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Abstract: The paper presents the results of estimating the robust stability
bounds for discrete system in terms of three approaches based on scalar, vec-
tor and hierarchical Lyapunov functions. It is shown that the hierarchical
Lyapunov function allows one to obtain the most wide bounds for the uncer-
tain matrix in the investigation of discrete system. A numerical example is
cited which illustrates the application of the proposed approach.

Keywords: Discrete-time system; robust bounds; scalar; vector and hierarchical
Lyapunov functions.

Mathematics Subject Classification (2000): 93D09, 93D30.

1 Introduction

In the present paper we consider an uncertain discrete-time system
x(r+1)=Az(r) + f(z(7),a), (1.1)

where x € R", e N ={to+k,k=0,1,2,...}, to € R, A is a constant n x n matrix,
f:R"xS — R", a € SCRY d>1isa compact set. Under specific conditions
(we don’t cite them here) dynamics of the system (1.1) are topologically equivalent with
dynamics of the system

z(t+1)=(A+ E)z(r), (1.2)

where A is the same matrix, as in system (1.1), and E is an uncertain n x n matrix,
about which it is known that it lies in some compact set S; C R™*™. Further we will
investigate the system (1.2).

Our purpose is to compare the results of estimating the robust bounds of discrete
system obtained in terms of three approaches involving scalar, vector and hierarchical
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Lyapunov function. In the paper it is shown that the hierarchical Lyapunov function
provides more wide bounds for estimation of the uncertain matrix.

2 Scalar Approach
We assume that for the matrix A the condition |o;(A)| < 1 is realized for all i =
1,2,...,n. In this case the Lyapunov equation

ATPA-P=-G (2.1)

has a unique solution P € R™*™ for arbitrary symmetric and positive definite matrix
G € R™*™. Moreover the matrix P is symmetric and positive definite. According to the
results of paper [6], we apply the function

v(z) = (xTPx)%. (2.2)

in robustness analysis of the system (1.2). Let us denote by oy, (P), oar(P) the maximum
and minimum eigenvalues of the matrix P.
Following the paper [6] we get the assertion.

Theorem 2.1 Let the nominal system
x(r+1)=Axz(r)
be asymptotically stable. If
1E] < (@), (2.3)

where

om(G)
1 1 ’
oy (P = G)oj (P) +om(P)
then the uncertain system (1.2) is asymptotically stable.

wG) =

Here ||E| = sup ||Ez||, ||« = («Tz)z is the Euclidean norm of vector .

lzl<1
It is known [6], that u(G) takes the largest value, if G =TI in (2.1). The expression
(2.3) is a robust bound for the system (1.2), obtained in the framework of scalar approach
with the function (2.2).

3 Vector Approach

We decompose system (1.2) into two interconnected subsystems
Sit wm(r+1)= (A + E)zi(r) + (B + Uj)xj(r), 4,j=12 and i#j (3.1)

Here z; € R™, A; and B; are submatrices of the known matrix

(A B
as(h B, "
E; and U; are submatrices of the uncertain matrix
_(E Uy
b (B 1) o

where By, Uj € R™*"2 By Us € R™*™ and A;, E; € R"*™ i =1,2.
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Assumption 3.1 We assume that:

(1) the nominal subsystems
zi(T +1) = Ajai(7) (3.4)

are asymptotically stable, i.e. there exist unique symmetric and positive definite
matrices P; € R™*™ which satisfy the Lyapunov matriz equations

ATP A — P =—-G;, i=1,2, (3.5)

where G; are arbitrary symmetric and positive definite matrices;
(2) there exists a constant v € (0,1) such that

1B | B2l < 7*papee

1 1
where p; = (02, (P — I,)o3,(P;) + om(P;)) Y, P; are solutions of the Lyapunov
matriz equations (3.5) for the matrices G; = I,,, I, are n; X n; identity ma-
trices, 1 =1,2.

We define the constants

-

a =05 (P)oi(Py), b= 0} (P)ok(P)(IBil + |[Ball),
ji = (05 (P, — Lo, (P) + om(P) ™", i=1,2,

ai = o3 (Pus = (03, (P — L) + oy (P) ", i=1.2,

¢ =yaraz — o (P1)oi ()| Bu| || Ball,

1

5 (0% +4ac)® —b),

€

where P; are solutions of the Lyapunov matrix equations (3.5) for the matrices G; =
I, i=1,2.

Theorem 3.1 Assume that for the uncertain system (1.2) the decomposition (3.1)—
(3.3) takes place and all conditions of Assumption 3.1 are satisfied. If the submatrices
E; and U; satisfy the inequalities

Bl < (X =)pis Uil <, i=1,2, (3.6)

then the equilibrium © =0 of (1.2) is asymptotically stable.

Proof For the nominal subsystems (3.4) by (3.5) we construct the normlike functions

and the scalar function
v(z) = divi(21) + dava(z2), (3.8)

where dy, do are some positive constants.
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For the first forward differences Aw;(x;) of the functions (3.7) with respect to 7 along

the solutions of (3.1) we have the estimates:
+ (B + Up)y) — 0i(Ai + Ei)a:) < (a7 ATP A ® — (a7 Piag)® + ai(Pi)llEixill

$?A?HAZ$Z — LL‘;TPVTZ 1
+ ok ()L Ei| ]|

1
+ o3 (P)(Bi + Uiz <
1 1 1
+ o3 (P)(IBill + Ui Dllwsll < =(cii = oz (P EslDllwill + o3, (Po)IBill + [|Usl]) |11,

i,j=1,2, i # j. Here we use the known inequality [6]
1
v (P)llp—dll

1 1

(P"Pp)? — (¢"Pq)* <oy
for all p, g € R*, P € R™*" is a symmetric and positive definite matrix. From here we
(3.9)

arrive to the following inequality
Av(x)\@l&)g dy Avy (xl)‘él +d2Av2(x2)‘SQ < —d "Wz,

where d = (dy,d2)", z = (|21, |z2])T, W = (wi;) is a 2 x 2 matrix with the elements

if i=j,

_ { i — o (P) | Ei
wZJ B l . . .
—or (P Bill + [|U:])  if i # 5.

As all conditions of Theorem 3.1 are satisfied, it is not difficult to verify that the

matrix W is the M-matrix [8]. Really
1 1 1 1
wiiwae — wipWor = (o1 — o (P1)|| Ex[llae — o3 (P2)|| Eall]] — o3 (P1)oz (P2)

< (B2l + 1UD(Ball + [Va]) > o = o3 (P)(L = ]z = ok (Po) (1 = e
— ok (PR (P)(IBr | + ) (|1 Ba] + )
= y2a102 = o (P (P2) (1 Bil| + (1B + )
= —03(P)ok (P)e = oy (P)as (P2)(1Bi]| + | BalJe + 12araz = oy (P s
x (Py)l|IBu || Ball = —ae® — be +c.
By condition (2) of Assumption 2.1
¢ = enas = o} () (P) | Bill | Ball = o (P)oy (Po) sz = | Bi] | Bal]] > 0
and therefore —ae? —be + ¢ =0, and wiwas — wiaway > 0.
It is clear that the function (3.8) is positive definite and it’s first forward difference
(3.9) is negative definite. These conditions are sufficient [9] for the asymptotic stability

of the equilibrium 2 =0 of (1.2).
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The proof of Theorem 3.1 is complete.

Thus the inequalities (3.6) are the robust bounds for the system (1.2), obtained in
terms of the vector approach.

4 Hierarchical Approach

As is known [7], the essence of this method is as follows: beginning from the constructing
an auxiliary Lyapunov function, we take into account a hierarchical structure of the
system (1.2) or realize a multilevel decomposition of the initial system. Further the
second approach is applied precisely.

We decompose each subsystems (3.1) into two interconnected components

Cijr wij(r+1) = (Aij + Eij) wij (1) + (Bi + Uij) wae(7), i, 5. k=1,2, j#k, (4.1)

where T € R™i, R™ = R™! x R™?2, Aij, Eij c Rnijxnij, Bi1, U € Rnilxnﬂ,
and By, Ujp € R™i2X™i1,

L Ail Bil o Eil Uil
A = (Bm Ai2) ’ Bi= (Ui2 Ei )"
Assume that the matrices B; and U; have a block Structure'
12 22 12 22
where M), F{) € Rraxm i, j k1 =1,2, i #1.
We extract from (4.1) the independent components
Cij: CL‘ij(T + 1) = (Aij + Eij).%'ij(T), i, 7 =1,2,

with the same designations of variables as in system (4.1).
In order to state the robust bounds we require the following assumptions.

Assumption 4.1 The nominal components
xij(T—Fl):Aiinj(T), i,j:1,2,
are asymptotically stable, i.e. there exist unique symmetric and positive definite matrices
Pij, which satisfy the Lyapunov matriz equations

AE]PUAU - Pij = _Gij7 i, j=1,2, (42)
where Gy; are arbitrary symmetric and positive definite matrices.

Let P;; be solutions of the Lyapunov matrix equations (4.2) for the identity matrices
Gi; = I;;. We define the constants

1 1 1 B
Qij = U&(Pu)ﬂu = (03, (Pyj = Iij) + 03, (Piy) ",

1 1 _
pij = (03 (P — Lij)o 3 (Pyy) + on (Pij)) ™,

1
€, = 2(11 ((b2 + 4(1101)% — bi),
1 1
a; = U&(Pil)o']a(Pﬁ),
1 1
bi = o3 (Pir)os; (Pi2) (|| Ball + || Bazll),

TN

l . .
Ci = Y 1042 — UM(Pil)U@(Pn)HBilH | Biall, 4, 7=1,2.
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Assumption 4.2 There exist constants ; € (0,1) such that
IBaall 1Bz || < vZpipz, i =1,2.

Let us construct an auxiliary function on the base of the functions
1
vij (i) = (23 Pijaig)

by formular
vi(2i) = davit (Ti1) + digvia(232),  1=1,2,
where d;; are some positive constants. We introduce 2 x 2 matrices W; = (w(z)) with

the elements ' .
(z) { ViQij if J = ku
ik — 1 _ . .
E =05 (Pi)(|Bijll +&) if j#k.

Here 0 <€ <.
Further we need the following proposition.

Lemma 4.1 We assume that

(1) discrete system (1.2) is decomposed on the first level to the system (3.1) and on
the second level to the systems (4.1);

(2) all conditions of Assumptions 4.1 and 4.2 are satisfied;

(3) for the submatrices E;;, U;; of the matrices E;, i = 1,2, the estimates

1Bijll < (1 —=i)pig, Uil <&, i,5=1,2.

are realized.

Then there exist vectors czl, dy € R? with positive components such that the first forward
differences Avi(:ti)}cb_ for the functions v;(x;) satisfy the estimates
ij

Av;(z;)| —df Wz, i=1,2 (4.3)

C‘ijg

and the matrices W; are the M -matrices.

Here dl = (dil,dig)T and Z; = (”,TilH, ||£L'12||)T

The proof of Lemma 4.1 is analogous to that of Theorem 3.1.

Under the hypotheses of Lemma 4.1 the matrices W; are the M-matrices and, ac-
cording to [8], the vectors d}W; = (dzlwll + d12w21 ,dllwgl2 + d12w22)) have positive
components.

Let us denote

= mln{duwu + d12w21)7d11w§2 + dz2w2 )} 1=1,2,

172

m = —

1 < ) 3 (4.4)
2 (dirof(Pri1) + di20}, (Pr12)) (do10 7, (Par) + dago i, (Pa2))

and give a method of optimal choice of the constants d;1, d2, i = 1, 2.
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Lemma 4.2 Let the matrices W1 and Ws be the M-matrices and w%), wgl) < 0,
then
(1), (1) (1, (1)
1 —
supm(d) =m(dj, 1,d5, 1) = 3 ( 1 (1)w11 122)2 . ® _ .y
deb op(Pr1)(wyy — wyy') + 03 (Pra)(wyy —wiy')
1
2) (2 2) (2 2
% wgl)w§2) — w§2)w§1) ) i
3 2 2 2 2 2 ’
o2 (Pa)(wly —wil)) + o7 (P (wi? — wi?)
(4.5)
where
d (1) @ g (2)
D= {d: (di1,d12,do1,doo)" € R —% << —%, —% <2 —%}
wy wiy w2 Wip
1 1 2 2
oo el -l
wyy — wiy wiy —wiy

@ (@)

(ONROES 0, ', wi

Proof As the matrices W and W5 are the M-matrices, then wiy, wss

() ()
< 0 and consequently, —% > —% > 0. On computing of the constant m; and m we
Wiz

can set dios = doo =1, dy1 = dy, doy = dy and d; € D; = {dz € R — 2 < d; <
Wiy

w)

——2 }, i =1,2. Let us denote
Wig
mi(d;) = — 40— i=1,2,
dia@(Pil) + Ulzw(PiQ)
and note that
1
sup m(d) = 5( sup mq(dy) sup ma(dz)). (4.6)
deD di1€Dy d2€ Do

By (4.4) for the function m;(d;) we get the expressions

diw® 4 . e
i Fwgy ,if == <dp < df,
(d.) = dio 3y (Pin)+o 3 (Pi2) 11
mz( z) - (i) (3) ®
diwg g +w%2 if d* < d’L < _w%%
% =
Way

1 1 9
dio 2 (Pi1)+o 2 (Pi2)

For the first derivatives m/(d;) we have

L1 L1 .
will)"zaf(Pi2)_w§1)‘71€1(Pi1) if = “’%1; <d; < d¥
i 79

Wiy

1 1 2
(diUfI(Pil)-l-(Tff(Pm))
1 1

(), 3 (), 3 i
Wig Uﬁf(Pﬂ)*“’zz Uzaf(Pil) if d;k < di < _“’%iz; ,
Way

1 1 2
(dzﬁf{ (Pin)+o 3, (P'LQ))

m;(di) =
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(i)
therefore m/(d;) > 0 for —*25 < d; < d; and m/(d;) <0 for df <d; < — (1) From
here it follows that h
(@), () (1), (D)

W7 Wsg — W
A(ds) = my(dF) = 11 Wa2 12 Wa1

Sup mi(di) = mid}) = — D _ )2 3 Py o)

o5 (Pi)(wsy —way ) + o3 (Pi2)(wyy w12)

Substituting by the values of m;(d}) into (4.6), we get the identity (4.5). Lemma 4.2 is
proved.

Assumption 4.3 Let for the submatrices MJ(,? of the matrices B; the inequalities

M = max ||MJ(,?|| <m

be realized for all i, j, k=1,2.

The following proposition is basic in the method of hierarchical Lyapunov functions
in the robust stability problem of the system (1.2).

Theorem 4.1 We assume that for the uncertain system (1.2) the two-level decom-
position (3.1), (4.1) is realized and all conditions of Assumptions 4.1—4.8 are satisfied.
If the inequalities

1B < (1 —v)ui, Ul <&, IEQ)<m-m

are fulfilled for all i, j, k = 1,2, then the equilibrium x = 0 of the system (1.2) is
asymptotically stable.

Proof Under the hypotheses of Lemma 4.1 there exist constants d;; > 0 for which
dTWiz; > 0. In view of designations (4.4), we get from estimate (4.3)

1
Avi(z)| g < =i (wanl]® + lzaal®)? = —millall, i=1,2.
s;

Since for i # k the estimates

Avit (zin)] g, < Avin (1) | g, +o3 (P) @ + [ FD -+ I1FS D)

Avia(wia)| 5, < Avia(2i2)| g +03(P) (@ + | ESD | + [ ES2 )1zl

Si

are true, then

1
Avi(z)|g, = dinAvir (zia |s Fdia Avia(Ti2) |5 < —7il|@s ||+ [dino 2 (P) (2m+

+IFED] + D)) + diso?, (P (2m FIED )+ IED D] -

For the function
’U(I) = dl’Ul(Il) + dQUQ(.IQ)

in view of estimates (4.7) we get

AU( )} —dlAvl Il |S —|—d2A1}2(I2)| dATWZ (48)
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where d = (dy,d2)%, z = (||lz1]), |z2]])™ and W is a 2 x 2-matrix with the elements
j for 5=k,
wie =3 ~dpok (P + | FY ) + |15~
~dja0y (P)(2m + [F) ) + |[FRN) for 5 # k.
Under the hypotheses of Theorem 4.1 the matrix W in the estimate (4.8) is the M-

matrix. Thus the matrices Wy, Wa, W are the M-matrices and it is sufficient [3] for
asymptotic stability of the system (1.2).

5 Discussion and Some Applications

The hierarchical approach in robust stability problem permits a more complete allowance
for the dynamic characteristics of the nominal system on each hierarchical level and thus
a more exact definition of robust bounds for the system (1.2). We illustrate efficiency of
the approach proposed in the paper by a simple example.

Let us assume that in the system (1.2) the matrix A has the form

0.5 0.01 0.03 0

0.01 0.125 0 0.03
A= 0.03 0 0.25 0.005 |- (5.1)

0 0.03 0.005 0.125

5.1 Scalar approach

Let us compute the matrices and constants occurring in the framework of the scalar
approach (see Theorem 2.1):

1.336149 0.008512 0.032104 0.000737

p— 0.008512 1.017019 0.000708 0.007761 |
~ | 0.032104 0.000708 1.068495 0.002057 |’
0.000737 0.007761 0.002057 1.016891

o(P) ~ 1.340176; o (P —I) ~ 0.340176; 1 ~ 0.496185.

Here I is a 4 x 4-unit matrix. From here the robust bound for the system (1.2) with
the matrix (5.1) is determined by the inequality

IE|l < 0.496185 (5.2)
for all matrices F € Sy.
5.2 Vector approach

According to this approach we decomposed the matrix (5.1) and denote

0.5 0.0l 0.25 0.005 0.03 0
Al_(o.m 0.125)’ A2_<0.005 0.125)’ Bl_BQ‘( 0 0.03)'
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The uncertain matrix E is represented in the form (3.3). The matrices and constants
occurring in the framework of vector the approach are:

0.008469 1.016029 0.002031 1.015902
om(Pr) = 1.333807, op(Ps) &~ 1.066780, py =~ 0.449733, 2 ~ 0.749800.

1.333581 0.008469 1.066699 0.002031,
Pl ~ ’ P2 ~ ;

Hence we have the estimates of submatrices norms in the form
|E1]| <0.499733(1 — ), | E2| <0.749800(1—+~), ~€(0,1). (5.3)

Let v = 0.25. Besides € ~ 0.012303.
Finally, for the matrix F represented in the form (3.3), we get the estimates:

| E1]l < 0.374800, ||Esof < 0.562350, ||U;| < 0.012303, i=1,2. (5.4)
For example the matrix
E = diag {0.37, 0.37, 0.56, 0.56}

satisfies the inequalities (5.4). But || E| = 0.56, and consequently, the norm of uncertain
matrix F does not satisfy the inequality (5.2).

5.3 Hierarchical approach

According to the proposed algorithm we accomplish the two-level decomposition of sys-
tem (1.2) with the matrix (5.1) and as a result we get:

A1 =05, Ajp=0.125, Ay =0.25, Asy =0.125.

Let
71 = 0.5, Y2 = 0.125.

Numerical values of corresponding constants are:

on(Pr1) ~1.333333, o (Pr2) ~ 1.015873,  p1q = 0.5, f12 = 0.875,
oar(Pa1) ~ 1.066666, o (Paz) ~ 1.015873,  poy = 0.75,  pgo = 0.875,
61 ~ 0.320718, ez ~ 0.096261.

We shall set €, = 0.05, and €3 = 0.006. In this case for the matrices W7 and W, we get
the expressions

W 0.288675  —0.069282 0.096824  —0.011360
P\ -0.060474  0.440958 ) 27\ -0.011086 0.110239 /"

The matrices W7 and W5 are the M-matrices as their non-diagonal elements are negative
and their principal minors are positive.
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The constant m is computed by the formular (4.5): m = 0.038392. Thus, the following
restrictions are imposed on submatrices of E:

[Er]l <025, [[Erf| < 0.4375, [[E2 < 0.65625, |[|Es2|l < 0.765625,

(i) (5.5)
[U1;] €0.05, [[Uz;]| <0.006, ||F;;|| < 0.008392.

For example the matrix
E = diag {0.25, 0.43, 0.65, 0.76}

satisfies the inequalities (5.5). Since ||E|| = 0.76, the matrix E does not satisfy condition
(5.2). Moreover || diag{0.65, 0.76}|| = 0.76 > 0.75 and it means that for the matrix F
conditions (5.3) are not satisfied for any v € (0,1).

Thus, the general conclusion from this example is: the hierarchical Lyapunov function
allows a more complete use of the potential possibilities of direct Lyapunov method in
robustness analysis of discrete system (1.2).
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