (24)

By subtracting pTk gk from both sides of (25) and applying the Lipschitz condition, the
following results:

(1− σ)pTk gk ≤ pTk (gk+1 − gk) ≤ Lαk||pk||2 (25)

Given that pk represents the descending direction and σ ≤ 1, the equation (24) is satisfied:

αk ≥ (1− σ)|dTk gk|
L||dk||2

.

This lemma is referred to as the Zoutendijk condition [22] and then provide a global
convergence proof for any nonlinear conjugate gradient method. From here, which first
appeared in the strong Wolfe line search (Eq. (5). We will formulate this condition
exactly next in the lemma.

3.6 Lemma

Suppose that Hypotheses (H) hold. Now, we will start analysing the iteration specified by
Eqs. (2) and (3), where for each k ≥ 1, we have descent condition (pTk gk = pTk gk ≤ 0)
and αk satisfies (5). Subsequently,

∑
k≥0

(pTk gk)
2

(||pk||2)
< +∞. (26)

Proof. Using the inequality from before in Eq. (5), we obtain

f(xk+1)− f(xk) ≤ δαkg
T
k pk

The integration of this with the findings in the Lemma (Boundedness of αk) produces

fk+1 − fk ≤
[
δ(1− σ)

L

]
(gTk pk)

2

||pk||2
. (27)

By utilizing the boundedness of function f as stated in Assumptions (H), we get

∑
k>0

(gTk pk)
2

||pk||2
< ∞. (28)
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3.7 Theorem.

We assume that Assumption (H) holds and apply Eqs. (2),(3),(14), and (15) where αk

is using the strong Wolfe line search in Eq. (5),

lim inf
k→∞

||gk|| = 0.

Proof. The contradiction method is employed to demonstrate that the conclusion is
incorrect. Therefore, we assume that ||gk|| ≠ 0, as previously stated. It is also established
that there are constants ζ and Υ both greater than zero. 0 < ζ ≤ ||gk|| ≤ Υ, for all
k ≥ 0. Now, by calculating the square norm on both sides of our new direction

pk+1 = −θkgk+1 + βMAR
k pk

pk+1 = −θkgk+1 + βMAR
k pk

≤ θMk+1||gk+1||+ βM
k+1||dk||

≤ ||gk+1||+ βM
k+1||dk|| (By the Cauchy − Schwarz property)

< bΥ+ bλ = C, where C = bΥ+ bλ.

Since ||pk+1||2 < (C)2 , dividing by the quality ||gk+1||4, we get

||pk+1||2

||g(k + 1)||4
<

C2

||gk+1||4
.

∞∑
k=1

||pk+1||2

||gk+1||4
> C2Υ−2 = ∞.

This is in contradiction with Lemma, then lim infk→∞ ||gk|| = 0

4 Numerical Experiment Results

To determine the reliability of the proposed approaches, they are utilized for testing
purposes. We compared our newly derived ways with standard approaches BA2 [23]
and Malik CGM [20] and use comparable evaluation problems illustrated in Figures
1, 2, and 3. A comparison is made between several widely recognized test functions
from CUTE [6], ranging in size from 100 to 1000, with an increasing number 300. The
program was developed on Fortran 77 with employing double-precision arithmetic. The
algorithm’s relative performance is determined by the cumulative number of function
evaluations, which usually involve the most expensive component in each iteration, as
well as the total number of iterations. The prerequisites for convergence were

||gk+1|| ≤ 1× 10−5. (29)

A figure is shown to display the proportion P of issues that are completed in less than the
desired time for each technique. The graph also shows the proportion of test questions
that are solved quickly using a certain approach on the left side, and the percentage
of test questions that each method solves correctly on the right side. The curve that
demonstrates the greatest effectiveness in terms of problem-solving efficiency is repre-
sented as the uppermost curve. Figures 1, 2, and 3 compare MAR-New, BA2, and Malik
CG-methods for a total of n various dimensions [100, 400, 700, 1000] for every assess-
ment based on the measure of prefer ability in numerical optimization and the number
of iterations and function evaluations; the fourth figure is CPU.
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Figure 1: The performance of the compared methods in terms of iter.

Figure 2: The performance of the compared methods in terms of nofg.

5 Conclusion

Ultimately, we propose robust conjugate gradient techniques (CG) that combine hybrid
and spectral components, guided by the parameters βMAR

k and θMAR
k to determine the

search direction. These methods exhibit a notable advantage in ensuring satisfactory
descent. Especially in the area of nonlinear dynamics, the gradient-based optimization
frequently faces obstacles such as non-convexity, chaotic behavior, or stiff structures.
Through a meticulous examination of descent qualities and global convergence for both
uniformly convex and general nonlinear functions, we establish that our methodology is
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Figure 3: The time performance comparison of the approaches.

appropriately suited for dynamical systems governed by nonlinear equations, a fundamen-
tal issue in nonlinear dynamics. Additionally, the algorithms are proven to be globally
convergent for both uniformly convex and general non-linear functions. The performance
of the proposed CG algorithms against the traditional BA and Malik method is eluci-
dated through some numerical experimentation results based on the essential parameters
βMAR
k and θMAR

k .
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Abstract: Indonesia is a maritime country with a larger ocean area than land. This
issue must be addressed with proper supporting transportation that serves as both
a method of mobilization and defence. Amphibious planes are versatile modes of
transportation that are suitable for usage in Indonesian coastal areas. Amphibious
aircraft are equipped with a navigation system and technology to move both in the
air and on water. The amphibious aircraft’s mobility is also engineered to allow
it to take off and land on its intended trajectory. Several approaches have been
developed to calculate the amphibious aircraft’s trajectory. These approaches are
continuously refined to achieve the desired level of accuracy. The commonly used
estimation calculation methods are the Ensemble Kalman Filter and the Kalman
Filter. The Ensemble Kalman Filter method is a development of the Kalman Filter
which can be used to estimate linear and non-linear system models. The Kalman
Filter is the forerunner of the Ensemble Kalman Filter method which can only be
used to estimate linear dynamic system models. The Ensemble Kalman Filter method
successfully obtained the best prediction error value with an RMSE value of 0.0876
with a total of 400 ensembles. Meanwhile, the Kalman Filter method successfully
obtained the best prediction error value with an RMSE value of 0.000237.
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1 Introduction

Indonesia is the biggest country in Southeast Asia region. In addition, Indonesia is
also the world’s largest archipelagic country, with a vast maritime area [1, 2]. This
circumstance positioned the Indonesian sea as the gateway to the Indo-Pacific region, a
strategic fishing area, a hub for trade and commerce, and the largest country in Southeast
Asia [2]. Given the scattered nature of the islands, many of which are isolated by sea,
a reliable and multifunctional transportation mode is required. Furthermore, it can be
used to help the country maintain its sovereignty.

Amphibious planes are one type of supporting mode of transportation that may oper-
ate on both water and land. Amphibious planes are mostly employed as support vehicles
for search and rescue operations, delivering products to isolated locations and under-
developed areas, assisting with firefighting efforts, and so on [3]. Several experiments
and research are being conducted to optimize the design and performance of amphibious
aircraft. The main goal is to reduce the resistance force to allow for a faster takeoff with
less engine power, resulting in lower fuel consumption [4].

Due to the variety of functions, careful consideration must be given to the design
planning and acceleration calculations during takeoff and landing. Moreover, vertical
acceleration is a more significant factor, which not only causes mental problems for
the crew, but can cause structural damage to the fuselage when touching water. More
attention should be given to the load characteristics of seaplanes when landing on water
[5]. Therefore, for amphibious aircraft to move in accordance with their trajectory,
sophisticated navigation technology and guidance systems are required.

The calibration in this study was conducted using the Kalman Filter Ensemble
(EnKF) and Kalman Filter techniques. The Kalman Filter Ensemble approach (EnKF)
is a modified estimation approach of the Kalman Filter algorithm that may be used to
estimate linear and nonlinear system models by producing a number of ensembles for
their error co-variants during the prediction stage [6]. The Kalman Filter is a widely
used estimating tool in control and navigation systems [8]. In the previous research,
the Ensemble Kalman Filter (EnKF) approach was used to estimate the position of au-
tonomous vehicles [9]. Meanwhile, the Kalman Filter (KF) approach is used to determine
the orientation and translation of UAV motions [10].

2 Data and Mathematical Modeling

The forces acting on unmanned seaplanes can be divided into four categories: aircraft
mass, hydrodynamic force, aerodynamic force, and engine thrust, as seen in Figure 1.
The following equation represents a nonlinear unmanned seaplane’s longitudinal dynamic
motion.

(a)
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(b) (c)

Figure 1: (a) and (b) The aerodynamic model of amphibious aircraft during the wind tunnel
test [12].

It employs the Earth coordinate systemXe;Ye;Ze, then plane body coordinate system
Xb;Yb;Zb and the steady-translation coordinate system Xs;Ys;Zs.

mV̇ = T cos(α+ αt)−Da −Nw sinα−Df cosα+Gxa,

mV α̇ = mV q − T sin(α+ αt)− La −Nw cosα+Df sinα+Gza,

Iy q̇ = Ma +Mw +MT ,

θ̇ = q,

ẋg = u cos θ + w sin θ,

żg = −u sin θ + w cos θ.

The dataset used in this study is based on the research findings (primary data). The
data in this study was analyzed using the Python programming language with a dataset
similar to that in Table 2 below.
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Symbol Description Symbol Description

A Angle of attack m Seaplane mass

Ø Angle of Pitch Da Aerodynamic drag force

V Speed Gxa gravity along Xs

αt Angle between engine force to
Xb

Gza gravity along Zs

Ma Total pitching moments from
the air

Xg position of aircraft along the
Xe

Mw Total pitching moments from
the air

Zg aircraft positions along Ze

MT Total Pitching Moments from
the Engine

u aircraft speed components
along Xb

T Engine thrust w aircraft speed components
along Zb

Nw Normal directional water
pressure at the bottom of the
aircraft

q Angular rate pitch (increase/
decrease of pitch angle

Df Water friction along the bot-
tom of the aircraft

Iy Seaplane moment of inertia
against Yb

La Aerodynamic lift force θ̇ Increase/decrease of the angle
of pitch

V̇ Speed gain/decrease α̇ Increase/decrease of the angle
of attack

Table 1: Description of the amphibious aircraft model parameters.

2.1 Mathematical model of Ensemble Kalman Filter (EnKF)

xk+1 = f(k, xk) + wk, (1)

zk = Hxk + vk, (2)

x0 ∼ N(x̄0, Px0), wk ∼ N(0, Qk), vk ∼ N(0, Rk), (3)

X0,i = [x0,1 x0,2 x0,3 · · · x0,Ne
], (4)

x̂∗
k =

1

Ne

Ne∑
i=1

xk,i, (5)

Pk =
1

Ne − 1

Ne∑
i=1

(x̂k,i − x̂k)(x̂k,i − x̂k)
T . (6)
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RUN ALFA BETA CL CY
13 -10,4 0 -0,567133333 -0,005233333
13 -9,393333333 0 -0,5438 -0,003833333
13 -8,35 0 -0,498733333 -0,005666667
13 -7,303333333 0 -0,440433333 -0,006466667
13 -6,24 0 -0,3466 -0,006866667
13 -5,18 0 -0,2584 -0,0046
13 -4,1 0 -0,150066667 -0,004233333
13 -3,03 0 -0,034 -0,003533333
13 -1,93 0 0,0798 -0,0025
13 -0,86 0 0,197133333 -0,0018
13 0,22 0 0,315566667 -0,001566667
13 1,29 0 0,438533333 -0,002833333
13 2,39 0 0,560533333 -0,0028
13 3,466666667 0 0,6812 -0,0023
13 4,56 0 0,802433333 -0,0015
13 5,65 0 0,924866667 -0,0012
13 6,73 0 1,0427 -0,001633333
13 7,81 0 1,160233333 -0,0017
13 8,89 0 1,279533333 -0,001366667
13 9,96 0 1,3949 -0,001366667
13 11,35 0 1,537083333 -0,000583333
13 12,395 0 1,636716667 -0,000116667
13 13,465 0 1,732683333 0,000416667
... ... ... ... ...
20 16,345 0 2,284183 -0,025583333

Table 2: Dataset.

2.2 Mathematical model of Kalman Filter (KF)

Kalman Filter (KF) is a method for solving state estimation problems. This method
is commonly known as the Linear Quadratic Estimator (LQE) since it minimizes the
quadratic function of estimate error in a linear dynamic system with white measurement
and disturbance noise [8]. The Kalman Filter technique has the following mathematical
function.

A discrete linear stochastic dynamic system is generally given in the form

xk+1 = Akxk +Bkuk +Gkwk, (7)

zk = Hkxk + vk, (8)

x0 ∼ N(x̄0, Px0
), wk ∼ N(0, Qk), vk ∼ N(0, Rk), (9)

where: x0 : initialization of the system,
xk+1 : state variable at time k + 1 and dimension n× 1,
xk : state variable at time k with initial estimated value x̄0 and early covariants Px0

,
xk ∈ Rn,
uk : deterministic input vector at time k, uk ∈ Rm,
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wk : noise on the system with mean w̄k = 0 and covariants Qk,

zk : measurement variables, zk ∈ Rp,

vk : noise on the measurement with mean v̄k = 0 covariants Rk,

Ak, Bk, Gk, Hk: the matrices with the values of their elements being the coefficients of
their respective variables.

In the Kalman Filter, estimation is carried out in two stages: the prediction stage
(time update) predicts state variables based on a dynamic system, and the correction
stage (measurement update) corrects the measurement data to improve estimation re-
sults.

The prediction stage is influenced by the dynamics of the system by predicting state
variables using the state variable estimation equation and the accuracy level is calculated
using the error covariance equation. In the correction stage, the results of the estimation
of the state variables obtained at the prediction stage are corrected using a measurement
model. One part of this stage is to determine the Kalman Gain matrix that is used to
minimize error covariance. The prediction and correction stages are carried out recur-
sively by minimizing the covariance of estimation errors (xk − xk̂), xk is a variable of

actual circumstances and xk̂ is an estimate of the variables of the situation.

3 Simulation Results

From the results of simulation using the Ensemble Kalman Filter method (EnKF) and
Kalman Filter (KF), the visualization results in the form of prediction plot are shown in
Figure 2 below.

Figure 2: CY Value Prediction Plot using the EnKF method of 400 ensembles with observation
models of 0.8 and KF.

The first simulation was carried out using the Kalman Filter Ensemble (EnKF)
method with a total of 400 ensembles and Kalman Filter. At this stage, the obser-
vation model of the Ensemble Kalman Filter (EnKF) is set with a value of 0.8 with a
total of 400 ensembles. The prediction results of the Ensemble Kalman Filter (EnKF)
method produced an RMSE value of 0.0876. Then, for the Kalman Filter method with
an R value of 0.01, it produced an RMSE value of 0.00023. The plot visualization of the
Ensemble Kalman Filter (EnKF) method, indicated by the red line, looks close to the
actual value with dynamic conditions. As for the plot visualization of the Kalman Filter
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method indicated by the green line, it looks close to the actual value with a small margin
of error.

Figure 3: CY Value Prediction Plot using the EnKF method of 600 ensembles with observation
models of 0.8 and KF.

The second simulation was carried out using the Kalman Filter Ensemble (EnKF)
method with a total of 600 ensembles and Kalman Filter. At this stage, the observation
model of the Kalman Filter Ensemble (EnKF) is set with a value of 0.8 with a total of
600 ensembles. The prediction results of the Ensemble Kalman Filter (EnKF) method
produced an RMSE value of 0.0865. Then, for the Kalman Filter method with an R
value of 0.01, it produced an RMSE value of 0.00023. The plot visualization of the
Ensemble Kalman Filter (EnKF) method, indicated by the red line, looks close to the
actual value with dynamic conditions. As for the plot visualization of the Kalman Filter
method shown by the green line, it looks close to the actual value with a small margin of
error. In this second simulation, the RMSE value of the Ensemble Kalman Filter (EnKF)
method decreased by 0.0011.

Figure 4: CY Value Prediction Plot using the EnKF method of 800 ensembles with observation
models of 0.8 and KF.

The third simulation was carried out using the Kalman Filter Ensemble (EnKF)
method with a total of 800 ensembles and Kalman Filter. At this stage, the observation
model of the Ensemble Kalman Filter (EnKF) is set with a value of 0.8 with a total of
800 ensembles. The prediction results of the Ensemble Kalman Filter (EnKF) method
produced an RMSE value of 0.0909. Then, for the Kalman Filter method with an R
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value of 0.01, it produced an RMSE value of 0.00023. The plot visualization of the
Ensemble Kalman Filter (EnKF) method, indicated by the red line, looks close to the
actual value with dynamic conditions. As for the plot visualization of the Kalman Filter
method shown by the green line, it looks close to the actual value with a small margin of
error. In this third simulation, the RMSE value of the Ensemble Kalman Filter (EnKF)
method increased by 0.0044.

Figure 5: CY Value Prediction Plot using the EnKF method of 400 ensembles with observation
models of 0.9 and KF.

The fourth simulation was carried out using the Kalman Filter Ensemble (EnKF)
method with a total of 400 ensembles and Kalman Filter. At this stage, the observation
model of the Kalman Filter Ensemble (EnKF) is set with a value of 0.9 with a total of
400 ensembles. The prediction results of the Ensemble Kalman Filter (EnKF) method
produced an RMSE value of 0.0927. Then, for the Kalman Filter method with an R value
of 0.01, it produced an RMSE value of 0.00023. The plot visualization of the Ensemble
Kalman Filter (EnKF) method, indicated by the red line, looks close to the actual value
with dynamic conditions. As for the plot visualization of the Kalman Filter method
shown by the green line, it looks close to the actual value with a small margin of error.
In this fourth simulation, the Kalman Filter method did not experience an increase or
decrease in the error value (RMSE).

Figure 6: CY Value Prediction Plot using the EnKF method of 600 ensembles with observation
models of 0.9 and KF.

The fifth simulation was carried out using the Kalman Filter Ensemble (EnKF)
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method with a total of 600 ensembles and Kalman Filter. At this stage, the obser-
vation model of the Kalman Filter Ensemble (EnKF) is set with a value of 0.9 with a
total of 600 ensembles. The prediction results of the Ensemble Kalman Filter (EnKF)
method produced an RMSE value of 0.0889. Then, for the Kalman Filter method with
an R value of 0.01, it produced an RMSE value of 0.00023. The plot visualization of the
Ensemble Kalman Filter (EnKF) method, indicated by the red line, looks close to the
actual value with dynamic conditions. As for the plot visualization of the Kalman Filter
method shown by the green line, it looks close to the actual value with a small margin of
error. In this fourth simulation, the Kalman Filter method did not experience an increase
or decrease in the error value, and the Kalman Filter Ensemble method experienced a
decrease in the error value (RMSE) of 0.0038.

Figure 7: CY Value Prediction Plot using the EnKF method of 800 ensembles with observation
models of 0.9 and KF.

The sixth simulation was carried out using the Kalman Filter Ensemble (EnKF)
method with a total of 800 ensembles and Kalman Filter. At this stage, the observation
model of the Kalman Filter Ensemble (EnKF) is set with a value of 0.9 with a total of
600 ensembles. The prediction results of the Ensemble Kalman Filter (EnKF) method
produced an RMSE value of 0.0884. Then, for the Kalman Filter method with an R value
of 0.01, it produced an RMSE value of 0.00023. The plot visualization of the Ensemble
Kalman Filter (EnKF) method, indicated by the red line, looks close to the actual value
with dynamic conditions. As for the plot visualization of the Kalman Filter method
shown by the green line, it looks close to the actual value with a small margin of error.
In this fourth simulation, the Kalman Filter method did not experience an increase or
decrease in error value, and the Kalman Filter Ensemble method experienced a decrease
in error value (RMSE) of 0.0005.

The simulation results of the Ensemble Kalman Filter (EnKF) method and the
Kalman Filter method can be seen in Table 3 below.



182 T.H. HERLAMBANG et al.

Nilai Observation Jumlah Nilai RMSE Ensemble Nilai RMSE

Model Nilai RMSE Kalman Filter Kalman Filter

0,8 400 0,0876 0,00023

600 0,0865

800 0,0909

0,9 400 0,0927

600 0,0889

800 0,0884

Table 3: Comparison of RMSE values.

Table 3 displays the entire series of simulations using the Ensemble Kalman Filter
(EnKF) and Kalman Filter methods. The dynamic simulation by the Ensemble Kalman
Filter (EnKF) method showed the best simulation results in the second simulation stage
with an RMSE value of 0.0865. Meanwhile, the simulation by the Kalman Filter method
showed constant results from the first simulation to the end.

4 Conclusion

Based on the simulation results, it can be concluded that the second simulation, which
used the Ensemble Kalman Filter (EnKF) method, yielded the best prediction error
(RMSE) of 0.0865. Furthermore, using the Kalman Filter method with R = 0.01 yielded
the best prediction error (RMSE) of 0.00023 across all simulations. The results show
that the Ensemble Kalman Filter (EnKF) and Kalman Filter methods produce good
predictions with a 1% error rate and are consistent, thus they can be recommended for
further research.
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Abstract: We propose a new hybrid conjugate gradient method for unconstrained
optimization problems. The method combines the RMIL, LS and CD formulas
through a convex combination to build a more effective search direction. This ap-
proach aims to improve both convergence and numerical performance. The hybrid
parameter βk is updated to satisfy the conjugacy condition and global convergence is
proven under the strong Wolfe line search. Numerical results on test problems show
that the new method is better than other existing approaches in terms of iterations
and CPU time.
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1 Introduction

Unconstrained optimization problems appear in many areas such as machine learning,
data fitting, finance and control systems. These problems are generally written as{

min f(x)
x ∈ Rn,

(1)

where f : Rn → R is a continuously differentiable function.
When the dimension n is large, solving this problem efficiently becomes important.

One of the most effective and memory-saving methods used is the nonlinear conjugate
gradient (CG) method. These methods are known for their low storage requirements and
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are widely used in practice due to their simplicity and strong performance. Moreover,
the nonlinear CG method plays a crucial role in nonlinear dynamics [9,11], where many
problems such as trajectory optimization, equilibrium analysis and model calibration can
be reformulated as large-scale unconstrained optimization problems. In such contexts,
CG methods provide a computationally efficient framework to handle the high dimensions
and complex structure typical of dynamical systems, without the need to compute or store
second-order derivatives.

Starting from an initial point x0, the conjugate gradient method updates the solution
using the formula

xk+1 = xk + αkdk, (2)

where αk > 0 is the step size, often found using a line search, and dk is the search
direction computed by

dk =

{
−g0, if k = 0,
−gk + βkdk−1, if k ≥ 1.

(3)

Here, gk = ∇f(xk) is the gradient of the objective function at the k-th step, and βk is a
scalar used to generate the new search direction.

Several formulas for βk exist in the literature. Notable examples include those by
Hestenes and Stiefel (HS), Fletcher and Reeves (FR), Polak–Ribière–Polyak (PRP) and
Conjugate Descent (CD) [1]. In addition, see Liu and Storey (LS) [10], Dai and Yuan
(DY) [2], and Rivaie et al. (RMIL) [13]. According to Hager and Zhang [7], methods
like FR, CD, and DY have solid convergence properties, while others, such as HS, PRP
and LS, often give better numerical results.

Some classical formulas for βk are given by

βHS
k =

gTk+1yk

dTk yk
, βFR

k =
∥gk+1∥2

∥gk∥2
, βPRP

k =
gTk+1yk

∥gk∥2
, βCD

k = −∥gk+1∥2

gTk dk
,

βLS
k = −

gTk+1yk

gTk dk
, βDY

k =
∥gk+1∥2

dTk yk
, βRMIL

k =
gTk+1yk

∥dk∥2
,

where yk = gk+1 − gk and ∥ · ∥ denotes the Euclidean norm.
To improve the performance and stability of CG methods, researchers have developed

hybrid formulas by combining two or more βk expressions. Some are convex combina-
tions, while others are non-convex. Many such combinations have been proposed in the
literature [3, 4, 8, 12–14].

In this paper, we propose a new hybrid method called RMILCDLS, which blends the
RMIL, CD and LS formulas using a convex combination. The aim is to take advan-
tage of the strong global convergence of RMIL and CD, while also using the numerical
performance of the LS method.

The rest of this paper is organized as follows. Section 2 presents the new βk formula
and algorithm. Section 3 contains the convergence analysis under the strong Wolfe
conditions. Section 4 gives numerical results and Section 5 concludes the paper.

2 New Formula of βk and Description of the Corresponding Algorithm

In this section, we propose a new hybrid conjugate gradient method for solving (1). The
method is based on a convex combination of the RMIL, CD and LS conjugate gradient
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formulas. The proposed parameter βNew
k is defined by

βNew
k = λkβ

RMIL
k + θkβ

CD
k + (1− λk − θk)β

LS
k , λk, θk ∈ [0, 1], λk + θk ≤ 1. (4)

Substituting the expressions for the individual CG parameters, we get

βNew
k = λk

gTk+1yk

∥dk∥2
+ θk

∥gk+1∥2

−gTk dk
+ (1− λk − θk)

gTk+1yk

−gTk dk
, (5)

where yk = gk+1 − gk.
The search direction is generated using the recurrence

d0 = −g0, dk+1 = −gk+1 + βNew
k dk. (6)

To ensure global convergence and sufficient descent condition, we employ the strong
Wolfe line search conditions

f(xk + αkdk) ≤ f(xk) + δαkg
T
k dk, (7)

σgTk dk ≤ gTk+1dk ≤ −σgTk dk, (8)

where 0 < δ ≤ σ < 4
5 .

The parameters λk and θk are chosen to satisfy the conjugacy condition

yTk dk+1 = 0. (9)

Substituting (6) into (9) and using (4), we get

yTk dk+1 = −yTk gk+1 + βNew
k yTk dk = 0,

⇒ yTk gk+1 = βNew
k yTk dk. (10)

Replacing βNew
k by its expression from (4), we obtain

yTk gk+1 =
[
λkβ

RMIL
k + θkβ

CD
k + (1− λk − θk)β

LS
k

]
yTk dk

= λk(β
RMIL
k − βLS

k )yTk dk + θk(β
CD
k − βLS

k )yTk dk + βLS
k yTk dk. (11)

From (11), we get

λk =
yTk gk+1 − θk(β

CD
k − βLS

k )yTk dk − βLS
k yTk dk

(βRMIL
k − βLS

k )yTk dk
. (12)

To ensure feasibility of the parameters, we enforce the following bounds:

λk =


0, if λk < 0,

1, if λk > 1,

1− θk, if λk + θk > 1.

Depending on the values of λk and θk, the parameter βNew
k reduces to the known

methods

βNew
k =



βRMIL
k , λk = 1, θk = 0,

βCD
k , λk = 0, θk = 1,

βLS
k , λk = 0, θk = 0,

λkβ
RMIL
k + (1− λk)β

LS
k , θk = 0, λk ∈ (0, 1),

λkβ
RMIL
k + (1− λk)β

CD
k , θk = 1− λk, λk ∈ (0, 1),

θkβ
CD
k + (1− θk)β

LS
k , λk = 0, θk ∈ (0, 1),

λkβ
RMIL
k + θkβ

CD
k + (1− λk − θk)β

LS
k , λk, θk ∈ (0, 1), λk + θk < 1.

(13)
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Now we give the corresponding algorithm for our βNew
k .

Algorithm 2.1 (RMILCDLS)
Begin algorithm
Step 0: Given a starting point x0 ∈ Rn and a parameter ε > 0, compute g0 = ∇f(x0),
then set d0 = −g0.
Step 1: If ∥gk∥ ≤ ε, Stop; otherwise go to Step 2.
Step 2: Compute the step-size αk using (7) and (8).
Step 3: Update xk+1 = xk + αkdk.
Step 4: Compute gk+1 = ∇f(xk+1), yk = gk+1 − gk.
Step 5: If gTk+1gk = 0, then set λk = 0;

otherwise compute λk as in (12) with 0 ≤ θk ≤ 1.
Step 6: Compute βNew

k using formula (5).
Step 7: Set dk+1 = −gk+1 + βNew

k dk.
Step 8: If

∣∣gTk+1gk
∣∣ ≥ 0.2∥gk+1∥2 (restart criterion of Powell [4]),

then set dk+1 = −gk+1.
Step 9: Let k = k + 1 and go back to Step 1.
End algorithm

3 Convergence Analysis

Throughout this section, we make the following assumptions.
Assumption (i): The level set S = {x ∈ Rn : f(x) ≤ f(x0)} is bounded, i.e., there

exists a constant B > 0 such that

∥x∥ ≤ B, for all x ∈ S. (14)

Assumption (ii): In a neighborhood N of S, the function f is continuously dif-
ferentiable and its gradient ∇f(x) is Lipschitz continuous, i.e., there exists a constant
0 < L < ∞ such that

∥∇f(x)−∇f(y)∥ ≤ L ∥x− y∥ , for all x, y ∈ N. (15)

Under Assumptions (i) and (ii) on f , there exists a constant µ ≥ 0 such that

∥∇f(x)∥ ≤ µ, for all x, y ∈ N. (16)

To establish the sufficient descent condition, we introduce the following theorem.

Theorem 3.1 Let {dk}k∈N be given by (6), αk satisfy (7) and (8), then

gTk+1dk+1 ≤ −c ∥gk+1∥2 , k = 0, 1, .., (17)

where c > 0 and σ < 4
5 .

Proof. Induction is used to show (17). Since d0 = −g0, we get gT0 d0 = −∥g0∥2 < 0.
Consider that (17) holds for k > 0.

We have ∣∣gTk+1gk
∣∣ ≥ 0.2 ∥gk+1∥2 . (18)

If (18) holds, then gTk+1d
New
k+1 = −∥gk+1∥2 < 0.
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The search direction that meets the sufficient descent condition is achieved.
If (18) does not hold, then ∣∣gTk+1gk

∣∣ < 0.2 ∥gk+1∥2 . (19)

Using (8), we can get that

yTk dk = (gk+1 − gk)
T dk ≥ −(1− σ)gTk dk. (20)

And ∣∣∣∣∣gTk+1dk

yTk dk

∣∣∣∣∣ ≤ σ

(1− σ)
.

Multiplying both sides of (6) by gTk+1, we get

gTk+1d
New
k+1 = −∥gk+1∥2 + λkβ

RMIL
k gTk+1dk + θkβ

CD
k gTk+1dk

+(1− λk − θk)β
LS
k gTk+1dk.

We have seven cases.
Case 01: If λk = 1, θk = 0, we have gTk+1d

New
k+1 = gTk+1d

RMIL
k+1 . For the RMIL

direction dRMIL
k+1 = −gk+1 + βRMIL

k dk, it is proved in [13] that

gTk+1d
RMIL
k+1 ≤ −a1∥gk+1∥2 for all k,

where a1 > 0.
Case 02: If λk = 0, θk = 1, we have gTk+1d

New
k+1 = gTk+1d

CD
k+1. For the conjugate

descent direction dCD
k+1 = −gk+1 + βCD

k dk, it is proved in [4] that

gTk+1d
CD
k+1 ≤ −a2∥gk+1∥2 for all k,

where a2 > 0.
Case 03: If λk = 0, θk = 0, we have gTk+1d

New
k+1 = gTk+1d

LS
k+1. For the Liu-Storey

direction dLS
k+1 = −gk+1 + βLS

k dk, it is proved in [4] that

gTk+1d
LS
k+1 ≤ −a3∥gk+1∥2 for all k,

where a3 > 0.
Case 04: If λk ∈ ]0, 1[ , θk = 0, we have gTk+1d

New
k+1 = gTk+1d

RMILLS
k+1 .

We have
dNew
k+1 = λkd

RMIL
k+1 + θkd

CD
k+1 + (1− λk − θk)d

LS
k+1.

Hence,

gTk+1d
New
k+1 = λkg

T
k+1d

RMIL
k+1 + θkg

T
k+1d

CD
k+1 + (1− λk − θk)g

T
k+1d

LS
k+1. (21)

With (21), we get

gTk+1d
RMILLS
k+1 = λkg

T
k+1d

RMIL
k+1 + (1− λk)g

T
k+1d

LS
k+1.

∃w1, w2 ∈ R : 0 < w1 < λk < w2 < 1, then

gTk+1d
RMILLS
k+1 ≤ −(w1a1 + w2a3) ∥gk+1∥2 = −a4 ∥gk+1∥2 ,
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where a4 > 0.
Case 05: If θk = 1− λk and λk, θk ∈ ]0, 1[, we have gTk+1d

New
k+1 = gTk+1d

RMILCD
k+1 .

With (21), we get

gTk+1d
RMILCD
k+1 = λkg

T
k+1d

RMIL
k+1 + (1− λk)g

T
k+1d

CD
k+1.

Clearly, the sufficient descent condition is satisfied, which means that

gTk+1d
RMILCD
k+1 ≤ −a5 ∥gk+1∥2 ,

where a5 > 0.
Case 06: If λk = 0, θk ∈ ]0, 1[, we have gTk+1d

New
k+1 = gTk+1d

CDLS
k+1 .

With (21), we get

gTk+1d
CDLS
k+1 = θkg

T
k+1d

CD
k+1 + (1− θk)g

T
k+1d

LS
k+1.

Case 06 is the same as Case 04 and Case 05. So, the sufficient descent condition is
satisfied, which means that

gTk+1d
CDLS
k+1 ≤ −a6 ∥gk+1∥2 ,

where a6 > 0.
Case 07: If λk, θk ∈ ]0, 1[ and 0 < λk + θk < 1, we have

gTk+1d
New
k+1 = λkg

T
k+1d

RMIL
k+1 + θkg

T
k+1d

CD
k+1 + (1− λk − θk)g

T
k+1d

LS
k+1.

∃k1, k2, k3, k4 ∈ R : 0 < k1 < λk < k2 < 1, 0 < k3 < θk < k4 < 1, then

gTk+1d
New
k+1 ≤ −(k1a1 + k2a2 + (1− k3 − k4)a3) ∥gk+1∥2

= −a7 ∥gk+1∥2 ,

where a7 > 0.
The proof is complete.

Lemma 3.1 Suppose that Assumptions (i) and (ii) hold. Consider common iterate
(2), where dk is a descent direction that verifies (17) and αk is determined by the strong
Wolfe line search (7) and (8). Then the Zoutendijk condition

∑
k≥0

(gTk dk)
2

∥dk∥2
< ∞ (22)

holds.

Proof. The proof follows directly from [15].

Lemma 3.2 Suppose that Assumptions (i) and (ii) hold and αk > 0 is determined
by the strong Wolfe line search (7) and (8). Then there exists α∗ > 0 such that

αk ≥ α∗ > 0 for all k.

Proof. The proof follows directly from [4].
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Theorem 3.2 Consider the RMILCDLS conjugate gradient method and suppose
that Assumptions (i), (ii) and (8) hold. Then either gk = 0 for some k or

lim
k→∞

inf ∥gk∥ = 0. (23)

Proof. Suppose that gk ̸= 0 for all k. Then we are going to prove (23).
Suppose by contradiction that (23) does not hold. Then there exists t > 0 such that

∥gk∥ ≥ t for all k. (24)

Let D denote the diameter of the level set S, and define the step sk = xk+1 − xk =
αkdk. From equation (4), we have∣∣βNew

k

∣∣ ≤ ∣∣βRMIL
k

∣∣+ ∣∣βCD
k

∣∣+ ∣∣βLS
k

∣∣ . (25)

We begin by analyzing each of the components on the right-hand side. By definition,∣∣βRMIL
k

∣∣ = ∣∣gTk+1yk
∣∣

∥dk∥2
.

From equations (24) and (17), we have

∥dk∥2 ≥ −(1− σ)gTk dk
Lαk

≥ (1− σ)c ∥gk∥2

Lαk
≥ (1− σ)ct2

Lαk
.

Thus, we obtain the bound

1

∥dk∥2
≤ Lαk

(1− σ)ct2
. (26)

Next, for
∣∣gTk+1yk

∣∣, we have∣∣gTk+1yk
∣∣ ≤ ∥gk+1∥ ∥yk∥
≤ µ ∥gk+1 − gk∥
≤ µL ∥xk+1 − xk∥
≤ µL ∥sk∥∣∣gTk+1yk

∣∣ ≤ µLD. (27)

Combining equations (26) and (27), we get∣∣βRMIL
k

∣∣ ≤ µL2Dαk

(1− σ)ct2
. (28)

For
∣∣βCD

k

∣∣, we have

∣∣βCD
k

∣∣ ≤ ∥gk+1∥2

−gTk dk
≤ µ2

c ∥gk∥2
≤ µ2

ct2
. (29)

Finally, for
∣∣βLS

k

∣∣, we have

∣∣βLS
k

∣∣ = ∣∣∣∣∣gTk+1yk

−gTk dk

∣∣∣∣∣ ≤ ∥gk+1∥ ∥yk∥
−gTk dk

≤ µLD

ct2
. (30)
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From (28), (29) and (30), we can write

∣∣βNew
k

∣∣ ≤ µL2Dαk

(1− σ)ct2
+

µ2 + µLD

ct2
. (31)

Now, we can write

∥dk+1∥ ≤ ∥gk+1∥+
∣∣βNew

k

∣∣ ∥dk∥ . (32)

We have sk = αkdk. So, we can write dk =
sk
αk

. Then, from (31) and (32), we get

∥dk+1∥ ≤ µ+

(
µL2Dαk

(1− σ)ct2
+

µ2 + µLD

ct2

)
∥sk∥
αk

≤ µ+

(
µL2Dα∗

(1− σ)ct2
+

µ2 + µLD

ct2

)
D

α∗
= P. (33)

This implies that ∑
k≥1

1

∥dk+1∥2
= ∞. (34)

On the other hand, from (18), (24) and from the Zoutendijk condition (22), it follows
that

c2t4
∑
k≥0

1

∥dk∥2
≤

∑
k≥0

c2∥gk∥4

∥dk∥2
≤

∑
k≥0

(gTk dk)
2

∥dk∥2
< ∞,

which contradicts (34). Therefore, (24) does not hold. Then lim
k→∞

inf ∥gk∥ = 0.

This completes the proof.

4 Numerical Experiments

In this section, we present several numerical tests to evaluate the performance of RMIL-
CDLS algorithm. We select various test functions given in Table 4, taken from the CUTE
library [1, 6] for different dimensions, from n = 10 to n = 800000. At the same time, we
present a numerical comparison with other conjugate gradient algorithms, namely RMIL,
LS, CD and HSDYCD [8]. The stopping criterion is ∥gk∥ ≤ ε, where ε = 10−6, or the
iteration number > 4000. The step-size αk is computed by the strong Wolfe line search
with σ = 0.01 δ = 0.1. In order to evaluate the data of iterations number, CPU time
and for gradient evaluation and objective function evaluation, we use the performance
profile of Dolan and Moré [5] presented in Figure 1.

4.1 Commentaries

The performance profile results, as depicted in Figures 1 (a), (b), (c) and (d), show
that our proposed conjugate gradient method RMILCDLS, using βNew

k , consistently
outperforms the other methods based on βRMIL

k , βCD
k , βLS

k and βHSDY CD
k .
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Functions Dimensions Functions Dimensions

Genrose 10000 Pen1 200, 1000
Osb2 10 Rosex 500, 1000
Eg2 100 Diagonal3 500, 2000
Freuroth 460 Singx 1000, 2000
Pen2 160 Diagonal1 800, 2000
Dixon3dq 150 Trid 500, 8000
Fletcbv3 100 Ie 500, 1500
Power1 150 Raydan1 500, 5000
Biggsb1 300 Lin 100, 1300
Dixmaani 360 Nonscomp 5000, 80000
Bv 2000, 20000 Dqrtic 5000, 150000
Liarwhd 6000, 30000 Dqdrtic 9000, 90000
Woods 150000, 200000 Dixmaana 6000, 90000
Quartc 80000, 50000 Dixmaanb 24000, 48000
Dixmaanc 2700, 27000 Dixmaand 12000, 90000
Dixmaane 2400, 48000 Dixmaanf 15000, 60000
Dixmaang 12000, 90000 Edensch 7000, 40000, 50000
Diagonal2 8000, 50000 Cosine 6000, 100000, 800000
Dixmaank 12000, 12000 Fletchcr 1000, 50000, 200000
Dixmaanl 2400, 24000 Exdenschnb 6000, 24000, 300000
Himmelbg 70000, 240000 Exdenschnf 90000, 280000, 600000
Dixmaanh 6000, 150000 Raydan2 2000, 20000, 500000
Dixmaanj 3000, 15000 Sine 100000, 250000, 500000

Table 1: List of test functions and their dimensions.

5 Conclusion

In this paper, we have proposed a new hybrid conjugate gradient method for solving
unconstrained optimization problems, where the parameter βNew

k is a convex combination
of βRMIL

k , βCD
k and βLS

k .
We have provided the proof of the sufficient descent condition for the search direction

and the global convergence of our proposed method for nonlinear functions using the
strong Wolfe line search.

The numerical tests carried out confirm the effectiveness of our proposed RMILCDLS
algorithm in terms of iterations number, computation time, gradient evaluation and
objective function evaluation compared with other standard conjugate gradient methods,
namely the RMIL, LS, CD and HSDYCD algorithms.

In particular, the convex combination strategy introduced in the construction of βNew
k

offers a new balance between convergence reliability and computational efficiency. This
makes the RMILCDLS algorithm a valuable tool for solving large-scale problems arising
in various fields such as nonlinear dynamics, optimal control, machine learning, image
processing and compressive sensing.
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Figure 1: Performance profile of RMILCDLS, RMIL, CD, LS and HSDYCD algorithms.
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Abstract: In this paper, we consider a class of quintic planar polynomial differen-
tial systems with a non-elementary singular point. We establish sufficient conditions
for the existence of a hyperbolic non-algebraic limit cycle surrounding this singularity.
Moreover, the limit cycle is explicitly expressed in polar coordinates. To demonstrate
the applicability of our results, a concrete example is provided along with its corre-
sponding phase portrait.
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1 Introduction

One of the main problems in the qualitative theory of differential equations is the study
of limit cycles, that is, isolated periodic solutions among all periodic solutions of planar
differential systems of the form { .

x = dx
dt = P (x, y),

.
y = dy

dt = Q(x, y),
(1)

where P and Q are real polynomials in the variables x and y. The degree n of the poly-
nomial system of differential equations is the maximum of the degrees of the polynomials
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P and Q. Limit cycles of plane vector fields were first proposed by French mathematician
Poincaré in his very famous classical papers entitled “Integral curves defined by differ-
ential equations” (1881, 1882, 1885, 1886). Later on van der Pol [16] in 1926, Lienard
in 1928, and Andronov [2] in 1929, showed that the periodic solution of a self-sustained
oscillation of a circuit in a vacuum tube was a limit cycle in the sense defined by Poincaré.

Hilbert proposed a list of 23 problems to guide the advancement of mathematical
science, sparking intensive research throughout the 20th century. Among these, only the
Riemann hypothesis and the second part of Hilbert’s 16th problem remain unsolved to
this day. The second part of the 16th Hilbert problem consists of two components: it
seeks an upper bound on the number of possible limit cycles and their positions for planar
polynomial differential systems of a given degree [5]. The theory of limit cycles, serving
as an indispensable mathematical tool, has found broad and significant applications in
modern physics, chemistry, biology, and other disciplines. In turn, the progress in these
fields continues to drive research on limit cycles.

Let Ω be a non-empty open and dense subset of R2. We say that a non–locally
constant C1 function φ : Ω → R is a first integral of the polynomial differential (2) in Ω
if φ is constant on the trajectories of the polynomial differential system (2) contained in
Ω, i.e., if

dφ(x, y)

dt
− ∂φ(x, y)

∂x
P (x, y)− ∂φ(x, y)

∂y
Q(x, y) ≡ 0 at the points of Ω.

Let us take into consideration a not closed set 𭟋 ⊆ R2 and function V of class C1(𭟋)
defined by V (x, y) : R2 ⊇ 𭟋 −→ R. We say that the curve defined by means of the
equation V (x, y) = 0 is an invariant curve of the system (2) under the condition that the
following equation is satisfied:

P (x, y)
∂V

∂x
(x, y) +Q(x, y)

∂V

∂y
(x, y) = K (x, y)V (x, y)

with K(x, y) being a polynomial in the variables x and y such as degK(x, y) ≤ q − 1.
The polynomial K(x, y) is known as the cofactor of the polynomial curve V (x, y) = 0.

The study of nonlinear differential systems is of central importance for understanding
complex dynamical behaviors that cannot be captured by linear models. In particular,
limit cycles play a key role in describing self-sustained oscillations in physical, biological,
and engineering systems [4,8,9,12,15]. While linear systems provide foundational insight,
they fail to account for the intricate behaviors introduced by nonlinearities. Therefore,
investigating the existence and characteristics of limit cycles in nonlinear planar sys-
tems, especially those with higher-degree nonlinearities and non-elementary singularities,
contributes significantly to the theoretical development and practical understanding of
nonlinear dynamics.

In the qualitative theory of planar differential systems, an algebraic limit cycle of
degree p is an oval of an irreducible invariant algebraic curve V (x, y) = 0 of degree p,
which is a limit cycle of the system, otherwise it is called non-algebraic, see [11, 14].
In general, the orbits of a polynomial differential system (1) are contained in analytic
curves that are not algebraic, see for example [1,6,10], an even more difficult problem is
to give an explicit form of them, for example, the well-known limit cycle of the van der
Pol differential system presented in 1926, was not proved until 1995, when Odani [13]
showed that it was non-algebraic and the der Pol differential system can be written
as a polynomial differential system (1) of degree 3, but its limit cycle is not known
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explicitly. The first examples of explicit non-algebraic limit cycles appeared in the works
of A.Gasull, Giacomini and Torregrosa [6] and J.Giné and M.Grau [7], Al-Dossary [1]
for n = 5, and Benterki Lilibre [3] for n = 3.

In this work, we consider a class of quintic planar polynomial differential systems that
feature a non-elementary singular point. We establish sufficient conditions for the exis-
tence of a hyperbolic, non-algebraic limit cycle surrounding this singularity. Moreover,
we derive an explicit expression for the limit cycle, contributing both to the theoretical
understanding and practical identification of such cycles. To illustrate the applicability
of our results, a specific example is constructed, and its phase portrait is presented.

2 Main Result

As our main result, we shall prove the following theorem.

Theorem 2.1 Consider the quintic polynomial differential systems
.
x = 2hy

(
a2y2 + x2

)
+ wax

(
−
(
x2 + y2

)2
+ h

(
x2 + y2

))
,

.
y = −2hx

(
a2y2 + x2

)
+ way

(
−
(
x2 + y2

)2
+ h

(
x2 + y2

))
,

(2)

then the following statements hold.

(1) If a ∈ R∗, w ∈ R∗ and h > 0, the system (2) has the first integral

I(x, y) =
exp

∫ arctan y
x

0
2√
h
ϕ(s)ds√

x2 + y2 −
√
h

+

∫ arctan y
x

0

(
exp

∫ s

0

2√
h
ϕ(η)dη

)
1

h
ϕ(s)ds,

where ϕ(θ) = wa
2(a2 sin2 θ+cos2 θ)

.

(2) If wa < 0 and h > 0, the system (2) possesses exactly one non-algebraic limit cycle
around a non-elementary singular point, this limit cycle is explicitly given in polar
coordinates (r, θ) by the expression

r(θ, r∗) =
√
h+

(
exp

∫ θ

0
−2√
h
ϕ(s)ds

)−1

1
r∗−

√
h
−
∫ θ

0

(
exp

∫ s

0
2√
h
ϕ(η)dη

)
1
hϕ(s)ds

with

r∗ =

(
exp

∫ 2π

0
2√
h
ϕ(s)ds

)−1

− 1∫ 2π

0

(
exp

∫ s

0
2√
h
ϕ(η)dη

)
1
hϕ(s)ds

+
√
h.

Proof. Firstly, we prove that the origin is the unique equilibrium non-elementary
point of the system (2).

We note that

x
.
y − y

.
x = x

(
−2hx

(
a2y2 + x2

)
+ way

(
−
(
x2 + y2

)2
+ h

(
x2 + y2

)))
−y
(
2hy

(
a2y2 + x2

)
+ wax

(
−
(
x2 + y2

)2
+ h

(
x2 + y2

)))
= −2h

(
a2y2 + x2

) (
x2 + y2

)
,
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thus, the equilibrium points of system (2) are present in the curve’s equation

− 2h
(
a2y2 + x2

) (
x2 + y2

)
= 0 (3)

because h ̸= 0 and a ̸= 0. Then the origin of coordinates is the only solution to the
equation (3), we conclude that the origin, also known as an equilibrium point, is a
degenerate non-elementary singular point of the system (2), for the reason that the
linear part of this system is identically zero.

The Jacobian matrix of the differential system (2) at the origin O(0, 0) is

Dj(0, 0) =

(
0 0
0 0

)
.

So the origin (0, 0) is a non-elementary point.
(1) To prove statements (1) and (2), we write the polynomial differential system (2)

in polar coordinates (r; θ), then these system becomes{ .
r = war

(
−r4 + hr2

)
,

.

θ = −2hr
(
a2r2 sin2 θ + r2 cos2 θ

)
.

(4)

Taking θ as an independent variable, we can rewrite the system (4) as the Riccati differ-
ential equation as follows:

dr

dθ
=

1

h
ϕ(θ)r2 − ϕ(θ), (5)

where ϕ(θ) = wa
2(a2 sin2 θ+cos2 θ)

.

Note that since h ∈ R∗
+, we have θ′ = −2hr

(
a2r2 sin2 θ + r2 cos2 θ

)
< 0 for all θ ∈ R.

So, the orbits r(θ) of the differential equation (5) reverse their orientation with respect to
the orbits (r(t); θ(t)) or ((x(t); y(t)) of the differential systems (4) and (2), respectively.

Fortunately, the equation (5) is integrable since it possesses the particular solution
r =

√
h, the general solution of equation (5) is given by

r =

(√
h+

1

ρ

)
, (6)

where ρ is a function of the variable θ. Indeed, substituting the solution r =
(√

h+ 1
ρ

)
into the Riccatti equation (5), we obtain the linear equation

dρ

dθ
= − 2√

h
ϕ(θ)ρ− 1

h
ϕ(θ). (7)

The general solution of linear equation (7) is

ρ(θ, c) =

(
exp

∫ θ

0

2√
h
ϕ(s)ds

)−1(
c+

∫ θ

0

(
exp

∫ s

0

2√
h
ϕ(η)dη

)(
−1

h
ϕ(s)

)
ds

)
,

where c ∈ R. Going back through the changes of variables (6), we obtain the general
solution of (5)

r(θ, c) =
√
h+

exp
∫ θ

0
2√
h
ϕ(s)ds

c−
∫ θ

0

(
exp

∫ s

0
2√
h
ϕ(η)dη

)
1
hϕ(s)ds

, (8)
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where ϕ(θ) = wa
2(a2 sin2 θ+cos2 θ)

. By passing to Cartesian coordinates, we deduce the first

integral

I(x, y) =
exp

∫ arctan y
x

0
2√
h
ϕ(s)ds√

x2 + y2 −
√
h

+

∫ arctan y
x

0

(
exp

∫ s

0

2√
h
ϕ(η)dη

)
1

h
ϕ(s)ds.

The trajectories of the system (2) are the level curves I(x, y) = c, c ∈ R, and since
these curves are obviously non-algebraic except for the curve (Γ) which corresponds to
c → +∞, any other limit cycle, if it exists, should also be non-algebraic. Hence, statement
(1) is proved.

(2) If we put θ = 0 in the solution (8), we have

r(0, c) =
√
h+

1

c
.

Let r0 =
√
h+ 1

c , so r(0, r0) = r0 > 0, corresponds to the value c = 1
r0−

√
h
, which allows

to rewrite the general solution of (8) as

r(θ, r0) =
√
h+

exp
∫ θ

0
2√
h
ϕ(s)ds

1
r0−

√
h
−
∫ θ

0

(
exp

∫ s

0
2√
h
ϕ(η)dη

)
1
hϕ(s)ds

,

where r0 = r0(0) and ϕ(θ) = wa
2(a2 sin2 θ+cos2 θ)

.

The periodic solutions of system (2) must satisfy the following condition:

r(2π, r0) = r(0, r0). (9)

The condition (9) is equivalent to

r0 = r∗ =
exp

∫ 2π

0
−2√
h
ϕ(s)ds− 1∫ 2π

0

(
exp

∫ s

0
2√
h
ϕ(η)dη

)
1
hϕ(s)ds

+
√
h, (10)

r∗ is the intersection of the periodic orbit with the positive x−semi-axis.
Let us show that the right-hand side of (10) is strictly positive.
Indeed, since aw < 0 and h > 0, then ϕ(θ) = wa

2(a2 sin2 θ+cos2 θ)
< 0 and

1
exp

∫ θ
0

2√
h
ϕ(s)ds

− 1 < 0 for all θ ∈ R, so

r∗ =
exp

∫ 2π

0
−2√
h
ϕ(s)ds− 1∫ 2π

0

(
exp

∫ s

0
2√
h
ϕ(η)dη

)
1
hϕ(s)ds

+
√
h

=

1
exp

∫ θ
0

2√
h
ϕ(s)ds

− 1∫ 2π

0

(
exp

∫ s

0
2√
h
ϕ(η)dη

)
1
hϕ(s)ds

+
√
h > 0.

Substituting the value of r∗ into (2), we get the candidate solution

r(θ, r∗) =
√
h+

(
exp

∫ θ

0

2√
h
ϕ(s)ds

)(
1

r∗ −
√
h
−
∫ θ

0

(
exp

∫ s

0

2√
h
ϕ(η)dη

)
1

h
ϕ(s)ds

)−1

.
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Next, we prove that r(θ, r∗) > 0. Indeed, since aw < 0 and h > 0, we have ϕ(θ) =
wa

2(a2 sin2 θ+cos2 θ)
< 0 for all θ ∈ R , so

r(θ, r∗) =
√
h+

exp
∫ θ

0
2√
h
ϕ(s)ds

1
r∗−

√
h
+
∫ θ

0

(
exp

∫ s

0
2√
h
ϕ(η)dη

) (−1
h ϕ(s)

)
ds

=
√
h+

exp
∫ θ

0
2√
h
ϕ(s)ds(

exp
∫ 2π
0

2√
h
ϕ(s)ds

)−1
−1∫ 2π

0

(
exp

∫ s
0

2√
h
ϕ(η)dη

)
1
hϕ(s)ds

+
∫ θ

0

(
exp

∫ s

0
2√
h
ϕ(η)dη

) (−1
h ϕ(s)

)
ds

> 0

for all θ ∈ R. To prove that the periodic orbit is a hyperbolic limit cycle, we consider (2)
and introduce the Poincare return map r0 7→ P (r0) = r(2π, r0), see [14].

We compute

dr(2π, r0)

dr0

∣∣∣∣
r=r∗

= exp

∫ 2π

0

2√
h
ϕ(s)ds < 1.

Since ϕ(θ) < 0 for all θ ∈ R, we have
∫ 2π

0
2√
h
ϕ(s)ds < 0,

therefore
dr(2π, r0)

dr0

∣∣∣∣
r=r∗

< 1.

For this reason, the limit cycle for the ordinary differential equation (5) is stable. Finally,
system (2) has exactly one non-algebraic limit cycle which is the only existing limit cycle.
Consequently, this is an unstable and hyperbolic limit cycle for the differential system
(2). This completes the proof of statement (2) of Theorem 2.1.

Example 2.1 When a = −2, h = 4, w = 1, system (2) reads{ .
x = 8y

(
4y2 + x2

)
+ 2x

(
x4 + y4

)
− 8x

(
x2 + y2

)
+ 4x3y2,

.
y = −8x

(
4y2 + x2

)
+ 2y

(
x4 + y4

)
− 8y

(
x2 + y2

)
+ 4x2y3,

(11)

the system (11) satisfies the conditions of the statement (2) of Theorem 2.1, hence the
system (11) possesses one non-algebraic limit cycle which is an unstable and hyperbolic
limit cycle for the differential system (11) as shown in Figure 1 and it is explicitly given
in polar coordinates (r, θ) by the expression

r(θ, r∗) = 2 +

(
exp

∫ θ

0

ϕ(s)ds

)(
1

r∗ − 2
− 1

4

∫ θ

0

(
exp

∫ s

0

ϕ(η)dη

)
ϕ(s)ds

)−1

with ϕ(θ) = −1
4 sin2 θ+cos2 θ

, and

r∗ =

(
exp

∫ 2π

0
ϕ(s)ds

)−1

− 1∫ 2π

0

(
exp

∫ s

0
2√
h
ϕ(η)dη

)
1
hϕ(s)ds

+ 2 ≃ 2.25.
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Figure 1: Limit cycle of the system (11) in the Poincare disc.

3 Conclusion

In this paper, we studied a class of quintic planar polynomial differential systems featuring
a non-elementary singular point. We established sufficient conditions for the existence
of a hyperbolic, non-algebraic limit cycle surrounding this singularity. Furthermore, we
provided an explicit expression for the limit cycle in polar coordinates. To demonstrate
the applicability of our theoretical findings, a concrete example was constructed, and its
corresponding phase portrait was presented. These results contribute to the qualitative
theory of nonlinear differential systems and offer valuable insights into the dynamics near
non-elementary singularities.
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1 Introduction

Mathematics holds significant potential in cultivating highly competent human resources
suited for the demands of the globalization era. This potential can be realized when
mathematics education effectively equips students with a strong grasp of mathematical
concepts and the ability to apply and integrate them in other scientific disciplines. The
advancement of science and technology, along with the economic progress of various
nations, is inseparable from the foundational role of mathematics, which is essential
for understanding a wide array of fields including science, technology, business, social
sciences, engineering, and the arts [1]. Despite its importance, mathematics education
faces considerable challenges. Factors such as students’ attitude, teaching methods, and
teacher competence greatly influence educational quality. One key issue is student anxiety
during mathematics lessons, which acts as a psychological barrier to achievement [2].
This anxiety can lead to avoidance and disengagement from math learning. In more
severe cases, students may develop outright hostility towards mathematics [3]. Such
negative attitudes are often associated with the so-called Strawberry Generation-young
people known for their potential, but also for their psychological fragility and difficulty
in coping with academic and life pressure [4].

Nonlinear dynamics provides a robust framework to capture the feedback loops,
thresholds, and stability conditions inherent in such educational phenomena, allowing
researchers and educators to understand not only how negative attitudes propagate, but
also how timely interventions can shift the system toward a more motivated and engaged
student population. Hence, integrating nonlinear dynamical systems into this educa-
tional context enables a deeper, quantitatively grounded insight into the evolution and
control of students’ attitudes and motivation in mathematics learning.

The persistence of students’ negative attitudes toward learning mathematics is a
longstanding concern that significantly impacts their motivation and interest in the sub-
ject [5]. These attitudes are shaped by various factors, including personal motivation,
teacher influence, and social interactions such as peer support [6]. When students lack
motivation or experience negative emotions—such as anxiety, fear, hatred, or discourage-
ment—these psychological conditions can spread and hinder the mathematics learning
environment. Addressing this issue requires teachers to foster a classroom atmosphere
that nurtures positive emotions and encourages student motivation [7]. Situational fac-
tors greatly influence emotional experiences, which in turn affect students’ attitudes and
confidence levels during math learning. By implementing effective teaching strategies,
educators can stimulate the transmission of positive emotions and motivation not only
between teachers and students but also among peers. This interaction builds students’
emotional resilience in facing challenges in learning mathematics. Research also indicates
that emotional contagion—especially in close-knit social environments—is more likely to
spread positive feelings than negative ones [8].

The approach of mathematical modeling using deterministic methods is a scientific ef-
fort to connect and discover real-world situations [9]. A mathematical model is a model
that consists of mathematical concepts such as coefficients, constants, variables, func-
tions, equations, and so on. The mathematical model of epidemics in the spread of stu-
dents’ negative attitudes toward mathematics learning is one part of applied mathematics
which discusses various aspects of epidemics of psychological diseases, and mathemati-
cal modeling is the knowledge to translate a problem into mathematical language [10].
Mathematical modeling is a tool that can be used to analyze the spread of students’
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learning attitudes and motivation towards learning mathematics. This research aims to
identify future research gaps regarding mathematical modeling in analyzing the dynamics
of students’ attitudes and learning motivation in mathematics learning.

This study employs the Systematic Literature Review (SLR) method to analyze re-
search on mathematical modeling related to the spread of students’ attitudes and moti-
vation in mathematics learning, using data from Scopus, ScienceDirect, Google Scholar,
and Dimensions databases from 2013–2023, and analyzed through the PRISMA method
and bibliometric visualization. Deterministic mathematical models have long been used
to study the spread of physical and psychological phenomena such as diseases in humans
and plants, racism and corruption and cultural dissemination [11, 12]. These variations
in modeling arise from differing assumptions, making each model unique [13]. Given the
limited studies focusing specifically on the dynamics of students’ attitudes and motiva-
tion in mathematics, this literature review seeks to identify research gaps and encourage
future developments in modeling approaches and methodologies in this field.

2 Methodology

2.1 Data search strategy

The PRISMA method is an analytical technique used to identify elements of papers in a
database. This method explores papers related to the research topic to uncover gaps as
novel aspects of this study. In the PRISMA method, the first step is to collect related
papers for this research using keywords (”Stability analysis” OR “Mathematical model”
OR ”Mathematical modeling” OR ”Dynamical Analysis” OR “Dynamical System”) AND
”Optimal Control” AND ((“motivation” OR ”animosity” OR “anxiety”) AND “towards
mathematics”) across four databases: Scopus, ScienceDirect, Google Scholar, and Di-
mensions. Based on these keywords, papers are obtained from each database, as detailed
in Table 1.

Database Scopus ScienceDirect Dimensions Google Scholar
Number of Papers 2 1 2 18

Table 1: Number of papers collected from each database.

2.2 Selection of relevant papers

Database Scopus Science Direct Dimensions Google Scholar
Number of Papers 2 1 2 16

Table 2: Contribution of papers from each database after duplicate selection.

As shown in Table 1, a total of 23 papers were initially identified as related to the study
of mathematical modeling concerning the spread of students’ motivation and interest in
learning mathematics. The next step involved filtering these papers to remove duplicates
and retain those relevant to the research topic. Using Scopus as the primary reference,
duplicates across ScienceDirect, Google Scholar, and Dimensions were identified and
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Figure 1: PRISMA analysis flowchart.

excluded, resulting in 15 papers, as presented in Table 2. The selection process continued
by evaluating the relevance of the papers titles and abstracts, narrowing the list to 15
papers that matched the specified keywords. A more detailed relevance check was then
conducted by skimming these papers to determine alignment with the research scope,
which focuses on continuous dynamic systems and the application of optimal control [14].
This rigorous filtering ultimately led to two unique papers deemed most relevant to the
study. The PRISMA-based selection process is summarized in the flowchart, see Figure
1.

2.3 Data analysis

The data analysis was carried out in four stages: first, by examining mathematical rep-
resentations related to the distribution of students’ attitudes and motivation toward
learning mathematics to identify potential areas for model development; second, by re-
viewing the findings from previous studies; third, by pinpointing aspects that require
further exploration in the context of mathematical models addressing students’ attitudes
and motivation; and finally, by conducting a bibliometric analysis to assess the novelty
of the research, providing insight into existing literature and highlighting gaps within the
field.
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3 Results

3.1 Previous model overview

The outcome of paper selection based on the use of specific keywords (”Stability analysis”
OR “Mathematical model” OR ”Mathematical modeling” OR ”Dynamical Analysis” OR
“Dynamical System”) AND ”Optimal Control” AND ((“motivation” OR “animosity” OR
“anxiety”) AND “towards mathematics”) shows that after duplicative selection, there
are 15 relevant papers. A summary of the papers in question can be seen in Table 3.
From the initial 15 papers, only 2 were deemed relevant after the screening, eligibility,
and inclusion process, and these were used as key references. Their models, detailed in
Table 4, represent the earliest efforts to apply mathematical modeling to analyze the
transmission of students’ attitudes toward mathematics learning.

As illustrated in Table 4, the researchers employed several subpopulations and param-
eters to build their mathematical models. In the model proposed in [2], the vulnerable
subpopulation, denoted by P (t), consists of students who either have the potential to
perform well academically or are at risk of developing anxiety related to mathematics.
On the other hand, Teklu and Terefe [7] identify their vulnerable group, represented by
S (t), as college students who initially do not possess a strong aversion to mathemat-
ics—some of whom may even show interest in the subject—but may develop animosity
upon interaction with already affected peers. Regarding the exposed subpopulation,
Nathan and Jackob [2] do not include this category in their model. However, Teklu and
Terefe [7] introduce an exposed group, denoted by E (t), comprising students who are
currently enrolled in mathematics courses and have frequent contact with those express-
ing negative sentiments about the subject. These exposed individuals may or may not
become negatively influenced. Furthermore, in Nathan and Jackob’s model, the group of
students who have developed anxiety toward mathematics is categorized as the infectious
subpopulation, represented by Ax(t).

Meanwhile, in the Teklu and Terefe model [7], students are infected with animosity to-
wards mathematics. A group of students who strongly dislike or display hostility towards
mathematics and tend to perform poorly in university are denoted by A(t). Subpopula-
tion that recovered due to treatment, in the Nathan and Jackob model [2], students who
recovered due to efforts or treatments to become students with the potential to perform
well, are denoted by Aa(t). Meanwhile, in the model of Teklu and Terefe [7], the stu-
dents who recovered, that is, those who received treatment aimed at eliminating hostility
towards mathematics, namely a group of students who received different psychological
guidance and treatments from their mentors and professors, are referred to as treated
students and denoted by T (t).

In comparing the models by Teklu and Terefe [7] and Nathan and Jackob [2], key
differences in parameter usage are evident. The η parameter, which governs the return
of treated individuals to the vulnerable group, appears only in the Teklu and Terefe
model. Both models utilize the parameter β to describe transmission, but in Teklu
and Terefe’s model, it represents the transition from vulnerable to exposed, while in
Nathan and Jackob’s model, it signifies the transition from vulnerable to infected. The
parameter γ also differs in meaning: it defines the transition from exposed to infected in
Teklu and Terefe’s model, and that from infected to recovered in Nathan and Jackob’s
one. Similarly, δ denotes the transition from infected to recovered in the Teklu and
Terefe model, whereas in Nathan and Jackob’s model, it indicates the transition from
vulnerable to recovered.
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No Writer Research Topics Summary Method/model Description
1. Kendall (2013) [1] Estimated Future Trends in the

Development Of Mathematics
and of its relations with the Non-
Mathematical world

Classify the branches of Mathematics
into (1) which is rarely or never used in
statistics; (2) which is used occasionally
but not in depth; (3) things that are
important to the subject and adding a
fourth category,(4) categories that must
be discovered or developed by statisti-
cians

- The development of
mathematics and its
relationship with the
non-mathematical world
Not relevant

2 Nathan & Jackob.
(2020) [2]

Mathematical Modeling and
Analysis of Mathematics Anx-
iety Behavior on Mathematics
Performance in Kenya

Constructing a deterministic model
that describes the dynamics of students
who have abilities to perform well on
mathematics tests and engage in ca-
reers that require its application and
the negative influence of individuals
with mathematics anxiety on student
potential

Model: Susceptible- Infectious-
Removed (SIR) Method: Dy-
namic Analysis

Students who have abili-
ties for achievement and
the influence of negative
attitudes, namely anxiety
towards learning mathe-
matics, on student poten-
tial.

3. Teklu & Terefe
(2022) [3]

Mathematical modeling analy-
sis on the dynamics of univer-
sity students animosity towards
mathematics with optimal con-
trol theory

Formulate a new SEATS compartmen-
tal mathematical model with optimal
control theory to analyze the dynam-
ics of student animosity towards math-
ematics

Model: Susceptible- Exposed-
Animosity Infectious- Treated-
susceptible (SEATS) Method:
Dynamic Analysis

university students ani-
mosity towards mathe-
matics

4. Kotola & shewafera
(2022) [4]

A Mathematical Modeling Anal-
ysis of Racism and Corrup-
tion Codynamics with Numerical
Simulation as Infectious Diseases

Formulate the dynamics of racism and
corruption that coexist in society, using
a deterministic compartmental model
to analyze and suggest appropriate con-
trol strategies to stakeholders

Deterministic compartment
model

Racism and corruption co-
exist in society,full paper
is not suitable.

5. Terefe (2022) [5] Mathematical Model Analysis on
the Diffusion of Violence

Formulate and test a mathematical
model of direct violence with five differ-
ent classes of human populations (vul-
nerable, exposed to violence, violent,
negotiated, and reconciled)

Model: Susceptible, exposed,
Violently infectious, Negotiated,
reconciled SEPHR

Violence against humans
full paper is not suitable

6. Teklu & Mamo
(2022) [6]

A nonlinear system dynamics
and simulation analysis of frac-
tional order modelling on em-
ployees negative attitude to-
wards their workplace with inter-
vention strategies

Formulate and analyze the Caputo frac-
tional order mathematical model with
intervention strategies for employees’
negative attitudes towards the work-
place.

Model: susceptible, protected,
exposed, employees who have
ordinary negative attitude, em-
ployees who have permanent
negative attitude, employees re-
coverd from negative attitude
(SPEAQR)

Employee negative atti-
tudes towards the work-
place. Full paper is not
suitable.

7. Teklu & Terefe
(2022) [7]

Mathematical Modeling Investi-
gation of Violence and Racism
Coexistence as a Contagious Dis-
ease Dynamics in a Community

Developing and testing a new math-
ematical model of the coexistence
of violence and racism with eight
different classes of human popula-
tions (vulnerable, violence-infected, ne-
gotiated, racist, violence-racism co-
infected, recovering from violence, re-
covering against racism, and recovering
from co-infection)

Model:SVUR1,2,3. Violence and racism full
paper is not suitable.

8. Teklu (2023) [8] Analysis of fractional order
model on higher institution
students’ anxiety towards math-
ematics with optimal control
theory

Formulate and analyze the Caputo frac-
tional order mathematical model with
optimal control strategies for college
students’ anxiety towards mathematics.

SPEAQR Method: caputo frac-
tional order

College students’ anxiety
about mathematics.

9. Teklu et al. (2023)
[9]

Analysis of tinea capitis epidemic
fractional order model with opti-
mal control theory

Formulating the transmission dynamics
of tinea captis infection using Caputo’s
fractional derivative approach.

Model : susceptible, exposed, in-
fected, recoverd (SEIR)

Transmission of tinea cap-
tis infection full paper is
not suitable.

10. Asih et al. (2023)
[10]

Weights Optimization Using
Firefly Algorithm for Dengue
Fever Optimal Control Model
by Vaccination, Treatment, and
Abateseae

Optimal control model for minimizing
the spread and cost of dengue fever
transmission in Indonesia using the
Firefly Algorithm

Model: vaccination, treatment,
and larvicide (abateseae) strate-
gies

Examining the dynamics
of Dengue Fever in the
vaccination phase. full pa-
per is not suitable.

11. Quedraogo & Guiro
(2023) [11]

Analysis of Dengue Disease
Transmission Model with Gen-
eral Incidence Functions

analyze a nonlinear dengue fever trans-
mission model involving general inci-
dence functions that describe interac-
tions between humans and mosquito
vectors

Model: SIRSI Dengue fever transmission
model full paper is not
suitable.

12. Baba et al. (2023)
[12]

A fractional order model that
studies terrorism and corruption
codynamics as epidemic disease

Formulate a fractional order mathemat-
ical model to study the dynamics of the
coexistence of terrorism and corruption
in society.

Model: SCDRT Terrorists and corruption
full paper is not suitable.

13. Olaniyi et al.
(2023) [13]

Lyapunov Stability and Eco-
nomic Analysis of Monkeypox
Dynamics with Vertical Trans-
mission and Vaccination

Formulate a new nonlinear mathemati-
cal model to understand the dynamics
of monkeypox disease

- Monkeypox disease Full
paper cannot be opened

14. Teklu (2023) [14] Investigating the Effects of Inter-
vention Strategies on Pneumo-
nia and HIV/AIDS Coinfection
Model

Formulate a compartment epidemic
model on the dynamics of the spread of
HIV/AIDS and pneumonia coinfection
to investigate the impact of protective
and treatment intervention mechanisms
on the spread of coinfection in the com-
munity

Model: SCHPT HIV/AIDs and pneumo-
nia full paper is not suit-
able.

15. Mamo & Mengstie
(2023) [15]

Racism Dissemination Model
and Simulation Analysis Consid-
ering Crowd Classification with
Intervention Strategies

Analyze compartmental mathematical
models to understand how racists
spread their opinions and influence so-
ciety with intervention strategies

Model: S-H-R-C-I Racist full paper is not
suitable.

Table 3: Summary of relevant papers.
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dP
dt = η − βP (t)Ax(t)− δP (t)− µP (t)

4*Model 1 (Nathan and Jackob, 2020) [2] dAx

dt = βP (t)Ax(t)− γAx(t)− µAx(t)
dAa

dt = γAx(t) + δP (t)− µAa(t)
dS(t)
dt = η + αT (t)− βS(t)A(t)− µS(t)

4*Model 2 (Teklu and Terefe, 2022) [3] dE(t)
dt = βS(t)A(t)− (µ+ γ)E(t)

dA(t)
dt = γE(t)− µ+ δA(t)

dT (t)
dt = δA(t)− µ+ αT (t)

Table 4: Model of the distribution of attitudes towards previous mathematics learning.

3.2 Results that have been achieved in previous studies

In [2], the mathematical models represent the first attempts to apply mathematical mod-
eling to examine the transmission of students’ attitudes toward mathematics learning. In
the first model, the student population is categorized into three groups: vulnerable stu-
dents, students experiencing anxiety related to learning mathematics, and high-achieving
students. In contrast, the second model divides the population into four compartments:
vulnerable students, those exposed to hostility toward mathematics, students infected
with such hostility, and students undergoing tutorial interventions to recover from neg-
ative attitudes. Both models employ dynamic systems approaches, including analysis
of equilibrium points, calculation of the basic reproduction number, and assessment of
system stability. Additionally, the second model incorporates optimal control strate-
gies using Pontryagin’s maximum principle to evaluate the effectiveness of intervention
efforts.

Based on the models developed in [2], several limitations have been identified. No-
tably, both models focus solely on negative attitudes such as anxiety and hatred toward
mathematics, without incorporating motivational variables or the positive influence of
teachers as motivators in implementing interventions. Furthermore, the preventive strate-
gies used are implicitly limited to subgroups of students receiving treatment, lacking
comprehensive mitigation involving the broader student population. Additionally, the
interventions applied are general in nature and do not incorporate STEM-based quan-
tum teaching-learning strategies, which have the potential to significantly boost students’
motivation and engagement. A comparative overview of the elements within both models
and their alignment with the research context on the dissemination of students’ attitudes
and motivation toward mathematics learning is provided in Table 5.

3.3 Research gaps that may be developed

After reviewing studies related to the modeling of the spread of students’ attitudes and
motivation toward learning mathematics, it becomes apparent that compartmental mod-
els are still rarely applied in this context. This is supported by the identification of only
two relevant papers, indicating a significant research gap despite the increasing appli-
cation of compartmental modeling in various fields. Existing studies primarily focus on
modeling the dissemination of negative attitudes such as anxiety and hostility toward
mathematics, without addressing the positive aspects of motivation and student interest.
Furthermore, prior research has yet to incorporate control strategies involving specific
learning approaches aimed at enhancing students’ motivation in mathematics education.
The development of Model 1 and Model 2 involves constructing a modified model that
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No. Author Research Topics Summary Method/model
1. Nathan & Jackob.

(2020) [2]
Students who have the ability
to achieve and the negative
influence of individuals with
mathematics anxiety on stu-
dent potential

Constructing a deterministic model
that depicts the dynamics of students
who have the ability to excel in math-
ematics exams and are involved in ca-
reers that demand its application, and
the negative influence of individuals
with mathematics anxiety on student
potential.

Model: Susceptible-
Infectious- Removed
(SIR) Method: Dy-
namic Analysis

2. Shewafera &
Birhanu (2022) [3]

Student animosity towards
mathematics

Formulating a new SEATS compart-
mental mathematical model with opti-
mal control theory to analyze the dy-
namics of student animosity towards
mathematics.

Model: Susceptible-
Exposed- Animosity
Infectious- Treated-
susceptible (SEATS)
Method: Dynamic
Analysis

Table 5: Summary of papers.

Figure 2: Research mapping the distribution of students’ attitudes.

incorporates the spread of both negative and positive student attitudes toward learning
mathematics, while also taking into account the application of a motivating learning
strategy. This modification aims to decrease the number of students with negative atti-
tudes and reduce the presence of unmotivating teachers, while simultaneously increasing
the population of students with positive attitudes and teachers who actively motivate
mathematics learning. Additionally, the model includes control strategies designed to
enhance student motivation and engagement in mathematics while minimizing the asso-
ciated implementation costs.

3.4 Blibiometric analysis

Based on the keywords outlined in Section 2.2, a total of 16 papers were identified after
duplicate removal, and additional 15 papers were selected based on the relevance of their
references. The bibliometric network visualization of these selected papers, generated
using VOSviewer software, is shown in Figure 2.

Figure 2 shows that the nodes representing students’ attitudes and motivation to-
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Figure 3: Visualization of the interrelationships among all reference papers.

ward learning mathematics in the context of mathematical modeling are relatively small,
indicating that only a limited number of researchers have explored this area. Addition-
ally, the figure reveals a lack of connections between models addressing the spread of
negative and positive attitudes, students’ learning motivation, and mathematics learn-
ing strategies. This gap highlights a valuable opportunity for future researchers to de-
velop comprehensive mathematical models that integrate these aspects to better predict
and understand the dynamics of students’ attitudes and motivation toward mathematics
learning.

Based on Figure 1, the mapping results in Figures 2 and 3, and the summary of
papers in Table 5, it is evident that no existing research has integrated a mathematical
model of the spread of students’ attitudes and learning motivation toward mathematics
with optimal control to predict these dynamics. This represents a novel and promising
opportunity for future research in this area. Additionally, all reference papers were
mapped using VOSviewer to visualize their interconnections, as illustrated in Figure 3.

4 Discussion

The current study highlights a significant gap in the application of mathematical model-
ing to the dynamics of students’ attitudes and motivation toward mathematics learning.
Despite the extensive use of compartmental models in fields such as epidemiology, social
sciences, and psychology, their application to educational contexts particularly model-
ing students’ emotional and motivational dynamics—remains limited. Only two relevant
studies were identified, both focusing predominantly on the spread of negative attitudes
such as anxiety and animosity. These models employed classical deterministic approaches,
including stability analysis and basic reproduction number calculations, and in one case,
optimal control theory to explore intervention strategies. However, neither model incor-
porated variables that capture positive psychological constructs such as motivation or
interest in mathematics.

This limited focus presents a critical shortcoming, as motivation plays a crucial role
in shaping students’ learning experiences and academic performance. The exclusion of
motivational factors and teacher influences from previous models results in a narrow
representation of the learning environment. Furthermore, while both existing models
introduced control strategies, they were mostly limited to generic psychological treat-
ments or tutorials, without considering pedagogical innovations such as STEM-based
or quantum learning approaches. These omissions suggest that current mathematical
models may underestimate the potential for positive intervention and support systems
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in reversing negative attitudes and promoting long-term engagement with mathematics.
The bibliometric analysis further supports this conclusion, revealing a fragmented

research landscape with few interconnections between studies modeling emotional and
motivational dynamics in mathematics education. There is an urgent need for compre-
hensive models that not only capture the spread of negative emotions but also account for
the diffusion of positive attitudes and motivational interventions. Future models should
integrate dynamic interactions between students, peer groups, and educators, and eval-
uate the effectiveness of specific teaching strategies through optimal control frameworks.
Such advancements would provide a more holistic and actionable understanding of the
emotional and motivational factors influencing students’ success in mathematics.

5 Conclusions

This study reveals a significant research gap in the application of nonlinear dynamical
models to analyze the dynamics of students’ attitudes and motivation toward mathe-
matics learning. Through a systematic literature review and bibliometric analysis, we
identified that existing models have primarily focused on negative psychological responses
such as anxiety and animosity, while largely neglecting the role of motivation and positive
learning influences. The novelty of this work lies in highlighting the absence of integrated
models that simultaneously account for both negative and positive student attitudes, in-
cluding the impact of motivational strategies within a control-theoretic framework. By
synthesizing findings from recent mathematical modeling efforts and mapping their limi-
tations, this paper offers a new research direction: the development of more comprehen-
sive, optimally controlled compartmental models that incorporate emotional contagion,
teacher influence, and motivational interventions. These models are crucial for predict-
ing, understanding, and managing the evolving psychological dynamics in mathematics
education from a nonlinear systems perspective.
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Abstract: This paper introduces a novel five-dimensional fractional-order hyper-
chaotic system derived as a modification of the Lorenz model. The proposed system
exhibits richer dynamics than its integer-order counterpart, including multiple coex-
isting attractors and complex bifurcation structures. The stability conditions of equi-
librium points are derived using an extended fractional Routh–Hurwitz criterion, and
Lyapunov exponent analysis confirms the existence of hyperchaotic behavior across
a broad parameter range. To further explore its practical relevance, a Modified Pro-
jective Synchronization (MPS) strategy is applied to both identical and non-identical
systems. Numerical simulations validate the theoretical analysis and highlight the
potential of the proposed system for secure communication applications.
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1 Introduction

Fractional calculus, whose origins go back more than three centuries, has gained much
attention in recent studies because it can model complicated physical, chemical, and
engineering systems with greater precision [7]. Fractional-order methods differ from con-
ventional integer-order approaches in that they embrace memory and hereditary prop-
erties, enabling them to describe real-world phenomena more accurately. There have
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been profound theoretical advances in this domain, particularly in relation to the for-
malization of stability criteria for fractional-order differential equations [3], thereby re-
inforcing the foundational theoretical underpinnings of the discipline. In nonlinear dy-
namics, chaos synchronization of chaotic systems, where two or more chaotic systems
synchronize their behavior through coupling or external drive, has emerged as a research
topic of paramount interest. The groundbreaking study by Pecora and Carroll in 1990,
established that two identical chaotic systems could achieve synchronization, thus cat-
alyzing a vast array of applications, with secure communication emerging as one of the
most pivotal. Following this breakthrough, numerous synchronization approaches have
been proposed, including complete synchronization (CS) [6], phase synchronization (PS),
lag synchronization (LS) [9], generalized synchronization (GS) [14], and projective syn-
chronization [10]. Building on these foundational approaches, recent work has further
expanded this repertoire: Hannachi and Amira [5] demonstrated full-state hybrid pro-
jective (FSHP) synchronization for 3D chaotic systems with three nonlinearities, while
Ghettout et al. [4] investigated the adaptive synchronization of 4D hyperchaotic sys-
tems with infinite equilibria. Each of these paradigms offers a distinct perspective on
chaos theory, contributing unique theoretical insights and practical advantages within its
respective domain.

The present study is intended to add to the theoretical foundation of chaos research by
conducting an in-depth investigation of stability and synchronization of fractional-order
hyperchaotic systems. Specifically, it introduces a novel five-dimensional fractional-order
hyperchaotic system and, in detail, investigates its stability with different parameter set-
tings. Moreover, an improved MPS scheme is applied to the system and prove to be
efficient in synchronizing fractional-order hyperchaotic system dynamics. These findings
not only enhance current discussions in chaos theory but also provide a foundation for
additional research on high-dimensional fractional-order synchronization methods. Ta-
ble 1 presents a comparative analysis to emphasize the uniqueness and benefits of the
suggested system. Important characteristics of a number of representative fractional-
order chaotic and hyperchaotic systems from the literature are compiled in this table,
including their dimensionality, equilibrium structure, dynamical behavior, and synchro-
nization strategies. It offers a framework that illustrates how the current work surpasses
previous contributions, especially with regard to dimensional extension complexity and
synchronization robustness.

The originality of this work in the context of nonlinear dynamics and systems theory is
manifested through several key aspects. Unlike fractional-order hyperchaotic models, the
system proposed in this paper extends the generalized Lorenz framework to five dimen-
sions by introducing a quadratic self-coupling term x4(x4+1) in the first equation, which
fundamentally alters the phase space topology and enables richer nonlinear interactions
not present in the conventional Lorenz-type extensions. This unique structure produces
both second– and third–order hyperchaos within the same parameter configuration. Un-
like systems exhibiting only one type of hyperchaotic behavior, our system demonstrates
controllable transitions between order-2 and order-3 hyperchaos through dual parameter
control (fractional order q and system parameter d). This property is rare in the literature
and provides enhanced flexibility for applications requiring tunable complexity. Further-
more, the modified projective synchronization (MPS) scheme developed here achieves
guaranteed convergence for both identical and non-identical high-dimensional systems,
thereby generalizing existing projective and adaptive synchronization approaches. These
innovations place the present study at the intersection of nonlinear dynamics and control
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theory, offering new tools for secure communication, encryption, and the coordination of
complex dynamical networks.

To highlight advances in fractional-order chaotic and hyperchaotic systems between
2020 and 2025, Table 1 summarizes representative models, their system properties, and
synchronization methods.

system dim. fo equilibrium chaos synchronization ref.
wang et al. n/a yes not defined hyperchaotic improved projective [12]
chen et al. 4d yes single point hyperchaotic adaptive tracking [1]
shao et al. 4d yes single point hyperchaotic sliding mode [8]
eshaghi et
al.

4d yes single point hyperchaotic chaos control in laser sys-
tem

[2]

yaghoubi et
al.

4d yes stable origin hyperchaotic robust adaptive synchro-
nization (satellite system)

[13]

proposed 5d yes unstable point hyperchaotic mps this
work

Table 1: Comparison of recent fractional-order hyperchaotic systems (2020–2025).

1.1 Key contributions

The main contributions of this study are outlined as follows:

• The proposed novel five-dimensional fractional-order hyperchaotic system is derived
from a Lorenz-type structure, exhibiting rich and complex dynamics.

• The system exhibits rich dynamical phenomena, including both chaotic and hyper-
chaotic attractors of orders 2 and 3, adjustable using fractional order and system
parameters q.

• A rigorous theoretical analysis is conducted using the fractional Routh–Hurwitz
criterion and eigenvalue-based stability conditions to determine local equilibrium
behavior.

• A modified projective synchronization (MPS) scheme is successfully developed and
applied to both identical and non-identical systems, achieving convergence through
analytically derived control laws.

• The analytical framework is validated by high-resolution numerical simulations
using the Adams–Bashforth–Moulton method, confirming robust synchronization
and dynamic transitions.

These contributions advance the theoretical and applied study of fractional-order
hyperchaotic systems and provide practical tools for control and synchronization in
complex dynamical networks.

2 Fundamental Definitions and Preliminary Concepts

2.1 Fractional calculus

Fractional calculus generalizes classical differential calculus to arbitrary non-integer or-
ders, represented by the fundamental operator, enabling a more precise characterization
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of complex dynamics aD
t
q, where a and t are the bounds of the operation and q ∈ R.

The continuous differential integration operator is expressed as

aD
t
q =


dq

dtq , q > 0,

1, q = 0,∫ t

a
(dτ)q, q < 0.

Within the present analysis, the Caputo fractional derivative is adopted and mathe-
matically defined as

aD
t
qf(t) =

1

Γ(n− q)

∫ t

a

fn(τ)

(t− τ)q−n+1
dτ for n− 1 < q < n.

Numerical schemes resolve fractional equations while ensuring stability. The
predictor-corrector method excels in chaos simulations, leveraging the Adams-Bashforth-
Moulton framework.

2.2 Analytical examination of stability in fractional-order dynamics

Examine a nonlinear fractional-order autonomous system expressed as
Dq1x1(t) = g1(x1, x2, . . . , xn),

Dq2x2(t) = g2(x1, x2, . . . , xn),
...

Dqnxn(t) = gn(x1, x2, . . . , xn),

(1)

where 0 < qi ≤ 1 for i = 1, 2, . . . , n. If q1 = q2 = . . . = qn = q, the system
(1) is designated as a commensurate-order system; otherwise, it is categorized as an
incommensurate-order system.

Definition 2.1 An equilibrium point (xeq
1 , xeq

2 , . . . , xeq
n ) of the fractional dynamic

system (1) is defined as

gi(x
eq
1 , xeq

2 , . . . , xeq
n ) = 0, ∀i = 1, 2, . . . , n.

Theorem 2.1 Within the framework of the commensurate nonlinear fractional-order
system (1) with 0 < q1 = q2 = . . . = qn = q ≤ 1, the equilibrium states of (1), denoted
as xeq = (xeq

1 , xeq
2 , . . . , xeq

n ), are locally asymptotically stable if every eigenvalue λi of the
Jacobian matrix J evaluated at the equilibrium points has the following condition:

J =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

... · · ·
...

an1 an2 · · · ann

 ,

where aij =
∂fi
∂xj

∣∣∣
xeq

for i, j = 1, 2, . . . , n, and we say stability is ensured:

|arg(λi)| >
qπ

2
.

These criteria define the basic stability conditions for partially ordered systems and
create a sound theoretical basis for investigating the dynamical properties in both par-
tially ordered, chaotic, and highly chaotic systems.
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2.3 Routh-Hurwitz criteria for fractional-order systems

Examine the following commensurate fractional-order system:

Dqx = f(x),

where q ∈ ]0, 1], x ∈ R3. Suppose xeq represents an equilibrium point of this system.
The associated characteristic equation can be expressed as

P (λ) = λ3 + a1λ
2 + a2λ+ a3 = 0.

The discriminant of this equation is expressed as

D(P ) = 18a1a2a3 + (a1a2)
2 − 4a3(a1)

3 − 4(a2)
3 − 27(a3)

2.

According to the Routh-Hurwitz fractional criteria, the following conditions provide
the necessary and sufficient requirements for the equilibrium point xeq and to achieve
local asymptotic stability in a fractional system:

1. If D(P ) > 0, the system achieves local asymptotic stability provided that a1 > 0,
a3 > 0, and a1a2 − a3 > 0.

2. If D(P ) < 0, a1 ≥ 0, a2 ≥ 0, a3 > 0, stability is ensured when q < 2/3. In contrast,
if D(P ) < 0, a1 < 0, a2 < 0, q > 2/3, the equilibrium point is unstable.

3. If D(P ) < 0, a1 > 0, a2 > 0, a1a2 − a3 = 0, then local asymptotic stability is
preserved for all q ∈]0, 1[.

4. A fundamental requirement for the equilibrium point xeq is that it must be locally
asymptotically stable if a3 > 0.

3 Formal Characterization and Analytical Examination of the Models

3.1 Formulation of the five-dimensional hyperchaotic system

Q. Yang et al. [15] presented an advanced five-dimensional hyperchaotic extension of the
generalized Lorenz system

Dqx1 = a(x2 − x1),

Dqx2 = cx1 + dx2 − x1x3 + x5,

Dqx3 = −bx3 + x2
1,

Dqx4 = ex2 + fx4,

Dqx5 = −kx5 − rx1,

where a > 0, b > 0, and d > −c, with a, b, c, d, and f denoting system parameters, while
e represents the coupling coefficient and r, k are control parameters.

Expanding upon this framework, a fractional-order counterpart of the system is for-
mulated as follows: 

Dqx1 = a(x2 − x1) + x4(x4 + 1),

Dqx2 = bx1 + dx2 − x1x3,

Dqx3 = −cx3 + x2
1,

Dqx4 = x2 − x4,

Dqx5 = −kx5 − rx4,

(2)
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where q ∈ [0, 1] denotes the fractional-order parameter. The constraints on the parame-
ters remain consistent, where a > 0, c > 0, and a, b, c, d serve as system coefficients, while
r and k are control parameters that influence system stability and chaotic dynamics.

4 Investigation of Dynamical Properties in a Fractional-Order Hyperchaotic
Framework

This section examines the dynamic characteristics of fractional-order hyperchaotic sys-
tems.

4.1 Fractional-order stability

The equilibrium points of the system described in (2) are identified by solving the equa-
tion g(x1, x2, x3, x4, x5) = 0. After a simple calculation, it is found that this system has
one trivial equilibrium point E0 ≡ (0, 0, 0, 0, 0), which always exists.

The stability of the equilibrium point E0 relies on the Jacobian matrix, evaluated at
this point and expressed as follows:

J =


−a a 0 1 0
b d 0 0 0
0 0 −c 0 0
0 1 0 −1 0
0 0 0 −r −k

 .

Hence, its characteristic polynomial is

P (λ) = −(c+ λ)(k + λ)
(
λ3 + (a− d+ 1)λ2 + (−ab− ad+ a− d)λ− ab− ad− b

)
.
(3)

This polynomial yields the roots λ1 = −c, λ2 = −k, and

P2(λ) = λ3 + a1λ
2 + a2λ+ a3, (4)

where a1 = a− d+ 1, a2 = −ab− ad+ a− d, a3 = −ab− ad− b.
Following the Routh–Hurwitz criterion, the conditions under which all the eigenvalues

of (4) lie within the angular sector |arg(λi)| > q π
2 , ensuring the stability of the fractional-

order system if D (p) > 0, are as follows: a1 > 0, a3 > 0 and a1a2 − a3 > 0. These
conditions, along with the constraints c > 0, k > 0, lead to the following system of
inequalities: 

a > d− 1,

ab+ ad+ b < 0,

a+ b− d− a2b+ ad2 − a2d− 2ad+ a2 + d2 + abd > 0.

(5)

Consequently, E0(0, 0, 0, 0, 0) exhibits local asymptotic stability for all q ∈]0, 1[.
When the parameters (a, c, b, d, r, k) are set to (10, 28, 8

3 ,−2, 5, 0.05), the condition
ab + ad + b = 9.33 > 0 violates the second requirement of equation (5). Solving the
characteristic equation yields four negative real eigenvalues and one positive real eigen-
value: λ1 = −28, λ2 = 0.05, λ3 = −12.51, λ4 = −1.14, and λ5 = 0.65. This indicates
that the equilibrium point E0(0, 0, 0, 0, 0) is a saddle of index one and hence unstable.
Additionally, the condition min |arg(λi)| > q π

2 for i = 1, 2, 3, 4 is satisfied. As a result,
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it is possible to assess the potential for chaos within the system described by equation
(2) when the order q > 0, in line with the five necessary conditions for the presence of
a chaotic attractor in fractional-order systems. However, it remains impossible to ascer-
tain the minimum order at which chaos manifests in the fractional-order system with the
specified parameters.

4.2 Fixed system parameters and variable fractional order q

In this subsection, the system parameters are kept constant at (a, c, b, d, r, k) =(
10, 28, 8

3 ,−2, 5, 0.05
)
, while the fractional order q is varied within the range [0.8, 1].

The initial values of the state variables are set to (3, 5, 9, 13, 0.1).
Fig.1(a) depicts the Lyapunov exponents of system (2) for different values of the

fractional order q. The bifurcation diagram of system (2) as a function of q is shown in
Fig.1(b). Table 2 presents the calculated Lyapunov exponents of system (2) and their
corresponding dynamic behaviors for various values of the fractional order q.

Additionally, Fig.2 illustrates the projections of the order-2 hyper-chaotic attractor
of system (2) when q = 0.99.
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Figure 1: (a) Lyapunov exponents of fractional system (2) with (a, c, b, d, r, k) =
(10, 28, 8

3 ,−2, 5, 0.05) and q ∈ [0.8, 1]; (b) Bifurcation diagram of system (2) versus q

q LE1 LE2 LE3 LE4 LE5 Dynamics
0.810 2.8522 -0.0024 -3.6231 -20.0310 -61.8718 Chaotic
0.813 3.1708 0.0006 -3.6179 -19.6049 -60.8646 Hyperchaotic (order 2)
0.856 2.0145 0.0022 -2.5577 -14.3831 -44.4397 Hyperchaotic (order 2)
0.993 0.8303 0.0038 0.9752 -5.4538 -16.4516 Hyperchaotic (order 3)

Table 2: Lyapunov exponents of fractional systems with (a, c, b, d, r, k) =
(10, 28, 8

3 ,−2, 5, 0.05).



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 26 (2) (2026) 214–228 221

-50 0 50

y

0

50

100

z

-20 0 20 40

x

0

50

100

z
0 50 100

z

-10

0

10

u

0 50 100

z

-10

0

10

20

w

0
40

50z

0 20

y x

100

0-40 -20

-10

10

0

100

w

10

u

0

20

z

50
-10 0

Figure 2: Hyperchaotic attractor of system (2) for (a, c, b, d, r, k) = (10, 28, 8
3 ,−2, 5, 0.05)

and q = 0.99.

4.3 Fixed fractional order and variable system parameter d

In this subsection, the system parameters are (a, c, b, r, k) = (10, 28, 8
3 , 5, 0.05), with

q = 0.99, while exploring the impact of varying d ∈ [−15, 0]. The initial values for state
variables are set to (3 5 9 13 0.1). The lyapunov exponents of equation (2) with respect to
d are illustrated in Fig.3(a). The bifurcation diagram for the system described in equation
(2) with d ∈ [−15, 1] is depicted in Fig.3(b), using (a, c, b, r, k) = (10, 28, 8

3 , 5, 0.05) and
q = 0.99.

Table 3 presents the Lyapunov exponents of system (2) for various values of d. The
corresponding dynamic behaviors for different d values are described. Additionally, Fig.4
displays the projections of the second-order hyperchaotic attractor for system (2) with
d = −6 and q = 0.99.
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Figure 3: (a) Lyapunov exponents of fractional system (2) with (a, c, b, r, k) =
(10, 28, 8

3 , 5, 0.05) and q = 0.99, while d ∈ [−15, 0]; (b) Bifurcation diagram of system (2)
versus d with q = 0.99.

d LE1 LE2 LE3 LE4 LE5 Dynamics
−6 0.2550 -0.0007 -0.9901 -1.1339 -18.2360 Chaotic
−4 0.6434 0.0002 -1.0325 -1.1256 -17.4954 Hyperchaotic (order 2)
−2 0.7419 0.0140 0.0525 -5.4538 -16.5421 Hyperchaotic (order 3)

Table 3: lyapunov exponents for fractional systems with (a, c, b, r, k) = (10, 28, 8
3 , 5, 0.05),

q = 0.99, and varying d.

5 Modified Projective Synchronization Framework

5.1 Synchronization of identical hyperchaotic systems via modified projec-
tive approach

Two identical hyperchaotic frameworks evolve, with drive dynamics defined as follows:

Dqx1 = a(x2 − x1) + x4(x4 + 1),

Dqx2 = bx1 + dx2 − x1x3,

Dqx3 = −cx3 + x2
1,

Dqx4 = x2 − x4,

Dqx5 = −kx5 − rx4.

(6)

The corresponding response system is formulated as

Dqy1 = a(y2 − y1) + y4(y4 + 1) + µ1,

Dqy2 = by1 + dy2 − y1y3 + µ2,

Dqy3 = −cy3 + y21 + µ3,

Dqy4 = y2 − y4 + µ4,

Dqy5 = −ky5 − ry4 + µ5.

(7)

Five control nonlinear functions, denoted µi (i = 1, 2, 3, 4, 5), were introduced in (7)
to synchronize the two identical systems in the sense of MPS.
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Figure 4: Hyperchaotic attractor of system (2) for (a, c, b, r, k) = (10, 28, 8
3 , 5, 0.05),

d = −6, and q = 0.99.

Defining the synchronization error as

ei = yi − αixi for i = 1, 2, 3, 4, 5,

the error dynamics can be derived by subtracting the response system from the drive
system: 

Dqe1 = a(e2 − e1) + e4 + a(α2 − α1)x2 + y24 + (α4 − α1)x4 + µ1,

Dqe2 = de2 + by1 − y1y3 − bα2x1 + α2x1x3 + µ2,

Dqe3 = −ce3 + y21 + α3x
2
1 + µ3,

Dqe4 = −e4 + y2 − α4x2 − α4x5 + µ4,

Dqe5 = −ry4 − ke5 + rα5x4 + µ5.

(8)

Construct appropriate control laws

µ1 = −a(α2 − α1)x2 − y24 − (α4 − α1)x4 − e4,

µ2 = −by1 + y1y3 + bα2x1 − α2x1x3,

µ3 = −y21 − α3x
2
1,

µ4 = −y2 + α4x2 + α4x5,

µ5 = ry4 − rα5x4.

(9)

Substituting these into the error dynamics yields a system of decoupled linear differ-
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ential equations: 

Dqe1 = a(e2 − e1),

Dqe2 = de2,

Dqe3 = −ce3,

Dqe4 = −e4,

Dqe5 = −ke5.

(10)

Taking the Laplace transformation on both sides of (10) gives

Ei(s) = L(ei(t)).

Given

L
(
dqei(t)

dtα

)
= sqEi(s)− sq−1ei(0) i = 1, 2, 3, 4, 5,

results in the following system of equations:

sqE1(s)− sq−1e1(0) = −aE1(s) + aE2(s),

sqE2(s)− sq−1e2(0) = dE2(s),

sqE3(s)− sq−1e3(0) = −cE3(s),

sqE4(s)− sq−1e4(0) = −E4(s),

sqE5(s)− sq−1e5(0) = −kE5(s).

(11)

From 11, it follows that 

E1(s) = sq−1e1(0)+aE2(s)
sq+a ,

E2(s) = sq−1e2(0)
sq−d ,

E3(s) = sq−1e3(0)
sq+c ,

E4(s) = sq−1e4(0)
sq+1 ,

E5(s) = sq−1e5(0)
sq+k .

By applying the Laplace transformation and utilizing the final value theorem, it
follows that

limt→∞ e2(t) = lims→0+ sE2(s) = lims→0+
sqe2(0)
sq−d = 0,

limt→∞ e1(t) = lims→0+ sE1(s) = lims→0+
sqe1(0)+saE2(s)

sq+a = 0,

limt→∞ e3(t) = lims→0+ sE3(s) = lims→0+
sqe3(0)
sq+c = 0,

limt→∞ e4(t) = lims→0+ sE4(s) = lims→0+
sqe4(0)
sq+1 = 0,

limt→∞ e5(t) = lims→0+ sE5(s) = lims→0+
sqe5(0)
sq+k = 0.

Therefore, both the response system (6) and the driving system (7) have attained
MPS.
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Figure 5: Synchronization errors between identical systems with q = 0.95.

5.2 Synchronization of non-identical hyperchaotic systems via modified pro-
jective approach

Suppose the system is the slave system [11], and its control is formulated as



Dqy1 = a1(y2 − y1) + y4 + µ1,

Dqy2 = c1y1 − y1y3 + y5 + µ2,

Dqy3 = −b1y3 + y1y2 + µ3,

Dqy4 = −h1y4 − y1y3 + µ4,

Dqy5 = −k1y1 − k2y2 + µ5,

(12)

where µi, i = 1, 2, 3, 4, 5, are nonlinear control functions. The master system is given by



Dqx1 = a(x2 − x1) + x4(x4 + 1),

Dqx2 = bx1 + dx2 − x1x3,

Dqx3 = −cx3 + x2
1,

Dqx4 = x2 − x4,

Dqx5 = −kx5 − rx4.

(13)

Define the error variables as ei = yi − lixi, where i = 1, 2, 3, 4, 5. Then the error
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dynamical system is given by

Dqe1 = a1(e2 − e1) + l1(a− a1)x1 + (l1a1 − l1a)x2 + e4 + (l1 + l4)x4 + l1x
2
4 + µ1,

Dqe2 = c1e2 − (l2b+ c1l1)x1 − y1y3 + y5 + l2x1x3 + dl2x2 + µ2,

Dqe3 = −b1e3 + y1y2 − l3x
2
1 + l3(c+ b1)x3 + µ3,

Dqe4 = −h1e4 − y1y3 − l4(h1 − 1)x4 − l4x2 + µ4,

Dqe5 = −ke5 − k1y1 − k2y2 + kl5x5 + rl5x4 − ky5 + µ5.

(14)
Then the active control µi (i = 1, 2, 3, 4, 5) is defined as

µ1 = −l1 (a− a1)x1 − (l2a1 − l1a)x2 − (l1 + l4)x4 − l1x
2
4,

µ2 = −(l2b+ c1l1)x1 + y1y3 − y5 − l2x1x3 − dl2x2,

µ3 = −y1y2 + l3x
2
1 − l3(c+ b1)x3,

µ4 = y1y3 + l4(h1 − 1)x4 + l4x2,

µ5 = k1y1 + k2y2 − kl5x5 − rl5x4 + ky5.

(15)

Substituting (15) into (14) leads to

Dqe1 = a1 (e2 − e1) + e4,

Dqe2 = c1e2,

Dqe3 = −b1e3,

Dqe4 = −h1e4,

Dqe5 = −ke5.

(16)

Take the Laplace transformation on both sides of (16) in a way similar to that in
Subsection 5.1. It is found that lim

t−→+∞
ei(t) = 0 for i = 1, 2, 3, 4, 5. Therefore, the MPS

of the systems (12) and (13) is achieved under the control law (15).
Therefore, both the response system (13) and the driving system (12) have attained

MPS.

5.3 Numerical simulations

This section presents the findings of the simulation that illustrate the efficacy of the
suggested synchronization scheme. The ABM method is used to solve the systems. For
these numerical simulations, the parameters for the slave and master systems are set as(
10, 8

3 , 28,−1, 5, 0.05
)
.

The experiments are carried out with a fixed fractional-order value of q = 0.95.
The starting conditions for the master and slave systems are given as (2, 6, 4,−1.5, 7.5)
and (8, 5.5, 6, 4.5, 1), respectively. The results confirm successful synchronization, as
illustrated in Fig. 5, where the errors ei, for i = 1, 2, ..., 5, converge to zero.

Additional simulations further validate the scheme. The parameters of the mas-
ter system are (35, 7, 35,−5, 5, 0.05), while the parameters of the slave system are(
10, 28, 8

3 ,−2, 0, 12
)
. With q = 0.98, the initial conditions are (3, 5, 4, 2, 6) and

(8, 10, 6, 8, 1). As shown in Fig.6, synchronization is achieved with the errors converging
to zero.
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Figure 6: Synchronization errors between nonidentical systems with q = 0.98.

6 Discussion

The stability regions and synchronization results obtained demonstrate that the proposed
five-dimensional hyperchaotic system with fractional order provides a flexible platform
for investigating high-dimensional nonlinear dynamics. In particular, its ability to create
second and third-order hyperchaos and synchronize identical and non-identical systems
in the MPS distinguishes it from existing models. It increases its applicability in secure
communication and control of complex networks.

7 Conclusion

This paper presents a five-dimensional fractional-order hyperchaotic system derived from
a modified generalized Lorenz framework. Unlike previously reported fractional-order
models, the proposed system introduces a nonlinear cross-coupling term together with
tunable fractional orders, enabling both second- and third-order hyperchaotic attractors
within a single parameter configuration.

Using the fractional Routh–Hurwitz criterion, we derived explicit stability conditions
that map the parameter regions of chaotic and hyperchaotic behavior. Building on this
analysis, we designed a modified projective synchronization (MPS) scheme and proved
analytically that it synchronizes both identical and non-identical fractional-order systems.
High-resolution numerical simulations support the theory and show robust convergence
of synchronization errors.

Overall, the results extend the understanding of high-dimensional fractional-order
nonlinear systems and offer practical tools for secure communications, encryption, and
control of complex dynamical networks. The proposed system and synchronization ap-
proach also open promising directions for future research on high-dimensional fractional-
order chaotic and hyperchaotic dynamics.
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