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and Chaos of Star Maps™
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Abstract: Let X,, = {z € C: 2" € [0,1]}, n € N, and let f:X,, - X,, be a
continuous map such that f(0) = 0. In this paper we prove that f is chaotic
in the sense of Li—Yorke iff there is a strictly increasing sequence of positive
integers A such that the topological sequence entropy of f relative to A is
positive.

Keywords: Star maps; Li—Yorke chaos; topological sequence entropy.

Mathematics Subject Classification (2000): 37B40, 37E25.

1 Introduction

Let (X,d) be a compact metric space and let C(X) denote the set of continuous maps
f: X — X. For any f € C(X), the pair (X, f) is called a discrete (semi)dynamical
system. Given = € X, the sequence (f'(z)):2, is the trajectory of z (also orbit of z).
Recall that a point = € X is periodic if f'(z) = x for some i € N. Denote by Per (f) the
set of periodic points of f. The map f is said to be chaotic in the sense of Li-Yorke (or
simply chaotic) if there is an uncountable set S C X \Per (f) such that for any x,y € S,
x #y, and any p € Per (f) it holds

lim inf d(f" (), " (y)) = 0, (1)
lim sup d(f"(x), f"(y)) >0, (2)
lim sup d(f"(z), f"(p)) > 0. (3)

*This paper has been partially supported by the grant PI-8/00807/FS/01 from Fundacién Séneca

(Comunidad Auténoma de Murcia).
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2 J.S. CANOVAS

The set S is called a scrambled set of f (see [18] or [21]).

The notion of chaos in the sense of Li—Yorke has been studied in the case of X = [0, 1]
and X = St (see e.g. [10,14,16,17,22] or [21]). In this setting, topological sequence
entropy plays a special role to characterize chaotic maps. Given a strictly increasing
sequence of positive integers A, denote by ha(f) the topological sequence entropy of f
with respect to A (see the definition in the next section). Then

Theorem 1 Let f € C([0,1]) U C(SY). Then:

(1) f is chaotic iff there is a strictly increasing sequence of positive integers A such
that ha(f) > 0;

(2) for any sequence A there is a chaotic map fa € C(I) (resp. fa € C(SY)) such
that hA(fA) =0.

Statement (1) was proved by Franzovd and Smital [14] for interval maps and by
Hric [17] for circle maps. Statement (2) was also proved by Hric [16, 17]).

Theorem 1 (1) is false in general in the case of two dimensional maps (see [13,[20]).
So, the following question remains open: is Theorem 1 true for continuous maps defined
on finite graphs?

In this paper we give a partial answer to this question. More precisely, we consider the
n-star X,, = {z € C: 2" € [0,1]}, n € N. Dynamical systems generated by continuous
maps on the n-star have been studied in the literature (see [1,3-6,8]). Moreover, the
construction of chaotic n-star maps holding (2) in Theorem 1 was made in [17]. Let
Co(X,,) be the set of continuous maps f € C(X,,) such that f(0) = 0. The aim of this
paper is to prove the following result which extends Theorem 1 (1) to the space Co(X,,).

Theorem 2 Let f € Co(X). Then f is chaotic iff there is an strictly increasing
sequence of positive integers A such that ha(f) > 0.

This paper is organized as follows. Next section is devoted to introduce basic notation
and definitions. In Section 3 we prove useful technical results which are used in the last
section, where the main result is proved.

2 Basic Notation

First we introduce the notion of topological sequence entropy for continuous maps defined
on compact metric spaces. Let (X,d) be a compact metric space and let f € C(X).
Consider a strictly increasing sequence of positive integers A = (a;)$2; and let Y C X
and ¢ > 0. We say that a subset E C Y is (A, e, m,Y, f)-separated if for any z,y €
E, © # y, there is an i € {1,...,m} such that d(f*(z), f*(y)) > e. Denote by
sm(A,e,Y, f) the cardinality of any maximal (A,e,m,Y, f)-separated set. Define

S(A,2,Y, f) = limsup — log s, (A, 2, Y, /). (4)
m—oo M
Let
hA(fu Y) = liIr(l)S(Au‘SuY?f)' (5)

The topological sequence entropy of f respect to the sequence A is

ha(f) = ha(f,X). (6)
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When A = (4)$°,, we receive the usual definition of topological entropy (see [2, Chap-
ter 4]).

For z € X, let w(z, f) denote the set of limit points of the sequence (f%(z))3%,.
w(w, f) is called the omega limit set of f at . Let w(f) = ,cx w(w, f) be the omega
limit set of f.

Now, we introduce some definitions on n-star maps. The point 0 € X,, is called the
branching point of X,,. The connected components of X,\{0} are called branches of X,
denoted by Bi,...,B,. For Y C X,,, Y denotes the closure of Y. |x| denotes the module
of z € X. For a fixed i € {1,...,n} and z,y € B;, we write < y (resp. < y) to
denote |z| < |y| (resp. |z| < |y|). For z,y € B;, # <y, by an interval we understand
the set [z,y] = {z € B;: v <z <y}, (2,9], [z,y) and (z,y) will be understand in the
obvious way. Then, for 1 <i < n, the closure B; = [0, 2;], with 2z = 1. Now, define a
metric on X, as follows. For any z,y € X,,, let

plz,y) = {

For any z € X, and € > 0, let B(z,¢) = {y € X,,: p(x,y) < €}

Finally, we recall the notion of horseshoe (see [19]). Let k € N. We say that f has
a k-horseshoe if there is a closed interval J contained in one branch of X,, and there
are k closed subintervals J; C J, 1 < i < k, with pairwise disjoint interiors such that
JC f(J;) for 1 <i<k.

|z — y| if  and y lie in the same branch;

|z + |y if z and y do not lie in the same branch.

3 Preliminary Results

This section is devoted to state some results which help us to prove the main theorem. We
use basically two ideas in the proof. The first one is based on the following proposition.

Proposition 3 Let (X,d) be a compact metric space and let f € C(X). Then, for
any k € N the following statements hold:
(1) f* is chaotic iff f is chaotic;
(2) for any strictly increasing sequence A there is a strictly increasing sequence B
such that hg(f*) > ha(f).

Proof (1) is a well-known fact which is due to the uniform continuity of f. (2) was
proved in [17].

We begin with the n-star case. For any z € X, let s(z) = (s;), € {0,1,...,n}"
be defined by s; = j iff fi(x) € B; for some j € {1,...,n}, and s; =0 iff fi(z) =0
We say that s(x) is eventually constant if there is k € N such that s; = s for all 7 > k.
We say that f € Cy(X,,) has property P if the condition = € Per (f) implies that s(x)
is a constant sequence. The following remark is immediate but useful in what follows.
We will use it without citation.

Remark 1 1f for some k € N we have f¥(z) =0 then f!(x) =0 for each | > k and,
hence, w(z, f) = {0} and s(z) is eventually constant.

Property P is the other key which allows us to prove the main result. As we will see
later, any map from Cy(X,,) with zero topological entropy has an iterate which holds
property P. This fact jointly with Proposition 3 are the main ideas for proving our result.
Notice that maps from Cy(X,,) having property P have every periodic orbit contained
in one branch, which is useful for proving next three lemmas proved previously in the
proof of Lemmas 5 and 6 from [11].
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Lemma 4 Assume f € Co(X,,) has property P. Let x € B;, 1 < i <mn, be such
that f(x) ¢ B;. Then for any k € N such that f*(x) € B; it follows that f*(z) < z.

Lemma 5 Assume f € Co(X,) has property P. Let x € X,, be such that s(zx) is
not eventually constant. Then klim f¥(x) =0, that is, w(z, f) = {0}.

For any Y C X,,, let 7v: X,, — Y be the natural retraction from X, to Y. For
f € Co(Xp), let fy € C(Y) be defined by fy = 7y o f|y, where f|y means the
restriction of f to Y. For each i € {1,...,n} define f; = f5 € C(B;). Notice that f;
is conjugated to a map g € C([0,1]) holding ¢(0) = 0.

Lemma 6 Assume f € Co(X,,) has property P. Then for all j € {1,...,n}, w(f)N

Bj = w(f;). In particular, w(f) = Uj—, w(fs) and hence w(f) is compact.

Let z,y € X,,. We write z < y to mean that either x <y or x € B; and y € B;

for some 4,5 € {1,...,n}, i # j. Given S,T C X, we say that S < T if s < ¢ for all
seS and teT.

Lemma 7 Assume f € Cy(X,,) has property P and h(f) =0. Let x € B; for some
1 <i<mn andlet a € B; be such that * < a and f(1) = 0. Then fi(z) < a for
all i € N.

Proof Assume the contrary and let j € N be such that a < f/(z). Then a < f7(z),
f7(1) = f7(0) =0 and 0 < x < a. Therefore [0,a] C f7([0,z]) and [0,a] C fi([z,q]),
that is, f7 has a 2-horseshoe. By [19, Theorem A], h(f’) > 0. By [2, Chapter 4],
h(f7) = h(f)j. Then h(f)> 0, which leads us to a contradiction.

Let z € X,, and 0 < ¢ < min{|z|, 1 — |z|}. Denote by z_. and z. the elements such
that z_. <z <z and |z —z| =|r —2_| =¢.

Lemma 8 Assume f € Cy(X,,) has property P and h(f) = 0. Let J C X be an
open interval such that J Nw(f) = @. Then, for any y € J there is an interval J,
y € Jy, containing at most two points of each orbit.

Proof For y € J C Bj, j € {1,...,n}, we distinguish three cases: f(y) ¢ Bj,
fly) € B; and f(y) =0.

First, assume that f(y) ¢ B;. Let (a,b) C B; be such that y € (a,b), f(1) =0 and
fla,b)NBj = @. If fi(a,b) < (a,b) for all i € N, then the proof concludes. So, let
m € N be the first integer such that f™(a,b) N (a,b) # @. Assume that if any positive
integer i is big enough, then it is held f™(y—c,, Ye, )N (Y—e;, Ye;) # @ with e; = 1/i. Hence
Ni(f™(Ye;s Ye;) NV (Y—e,;, Ye,)) = {y}. Since f™ is continuous, we would have f™(y) =y,
which leads us to a contradiction. So thereis i € N such that f™(y—_c,;, ¥e;) < (Y—e;s Ye;)
(cf. Lemma 4) and (y—e,,¥e;) C (a,b). Now, we distinguish two cases. If @ =0 then by
Lemma 4 f*(y_c,,9e;) < (Y—ec,,ve,) for all k > m and the proof concludes. If a # 0,
then applying Lemmas 4 and 7, f*(y_c,,ye,) < (Y—c,,ye;) for all k > m, which finishes
the proof.

Now, assume that f(y) € B;. Let (a,b) C B; be such that y € (a,b) and f(a,b) C
Bj. Assume that any open subinterval J containing y contains at least three points of
some orbit, that is, there is an x € X and there are n; < ng < ng such that f™i(x) € J,
1 < i < 3. By Lemma 6 and [10, Proposition 11, Chapter 4], there is an interval J,
holding that for any = € X,, with f"(z) € J,, 1 <i <3, thereis k€ N, n; <k < ns,
such that f*(x) ¢ B;. Then, ff¥~!(x) € (¢,d) with f(c) =0 and f(c,d) N B; = @.
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By Lemma 7, (¢,d) < J,. Then, by Lemma 4, for all integer m > k it holds that
f™(x) < Jy, a contradiction.

Finally, assume that f(y) = 0. Since f(0) =0 and f is uniformly continuous, there
are real numbers &, > --- > g1 > 0 such that

f(B(O,ej)) CB(O,€j+1) for j:1,2, ...,?’L—l. (7)

Since f(y) =0, thereis ¢ > 0 such that f(y_s,ys) C B(0,e1). On the other hand, let
K = max{|f;(2)]: z € [0,y]} and let zy € [0,y] be such that |f(z0)] = |f;j(20)] = K.
Clearly €, and § can be chosen such that

(y—5,95) ([0, fj(20)] =@ (cf. Lemma 7) (8)

and (y—s,ys) N B(0,e,,) = @. Now, let = € (y_s,ys) and notice that f(x) € B(0,e1).
If fj(z) = f'(z) for all i € N then, as (y—s,ys) N[0, f;(20)] = &, we conclude that
fi(x) ¢ (y—s,ys5) for all i € N and we finish. So, let m be the first integer such that
f™(z) ¢ B;. If m > 1, and k> m holds f*(z) € B, then by Lemma 4, f*(z) < f(x)
and hence f*(x) € B(0,e1). This, jointly with (8) gives us {f*(z): i € N} N (y_s,vs5) =
@. To finish the proof, assume m = 1 and let k be the smallest integer such that
f¥(x) € B; (if such k does not exist we finish). Let | < n be the number of branches
in which the set {f(z): 1 <i <k} lies. Notice that if an element z € B(0,e5) N B,
1<rs<mn, fi(2) € B, for some i € N and fi*!(z) ¢ B,, then by Lemmas 4 and 7,
fi(z) € B(0,&5). Then, by (7), f*(z) € B(0,&;) and by Lemma 4 and (8) we conclude
that {f%(x): i € N} N (y_s,ys) = &, which ends the proof.

The argument of the proof of the following result is very similar to the analogous
result for interval continuous maps.

Corollary 9 Assume f € Co(X,) has property P and h(f) = 0. For any open
set U D w(f) there is a positive integer q = q(U) such that at most q points of any
trajectory lie outside U .

Proof The set X,\U is compact. By Lemma 8, for any y € X,,\U, there is an open
interval J,, (relative to X,,\U) containing at most two points of any orbit. Since X,\U
is a compact set we can obtain a finite number of such intervals covering X,,\U, which
ends the proof.

Proposition 10 Assume f € Cy(X,,) has property P. Then f is chaotic iff f; €
C(B;) is chaotic for some i € {1,...,n}.

Proof First, assume that f; is chaotic for some i € {1,2,...,n}, and let S C B;
be a scrambled set. Notice that if € S then ff (x) # 0 for all j € N (in other case
w(z, f) ={0} and x ¢ S). Hence the trajectory of any x € S is contained in B; which
implies that the trajectories of x under f; and f are the same. Then S is also a scrambled
set for f.

Now, assume that f is chaotic and let S C X,, be an uncountable scrambled set of
f. Let x € S. By Lemma 5, the sequence s(x) must be eventually constant, because
in other case the orbit of x would be attracted by the fixed point 0. Let r be such
that s; = s, for all 5 > r, but s,_1 # s,. On the other hand, let y € S. Since
liminf;_, o d(f7(x), f7(y)) = 0, we have that the trajectory of y is eventually contained
in Bs,.. Let [0,a] = ﬂj>0(fsr)j (Bs,). Since f, is an interval map, by [9, Lemma 3.5],
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if {(fs,)7(f"(x)): 7 € N}N[0,qa] is empty, then the trajectory of f7(x) will be attracted
by a periodic orbit and then x cannot belong to any scrambled set. So, there is j, > r
such that f7=(x) € [0,a]. Since fq |j0,q is surjective, there is zy € [0,a] such that
f7#(z0) = f7=(z). Similarly, there are yo € [0,a] and j, > r such that f7v(yo) = fIv(y).
Let So = {yo € Bs,: y € S} C [0,a]. Then it is straightforward to see that Sy is a
scrambled set for f,, and therefore f, is chaotic.

In order to finish the preparatory work to prove our main result, we prove the following
lemma, which is an extension of a similar lemma from [14].

Lemma 11 Assume f € Co(X,,) has property P and h(f) = 0. Suppose f is non-
chaotic. Then, for any € > 0 there are points x1,...,x € w(f), and a set U D w(f),
relatively open in X,,, with the following property: if

fi(x)eU for 0<j<r,
then there is some © such that for any j with 0 < j <r

d(f? (), (i) < e.

Proof Let f be non-chaotic. By Proposition 10, f; is non-chaotic for i = 1,...,n.
Then, by [12, Theorem 2.3}, for i = 1,...,n it holds that f;|,,) are Lyapunov stable
(it has equicontinuous powers), and any point y € w(f;) is almost periodic (for any
neighborhood G of y there is an integer m > 0 such that f™J(y) € G for any j > 0).
By Lemma 6 it is easy to see that

f|w(f) is Lyapunov stable 9)

and
every point in w(f) is almost periodic. (10)

Then, using (9) and (10) and following the proof of the lemma from [14] we obtain the
result.

4 Proof of Theorem 2

First, consider the case h(f) = 0. Following the proof of Theorem 1.5 from [5] we see
that fN, N = nl(n — 1)!...2!1!, holds property P. Additionally, by [2, Chapter 4],
h(fN) = Nh(f) = 0. So, by Proposition 3 we may assume without loss of generality
that f has property P.

First, assume f is non-chaotic and let A be a strictly increasing sequence of positive
integers. Then, applying Lemma 11 and Corollary 9 and proceeding as in the first part
of the proof of the main result of [14], we obtain that ha(f) =0 for all A. Now assume
that f is chaotic. By Proposition 10, f; is chaotic for some i € {1,...,n}. Following [14],
there is a interval J C B;, with f2'(J) = f?(J) = J for some j € N and such that

fE(J) € B; for 1 <k < 27, Additionally, f?'|; is chaotic and hence hA(ffj\J) > 0.
Then v v
J J
haia(f) 2 hasa(f,0) = hasa(fin J) = ha(F7'11) = ha(F7,J) > 0,
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where 27 - A = (27 - q;)2;.

Finally, assume h(f) > 0. By [19], there is an | € N such that f' has a k-horseshoe.
Since h(f') = Ih(f) > 0, by Proposition 3 we may assume that [ = 1. So, there is an
interval J and k subintervals Ji,...,Jr with pairwise disjoint interiors and such that
J C f(J;). There is an invariant compact subset Y included in at most two branches
such that f[y is semiconjugate to a shift map defined on ¥ = {(z;)52,: x; € {0,1}}
(see e.g. [10, Chapter 2]). Then, it is straightforward to check that f is chaotic, and the
proof concludes.

Corollary 12 Let f € Cy(X,) be such that 0 € Per(f). Then f is chaotic iff there
is an increasing sequence of positive integers A such that ha(f) > 0.

Proof Just apply Proposition 3 and Theorem 2.
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1 Introduction

In this paper we deal with questions regarding the existence, uniqueness, boundedness,
stability and attractivity of solutions u of the following class of initial-boundary-value
problems:

Lu= f(z,t,u,ug, Ugz,u), O0<z<l, 0<t<T, (1.1)

where L = —£0,44 — 20y + O, f is a continuous function of its arguments, ¢ and ¢ are
positive constants, and

u(z,0) = uo(z), u(z,0)=ui(z), 0<z<1,
uw(0,8) = hi(t), w(l,t)=he(t), 0<t<T, (1.3)

(©) 2005 Informath Publishing Group/1562-8353 (print)/1813-7385 (online)/www.e-ndst.kiev.ua 9
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where T < +o00, hi,he € C?([0,T[), uo,u1 € C%([0,1]) are assigned and fulfill the
consistency condition

mO) =uw(, M =),
(1.4)
ha(0) = (1), dhét(o) — w(1).

Solutions u of such problems describe a number of physically remarkable continuous
phenomena occurring on a finite space interval. In the operator L the D’Alembertian
—?0pp + Oy induces wave propagation, —e0,,; dissipation. The term on the right-
hand side of (1.1) may contain forcing terms, nonlinear (local) couplings of u to itself,
further dissipative terms. For instance, when f = —bsinu — au; + F(z,t), where a,b
are positive constants, we deal with the perturbed Sine-Gordon equation, which can be
used e.g. to describe the classical Josephson effect with driving force F' in the theory
of superconductors [6,11]. F is a forcing term, —au; is a dissipative one and —bsinu
is a nonlinear coupling. On the other hand it is well known [12] that equation (1.1)
describes the evolution of the displacement u(x,t) of the section of a rod from its rest
position x in a Voigt material when an external force f is applied; in this case ¢? = E/p,
e = 1/(pw), where p is the (constant) linear density of the rod at rest, and E,u are
respectively the elastic and viscous constants of the rod, which enter the stress-strain
relation o = Ev + 0yv/u, where o is the stress, v is the strain. As we shall see in the
sequel, even considering only one of these examples, e.g. the perturbed Sine-Gordon
equation f = —bsinu — auy, it is important to keep room for a more general f because
the latter will naturally appear when asking whether a particular solution u* of the
problem is stable or attractive, or when reducing the original problem to one with trivial
boundary conditions.

Several papers [2—5,7—9,13] have already been devoted to the analysis of the op-
erator L and more specifically to the investigation of the boundedness, stability and
attractivity of the solutions of the above problem. Here we improve previous results,
by weakening the assumptions on f, and find some new ones. In Section 2 we improve
the existence and uniqueness Theorem 2.1 proved in [2], in that we require f to satisfy
only locally Lipschitz condition. In Section 3.2 we improve the boundedness and stability
Theorem 3.1 of the same reference, in that we require only a suitable time average of
the quadratic norm of f to be bounded. While doing so we prove two lemmas concern-
ing boundedness and attractivity of the zero solution for a class of first order ordinary
differential equations in one unknown; the second lemma is a generalization of a lemma
due to Hale [10]. In Sections 4 and 5 we respectively improve the exponential asymptotic
stability Theorem 3.3 of [2] and the uniform asymptotic stability Theorem 2 of [5], valid
for some special f, by removing the boundedness assumption on the latter. The trick
we use is to associate to each neighbourhood of the origin with radius o (the ‘error’) a
Liapunov functional depending on a parameter v adapted to o, instead of fixing v once
and for all.

2 Existence and Uniqueness of the Solution

To discuss the existence and uniqueness of the above problem it is convenient to formulate
it as an equivalent integro-differential equation so as to apply the fixed-point theorem.
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As in [2], we start from the identity

85(c2uw5 — c2u§w + cugw, — euweyr) + O (Urw — UW; — EUgeW) 2.1)
= fw — u(eweer — 0211)55 + werr), '

that follows from (1.1) for any smooth function w(&,7), assuming u(£,7) is a smooth
solution of (1.1). We choose w as a function depending also on z,¢ and fulfilling the
equation Lw = 0, more precisely

wx,Et—71)=0x —&t—7)— 0 +E& t—T), (2.2)

with -
0(z,t) = K(|z|,t) + Z [K(|x 4+ 2m], t) + K(Jz — 2m|, t)]. (2.3)

m=1

The function K represents the fundamental solution of the linear equation LK = 0. It
has been determined and studied in [3], and reads

t o]

—c?r/e 2(
e x?(z+1) 20,0102/ c
K(|z],t) :/ dr e~ ™ AU [0 Z 9|2 \/Z ) dz, (2.4)
V/TET 4eT €
0

0

where Ij is the modified Bessel function of order zero. Since 6(—z,t) = 0(x,t) and
O(z + 2m, t) = 0(z,t), m € N, it is sufficient to restrict our attention to the domain
0 <z < 2, and note that 6 is continuous together with its partial derivatives and satisfies
the equation Lf = 0. Moreover, from the analysis of K developed in [3], we can deduce
that @ is a positive function that has properties similar to ones of the analogous function
6 used for the heat operator, see [1].

As for the data we shall assume that:

flx,t,n,p,q,r) is defined and continuous on the set (2.5)
{(z,t,n,p,q,7): 0<2x <1, 0<¢t<T, —c0<mn,p,qr<oo, T>0}

it locally satisfies a Lipschitz condition, namely for any bounded (2.6)
set © C [0,T] x R* there exists a constant pq such that for any
(t,n1,p1,91,71), (t, 2,2, q2,72) € Q and x € [0,1]

|f(I7t7n17p17Q17T1) - f(I7t7n27p27QQ7T2)|
< pa{lnt —na| + [p1 — pa| + |q1 — 2| + |r1 — 72|},

U, Up, ug, u; continuouson 0<xz <1, (2.7)
hi
iy Cii_t’ 1=1,2, continuouson 0<t<T, (2.8)
dh1(0 dh2(0
B(0) = uo(0), ha(0) = uo(1), PO _ o), 2O _ ) 2)

dt dt
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Given a solution u of (1.1)—(1.3), by integrating (2.1) on {(§,7): 0<¢{<1, <7<
t— 0}, 6 >0, and letting § — 0, we find that it satisfies the following integral equation

u(et) = [ (o€ uo( g + [ e & Dlur(©) - cu(€)) de (2.10
0 0
—2 [ hi(T)(? +€01)0u(, t —T)dT +2 | ho(7)(? 4+ €01)0,(1 — x, t —7)dr
/ /

t 1
+/d7—/w($7§7 t_T)f(&T?u(€77)7u€(§77—)7UT(€77)7U££(€77>)d§'
0 0

Conversely, one can immediately verify that under the assumptions (2.5)-(2.9) a
solution u of (2.10) satisfies (1.1) using the fact that L = 0 and Lw = 0. We refer
the reader to [2] for the slightly longer proof that the initial conditions (1.2) and the
boundary conditions are satisfied.

If f= f(x,t), (2.10) gives the unique explicit solution of (1.1) - (1.3). On the contrary,
if f depends on w (2.10) is an integro-differential equation. We shall now discuss the

existence and uniqueness of its solutions.
For any ¢,d € [0,T], ¢ < d, we shall denote

By = {u(w,t): u,ug, up, ugy € C([0,1] % [e,d])}
For any a € [0,T], v € Bjgq and t € [a,T] we define a mapping of By, 7} into itself by

t

Tou(z,t) := wv(x,t)+/d7/w(x,£, t—7)f(& T ul€, 1), ue(€, ), ur (&, 7), uee (€, 7)) d§
0

a

(2.11)
where

1 1
wola,t) = [ wiz, & t)uo(€) dé + [ w(z, & 6)[us (€) — ug (€)] d¢
/ /

¢ ¢
- 2/h1(7')(¢:2 +e0¢)0y(x, t — 7)dT + 2/h2(7')(c2 +e0)0,(1 —x, t —7)dr
0 0

a 1
+/d7’/w(x,§, t— T)f(§7T7U(§7T)7UE(§7T)7UT(§7T)7UEE(EaT)) d§
0 0

We fix a p > 0 and for any ¢ € [a,T] we consider the domain

Sﬂ,t = {u € B[a,T]: Vx e [Oa 1] ‘U(I,t) - wv(x,t)\ <p, ‘Um(l‘,t) - (“‘)Uf(xrt)‘ <p,

|uww(x7t) - wvxm(x7t)‘ < P \ut(:r,t) - wvt(x7t)| < p}
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and define

M= M(a,T,v,p) = SFPT] Sup LF(& mu(€,7),ue (€, 7), ur (§,7), uee (€, 7)),
TE|a, u v, T
gef0.1]

b—a=min<T —a L P EP @
7M7 M’ M’ M b

Ra,b,v = {u € B[a,b]: V(.I,t) € [Oa 1] X [avb] |U(I,t) —WU({E,t” < Ps

(2.12)

|Uw($,t> - w’Uw(‘T7t>| S pu |U11(.’If,t) - wvmm(x7t)| S p7
|’U’t(x7t) - W'ut(xvt” S P}
Note that by its definition M is finite because f is continuous and evaluated on a compact
subset of RS. We denote by p = pu(a,b,v,p) the constant ug of (2.6) corresponding to

the choice

Q={(t,n,p,q,r): with ¢ € [a,b], and such that Iz € [0,1], Fu € Rypo
such that n = u(z,t), p=wuy(z,t), ¢=uz(x,t), r=ws(x,t)},

we choose a positive constant A

1 142
)\:/\(a,b7v7p)>max{1,u<2+_+ + c)}
c

€
and we introduce a norm

llullap:= sup |e_)‘tu(;v,t)|—|— sup |e_)‘tum($,t)|
[0,1] % [a,b] (0,1] x [a,b]
(2.14)
+ sup |e_)\tut (:E7 t)' + Sup |e_)\tu;ﬂm (:E7 t)'
[0,1] % [a,b] [0,1] % [a,b]

We now show that 7, is a map of R, into itself, more precisely a contraction (w.r.t
the above norm). From (2.11) we get for any (x,t) € [0,1] X [a, ]

t 1
|Tyu(z, t) — wy(z, )] < M(a,T,U,p)/dT/|w($7§af_7)|d§;
0

a

and, because of the inequality [3]

1

1
[lwtet-nid= [1oa-¢t-n-b@ret-nd<t-rn @)
0

0

and the definition of b we find

Toula, 1) — ol )] < M@ Too ) U2 < (2.16)
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Similarly, one can prove that

|7:JU’I(I1 t) - wvm(xvt” S Ps (217)
|Totien (2, 1) — Woza (T, 1)] < p, (2.18)
|%ut($7t) wvt( )l <p, (2'19)

making use of the basic properties of K proved in [3], which lead to the following esti-
mates:

1

/lww(x7€7t_7-)|d§§ 1/07

0

/|wt z, 6t —7)|dE <1, (2.20)

1
/'ww(xvﬁvt—ﬂldf < %[1 +2¢3(t — 7).
0

The first two inequalities were already given in [2], together with

1
/| wio, &t — 1) dé < 1. (2.21)
0

The third was used but not explicitly written, and easily follows from the latter inequality,
the equation L = 0, and the relation 0(x,0) = 0. In fact, from LO = 0 it immediately

follows that
1

€
ot_exx—at[9+c_29mx_c_29t ;

and therefore

1
’(Ut(iE,f,t—T) —wm(x,f,t—r) = 8t|:w(x7§7t_7-) + cig wmx($7§,t_7-)_c_2 wt(xafvt_T)]'
Integrating over ¢ and using (2.21) we find [0;A(z,t — 7)| < 1, where

1
{E t—T = /|: JIf,t—7)+ci2wmw(x7€7t_T)_c:l_th(‘r7€7t_T):|d§'
0

As 0(z,0) =0, then A(z,0) = 0. By the comparison principle we therefore find

1 1
1
T—t< Az, t—1) / /% / —Swdf <t—T,
0

1

1
/C—thdf'

)
0

implying
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using (2.15) and (2.20)2 to bound the integrals on the right hand-side we find (2.20)s.
From the above results we conclude that T,u(x,t) € R4, as claimed.
From (2.11), (2.15)) we get for ¢ € [a,b]

t 1

Tyus (2, 8) — Toua(z, )™ < pllur — uzllap / ) gy / e €, — )| dé
. 0 (2.22)

t
< s~ el [ €N =) dr < L s el

a

From (2.11), (2.20) one can get analogous results for the partial derivatives d;, 9, 02
of (2.11):

[ Towra (@,8) = Tyuza (@, ) e < 4= [lur = usla,
[Touns(a, ) = Touzs(w, 0] e < S llur = wollas, (2.23)
Tt (.8) — Totnss (.5 e < L (1 i Q—f) s = s
Thus, we obtain
[Tos(.6) ~ Toua(ar ) < & [% T g} lur —wsllans  (224)

with u = p(a,b,v,p), A = A(a,b,v, p). Under assumption (2.13), inequality (2.24) shows
that 7, is a contraction of R, ., into itself. Thus we are in the conditions to apply
the fixed point theorem, and we find that there exists a unique solution in Ry, of the
problem 7,u = u in the time interval [a, b].

We now apply the above result iteratively. We start by choosing a = 0 = ag, v = 0;
the last integral disappears from (2.12). From the definition of b we determine the
corresponding b = a; and by the fixed point theorem a unique solution u(l)(x, t) of the
problem (1.1) —(1.4) in the time interval [0, a;]. Next we choose a = a;, v = u?); from
(2.12) we determine the corresponding b = a2 and by the fixed point theorem a unique
solution of the problem 7,mu = u in the time interval [a1, az]. This is also a smooth
continuation of u(!), therefore we have found a unique solution u(?)(z,t) of the problem
(1.1)—(1.4) in the time interval [0, as], and so on. We conclude by stating the following

Theorem Under hypotheses (2.5)—(2.9), the quasilinear problem (1.1)—(1.8) has a
unique smooth solution in the time interval [0, as], where

Uoo := lim ap <T.
k—-+oo
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3 Eventual Boundedness and Asymptotic Stability

3.1 Preliminaries

By the rescaling t — t/c, ¢ — ce and of f — c*f we can factor ¢ out of (1.1), so that
it completely disappears from the problem, without loosing generality. In the sequel we
shall assume we have done this. Moreover, without loss of generality we can also consider
hi(t) = ha(t) = 0 in (1.3), as any problem (1.1)—(1.4) is equivalent to another one of
the same kind with trivial boundary conditions and a different f. In fact, setting for
any t € J = [0, 00]

v(z,t) == u(z,t) + p(a, t), p(z,t) := (1 — z)h1(t) + zha(t)

we immediately find that ©(0,¢) = v(1,t) = 0, that the initial condition for v,v; are
completely determined and that v fulfills the equation

—EVgqt + Vgt — Vg = f(xv t, U, Vg, Vs vt)a

where

f(xvtvvvvxvvxm;vt) = f(xv ta V=D, Vg — h2 + h17 Vg, UVt _pt) — Dtt-
The difference u = @ —u* between a generic solution % and a given one u* of the problem
(1.1)—(1.4) is also a solution of a new problem of the same kind, which we denote by
problem P, but with hq(t) = ha(t) =0, namely

_Eummt+utt_umm:f(x7t7u7uw7uww7ut)7 .’L'G]O,l[, t>t06’]7

u(0,t) =0, wu(l,t)=0, teJ, (3-1)
with the initial conditions
u(z,0) = uo(x), u(z,0)=wui(x), xz€]0,1], (3.2)
fulfilling the consistency conditions
u0(0) = u1(0) = up(1l) = uy1(1) = 0. (3.3)

Here

f(x7t7u7uw7uww7ut) = f((,C,t, u + U*7 Uy + u;7 Uz + u;r7 Ut + u;m)
- f(xvt,TL*?u;?u:m?u:)

and ug(z) := Go(z) — ud(x), ui(z) = 41(x) — ui(z). The two solutions @, u* are ‘close’
to each other iff u is a ‘small’ solution of the latter problem, and coincide iff w is the zero
solution.

We introduce the distance between the origin O and a nonzero element
(u(-,t),w(,t)) € T := (Co([0,1]) N C3([0,1])) x Co([0,1]) as the functional d(u,us),
where for any (p,v) € I" we define

1
d*(p, 1) = /(«J2 + o2+ 02, +¢%) da. (3.4)
0

The notions of (eventual) boundedness, stability, attractivity, etc. are formulated using
this distance. Imposing the condition that ¢, vanish in 0,1 one easily derives that
lo(@)], |ox ()] < d(p,1) for any x; therefore a convergence in the norm d implies also a
uniform pointwise convergence of ¢, ...
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Definition 3.1 The solutions of (3.1)—(3.3) are eventually uniformly bounded if for
any « > 0 there exist an s(a) > 0 and a §(a) > 0 such that if ¢y > s(a), d(uo,u1) < «,
then d(u(t),u(t)) < B(w) for all t > ty. If s(a) =0 the solutions of (3.1) are uniformly
bounded.

Definition 3.2 The origin O of T' is eventually quasi-uniform-asymptotically stable
in the large for the solutions of (3.1) if for any p,a > 0 there exist s(a) > 0, and
T(p, ) > 0 such that if d(ug,u1) < a, to > s(a) then d(u,us) < p for any t > to+ 7.
If s(a) =0, u(z,t) =0 is said to be quasi-uniform-asymptotically stable in the large for
the solutions of (3.1).

Suppose now that problem P admits the solution u(x,t) = 0.

Definition 3.3 The solution u(x,t) =0 is uniform-asymptotical stable in the large
if it is uniformly stable and quasi-uniform-asymptotically stable in the large, and the
solutions of problem P are uniformly bounded.

Definition 3.4 The solution u(z,t) =0 of the problem P is exponential-asymptoti-
cally stable in the large if for any a > 0 there are two positive constants D(«a), C(«)
such that if d(ug,u1) < a, then

d(u(t),u(t)) < D(a)exp [-C(a)(t — to)] d(ug,u1), Vit > to. (3.5)

To prove our theorems we shall use the Liapunov direct method. We introduce the
Liapunov functional

1

/ {(e@me — 0 + 702 + (1 +7)¢2) do, (3.6)

0

V(p,¥) =

N =

where 7 is an arbitrary positive constant. Using the inequality |2e¢..t| < e(¢2, + 1¥?)
we find

1
1
Vg /{8%& + 9% el +ev? + % + (1 + )92} da.
0

Setting
c3 =max{e(1+¢)/2, (1+e+7)/2}, (3.7)
we thus derive
Vg, 9) < 3d*(p, ). (3.8)
Moreover, it is known that [13]

1

fl’wi(w) dr > 72 [ o*(x)dx
0 0

(0)=0, ¢(1)=0 = . X (3.9)
g’wim(w) dx > w2g‘¢§(x) d

(these inequalities can be easily proved by Fourier analysis of ¢). In view of the bounds
we shall consider below we introduce the notation

4 4 w2

~ 0. = ~0. = ~ 0.91. 1
0.99, wq [ — 0.90, w3 T2 0.9 (3.10)

WL T
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Using (3.9) and an argument employed in [2], we get

Vip. ) 2 Gd*(p,4). (3.11)
where
2 i { 0y, L L (v > 1/2) (3.12)
¢ =min = wi, o 5) O . .
Therefore, from (3.8) and (3.11) we find
K2 <d’< KQ (3.13)
€2 ‘1

On the other hand, choosing v =1 in (3.6) and reasoning as it has been done in [2] it
turns out that

av. € 4 9 € 5 € 9 € 9 9
0

1
< —/{gwg(u2+ui+uim)+a<w2—%)uf—i—AfQ}dx (3.14)
0

IN

1
—cgdz(u,ut)—i—/Adex
0

where we have set 5
A=z+2, =2 (3.15)

and we have used (3.9). In the sequel we shall set also p := c3/c3.

3.2 Eventual boundedness and asymptotic stability

We assume that

1
A / Pde < g)EP + Gi(t, d) + fnlt, ), (3.16)
0

where f is the function appearing in (3.1), and g(t), g:(t,n) (i =1,2 and t € J, n > 0)
denote suitable nonnegative continuous functions fulfilling the following conditions:

(1) there exists a constant ¢ > 0 such that for any ¢t >ty >0

t

/g(r) dr —p(t —to) < 03 (3.17)

to

(2) there exist constants x € [0,1], x € [0,1] and ¢ >0 (with ¢ <p if x =1) and
M > 0 such that

g(r)dr

1+ tx

o

—q (3.18)

< T/
1+t
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(3) for any n >0
lim gy (¢, n)ef 1) =0,
t——+o0

o ) (3.19)
/ﬁz(ﬂ et T dr = 03 (n) < +00,
0

where £ is some positive constant if x > k, while £ =0 if x <&k.
Without loss of generality we can assume that §;(¢,7) are non-decreasing in 7; if
originally this is not the case, we just need to replace g;(t,n) by Jmax gi(t,u) to fulfill
<u<n

this condition.
From (3.14), using (3.4), (3.16), (3.13) we now find

dV (u,uy) G g
Tt < —cqd? (u,ug) + g(t)c%dz + g1, dz) +ga(t, d2) (3.20)

where we have set

g9i(t,n) = gi (t, c%) (3.21)

1
By the “Comparison Principle” (see e.g. [14]) V is bounded from above

V(t) <y(t), (3.22)

by the solution y(t) of the Cauchy problem

d
= —py+ gy +ai(t.y) + gty ylto) =y =V(to) > 0. (3.23)

We therefore study the latter, proving first a theorem of eventual uniform boundedness.

Lemma 1l Assumeg(t), gi(t,n) (i=1,2 and t € J, n > 0) are continuous nonnega-
tive functions fulfilling the conditions (3.17) - (3.19). Then V& > 0 there exist §(&) > 0,

B(a) > 0 such that if |yo| < &, to > (&), the modulus of the solution y(t;to,yo) of
(3.23) is bounded by [:

ly(tito,yo)l < B, t>to > 3(a); (3.24)
if in particular yo € [0,4a], then

0 <y(tito,yo) < B, t>to>35(a). (3.25)
Proof Problem (3.23) is equivalent to the integral equation

—p(t—to)+,ft g(r)dr
y(t) =woe ‘0
(3.26)

p‘rff g(z)d=
0

g O JEC R T

to
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y o2M
Take B(&) := a(e® + — + €2M), where
m
g ify <1
m - —
3?2 if y = 1.

Because of (3.17), if |yo| < &, for any ¢ > ¢y one finds

t
—p(t—to)+ [ g(r)dr
lyole fo < ae’.

Moreover, because of (3.18), we obtain

1+¢x 1+ tx
1+tX)— M 14X M .
40 = M < [ o) ds <alt+ 09+ M
0
Let
0 if x <k,
min< 1 i ifl>x>k
9= " oM
: p—q & e
mm{l7 2M’2M} ifl=yx>k,
0 if 9 =0,
ty = 19 1/k
(=0 o

(3.27)

(3.28)

(3.29)

considering separately the cases x < k, x > k and recalling the definition of £, we find

1+ tX X — ¢~
= <14+ 9(tX -t~
ek et )

for any ¢ > ty. Then from (3.29)

g(I4+tX) = M1 +9@* —t")] < /g(z) dz < q(14+tX) + M[1 4+ 9(tX —t")]
0

for any t > tg. Consequently, for i = 1,2 and |y| <

t t T
—pt+[ g(r)dr T— [ g(2)dz
e : [{g /gi(r, y)ep [{g dr

to
t

< e—pt+q(1+tx)+M[1+19(tX—t“)] /gi(t7B)epr—q(l-ﬁ'x)+M[1+19(TX—T“)] dr

to
t

x X _ Ry ~ _grX X_
— odt +MY(X—t") pt62M/gi(t,ﬂ)6pT qTX+MYI (X —T1 )dT,

to

(3.30)

(3.31)
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where we have used also the fact that g;(¢,n) are non-decreasing functions of 7.
Now consider the function

h(T) := pT — q7X — MI(7X — 77) (3.32)

nfl)

and its derivative h'(7) = p — qx7X"t — MI(x7X~! — k7"~ 1). We now show that, for

any x € [0,1], 1
W(r) > W () =m ﬁTzf:[ﬂ%;ny (3.33)

with the m defined in (3.27) (this implies that for 7 > ¢ the function h(7) is increasing).
In fact, if ¥ > 0, then it is either 0 < x < x < 1, implying

B (1) >p— (¢ + MI)xrx! > g =m

for any 7>, or 0 < k < x = 1, implying (because of the inequality p —¢ > 0 and the
definition of )
/ - k—1 p—4q _
W(r)=p—q— M9+ MIkT >p—q—M192T—m
for any 7 > 0, in particular for 7 > t. If 9 = 0, then it is either 0 < x <k <1 with
X < 1, implying
W(r)>p—agxr* ! >

N3

=m

2x] T .
for any T > [ﬂ} =t,or x =k =1, implying also h'(t) = p— ¢ >m (for any 7),
p

as claimed. ~
On the other hand, because of (3.19) there exist s1(&),s2(&) > 0 (recall that 8 =

((a&)) such that
n(r, BT <@ it T >0 2 s1(d),

oo

/92(7’, B)eg(TX_TN) dr S a if to Z 82(54).

to

(3.34)

Hence, for t > to > max{Z,tg, s1(&)} we find that if |y(7)| < 3 for any 7 € [to,t] then
fotrir | [ g(2)d
—pt+ T)dT T— z)dz
e e /gl(r,y(r))ep 0” dr
to

e—h(®)+2M

< g1 (r, B) T qr (3.35)

o~
O\
~

t
—h(t)+2M 2M
< efh<t>+2M&/ W) hrr gy = 6 0 i hiwory < €M
m m m
to
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where in the first line we have used (3.31) and the definition of ¥, in the second (3.33)
and (3.34);. Similarly, for ¢ > to > max{sa(@),ty,t} we find that if |y(7)| < 3 for any
T € [to,t[ then

t t T

e_pH'({ g(T)dT/gg (T,y(T))epT_'({ g(z)dzdr
to
t
< €_h(t)+2M/gg(T7 B)eh M+ =" gr (3.36)
to
< 6—h(t)+h(t)+2M/ go(r, B)eET =V dr < Get2M.
to

(in the first inequality we have used (3.31) and again the definition of ¥J, in the second the
monotonicities of h and g, in the third (3.34)2). Summarizing, the inequalities (3.28),
(3.35), (3.36) are fulfilled for t > to > 5(&) = max{Z,ty, s1(&), s2(&), }.

Now let us suppose per absurdum that there exists t1 > to > §(&) such that

|y(f;t0,y0)| < B for tg <t<ty, (337)
ly(ta; to, yo)| = 5. (3.38)

Because of (3.37) the inequalities (3.35), (3.36) are fulfilled; together with equations
(3.26), (3.28) for ¢t =t; they imply

|y(t17 t07y0)| < B?

against the assumption (3.38). Finally, from (3.26) and the nonnegativity of the functions
g; we find that 0 < yo < & implies y(¢t) > 0 for any ¢, whence (3.25).

As a result of the previous lemma, for any & > 0 the solution y(¢) of the Cauchy
problem (3.23) remains eventually uniformly bounded by 3(a@) if 0 < yo < &. By (3.22)
and (3.13), the same applies with V(t) and d?(u, u).

By the monotonicity of ¢;(¢,n) in n and the comparison principle we find that y(t) is
also bounded

y(t) < z(t), t>+tp (3.39)

by the solution z(t) of the Cauchy problem

= _ —pz+g(t)z+gi(t. B) + g2(t, B),  z(to) = 2o (3.40)

dt
(which differs from (3.23) in that the second argument of g; is now a fixed constant
B > 0), provided that zo = yo, and tg > 5(&).
We therefore study the Cauchy problem (3.40), keeping in mind that for our final
purposes we will choose 3 = 3(&), to = to(d) > 5(a).
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Lemma 2 Assume g(t), gi(t,n) (i =1,2 and t € J, n > 0) are continuous func-
tions fulfilling the conditions (8.17)—(3.19). Then for any p >0, to >0, & > 0 there
exists T(p,a, 3,t0) > 0 such that for |z| < & €[0,a] the solution z(t;to, z0) of (3.40)
is bounded as follows:

|2(t;to, 20)| < py if t>to+1T. (3.41)

If in particular zo € [0, &[, then

0< z(t;to, 20) < p, if t>to+T. (3.42)

Proof The solution z(t) = z(t; o, 29) is of the form

—p(t—to)+ | g(r)dr
z(t) =zpe to

t t -
—pt+[ g(r)dr - ~ 1 pT—[g(N)dA
+ " a8 + 9ot )] T

to

(3.43)

We now consider each of the three terms on the right-hand side of (3.43) separately.
By equation (3.30) for ¢ > ty

t

(e —ta) + [ glr)dr < ~(t—t0) [p—q

to

1+ tX 1 X — e
R AN +I(X — ") ;
t—to t—to

the right-hand side is negatively divergent for ¢t —ty — +o00, and so will be the left-hand
side; this implies that there exists a Ty(p, &,to) > 0 such that

—p(t—to)+ | g(r)dr
to

20| € < g, t>to+To, 20 €|~ al. (3.44)

As for the second term, given 8 >0, § > 0, because of (3.19)1 there exist T; (5, p) >
max{%,ty} and oy(5) such that

(3.45)

(,m have been defined respectively in (3.33), (3.27)). Since the function h(t) defined in
(3.32) is increasing as the first power of ¢ for ¢ > #, there exists T»(f3, 5) > T1 such that
for ¢ Z TQ

91 —h(O)+MtqpTy o P (3.46)
P 6
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24
Therefore, for t > T,
. t ,
e_pt% 9 /91 (7, B)em_{ g(/\)d/\dT
to
t T
< e PHAH)+ M1+0(t% —1%)] /gl(T,B il 9(2)eA -
0
T ¢
g1(7, B)eh =) g
(3.47)

< e—h(t)-l—M-l—q/gl(T’ B)epTdT+e—h(t)+2M
T

0

Ty

S,
=
—~~
\]
~—
)
=
2
[sH
\‘

< efh(t)+M+qa,1/ep‘rd,r_i_efh(t)qLQMefQJV[%;
0
T ~
< e hO+Ma, ge—hu)(eh(t) e

3

S RSTES
W™

<=(1+1)=

where in the first and in the second inequality we have used (3.30), the nonnegativity of
g1, the fact that £(7% —7%) > 0 and the definition of h(t), in the third (3.45) and (3.33),

in the fourth we have performed integration over 7, and in the last we have used (3.46).
As for the third term on the right-hand side of (3.43), from (3.19)2 it follows that

there exists T3(5, p) > max{Z,ty} such that for ¢ > Tj

4 (3.48)

t
o f it <
T3

and on the other hand that
(3.49)

T3
/92(7’, B)epTdT < 03,
0

where oy has been defined in (3.19). Moreover, there exists T4(3,p) > T3 such that

for t >t+ Ty
Ota+M o g. (3.50)

Uze_h(
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Therefore for ¢t > Ty

t t T
—pt+[ g(r)dr - T— [ g(z)dz
e e /gg(T,ﬁ)ep 0! dr

to

t T
< e PtHa(+E)+MD (X —t")+1] /92(77 B)GW_g g(z)d'sz
0

T3 t
~ ~ x__n 3.51
< 67h(t)+q+M/gz(T,ﬁ)epTdT—|—efh(t)+2M/gg(7',ﬂ)eE(T e dr (3:51)
0

Ts

t
< ehOFatM gy | o=h(D)+2M+h(1) / 92, )€ = dr
T3

<=+

)

™
™
W™

where we have used the nonnegativity of g» and (3.30) in the first inequality, again (3.30),
the fact that £(7% —7%) > 0 and the nonnegativity of g in the second, (3.49) and the
monotonicity of h(7) for 7 > T3 in the third, (3.48) and (3.50) in the last one.

Let T(p, B, to) := max{Tp, Ty, Ty}. Collecting the results (3.44), (3.47), (3.51) we find
that the solution z(t) of (3.40) fulfills the condition

2(tto,20) < Sl 4+141]=p, t>to+T.

W™

Remark 1 This lemma is a generalization of Lemma 24.3 in [14], based in turn on an
argument due to Hale [10].

Remark 2 1If x <k then in the previous proof Ty, and therefore f, becomes indepen-
dent of to. In fact, ¥ =0 and from (3.30) we find

t t to
/g(z) dz = /g(z) dz — /g(z) dz < q(tX —t§) + 2M.
to 0 0
By Lagrange’s theorem there exists a 7 €]to, t[ such that tX — ¢} = 1>EX (t —to). Since
T

to >t = (2g9x/p)"/ X we find tX -t} < 2%](1% —to)

t
1
—p(t — to) + /g(z)dz < —p(t —to) {1 - 5} +2M = —g(t —to) + 2M.
to
This implies that the left-hand side is negatively divergent for ¢t — ¢y — 400 uniformly

in tg, as anticipated. The argument is not applicable in the case x > &.
We are now in the conditions to prove the following
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Theorem 1 Assume that the function [ of (3.1) is bounded as in (3.16), where
g(t), gi(t,n) (i=1,2 and t € J, n > 0) are continuous functions fulfilling the conditions
(8.17) - (3.19). Then the solutions of the problem (3.1), (3.2) are eventually uniformly
bounded. Moreover, the origin O is eventually quasi-uniform-asymptotically stable in the
large with respect to the metric d.

Proof Set & := a?c3, and apply Lemma 1. Under the assumption d(ug,u1) <
by (3.13) we find yo = V(tp) < @&, by (3.22) and the application of the lemma we
find that y(t) (and therefore V (t)) is bounded by £(a?c3), and again by (3.13) we find

d(t) < B(a) == 1/B(a2c3)/c? for t > s(a) := 3(a?c3), as claimed. Moreover, we can
now apply the comparison principle (3.39)—(3.40) and Lemma 2: chosen p > 0, we set
p = c3p®. As a consequence of (3.39), (3.42), (3.13) we thus find that for to > s()

and t > T(c2p, to(a), 2a?) = T(p, @)

2y < VO ) _ 2t 5e)

2 =3
1 1

Remark 8 This theorem is a generalization of Theorem 3.1 in reference [2]: the claims
are the same, but the hypotheses on the function f are weakened. First, (3.16) is an
upper bound condition only on the mean square value of f2, rather than on its supremum
(as in [2]). Second, this upper bound may depend on ¢ in a more general way than in
that reference. The hypotheses (3.17), (3.18), (3.19) considered here are fulfilled by the
ones considered there with g(¢) = const and x = k = 1. The former, but not the latter,
are satisfied e.g. by the following family of examples.

¢
Ezamples Let f = b(t)sin¢p, with a function b(¢) such that the integral [b?(7)dr
0

grows as some power tX, where x < 1, and in the case x = 1 is smaller than pt
for sufficiently large ¢; then we can set §(t,n) = b*(t). For instance we could take b* a
continuous function that vanishes everywhere except in intervals centered, say, at equally
spaced points, where it takes maxima increasing with some power law ~ t7. but keeps
the integral bounded, e.g.

1 1
AnotB(t — — ) if ¢ -
ntlt —n+—) i € [n 2na,n},

2n
1 } | (3.52)

b*(t) = b
(1) =bo 4nP — AnotP(t —n) if te]n,n—i——

2no

0 otherwise,

with b3 <p, a>1, B€]a—1,a] and n € N. (The case a = 3 =1 has already been
considered in [5]).

The graph of (b(t)/by)? consists of a sequence of isosceles triangles enumerated by n,
having bases of length 1/n® and upper vertices with coordinates (z,y) = (n,2n”) (see
the Figure 3.1). Their areas are A,, = 1/n7, where v:=a —§ € [0,1].

If 0<t—tg <2 then we immediately find

t

/g(T) dr < b3 2. (3.53)

to
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0 1 2 3 t

Figure 3.1

If on the contrary ¢ — ty > 2, then there exist integers m, n with 0 < m <n —2 and
t >ty >0 such that ¢t € n—1/2, n+1/2] and to € |m — 1/2, m + 1/2]. Then we find

n—1/2 t n+1/2
/ g(T)dr < /g(T) dr < / g(7)dr,
m+1/2 to m—1/2
namely
n—1 b2 n—1 t n n b2
> k—g:bg > Akgfg(r)drgbgz/lk: e (3.54)
k=m-+1 k=m+1 to 12:1? 12:1?

Consider the function e(y) := y'=7, v € [0,1[. Applying Lagrange’s theorem we find
that for any h € N there exists a &, € |h, h + 1] such that

1
(h+1)'77 =K' = (1~ 7).
h

whence, taking h = k and h =k — 1 respectively,
(k+ 1) = 7 < (1= )
kY
= (b= 1) > (=)
therefore
ﬁ [(k+1)'"7 — k') < % < ﬁ K77 — (k= 1)), (3.55)
From (3.54), (3.55) we find

b%[n177 — (m + 1)177] < /9(7’) dr < bg[n177 — (m — 1)177(1 — 66n)] ] (356)

1—x 1—7
to
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where §;* denotes a Kronecker 6. Hence,

[ oty = 72 0 = (4 1)) L) (3.57)

to

where the remainder L, ,(t) is bounded by the difference d,, on the right-hand side
and left-hand side of (3.56),
b2
O<LWAQ<¢M:1f7Km+1fﬂ—0n—UFW1—ﬁﬂ.

The expression in square bracket equals 1 for m = 0 and 2!~ for m = 1. It is immediate
to check that the function é(y) := (y + 1)177 — (y — 1)}77 is decreasing for y > 1 and
therefore takes its maximum in y = 1. We therefore derive the bound
b3e(l b3 21—
0< Ly n(t) < dpy < 2060 _ 20277 (3.58)
’ 1—x 1—x

Moreover, since t >n — 1, to < m+ 1 and g is nonnegative, from (3.57) we find

t

2
[otryar < lfﬁy [+ 1) = 577+ L),

to
If to > 1, applying again Lagrange’s theorem to the function e(t) = t1=7 we find

b3
1—7

o t—to+1
[(t+ 1) =t ﬂ:b&—7%——<baﬁ—m+1)

with a suitable ¢ € Jto, t + 1[, and therefore

¢

217
/g(T) dr — b3(t —to) < b3 (1 + m) (3.59)
to

If 0<ty <1,

t t

/g(T) dr—b2(t—ty) < /g(T) dT—b§(1—t0)+/g(T) dr—b2(t—1) < B2 (2+ 121—7) _..
0

-7
to 1

1
where we have used (3.59) with ¢y =1 and [ g(7)d7 < b3, showing (together with (3.59)
0

itself and (3.53)) that g fulfills condition (3.17) in any case.
On the other hand, choosing t; = 0 (and therefore m = 0) in (3.57), dividing by
1+ 77 and subtracting b%/(1 —~) we find

t

d
{g(T) TR LR [ (14t -1 Lo (t)
1+87  1—y 1-9 14417 Lt
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Butitis n —1 <t <n+1, what implies
-2 <! —(n+ D) Y <t T <t D) Y <1

(in fact the function é(y) := (y+1)177 —y'=7 is decreasing and therefore has maximum
at the lower extremum of the interval in which we define it); hence, using also (3.58), we
find

t
d
Roreren] 9O g R[22 -1 B2+ 1
11—y |1+t 14+t 1—v 1—7 |14+t 1—y|1+t-7 ]

We have proved these inequalities under the current assumption ¢ > 2, showing that
in this domain also condition (3.18), with ¢ = b3/(1—7), x =k =1—v and M =
b2(2177 +1)/(1 — 7), is satisfied. For 0 <t < 2 the left-hand side of (3.18) is certainly
bounded by b3 3/[2(1 — 7)], therefore it is sufficient to choose e.g. M = b29/[2(1 — 7))
to fulfill (3.18) for any ¢ > 0.

4 Exponential-Asymptotic Stability for Special f’s via a Family of Liapunov
Functionals

In this section we specialize the function f of (3.1) as f = F(u) — a(x, t, u, g, Us, Ugs )Ut,
where F € C(R) and a € C(]0,1[ x J x R*), and examine the particular problem

Lu = F(u) — a(x,t,u, Uy, g, gy )ug, x €]0,1[, > to,

4.1
w(0,t) =0, wu(l,t)=0, t>to, (4.1)

with initial and consistency conditions (3.2)—(3.3). We shall use the one-parameter
family of modified Liapunov functionals

N =

W, (g, 1) = / {(0ns — )2 + 707 + (1 + )2} de
0

-1+ 7)/1 ( ?z)F(z)dz> dx

0 0
where v > 1/2 is for the moment an unspecified parameter.

Theorem 2 Under the following assumptions

(1) F(u) € C*(R), F(0) =0, and moreover there exists a positive constant K such
that
F, < K < 3n%/4; (4.3)

(2) the function a satisfies
vi=en? +infa > 0; (4.4)
(3) there exist T € [0,2[ and constants A >0, A’ >0 such that
a(z,t, 0, Pu, Poa, ) < Ald(p, )" + A, (4.5)
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the zero solution of the problem (4.1) is exponential-asymptotically stable in the large.

As anticipated in the introduction, this should be compared with Theorem 3.3. in
the main reference, [2]: by replacing the requirement that supa < co and adding the
assumption (4.5) we are still able to prove the exponential-asymptotic stability in the
large of the zero solution. The trick is to associate to each neighbourhood of the origin
with radius o (the ‘error’) a Liapunov functional (4.2) with parameter v adapted to o,
instead of fixing v once and for all.

Proof We start by improving or recalling some inequalities proved in [2]. From (4.3)

we find

z

O]OF(Z)dZ_de/FS(S)dSSKO]OdZO/dS_K¢2/2' (4.6)

0

Employing this inequality and the estimate (3.9) we find

1
1
=5 [ {(e0u 20711+ oma - 012+ (- /202
0
. (4.7)
+ (1 +)¢s + 207, /4 —2(1 + 7)/F(z) dz} da.
0
It easy to see that
1 ©
1 1 9 5 €2,
0 0
1 L 1 22 (4.8)
> 5/ [ (v - 5) V24 (L )m*e® + ws(er, +¢5) — (1+ W)K@Q} dz
0
= kd* (e, ),
where we have used again (4.3) and we have introduced the constant k7
k3 = min{e’ws/8, (2y — 1)/4}, ~>1/2. (4.9)
Another inequality of [2] reads
W, 9) < ¢ [+ m(d(g, )] d* (o, ), (4.10)

where
m(lgl) = max{|F(Q)]: [¢] < [¢l}- (4.11)
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The map B(d) := [1 + m(d)]'/?d is increasing and continuous, therefore invertible.
Finally,
1
= - /{Euiz +eyul, + a(l +Y)u? + eF(u)upe — 0zt } dx
0

AW, (u, uyg)
dt

1
3 2
=— / {Zsuiz +€ [gum - %ut} +eyul, +all +v —ca)u? — EFuui} dx
0

(4.12)
< - /{35(1 — ANu2, /4 +e(3Mr? /4 — K)u?
0
+ [(en® 4 a)y + a(1 — ca)]u? }dz,
AWy (uue) _ / (1 — N (12 + 12 c(3n2 /4 — K2
Wl ) / (B Nenlu, oAb K

+ [(571'2 +a)y+a(l - Ea)]uf} dx,

where X €]0,1[ is a constant chosen in such a way that 3A7?/4 — K > 0, and we have
used (3.9), (4.3).

Now we are going to show that for any “error” o > 0 there exists a § € |0, o[ such
that d(to) = d(ug,u1) < § implies

d(t) = d(u(z, t), u(z,t)) <o Yt >to. (4.14)

To this end we associate to the neighbourhood with radius o of the zero solution the
Liapunov functional (4.2) choosing the parameter v and § as the following functions
of o:

1 2 3.4 1 1
Yo) = (Ao" + ANe+ M, Mm-S EET L 1L (4.15)
v em 2

ok ),
s0) =57 (L) (4.16)

we shall call the corresponding Liapunov functional W,. Per absurdum, assume that
there exist a t; > to such that (4.14) is fulfilled for any ¢ € [tg, t1[, whereas

d(ty) = o. (4.17)

Consider the term in the square bracket on the right-hand side of (4.13). From (4.15),
(4.4), (4.5) considering separately the cases a > 0, —em? < a < 0, we find

—[(em® + a)y + a(l —ea)] < -1, (4.18)

whence

AW (u(t), ue(t))

dt < —k3d? (u(t), ui(t)) <0, (4.19)
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where
k3 = min {3e(1 — w1 /4, e(3\1?/4 — K), 1}. (4.20)

From (4.8), (4.19), (4.10), (4.16), it follows

kPd? (t) < Wo(u(ty), ui(t1)) < Wo(u(to), us(to)) < c3 [1+m(d(to))] d*(to)

2
< G +m©)]5 = 2 [BO) =& [B (B-l ((’C—kl)ﬂ = k202,
2
against (4.17).
Having proved (4.14), it follows m(d(t)) < m(o), which replaced in (4.10) gives

Wo < c3(0) [1+m(o)] d*(t);

together with (4.19) this in turn implies

AW, (u(t), ug (t

Wl D) < (o)W, (u(t) w0,
with C (o) := k3/[c3(0)(1+m(c))]. Using the comparison principle we find that d(t) =
d(ug,u1) < § implies

Cc(o)

d(u(t),u(t)) < D(o)e” 2

with D(o) := 2_2\/1 Tm(0)).

Last, we shov& that under the present assumptions the function (4.16) can be inverted.
It is evident from (4.9) that ki (o) is non-decreasing, from (3.7) and (4.5) that o/ca(y(0))
is strictly increasing, therefore that okq(o)/ca(y(o)) is strictly increasing too, hence
invertible. Since B! is invertible, §(c) is invertible and its range is J.

Thus we can express D(o), C(0) as functions of §, proving the exponential asymptotic
stability of the zero solution.

Remark 4 The theorem holds also if we replace the right-hand side of (4.5) with A(d),
where A: [0, +o0o[ — RT is any nondecreasing function such that A(c)/o? ===, 0.

(t_to)d(uo,ul), (421)

Remark 5 If (4.5) holds with 7 = 2 the function — 7 s still increasing but
c2(7(0))
k
its range is [0, 2/eA], implying that the function %’EW);) is still increasing but its
co2(Y\Oo

range is [0, \/w3/v/2A4] . Therefore the condition (3.5) of Definition 3.4 is fulfilled only
for a € 10, B~'(,/w3/v2A)[, and the attraction region includes the set d(ug,u;) <
B_l(\/W3/\/§A).

We now give a variant of the preceding theorem, based on a hypothesis slightly different
from (4.5). Beside the distance (3.4), we need also a “weaker” distance d (u,u;) between

the zero and a nonzero solution u(x,t) of the problem (3.1)—(3.2): for any (p,¢) €
C2([0,1]) x Cy([0,1]) we define

1
de0) = [+ + 0% da. (422
0
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Clearly,
di(p, ) < d(p,9). (4.23)

The “Hamiltonian” Liapunov functional v(u,u;), with

1 w(x)
v(p, ) = % / {1/12 + @2 — 2( / F(z) dz> } dz, (4.24)
0

0

will play w.r.t. the distance d; a role similar to the one played by the Liapunov functionals
V or W, w.r.t. the distance d.

Theorem 3 Under the following assumptions
(1) F(u) € CY(R), F(0) =0, and there exists a positive constant K such that

F, < K <3n%/4; (4.25)

(2) the function a satisfies
infa > —en?; (4.26)

(3) there exists a nondecreasing map A: J — J such that
la(z,t, 0, Pz, Pzay ¥)| < Aldi(p, )], (4.27)

the zero solution of the problem (4.1) is exponential-asymptotically stable in the large.

Proof Some steps of the proof are exactly as in the previous theorem. Employing
inequality (4.6) and the estimate (3.9) we find

1
1 1 7 3 1
V23 / { (§ ug + §u27r2> +uf — 172112}6155 2 Ed% (4.28)
0

Setting v(t) = v(u,u), integrating by parts and using (4.1), (4.26), (3.9) we also find

= /{ut[—um +uy — F(u)]}doe = — / {euZ, + aui} dx
X 0 (4.29)

< - /Eﬂ' +a)u?dr <0
0

Now we are going to prove the uniform boundedness of the solutions of the problem
(4.1). To this end first note that from the definition (4.11) it follows

@
/F )dz
0

2
¥
<m( |SD|)7;
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employing this inequality and the one p? < d?(yp,1) we find
1
v < B [1+m (dy(u,u))] dF(u, ue). (4.30)

From (4.29) we derive the inequality v(t) < v(tg) for any ¢ > to, whence

() < vlt) < vlto) < 5 [1+m (d (t0))] o).

Therefore, for any t > t,
dit) <a = dilte)<a = di(t) <Bila)=2V2[1+m(a)]"?a,
so that, in view of the assumption (4.27),
d(ty) <a = |a(z,t,u,uyz, ut, Uzr)| < A[G1()] = A(a). (4.31)
Now we associate to any « > 0 the Liapunov functional (4.2) with the parameter
chosen as the following function of a:
1 2 3.4 1 1
v(a) =Ala)e+ M, M := fhem e +—+5 (4.32)
v em 2
we shall call the corresponding Liapunov functional W,. Consider the term in the square
bracket on the right-hand side of (4.13). From (4.31), (4.32), we find again (4.18), whence

AW (u(t), ur(t))
dt
with the same k3 of (4.20). From (4.8), (4.33), (4.10), it follows for any ¢ > to

(
ki d?(t) < Wa(u(t), ue(t)) < Wa(u(to), ur(to)) < c3 [1 +m(d(to))] d*(to)
< 3(v(@)) [1 +m(a)] a® = 3 (v(e) B (),

proving the uniform boundedness of u:

< —k2d? (u(t), we(t)) <0, (4.33)

d(u(t), w(t)) < ”“3&) Ba). (4.34)

Having proved this, it follows m(d(t)) < m(8
Wa < 3(v(a))[1 +m
together with (4.33) this in turn implies
Walul®): @) ()W (ult), (1)),
k3 (v())/{c3(v(a))[1+m(B(«))]}. Using the comparison principle we find
d(ug,u1) < a implies

d(u(t), us(t)) < D(a)e” @) d(ug, uy), (4.35)

—~

Bla ))] 2(1);

with C'(a) :=
that d(to) =

with D(«) := c2((a)) 1+ m(6(«)), namely the exponential-asymptotical stability.

5 Uniform Asymptotic Stability in the Large for a Class of Non-Analytic f’s

Here we give a generalization of Theorem 2 in [5]. As in the preceding sections, using
the trick of the one-parameter family of Liapunov functionals we are able to replace the
boundedness assumption for the function a by a weaker one.
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Theorem 4 Under the following assumptions

F(p) € C(R) such that F(0) =0, (5.1)
there exist T € [0,1] and D > 0 such that, for any ¢, ¥ (5.2)
1, (@)
0< —/ ( / F(z)dz) dr < Dd™ (¢, 1),
0 0

1
[ Fe@)ens(@)ds 20 for any < CG(0.1), (5.3)
0
the function a satisfies infa > —en?, (5.4)
there exists a nondecreasing map A: [0,00[— RY such that (5.5)

|a(z,t, @, Pus Paz)| < Ad(p,9))
the zero solution of the problem (4.1) is uniformly asymptotically stable in the large.
Proof From (4.7), (5.2)

1

W) 2 5 (1= 12002 + (14 ) + 202, (1) do
0

. (5.6)
1
>3 /{(7 —1/2)9% + (1 + 7)ws(¢? + ¢2) + %97, /4} de > k> d (o, ),
0
where
k’Q'*lmin _1 i (1+9)w > (5.7)
1 2 Y 27 4 ) Y)W3 ¢ Y .

— N

Moreover, taking into account (4.2), assumption (5.2), noting that (e¢,.—1)? < 292, +

»? +e(p2, +1?), and considering (3.7) it follows

Wy, ) < Gy(d(p,¥)), (5.8)

where
G, (d) == c3(v)d® + D(y + 1)d" . (5.9)
1
For any choice of v > 3 the map G(d) is increasing and continuous in d, therefore
invertible. Finally, with the help of (3.9) we obtain from (4.12)

1

< - [1G/0e02, + oy +all+ - callu?} do
0
1

< - /{sz(uiw +u +u?) /44 [(e +a)y + a(l — ea)|ul} da.
0

AW, (u, ut)
dt
(5.10)
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Now we are going to show that for any “error” o > 0 there exists a § € ]0,0[ such
that d(to) = d(uo,u1) < § implies
d(t) = d(u(x,t),u(z,t)) <o Yt >to. (5.11)

To this end we choose the parameter « in the Liapunov functional (4.2) as in (4.32) and
0 as the following function of the error o:

6(o) = G;(lg) (02%2 (7(0))) ) (5.12)
we shall indicate the corresponding Liapunov functional W,y simply by W. Per ab-
surdum, assume that there exist a 1 > t¢ such that (4.14) is fulfilled for any ¢ € [to, t1],
whereas (4.17) holds for ¢ = t;. Consider the term in the square bracket on the right-hand
side of (5.10). From (4.32), (4.4), (5.5) we get again (4.18), whence

dWG’ (’U,(t), Ut (t)) ) <

dt

where now k4? := min{ews/4, 1}. From (5.6), (5.8), (5.13),(5.12), it follows

ky2d2 (th) < Wo(u(th), ue(tr)) < Wo(ulto), us(to))
< G’y(o’) (d(to)) < G.Y(U)(5(0)) = k1202,

< — k2% (u(t), ui(t)) <0, (5.13)

against (4.17). So we have proved the uniform stability of the zero solution.

Note now that the function §(o) is invertible, since it is the composition of two in-
creasing functions. Therefore W, can be expressed as a function Wy of the parameter §.
By (5.13) it is Ws(t) < Ws(tg) so by (5.6), (5.8) we find that for d(tg) = d(ug,u1) <4
Wi (t Wi (t G G

§(2) < sI(QO) < Srtdla) o O _ g

ki ki ki k1 (’7(5))
proving the uniform boundedness of w.
Employing an argument of [5] one can now show that for any choice of the initial

condition d(tg) < ¢ the functional Wy decreases to zero (at least) as a negative power of
(t —to) as (t —tg) — oco. From (5.8) we find

d%”“{ﬁgbw(wginyik

which considered in (5.13) gives

d*(t) <

dWs(u, uq) ’os Ws Wi T
— <k — | = <0. 5.14
a = 322\ 2Dy + 1) = (5.14)
Ifat t = to
2
W W\
— > | = 5.15
2c3 <2D(’7+ 1)) ’ ( )
then setting
K 1-—
E(6) == s T
[2D(’7(5) + 1)] a1 147
one finds
Wi (t 1 1
() < L) < - (5.16)

K2 T R2[Wslto) + E(t — to)] T K2[E(t — to)] T
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for ¢t > tg. If on the contrary

W(;(to) Wg(to) =
205 < <2D(’Y+1)) ’

(5.14) will imply for some time

dWs(u,uy)

i = kW

and by the comparison principle an (at least) exponential decrease of Wy. Hence there
will exist a T'(§) > 0 such that

Wg(to —+ T) B Wg(to —+ T) "i“
26% 2D(’y + 1) ’

after which (5.14) will take again the form considered in the previous case and thus imply

Wg(t) < 1
| A W T s
1 K} [Wg(to-ﬁ-T) +E(t — 1o —T)]1*T

1
S /9 ~ 14T
kPIEQ —to —T)]7

d*(t) <
(5.17)

for ¢t > to + 7. Formula (5.17) will be valid also if § is so small that inequality (5.15)

occurs, provided we correspondingly define T := 0, so that it reduces to (5.16). Formula
(5.17) evidently implies the quasi-uniform asymptotic stability in the large of the zero
solution.
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Abstract: In the present paper the swing-by maneuvers are studied and clas-
sified under the model given by the three-dimensional restricted three-body
problem. The modification in the orbit of the spacecraft due to the close ap-
proach is shown in plots that specify from which type of orbits the spacecraft
is coming and to which type it is going. The results generated here are used
to solve optimal problems, such as finding trajectories that satisfy some given
constraints (such as achieving an escape or a capture) with some parameters
being extremized (position, velocity, etc...).
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1 Introduction

Applications of the swing-by technique can be found in several publications in the lit-
erature [1-9]. In the present paper the swing-by maneuvers are studied and classified
under the model given by the three-dimensional circular restricted three-body problem.
The goal is to simulate a large variety of initial conditions for those orbits and classify
them according to the effects caused by the close approach in the orbit of the spacecraft.
This swing-by is assumed to be performed around the secondary body of the system. For
a large number of values of these three variables, the equations of motion are integrated
numerically forward and backward in time, until the spacecraft is at a distance that
can be considered far enough from Ms. It is necessary to integrate in both directions
of time because the set of initial conditions used gives information about the spacecraft
exactly at the moment of the closest approach. At these two points, the effect of Ms
can be neglected and the system formed by M; and the spacecraft can be considered a
two-body system. At these two points, two-body celestial mechanics formulas are valid
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to compute the energy and the angular momentum before and after the close approach.
With those results, the orbits are classified in four categories: elliptic direct (negative en-
ergy and positive angular momentum), elliptic retrograde (negative energy and angular
momentum), hyperbolic direct (positive energy and angular momentum) and hyperbolic
retrograde (positive energy and negative angular momentum). Then, the problem is to
identify the category of the orbit of the spacecraft before and after the close encounter
with Ms. After that, those results are used to identify up to sixteen classes of transfers,
accordingly to the changes in the category of the orbit caused by the close encounter.
They are named with the first sixteen letters of the alphabet. After that, several optimal
problems involving this maneuver can be formulated and solved with the help of the
plots shown. Some examples include finding specific types of orbits (escape, capture,
etc.) that have maximum or minimum velocity at periapsis (or any other parameters,
such as the distance of the periapsis or the angle of approach).

2 The Swing-By in Three Dimensions

This maneuver can be identified by four independent parameters: i) V,,, the magnitude
of the velocity of the spacecraft at periapsis. For the most general case, it would be
necessary to give an information about the direction of the velocity. In this paper, only
velocities parallel to the z—y plane are considered. This constraint is assumed, because
it is the most usual situation in interplanetary research, since the planets have orbits
that are almost coplanar. Under this approximation, and taking into account that the
velocity at periapse is perpendicular to the periapsis vector, the information about the
magnitude of the velocity is enough to completely specify the velocity vector; ii) R,,
the distance between the spacecraft and the celestial body during the closest approach;
iii) «, the angle between the projection of the periapsis line in the z—y plane and the line
that connects the two primaries; iv) 3, the angle between the periapsis line and the z—y
plane.

Figure 2.1. The swing-by in the three-dimensional space.
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Figure 2.1 shows the sequence for this maneuver and some of those and other impor-
tant variables. It is assumed that the system has three bodies: a primary (M;) and a
secondary (Mz) body with finite masses that are in circular orbits around their common
center of mass and a third body with negligible mass (the spacecraft) that has its motion
governed by the two other bodies. The spacecraft leaves the point A, passes by the point
P (the periapsis of the trajectory of the spacecraft in its orbit around Ms) and goes to the
point B. The points A and B are chosen in a such way that the influence of My at those
two points can be neglected and, consequently, the energy can be assumed to remain
constant after B and before A (the system follows the two-body celestial mechanics).
The initial conditions are clearly identified in the Figure 2.1: the periapsis distance R,
(distance measured between the point P and the center of M), the angles o and 3 and
the velocity V,,. The distance R, is not to scale, to make the figure easier to understand.
The result of this maneuver is a change in velocity, energy and angular momentum in
the keplerian orbit of the spacecraft around the central body.

3 The Three-Dimensional Circular Restricted Problem

For the research performed in this paper, the equations of motion for the spacecraft
are assumed to be the ones valid for the well-known three-dimensional restricted circular
three-body problem. The standard dimensionless canonical system of units is used, which
implies that: the unit of distance is the distance between M; and Ms; the mean angular
velocity (w) of the motion of M; and My is assumed to be one; the mass of the smaller
primary (M>) is given by p = 22— (where m; and ms are the real masses of M; and
My, respectively) and the mass of My is (1 — u); the unit of time is defined such that
the period of the motion of the two primaries is 27 and the gravitational constant is one.
There are several systems of reference that can be used to describe the three-dimensional
restricted three-body problem [10; Chapter 10]. In this paper the rotating system is used.
In this system of reference, the origin is the center of mass of the two massive primaries.
The horizontal axis (x) is the line that connects the two primaries at any time. It rotates
with a variable angular velocity in a such way that the two massive primaries are always
on this axis. The vertical axis (y) is perpendicular to the () axis. In this system, the
positions of the primaries are: x1 = —p, ©o =1 — u, y1 = y2 = 0. In this system, the
equations of motion for the massless particle are [10; Chapter 10]:

THp z—14+u

B-2=a—(1-p) = —, (1)

1 T2
j+2t=y—(1-p) 5 —pn, (2)
51 T2
z z
P=—(1—p) = — u— 3
= (- 3)

where 1 and ro are the distances from M; and M.

4 Algorithm to Solve the Problem

A numerical algorithm to solve the problem has the following steps: 1. Arbitrary values
for the three parameters R,, V,, o and [ are given; 2. With these values the initial
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conditions in the rotating system are computed. The initial position is the point
(X;,Y;, Z;) and the initial velocity is (Vx;, Vy4, Vzi), where:

X; =1—p+ Ry, cos(8) cos(a), (4)

Y; = R, cos(0) sin(w), (5)

Z; = R, sin(f), 6)

Vxi = =V, sin(a) + Ry, cos(8) sin(a), (7)
Wi = Vpcos(a) — Ry, cos(B) cos(a), (8)
Vi =0, (9)

where the last equation comes from the decision of studying the maneuvers with V,, paral-
lel to the orbital plane of the primaries; 3. With these initial conditions, the equations of
motion are integrated forward in time until the distance between M, and the spacecraft
is larger than a specified limit d. At this point the numerical integration is stopped and
the energy (F,) and the angular momentum (C, ) after the encounter are calculated;
4. Then, the particle goes back to its initial conditions at the point P, and the equations
of motion are integrated backward in time, until the distance d is reached again. Then
the energy (E_) and the angular momentum (C_) before the encounter are calculated.

For all the simulations shown, a Runge Kutta of 8" order was used for numerical
integration. The criteria to stop numerical integration is the distance between the space-
craft and M;. When this distance reaches the value d = 0.5 (half of the semimajor
axis of the two primaries) the numerical integration is stopped. The value 0.5 is larger
than the sphere of influence of M5, which avoids any important effects of My at these
points. Simulations using larger values for this distance were performed, and it increased
the integration time, but did not significantly change the results. To study the effects
of numerical accuracy, several cases were simulated using different integration methods
and/or different values for the accuracy required with no effects in the results.

With this algorithm available, the given initial conditions (values of Rp, V,, o, §)
are varied in any desired range and the effects of the close approach in the orbit of the
spacecraft are studied.

5 Classification of the Orbits

The main results consist of plots that show the change of the orbit of the spacecraft,
due to the close encounter with M,. The Earth-Moon, Sun—-Uranus and the Sun—Saturn
systems of primaries are used. Any mission using a swing-by with one of those system
can use those results. First of all, it is necessary to classify all the close encounters
between Ms and the spacecraft, according to the change obtained in the orbit of the
spacecraft. The letters A—P are used for this classification. They are assigned to the
orbits according to the rules showed in Table 5.1.

With those rules defined, the results consist of assigning one of those letters to a
position in a two-dimensional diagram that has the angle o (in degrees) in the vertical
axis and the angle 8 (in degrees) in the horizontal axis. One plot is made for every value
of R, and V,,. This type of diagram is called here a “letter-plot” and it was used before
in [2].
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Table 5.1. Rules to assign letters to orbits.

After Direct | Retrograde Direct Retrograde
Ellipse Ellipse Hyperbola | Hyperbola

Before
Direct Ellipse

Retrograde Ellipse

Direct Hyperbola

Tl ol 2| E

g|lQ|=3| =

I

J
K
L

==fl Nl Rl Nes

Retrograde Hyperbola

In the present paper several simulations were made and they are shown in Figures 5.1 —
5.3. For each plot a total of 961 trajectories were generated, dividing each axis in 31
segments. The interval plotted for o is 180 < o < 360 deg because there is a symmetry
with respect to the vertical line o = 180 deg. The plot for the interval 0 < o < 180deg
is a mirror image of the region 180 < a < 360 deg with the following letter substitutions:
L becomes O, N becomes H, I becomes C, B becomes E, M becomes D and J becomes

G. The letters K, P, F and A remain unchanged.

360 360
K
D &
8 270; A 2707
i ©)
180 L : 120
90 0 20 9 0 90
B (D_egrees) B (Degrees)
Vp=3.0 Vp=35

Figure 5.1. Simulations for 12, = 0.00008464 in the Sun-Saturn system.

By examining Figures 5.1—5.3 it is possible to identify the following families of orbits:
a) Orbits that result in an escape (transfer from elliptic to hyperbolic), that are repre-
sented by the letters I, J, M, N and that appear between the center (o« = 270°) and the
bottom part of some of the plots (the ones for lower velocities); b) Orbits that result in a
capture (transfer from hyperbolic to elliptic), that are represented by the letters C, D, G,
H that do not appear in the plots shown in this paper (but exist in the symmetric part
not shown here); ¢) Elliptic orbits (transfer from elliptic to elliptic), that are represented
by the letters A, B, E, F and that appear at the bottom of some of the plots (the ones
for lower velocities); d) Hyperbolic orbits (transfer from hyperbolic to hyperbolic), that
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are represented by the letters K, L, O, P and that appears at the upper part of the plots
and that are the only families available for higher velocities; e) Orbits that change the
direction of motion from direct to retrograde that are represented by the letters E, M, G,
O and that do not appear in the plots shown in this paper (but exist in the symmetric
part not shown here); f) Orbits that change the direction of motion from retrograde to
direct, that are represented by the letters B, D, J, L, that appear in the lower-center of
the plot; g) Retrograde orbits that are represented by the letters F, H, N, P that appear
in the majority of the bottom part of the plots; h) Direct orbits that are represented by
the letters A, C, I, K that appear in the top of the plots.
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Figure 5.2. Simulations in the Earth—Moon system.
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Figure 5.3. Simulations for R, = 0.000082 in the Sun-Uranus system.

6 Optimal Problems

The results generated in this research can be used to help mission designers to plan
missions that involve optimization of parameters. It is possible to use the plots made
here to find situations where a specific case (represented by the letters A—P) can be
obtained with one or more variables (like V,, or R,) extremized. The parameters V, and
R, are important parameters to be extremized. If the goal of the mission is to collect
data from Mo, it is interesting to minimize R, (to get closer to Ms) and V), (to stay
more time close to Ms). In the opposite, if My is necessary to be used to change the
trajectory of the spacecraft, but it represents a risk to the vehicle due to the presence of
an atmosphere and/or radiation, etc., it is necessary to maximize R, and/or V,, subject
to the restriction of obtaining the desired change in the trajectory. To use a real case
as an example, the Earth-Moon, Sun—Saturn and the Sun—Uranus systems are used to
solve the problems described below.

Problem 1: It is desired to find a trajectory of type N (a retrograde escape) in the Earth—
Moon system, subject to the constraints V), = 3.0 and requiring that R, is maximized.
Figure 5.2 shows that the trajectory type N, in the case V,, = 3.0, appear for R, = 0.00476
and R, = 0.00675, but do not appear for &, = 0.009. Figure 6.1 shows plots of the
sequence made to find the solution. The solution to this problem is R, = 0.0075234375.
The complete values for the set of variables are: @ = 192°; = 0°.

Problem 2: It is desired to find a trajectory of type B (an ellipse that changes the
motion from retrograde to direct) in the Sun—Saturn system, subject to the constraints
R, = 0.00008464 (2.0 radius of Saturn) and requiring that the velocity at periapsis be a
maximum. Figure 5.1 shows that the trajectory type B appears for V,, = 3.0, but do not
appear for V,, = 3.5. To find the solution, plots were made for several values of V,, in this
interval. Figure 6.2 shows two plots of this sequence. The solution to this problem is
Vp = 3.12, since for V,, = 3.13, B does not occur anymore. It is also possible to see that
this problem has four solutions: a = 216°, § = —54°; a = 210°, B = —24°; a = 210°,
0 =24° a=216°, f = 54°.
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Solution for the Problem 1 in the Earth—Moon system.

Figure 6.1.
360 360
K K
g 3
& e
3 =X
o]
1880 0 9% 180 ;
-90 0
B(Degrees) B(Degrees)
Vp=3.12 Vp=3.13
Figure 6.2.  Solution for the Problem 2 for R, = 0.00008464 in the Sun-Saturn
system.

Problem 3: It is desired to obtain a trajectory of type N (a retrograde ellipse before
the swing-by and a retrograde hyperbola after) in the Sun—Uranus system, subject to
the constraints R, = 0.000082 (10.0 radius of Uranus) and requiring that the velocity
at periapsis be a maximum. Figure 5.3 shows that the trajectory type N appears for
Vp = 2.5, but do not appear for V,, = 3.0. To find the solution, plots were made for
several values of V}, in this interval. Figure 6.3 shows two plots of this sequence. The
solution to this problem is V}, = 2.62, since for V), = 2.63, N does not occur anymore. In
this example, it is possible to see that there is a range of values of 3 that allows solutions.
So, the complete values for the set of variables are: —48° < § < 48°; a = +186°.

This information constitutes a set of initial conditions to design the trajectory. Several
improvements can be made: 1) more plots can be generated to get more accuracy for
the data, in particular in the solutions of the optimal problems; 2) many other types of
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Figure 6.3. Solution for the Problem 3 for R, = 0.000082 in the Sun-Uranus
system.

optimization problems can be solved, combining different constraints and/or variables to
be extremized; 3) others systems can be used; etc.

7 Conclusions

In this paper the three-dimensional restricted three-body problem is described and used
to study the swing-by maneuver. Several letter-plot type of graphics are made to repre-
sent the effect of a close approach in the orbit of a spacecraft. In particular, the effects of
the third dimension in this maneuver are studied. It is shown that the hyperbolic orbits
(family K) dominate the region where « is larger than 270° and that when the velocity
increases, the families K, L and P dominate the plots. Families with particularities, like
parabolic or zero angular momentum orbits, are shown to exist in the borders between
the main families. After that, the results available here were used in the solution of
optimal problems. In this type of problem, it is necessary to find the initial conditions
that generates a given orbit change, subject to the extremization of some parameters

like V,, or R,.
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1 Introduction

Estimation of switching systems has rapidly increased in importance with the develop-
ment of new circuits technologies. Recently, we witnessed an increasing interest in the
so-called switching systems. We call herein switching systems all dynamical systems
described by differential inclusions of the form

#(t) € {fo(x(t), u(t))}ren

where z(t) is the state variable, u(¢) is the control input, and f,(-, -) is a collection
of continuously differentiable functions parameterized by o belonging to some given set
A. Such systems are composed of both discrete and continuous subsystems. Control,
observation, and supervision of this kind of systems appear in many ongoing research
projects such as multimedia protocols, electrical circuits, systems subject to failure and
SO on.

Numerous control procedures are based on the knowledge of all state variables of
the considered system. This assumption is not always true since the measurements
of the states variables are, in most cases, not possible or simply too expensive. For
this reason, observer design has received widespread attention since the introduction of
Kalman theory and remains of great importance nowadays.
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Estimation of hybrid systems is one of the challenging research problems that necessi-
tate a particular attention. Extension of available results in observation of linear systems
to hybrid linear systems is not quite easy due to the variation of nominal models and
others technical problems. Switching between different models to compensate or analyze
system variations is a well-known technique in modern control theory. It is obvious that
if both the switching instants and the switching modes are known, then it is easy to
construct a switching gain observer that switches among different gains. We refer the
reader to the references [1—5], and [6] for more details.

The question we are addressing in this paper is how one can estimate the unmeasured
states of a given switching system if the current mode is unknown? The answer to this
question will be detailed in the present work where we assume that there is no switching
law that defines the passage of the switching system from a mode to another. The goal
of this paper is to develop a new observation technique for switching linear systems. The
developed observers are nonlinear and do not necessitate the mode estimation of the
system to be observed. We mean by mode estimation, the ability to track a system’s
discrete dynamics as it moves between different behavioral modes. We show that a
constant high-gain observer is sufficient to observe the unmeasured dynamics whatever
the changes in the nominal matrices of the considered switching system. The present work
eliminates two major frequently-faced problems: detection of the switching instants and
identification of the current mode. The whole observer design is efficiently accomplished
by using an LMI procedure.

The paper is organized as follows. Section 2 is devoted to the design of the observer
for regular switching systems. In Section 3, the results of the previous section are then
extended to uncertain switching systems. Section 4 treats a numerical observation exam-
ple of a switching system. The paper ends with general conclusions and some concluding
remarks. Throughout this paper, we note by I and 0 the identity matrix and the null
matrix of appropriate dimensions, respectively. A > 0 (resp. A < 0) denotes that the
matrix A is a symmetric and positive-definite (resp. symmetric and negative-definite).
We note by A’ the matrix transpose of the matrix A. || -|| stands for the Euclidean norm.

2 Constant-Gain Observer for Switching Systems

Our objective is to conceive an observer for the following switching system

da(t)
= = Ala(®)x(t) + Bo(t))u(t), (2)
y(t) = Ca(t),

where x(t) € R™ is the state vector, u(t) € R™ is the control input, and y(t) € RP is the
system output. o(t) is a switching signal that maps the index time [0, +o00[ into an index
set S={1,2,...,s}. Each mode j € S corresponds to a specific model characterized
by A(j) € A= {AQ1), A(2), ..., A(s)} and B(j) € B={B(1), B(2), ..., B(s)}. We
assume that the switchs in the output matrix C' are absent. For the observer design, we
suppose that the following assumptions are verified.
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Assumption 1 The switch between two different modes is instantaneous and arbi-
trary.

Assumption 2 There is no information on the current mode of the switching system,
and the switching instants are not known.

Assumption 3 For any time ¢, the control input u(t) is smooth, i.e., it can be written
as

u(t) = / o(r) dr. 3)

where v(t) € R™ is the new control input.

For the class of systems we are considering, different types of observability have been
studied in the past and for more details on this subject, we refer the reader to [1] and
the references therein. Here, we will assume that the pairs (A(o(t)), C), Yo(t) are
observable. This means that the system is observable, in the sense of Kalman, for each
mode.

Based on the last assumptions, the switching system is rewritten in the following form:

d“’:l(tt) = A(o(t)z(t) + B(o(t))u(t),

du(t) )
o = o),
y(t) = Cl‘(t)

For the simplicity of the representation, let

Alo(t) = {A(Uo(t)) B(U()(t))] B H

dz(t) o(2 + Bu
o = Alo(®)z + Bu(t), )
y(t) = Cz(1).

We propose an observer of the following form:

T - (Z Eu)) 2(0) + Bult) + (Z B) Y (4l = C2(0) = (020, (6)

where Py, P, ..., Ps are (m+n) X (n+m) symmetric and positive definite matrices, Y’
is a constant matrix of appropriate dimensions, and p(y(t), £(t)) is a nonlinear additive
term that depends on the output y(¢), and the observer state vector 2(t). The dynamics
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of the proposed observer is the sum of the dynamics of classical Luemberger observers
written for each mode plus a nonlinear additive term p(-,-) that attenuates the effects
of the difference between the observer and the system outputs. The design of (P;), <i<s
and p(-,-) will be given latter. Let e(t) = 2(t) — z(¢t) be the observation error, and let

®) _ (Z Eu)) 5(t) - A(o(t)=() — ply(t <Z P) Y Ce(),

be the dynamics of the observer error, then we can write

s -1
djlit)_@a(t))_(_zpi) Y6>e<t>+zﬁ<j>é<t>—p<y<t>,z<t>>. (7)

jES
Jj#o

N)

The time derivative of the Lyapunov function V(e(t)) = eT(t)< > Pi) e(t) along the

trajectory of (7) is

dV(det(t)) _ de;(t) <§Pi>e( " <ZS:PZ) dz(tt

=eT(t) < <ZP> + <ZS:PZ)A —-CTyT - Y(?)e(t)
— 2T <ZP> <;P) ];S/T(j)é(t)
Jj#o

D SERTISSIED

JjES

j#o
We have for arbitrary vectors w; and we and a given positive definite matrix Z of
appropriate dimensions [7]

2w?w2 <w; Tz- Lwy 4+ Wy ng

If we take \
—(P)er we= A0 2=,
i=1 jes
ito
then

o (Z; )ZA' Y AT (; >e<t>

JjES JjES
J#o J#o
S0 ER) X A
JES
j#o

T t)(;Pi) <ZP> )+ Ho t)%ﬁT(j)%g(j)é(t)
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If the matrices (P;),,., are selected so as to

))(gpi)‘F(ZP) —~C"YT —YC
+u;1(;1%) (Z}P> =-Q(0) <0,

then we obtain

W) r)Qo)elt) + () 50 A7) 3 A2 - plult), 20
JES JES
Jj#o Jj#o

If we choose pimax = max y, and
[ea

(5) e

—

p(y(t), 2(1)) = { Hmax@2" (£)2(D) it [Ce()] 0, (9)

2[|Ce(t)]|2
0 if [|Ce(t)] =0,
where
w = sup Z AT Z AN, (10)
o) ||jes jes
Jj#o Jj#o
then
dv (e(t))

) <~ (0Q()el),
which implies that the observer error decays exponentially to the origin.

Remark 1 The formulae of p(-, ) given by equation (9) is just a conceptual one. When
the observation error is close to zero, it is recommended to modify the nonlinear term
p(+,-) as follows:

(2 R-) - O Ce(t)
=1 i

2[|Ce(t)||? R
0 it ||Ce(t)]| < &

p(y(8), 5(8)) = 4 Pmaxw@ET(H)2(1) it [Ce(t)] >

where € > 0 is some prescribed small parameter. We summarize the result in the following
statement.

Theorem 1 System

—1
A _ (ZA ) )+ Bult) + (ZB) ¥ (u0) - C2()) = ply(e). 20, (1)
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is an asymptotic observer for system (5) if there exist a set of positive constants M =
{p1, 2, .-, s}, and a set of symmetric and positive definite matrices P = { Py, Pa,
..., Ps} such that the following coupled LMIs are feasible

j(Plu"wPSaKj) (ipl)
i=1

(Er)

<0, 1<j<s,

where

S S

J(Pl,...,Ps,Y,j)—ZT(J)(ZR-) +<

=1 i=

R-)E(j) —-CTYT —vC.
1

Proof The LMIs conditions (12) and (8) are equivalent by the Schur complement
lemma.

3 Extension to Uncertain Switching Systems

Consider the uncertain switching system

PO _ (Ao@) + DA (©)2(0) + (Blot) + AB(o(1)))u(t).

du(t) (13)
o = ),
y(t) = Ca(?),

which satisfies the assumptions of system (4). The aim of this section is to design a robust
nonlinear observer that can estimates the states of (13) without a priori knowledge of the
current mode and or the switching instants. The uncertain terms AA(o(t)) and AB(o(t))
are written respectively as E} Fa(o(t))Da and ELFp(o(t))Dp. he matrices E4, Ep,
D4, and Dp are constant known matrices and F4(o(t)), Fp(o(t)) are unknown matrices
satisfying the inequalities F} (o(t))Fa(o(t)) < I, FE(o(t))Fp(o(t)) < I, respectively.
In matrix notation system (13) is rewritten as

%(tt) = (Alo(t) + AA((t)) £(1) + Bu(t), (14)
y = C&(t),
where
s [ O], o[ oo

and A(a(t)), B, C are defined as in equation (5). The uncertain term AA(c(t)) can be
rewritten as E% Fa(o(t))Da where

FEq = H;g 8} . Fa(o(t)) = [FA(g(t)) FB(?,@))]’ Dy = [DOA DOB]'

The observer design is given in the following statement:
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Theorem 2 Consider system (13). If there exist a set of (n+m)x (n+m) symmetric
and positive-definite matrices (P;);.,., > 0, a matrizY of appropriate dimensions, and
positive constants (1;),<;csr (€4(1))1<icsr (€B(1))1<scs such that the following coupled
LMIs hold o o o

K(P, Py, ..., P, Y) EA(;;H) (é]ﬂ-) (g_jlp)
(Sr)Er —amr o U
O
_ (;p) 0 0 |

where

K(Pi, Py, ...,P,Y) = AT(J’)(ZH) + (ZB)ZU) ~CTYT —YC+ea(j)DAD,.
i=1 i=1

Then system

-1

fd__<ZA> )+ Bult (ZP> Y (y(t) ~ C&0)) — ply(0).€()).

is an asymptotic observer for the uncertain switching system (13) where p(y(t),&(t)) is
defined as

(g Pi> - O Celt)

- (wﬂmax+6mafoEv‘A||2H5AH2>éT(t)é(t)

p(y(0). 2(1)) = |Ce(t)l”
i Ce(t)l £0.
0 i ICe()] =0,

where €max = max(ea(o)) and w is defined as in Theorem 1.

Proof Let e(t) = £(t) — £(t) be the observation error. Then its dynamics is given by

dz(tt) = (Zﬁﬁ) £(t) — A(0)E() — AA(o <ZP> Y Ce — ply, (1))
s -1
= ( (ZH—) YC + AA( ())) e(t)
2 4 AA(o(1)E(E) - ply, €(1)) (17)
JjES
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Choosing the Lyapunov function as V(e(t)) =

dV(e(t)) -
dt

T(t)(ia) (Zw(t» -

S

T2t <ZP>ZA

JES
jFo

—2¢"(t) ( Z} Pz-) p(y, £(t))

We have for any pu, >0

S. IBRIR AND E.K. BOUKAS

¢T(1) (; R-) e(t), we obtain

=eT(t) (AT(a(t)) —CTy" (Z Pi> 7 +AAT (o ) (Z P)
=1

—1

(Z PZ-> Vet M(a(t») e(t
) +2eT <ZPZ) AA(a(t)E(t)

<ZP)];SA b <t (1) @jp)(_za)(t)
Jj#o
+ €T ()Y ATG) D AGE®)
o T2

furthermore,

t)) ( Z Pi) + (Z Pi> AA(o(t))

=DYFI (o

EA<ZP> (iﬂ)EEﬁAﬁA

i=1

<ea(0)DEDa+ 5 (o) ( ; Pi) EYE, (Z; Pi> .

In addition, we have

<§3P>AA

+ep(0)E T (AL (o(1))A

Using the definition of p(-,-), we obtain

ep(0)é T (AAT (o (1)) AA(o(1))€

)<eB o)

(())()

)+ uef T (1) > AT(G) Y AGE()
JjeES JjeES
Jj#o Jj#o

- 2eT<t>(§Pi)p<~, )

< (@hmax + emaanA\fHEuf) ET(1E) - 2eT<t)(ZPi)p<» ) <0.

S

i=1
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This implies that

S S

@ <eT(t) <AT(U(t))<;Pi> + <ZH>Z(0@)) —CTYT _y(C

=1
+ea(0)DyDy + 631(0)(;3) (Z;P> + 5t (Z;P) (;H))e(t).

If for each mode 1 < j < s the matrices

(18)

A T(J’)(iﬂ) + <ia>ﬁo> —C™YT —YC +ealj)DyDa
—i—eAl(j)(;Pi)E}EA(;Pi) +631<;Pi> (;PZ) (19)
() (5n) <o

then dV (e(t))/dt becomes always negative and the observer error decays exponentially
to the origin. The last inequality is equivalent by the Schur complement to (12). This
ends the proof.

An observer for uncertain single-mode systems can be deduced from result of Theo-
S
rem 2. It is sufficient to replace < > R-) by a one positive definite matrix X in the LMIs
i=1

of Theorem 2 to deliver a sufficient conditions for the existence of the observer gain. We
summarize the result in the following corollary.

Corollary 1 Consider the uncertain system

dfff) = (A+ AA)z(t) + (B + AB)u(t),
du(t) 2
a ~ o

where z(t) € R™, u(t) € R™, and y € RP. The uncertain parts of AA = E}F4(z(t))Da
and AB(o(t)) = ELFp(z(t))Dp are supposed to satisfy the inequalities Fj (o(t)) x
Fa(o(t)) < I, FA(o(t))Fp(o(t)) < I, respectively. If there exist a matrix X > 0, a
matrix Y of appropriate dimensions, and positive constants €4, and eg such that the
following LMI is feasible

H(X,Y) EaX X
XEY  —eal 0 | <0, (21)
X 0 —epl
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where
HX,Y)=ATX + XA-C™YT —YC +eaD} Dy,

then system

%) = AE(t) + Bu(t) + XY (y(t) - ég(t)) NORION (22)

is an asymptotic observer for the uncertain switching system (22) where ¢(y(t),£(t)) is
defined as

~ o~ oam o XTECTCe(t) ~
esl|Eall?|Dall?2€ T (t)E(t) —s—"" Ce(t 0,

o(y(0).3(8) = BIEAlP[IDAl*€ * (#)€(t) G| IIN @) #
0 if ||Ce(t)] =0,

where EA and D 4 are defined as in Section 3.

4 TIllustrative Example
4.1 Observation of a switching system without uncertainties
Consider the following switching system described by:

A(l) = {0.1 -0.5

b ae=[os O] so=[i]

Applying the result of Theorem 1 with e4(j) = ep(j) = 1 Vj, w = 1.7818, we obtain
=103 and

27.8287 —0.1325  5.6453 571.9220 —99.1576 —201.2708
P = | -0.1325 53.9905 2.6926 |, FPo= | —99.1576 140.3128 48.5049 | ,
5.6453  2.6926 39.0959 —201.2708  48.5049  176.2018
389.7613
Y = | —242.2155 | |
260.9596

and the observer gain is
1.3246
(P4 P,)"'Y = | —1.2869
2.7216
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The nonlinear term in the observer dynamics can be computed in terms of the solutions
P, Py, pu, and w.

4.2 Observation of a switching system with uncertainties

Taking the same switching model with the following additional data:

By — [0.2 0.5}7 D — [0.1 0.2

0.4 0.4 0.3 0]’ Ep=[03 0.6], Dp=0.2.

By the application of result of Theorem 2, with p = 10, and ea(j) = eg(j) =1V j, we
have

0.1337 —0.0303 —0.0486 0.2767 —0.0625 —0.1029
P = |—0.0303 0.0486 00143 |, P,=|-0.0625 0.1010  0.0303 |,
—0.0486  0.0143  0.0605 —0.1029  0.0303  0.1248
0.9465 3.8608
Y =|-01669 |, (P+P)"'Y = |0.0266
0.1946 4.1977

5 Conclusion

A new observer design methodology is proposed to estimate the unmeasured states of
switching systems and uncertain switching systems. We showed that a constant-gain
observer is sufficient to observe the system states whatever the switch in the nominal
matrices, and the existence of the observer gain is related to the feasibility of a set of
coupled LMIs. The proposed observer design is an alternative to the technique of switch-
ing observers that necessitates both the construction of several observers and estimation
of the current modes of the switching system being observed.
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beam’s thickness. A variational formulation of the problem, nonlinear partial
differential equations of motion with boundary conditions, a weak form for
the partial differential equations and a finite element formulation on the basis
of the weak form are developed. An example problem of a clamped-free beam
with a piezoelectric actuator is considered, and its finite element solution
is obtained. A noticeable difference of forced vibrations of the delaminated
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1 Introduction

A model of a composite beam with the delamination and with a piezoelectric actuator,
with account of contact interaction of the delamination crack faces, based on the classical
beam theory, was presented in Reference [1]. This model did not take the shear strain
energy into account, and, therefore, produced sufficiently accurate results only for thin
beams. To model thicker beams with delamination, one needs to use a beam theory,
based on simplifying assumptions, which do not lead to vanishing of the shear strains.
The first order shear deformation theory [2], based on assumed linear variation of a
longitudinal displacement in the thickness direction, is the simplest approach that satisfies
the requirement of a non-zero shear strain. This approach is used in the present paper for
modeling a composite delaminated beam with a piezoelectric actuator. In this model, the
interpenetration of the crack faces is prevented by imposing a constraint, written with
the use of the Heaviside function in one of its analytical forms, leading to taking account
of a force of contact interaction of the crack faces and to nonlinearity of the formulated
boundary value problem.

2 Variational Formulation of The Problem
Total Potential Energy for Zone 0 (Part 0), i.e. for 0 <z < a (Figure 2.1).
Assumptions of the first-order shear deformation beam theory:

uo(x, z,t) = zgo(x,t), wo(x,z,t) = wo(x,t), (1)

where wo(z,z,t) and wo(x,z,t) are longitudinal and transverse displacements of Zone
0 (Part 0). The subscript 0 in the notations wg(x,z,t) and wg(x,z,t) indicates that
the quantities ug and wy are associated with the Zone 0 (Part 0). The notation uy =
uo(x, z,t) is not a notation for the axial longitudinal displacement (at z = 0). The axial
longitudinal displacement is considered to be negligibly small here, because this model
is developed for the beam to which an external longitudinal force is not applied.

Strain-displacement relations:
Ju 1/ 0u dw
(0 _ %0 (0 _ 2 (2%, Y0
Fas or’ *F T 9 ( 0z + ox ) (22)

In this text, £,, is a notation for a component of the strain tensor, not an engineering
strain. With account of Equation (1), Equations (2a) take the form

1
E;Om) = Z¢67 Eg?z) = §(¢0 + w6)7 (2b>

where prime denotes differentiation with respect to x.

Stress-strain relations for an orthotropic piezoelectric layer of a composite beam (plane
stress with respect to the y-direction), Appendix A:

1 e _ s V

o) = ——elt) - SLL o) = —2e0)
St Su T Sss

(3)
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Figure 2.1. Cantilever beam with delamination and piezoelectric actuator.

a is length of the actuator; « is z-coordinate of the left crack tip; (3 is x-coordinate of
the right crack tip; 7y is z-coordinate of the crack (distance from z-axis to crack); T
is thickness of the actuator; wy is transverse displacement of zone 0; w; is transverse
displacement of zone 1; ws is transverse displacement of lower part of zone 2 (under
the crack); w3 is transverse displacement of upper part of zone 2 (above the crack);
wy is transverse displacement of zone 3.

where 7 is thickness of the actuator, and V' = V(x,t) is a voltage, applied to the actuator.
It is implied that this voltage creates an electric field in the z-direction.

Stress-strain relations for an orthotropic layer that does not have piezoelectric properties,

Appendix A:
oD = e, o = 2. @
S11 S5

Total potential energy where K is a shear correction factor and b is the beam’s width

a h/2
1 1
Uozib/ / — () dz dx
0 —h/2 S11'(2)
a h/2+T

+lb/ (%(E;@)Q_MKE;@)CZW (5)
2 S\ (2) Sul(z) 7

0 h/2 11
a h/2 a h/241
1 1
+2Kb ———(c9)* dzdx + 2Kb (c2)? dz de,
g(o) (Z) rz g(p) (Z) rz
0 —h/2 755 0 —nj2 795
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where K is a shear correction factor and b is the beam’s width. Substitution of equation
(2b) into Equation (5) yields

[/A
o= [ (G0 + K0+ up)? = 1,44 ) ©)
0

where the constants Ao, I, and Gy are defined as

h/2 h/24T
22 22
—h/2 Sii (2) K2 511 (2) .
h/2+1 _ h/2 h/2+T (7)
b d 1 1
12 Sii (2) —h/2 S5 (2) K2 Sss (2)
Kinetic Energy for Zone 0 (Part 0), i.e. for 0 <z < a:
a h/2 a h/2+T
1 1
T =3 b/ / PO (2) (W + u2) dz dx + 5 b/ / PP (2) (w2 + 42)dzdx, (8)
0 —h/2 0 h/2

where p(©) (z) is a mass density of composite layers of Zone 0 without piezoelectric
properties and p(P)(z) is the mass density of the piezoelectric actuator (p® may depend
on the z-coordinate if the actuator has plies with different densities).

Substitution of Equations (1) into Equation (8) produces the result

f1 1
0

where the constants By and Cj are defined as follows:

h/2 h/24T

Bozb( / p9(2) dz + / p(p)(z)dz>,

—h/2 h/2
h/2 h/24+T

Cozb( / p0(2) 22 dz + / p\P)(2) 22 dz).

—h/2 h/2

(10)

In a similar manner we obtain the strain and kinetic energy for Zone 1 (Part 1) and
Zone 3 (Part 4).

Strain Energy for Zone 1 (Part 1), i.e. for a <z <

Uy = / <%(¢’1)2 +K%(¢>1 +w1)2) dz, (11)

a
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where the constants A; and G are defined as follows:

h/2 h/2

22 1
—h/2 511 (2) —h/2 Sss (2)

Kinetic energy for Zone 1 (Part 1), ie. for a <z <

7 /1 1.
T, = / (§Blw% + 501¢§) dz,

where the constants By and C are defined as follows:

h/2 h/2

By =b / pWM(2)dz, C) = /p(l)(Z)ZQdZ.

—h/2 —h/2

Strain Energy for Zone 3 (Part 4), i.e. for § <z < L:
i A G
Us = / (74@2)2 + K (01 + wif) da,
B

where the constants A4 and G4 are defined as follows:

h/2 h/2
22 1
—h/2 511 (2) —h)2 S5 (2)

Kinetic Energy for Zone 3 (Part 4), i.e. for 8 <z < L:
L
1 9 1 9
T, = §B4w4 + 5 C4¢4 dx,

where the constants B4 and Cy are defined as follows:

h/2 h/2

By=1b / pM(z)dz, Cy=b / P (2) 2% d=.
—h/2 —h/2

65

(13)

(15)

(16)

(17)

(18)
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Strain Energy for Zone 2 (Part 2 and Part 3), i.e. for a <z < f.
In the Zone 2, which contains the delamination crack, the longitudinal force resultants
in the delaminated lower and upper parts (Part 2 and Part 3),

0 h/2
N® =b / c@dz, NO® =b / o3 dz,
—h/2 v

can be not negligibly small, even if external longitudinal forces are not applied to the
beam. In order for these force resultants to be taken into account, a nonlinear term

1
—(w')? in the Green-Lagrange strain-displacement relation for the strain component &,

must be taken into account. So, for the Part 2 (lower part of Zone 2) the following
relations are used:

strain-displacement relations:

ou 1/ 0w\ ?
(2) — Y%2 , 2 (272 1
6w+2(6$>, (192)
1/0u ow
(2) — (222 L T2, 19b
“r 2(az+ax>’ (190)
simplifying assumptions:
ug(x, 2, t) = zga(x,t)  walz, z,t) = walx,t); (20)
stress-strain relations:
1 1
2) _ L (2 2) _ 1 5 _(2).
U;m) - —=(2) 8(11)7 Oéz - —(2) 2€(xz ’ (21>
11 55
strain energy:
1 8 v B v
Up=3b / / c@e® dzdx + Kb / / o e dz da. (22)
a —h/2 a —h/2

From Equations (18) —(22) we obtain the following expression for the strain energy:

1 1 1 1
Uz = / {5142(@5'2)2 + 5 K G0 +wy)? + L Ha(wh) ) + 1N£2><w;>2]dz, (23)

o
where As, Go, Hs are constants, defined as

~

v v

1 1 1

Ay =b / 5 22dz, Gy=b / dz, Hs=0b / zdz, (24)
5 )(z) 52 (2) 2

hy2 ©11 —hj2 V55 h/2
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and Néz) is a longitudinal force resultant in the lower delaminated part (Part 2):

,
1
N® = / o2 dz = Hagly + 3 Q2(wh)?, (25)
—h)2

where ()2 is a constant, defined as

v
1
Qa=0b —— dz. (26)
—h/2 11
Similarly, for the Part 3 (upper part of Zone 2) the expression for the strain energy
has the form

1 1 1 1
Us = / [§A3(¢§)2 + §KG3(¢3 +wh)? + = Hy(wh) ¢ + ZNS) (wé)ﬂ dz, (27)

4
where
h/2 h/2 h/2
1 9 1 1
A3 = b _(3) z dZ, G3 = b W dZ, H3 = b W ZdZ, (28)
5 Si1 (2) 5 Sps (2) 5 Si1(2)
h/2
1
N® =p / o) dz = Hsgly + 5 Q3(wh)?, (29)
v
where
h/2
1
5 Si1'(2)

Kinetic Energy for Zone 2 (Part 2 and Part 3), i.e. for a <z < g.
Expressions for kinetic energy of Part 2 and Part 3 are obtained similarly to the
expressions for the kinetic energies of all other parts, and they have the form:

B
1 1.
ng/(§ng§+§Cg¢§ )d:v,

: (31)
1., 1, .
T; = §B3w3 dr + §C3¢3 dx,
where
y v
By =b / pP(2)dz, Co=b / PP (2)22 dz,
—h/2 —h/2
h2 h2 (32)

Bs=b / PP (2)dz, Cs=b / P (2)22 dz.

Y Y
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In view of the expressions for strain and kinetic energies, derived above, the Lagrangian
function density (potential energy minus kinetic energy per unit length) for the delam-
inated composite beam with the piezoelectric actuator (Figure 2.1) can be written as
follows

2’O(U)()v wOa ¢07 ¢07 ¢0) in Zone 0 ( )
E - 2/1 (’LUl, wla ¢17 (blv (bll) in Zone 1 ( Oé) (33)
22(102, wIQa ¢27 é?v (b/Qa w3a ’LU/3, ¢37 92'535 Qsé) in Zone 2 (CY S S 6)
/23(11)4, w47 ¢47 ¢47 ¢4) in Zone 3 (ﬁ <z< _L)7
where
~ A G By . Co -
£y = 70(%)2 +K 20 (¢ + wh)? — L,V ¢y — ng 70 2 (34a)
~ A G B: .
€1 = F (0 + K (91 +w))? — it — —¢1, (34b)
~ 1 1 1 1
Lo = §A2(¢)/2)2 + §KG2(¢2 +wh)? + EHQ(w/z)Qd)/z + gQg(wg)‘*
1 . 1 . 1 1
- §Bzw§ - 50%253 + §A3(¢§)2 + §K03(¢3 + wh)? (34c)
1 1 1 . 1 .
+ §H3(w§)2¢/3 + §Q3(w/3)4 - 53311’% - §C3¢§,
~ A G By . Cy
o= S (00)° + K5 (6a +wl)? — Fraf — 167 (34d)

A variational formulation of the problem includes essential boundary conditions at the
ends of each zone, which will be treated as point-wise constraints, and a nonpenetration
condition for the delamination crack faces (subdomain constraints for Zone 2), Reference
[1]. For a clamped-free beam, the point-wise constraints have the form

Rit)=0 (i=1,2,...,12), (35a)
where
Ry = wp(0,1), Ry = ¢0(0,1),
R3 = wo(a,t) — wi(a,t) Ry = ¢ola,t) — ¢1(a,t),
Rs = wi(a, t) — wa(a, t), Rs = ¢1(a, t) — da(a, t), (35b)
Ry = wi(o,t) —ws(a,t), Rs = ¢1(a,t) — ¢3(a,t),
Ry = wa(B,t) — wa(B, 1), Rio = ¢2(8,t) — ¢4(B, 1),
Ri1 = w3(B,t) — wa(p, t), Riz = ¢3(8,t) — ¢4(8,1).

In case of other kinds of fixation of the beam’s ends, the first two point-wise constraints
will be different, of course, but the other point-wise constraints will be the same.
During the vibration of the delaminated beam, the upper and lower delaminated parts
touch each other, and the force of their interaction needs to be taken into account. This
force enters into the differential equations of motion as a reaction of constraint, which
prevents overlapping of the upper and lower delaminated parts. Such a constraint can be
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expressed by a relationship between wq and w3 (i.e. displacements of the lower and upper
delaminated parts) that prevents the difference ws — w2 to take on negative values:

flwa(z,t), ws(z,t)) = fx,t) = (w3 —w2) [1 — Ho(ws —w2)] =0, (36a)

where $)g is a Heaviside function, defined in Appendix B. If delaminated sublaminates
“attempt” to overlap during the vibration (if ws — we < 0), or if the crack is closed
(ws—wq = 0), then Ho(ws—ws) = 0, and, therefore, due to equation (10), the difference
w3 —wsy is set equal to zero. If the crack is open (w3 —wq > 0), then $Ho(ws — ws) =1,
and no constraints are imposed on the difference ws —ws. With the use of the analytical
representation of the Heaviside function (equation B-5), the nonpenetration constraint,
expressed by equation (36a), can be written as follows:

f(z,t) = (ws — wa) (% - %arctan w) =0, (36Db)

€

where € is some small number. The nonpenetration constraint (36) is a subdomain con-
straint for the Zone 2 (a <z < ).
Now, the problem can be formulated as a problem of finding a constrained (conditional)

extremum of the functional
to L
J://dedt (37)
t1 0

with constraints expressed by Equations (35) and (36). The constraints (35) and (36)
can be included into the functional by the method of Lagrange multipliers. This will
produce a modified functional J:

t2 19 ty B
7:J+/Z)\i(t)Ri(t)+//u(:z:,t)f(a:,t)d:cdt, (39)

where A;(t) and p(z,t) are the Lagrange multipliers. Now we have a problem of an
unconstrained (unconditional) extremum of the modified functional .J. Derivation of
the partial differential equations of motion and natural boundary conditions from the
condition of extremum of the functional (39) can be performed using standard methods
of calculus of variations. In the following text, partial differential equations of motion
with boundary conditions, a weak form of the partial differential equations and a finite

element formulation on the basis of the weak form will be obtained.

3 Partial Differential Equations with Boundary Conditions

To derive the partial differential equations of motion with boundary conditions, the
condition of unconstrained extremum of the functional J (Equation (39)) will be used.
The condition 6J = 0 leads to the following partial differential equations and natural
boundary conditions.
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Partial differential equations:

felol)

091
of

H (9’[1}2

092
of

H 811)3

%,
093

094

)
dt i

Natural boundary conditions:

Lo
owy
0L,
ow}
ot
o}
0Ly

ow)
0z,
O
0L,
ows

0Ly

— +X3=0 at
—A3=0 at
— XM =0 at
— X5 =0 at
— X =0 at
—X7=0 at
— A =0 at

A

V.Y. PEREL
_%gi({;:o in z€l0,d,
_%giz_o in € a, of,
;xgiz_o in zé€la, g,
8‘1‘;’22:0 in z¢€la, 3],
(;“)Igiz:o in x€[a, 4],
;It;iz_o in zé€la, g,
_%gizzo in zels L],
(;?xgzz_o in ze(B L]
i=a %ijg—f—)u;:o
P %4-/\64—)\8—0
r = q, ggz+)\9:0
r=a %4‘/\10:0
r=a %-FARZO

at

at

at

at

at

at

at

T =a,
T =aq,
=«
=6,
z =0,
z=f,
z =0,
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853 853
_8w§1_)\9_/\11:0 at x =0, 6w§l:O at =1L
oL oL
_8752_)\10_/\12:0 at z =0, 875220 at x=L.

71

;o (58)

(59)

Elimination of the Lagrange multipliers from Equations (51)—(59) leads to the following

eight natural boundary conditions:

08 0L _ o L,
owly  ow, -
0L 0%

— — — =0 at =
o, ~ od at = =a,

— 5> —7>=0 at z=aq,

— 7 —7-=0 at z=q,

822 _C ) at x=
owhy  owhy  Ow) at z=p,
0L, 0L, 084
B0 at =
o0, "og, g, M =P
8_,8? =0 at z=1L,
ow),
dLs
a4, =0 at z=0L.

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

Substitution of Equations (34) into Equations (41)—(50) and into Equations (60)—(67)

produces the following result.
Partial differential equations:

KGo(wl + ¢f)) — Botop =0 in €0, a],
Aoy — KGo(wh + do) — Codo = L,V in x€[0,q,
KGi(w) +¢}) — By =0 in x € [a, of,

A1 — KGi(w) +¢1) —Cidr =0 in z € [a, a],

KGQ(wg + ¢I2) — Batg — M(% — % arctan @)
— Hypywy — ng(w'Q)zwg =0 in z€lwf,
Asl — KGa(uh + ¢) — Cady — Hywut{ =0 in z € [a, ],
KG3(ws + ¢5) — By + M(% - % arctan @)

3
S Qs3(wh)?wy =0 in x€ |, G,

(68)
(69)
(70)
(71)
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Asdly — KG3(wh + ¢3) — Cgég — Hywhwy =0 in z€ o, (], (75)
KGy(w{ + ¢}) — Byioga =0 in z€lp L], (76)
Ayl — KGy(wh + ¢4) —Caps =0 in z € [B, L], (77)

Natural boundary conditions:

Go(¢o +wp) = Gi(pr +wy) =0 at z=a, (78)
Aoy — A1y =L,V at z=a, (79)
KG1(¢1 + w)) — KGa(do 4+ wh) — Hawyey

1 1
-3 Q2(wh)? — KG3(p3 + wh) — Hywhoh — 3 Qs(ws)>*=0 at xz=a, (80)
1 1
A1) — Ay — 3 Hy(wh)* — Asdply — 3 Hs(ws)* =0 at z=a, (81)

1
KGy(pg + wh) + Hywlhely + 5 Qa(wh)? + KG3(¢s + wh)

+ Hywholy + % Qs(wh)? — KGy(ps +w)y) =0 at z =0, (82)

Aol + Asdy — Audfy =0 at z=f, (83)

ps+wy=0 at z=1L, (84)

¢y =0 at z=L. (85)

In computation of derivatives %fz and %f?, in Equations (45) and (47), which led

to Equations (72) and (74), the following chain of transformations was used:

3 — W2 1 62(11}3 — ’wg)
=lim| — | = — —arctan —
0 em e? + (w — w2)?
= —lim (— — Zarctan —— w2)
e—0 s €
So,

8f 1 1 w3 — w2
— ~ —| - — —arctan ——— 86
s <2 — arctan —— , (86)

where € is some small number. Similarly

6f 1 1 w3 — W2
Fug (— - = arctani) (87)

So, the formulation of the problem includes eleven equations for subdomains: ten
partial differential equations (68)—(77) and one algebraic equation of constraint (36b)
for Zone 2. The number of unknown functions is also eleven. The unknown functions
are: pu(x,t), wg(x,t), or(x,t) (k= 0,1,2,3,4). The total order of spatial derivatives
of the partial differential equations is twenty, and the number of boundary conditions
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is also twenty: twelve essential boundary conditions (Equations (35)) and eight natural
boundary conditions (Equations (78)—(85)).

The formulation of the problem in terms of partial differential equations can be sim-
plified, if the penalty function method [2] is used for the nonpenetration constraint, i.e.
if the Lagrange multiplier p(z,t), associated with the nonpenetration constraint (36), is
written as

,U(Ia t) = Xf(xa t)v (88)

where the function f(z,t) is defined by Equation (36b), and x is some large number,
which has to be chosen by an analyst. Then, Equation (72) takes the form

1 1 —
KGo(wy + ¢h) — Batig — x (w3 —wg)(§ - = arctanu) =0 in z € [, ], (89)

™ €
and Equation (74) takes the form
1 ’ . 1 1 w3 — W2 .
KGs(ws + ¢3) — Bsws + x(ws — w2) 37~ arctan — )= 0 in z €, B]. (90)

In transition from Equations (72) and (74) to Equations (89) and (90) respectively, the
following transformation was used

/T\
|
|
Q
=
Q
-+
Q
]
w
|
g
[\v]
"
(V]
Il
—
|
S
S
g
w
|
g
V)
S~—
S—

(91)

=1-Ho(wz —wy) =

Now, the formulation of the problem contains ten partial differential equations (68)—
(71), (89), (73), (90), (75)—(77) with ten unknown functions wy(x,t), ¢r(z,t), (k =
0,1,2,3,4).

The natural boundary condition (79) is nonhomogeneous, because the externally ap-
plied voltage V'(a,t) enters into it. To avoid having the nonhomogeneous boundary
condition, one can consider that the voltage, applied to the actuator, is distributed not
over the subdomain z € [0,a], but over the subdomain z € [0, a — €], where ¢ is some
very small positive number. Then the physics of the problem is not changed, and the
voltage V'(a,t) does not enter into the boundary condition (79), i.e. this boundary
condition takes a simpler homogeneous form

Aoy — A1y =0 at z=a. (92)

Let us consider, for example, the woltage distributed uniformly over the length of the
actuator, i.e.
V(z,t)=V(t) in z€]0,a] (93a)

Then, without altering the physical formulation of the problem, we can write
V(z,t) =V(t) in xz€][0,a—c¢] (93b)
Then, the voltage V(z,t) can be presented in the form

V(z,t) =[1 = Ha-c(x)] V(t) in z€]0,d] (94)
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where $),_.(z) is the Heaviside function (Appendix B). Then, the right side of the

differential equation (69) takes the form

IPV/ -1 V( ) f)a 5( ):

where §,_(z) is the delta-function (Appendix B).

—I,V(t) 0g—c(z),

(95)

In computation of the example problems for the clamped-free beams, presented below,
the formulation based on the penalty function method will be used, and the voltage will be
distributed uniformly along the length of the actuator. For convenience, this formulation

is summarized below.
Partial differential equations:

KGo(wg + (25/0) - B(ﬂI)O =0
Aoy — KGo(wp + ¢o) —
KGl(’wlll + ¢I1) — Biw, =0

A1¢) — KGi(w) + ¢1) —

KGQ(’LU/Q/ + (ZS/Q) - BQ’LIJQ — X(’LUg — w2)<

Codo = — L,V (t)0a_c(x)

Cid1 =0

1 1 ws — U)Q)
— — — arctan
2 9w €

in ze€[0,al,

in z¢€laql,

in z¢€laql,

— Haghwy — Qz(w2)2wlzl =0 in z€laf],
Asgly — KGa(wy + ¢2) — Cadp — Hywpwh =0 in 1z € [a, ],
1 _
KGs(ws + ¢%) — Bss + x(ws — wa) <§ — ~ arctan =2 w2)
s €
~ Hadhut, — 3 Qs(ut)?uf =0 iz € o ]
A3¢g — KGg(’wé + ¢3) — C3(]53 — H3w§w'3' =0 In zx€ [a, ﬁ],
KGy(wy +¢}) — Baiog =0 in z€[B,L],
Ayl — KGy(wh 4 ¢4) — Cags =0 in z € [B, L]
Essential boundary conditions:
RzZO (1_1727 712)a
where
R1 Ewo(o,t), R E(b()(o,t),
Rs = wo(a,t) — wi(a,t), Ry = ¢ola,t) — ¢1(a,t),
R5 = wl(a,t) wg(a,t), R = (;51 (Oé,t) — QSQ(O[,t),
R7 = w1 (a7 t) w3(a7 t)? Ry = (bl (a7 t) - (;53(04, t)v
RgE’U}Q(,@,t) U)4(6,t), R10:¢2(/87t)_¢4(63t)7
Rll Ew3(ﬂ7t) 1U4(ﬂ,t), R12_¢3(ﬂ7t)_¢4(67t)'

Natural boundary conditions:

Go(do +wp) —

Gi(p1 +wy) =

in ze€[0,al,

(106b)

(107)
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Aoy — A1y =0 at z=a, (108)
1
KG1(p1 + w)) — KGa(da + wh) — Hawydy — 3 Qa2 (wh)?
) (109)
— KGs(¢3 + ws) — Hawsz — 3 Q3(wy)®> =0 at z=aq,
1 1
A1g — Asdhy — 5 Ha(wp)® — Asy — 5 Hy(wy)? =0 at w=a,  (110)
1
KGs(¢2 +wh) + Hawyh + 5 Qa(wh)* + KGa(es + wh)
(111)
1
+ Hywhdly + 5 Qa(wh)? — KGa(da +wf) =0 at z=,
Aoty + Ay — Aagy =0 at 2=, (112)
ps+wy,=0 at =L, 113
4
¢,=0 at z=L. (114)

4 Finite Element Formulation

The finite element formulation is made on the basis of weak forms for the derived partial
differential equations (96)—(105).

Finite element within Zone 0 (Part 0), i.e. within a subdomain x € [0, a].

The weak form for a finite element within Zone 0 is obtained by multiplying equations
(96) and (97) by weight functions (variations) dwg and ¢y respectively, integrating
them over an element’s length, performing integration by parts and adding the resulting
equations. The weak form thus obtained is

XB

0= / [Aogbg dph + KGo(w() + ¢o) dwl + KGo(w(, + ¢o) o
Xa
+ Botio dwo + Cogo 5o — I,V (t) 6oz () 6¢o] dz (115)

+ [KGO(% + o) 5w0} - [KGO(U’() + o) 5wo]

x=Xa r=Xp

+ (A0¢6 5%)1 .

— (Aodho00)

=AB

where X4 and Xp are coordinates of the element’s left and right boundary points.
In the boundary terms of the weak form, variations of the unknown functions wy and
¢o themselves (not their derivatives) are present, therefore, the Lagrange interpolation
polynomials are appropriate for approximation of the unknown functions within a finite
element [3]. In this analysis, the author chose to approximate both unknown functions
wo(z,t) and ¢o(x,t), within a finite element, by the Lagrange interpolation polynomials
of a fifth degree:

6 6

wo(x,t) & Y Ni(@)woi(t), oz, t) = > Ni(x)eo(t), (116)

i=1 i=1
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where
woi(t) = wo(zs, t),  doi(t) = ¢o(xs, 1), (117)
6
r — X
Ni(z) = I
@) =11 5= o (118)
j=1
J#i
IlEXA, IgEXB. (119)

So, the finite element has six nodes, and two unknown nodal parameters wq; and ¢g; are
associated with each i-th node. The nodes are chosen to be equidistant. Denoting the
element’s length as [, the nodal coordinates, in the local element coordinate system (the
origin of which coincides with the left boundary point of the element), can be written as

(i=1,....6). (120)

Explicit expressions for the shape functions are written below

625 . 625 , 2125 , 375 , 137

Ni(z) = — |
@) = ot gE® T TeE Tt
3125 z° 6625 2% 42522 T
Nel@) = 255 =B+ 5 07
3125 25 8125 x4 7375 3 2675 22 T
Nj(z) = — 222 2t T 957
3(2) LrF T TRE BT E K 121)
by BBt 25 e 0a
BN DINE 12 B 2 2 T3
Na(e) = 312500 | G875 0t 512508 152507 250
ST T o 5 T o 18 24 BT 24 12 4 1
No(ay _ 8282° 6250t ST 1% g
OV T T 12 T 3 12 2
The column-matrix of element nodal parameters is introduced as follows
{0} =|won ¢o woa o2 wos Goz woa doa wos dos wos dos | - (122)

(12x1)

Then, in view of formulas (116), the unknown functions wo(z,t) and ¢o(z,t) can be
expressed in terms of the column-matrix of nodal parameters {6} by the formulas

Wo = L(I)J {6‘}7 ¢o = \_\IJJ {9}7 (123)
(1x12) (1x12)
where
|®] =[N, 0 N, 0 N3 0 Ny 0 Ns 0 Ng 0], (124a)
(1x12)
L‘I’J E\_O Nl 0 N2 0 N3 0 N4 0 N5 0 N6J (124b)

(1x12)
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Substitution of equations (124) into the integral part of the weak form (115) produces
the result

{0y T( fml {8} + K {6} - {f}) (125)

(1x12) “(12x12)(12x1) (12x12)(12x1)  (12x1)

where {§6} is a column-matrix of variations of the nodal parameters, and the other
matrices are defined as follows:

element mass matriz:
l l

[m] _BO/(L<I>J T 9] d:c—i—C’O/ 1o T |V da, (126)

(12x12) 12x1) (1x12) o (12x1) (1x12)

element stiffness matriz:

I
d
= [ (G o) (i 1o, )
(12><12) ; dx (12><1 d$(1x12)

l

+KGO/<% 1) + M)T(% 1] + Lm)m,

0 (12x1) (1x12)

(127)

element force vector for the element adjacent to the right boundary of Zone 0:

{f} =4 axn 5, (128a)
azx1) LV ()

element force vector for all other elements of Zone 0

{r} = {0}. (128b)

(12x1)  (12x1)

Similar derivations can be used for deriving equations of motion of a finite element within
Zone 1 (Part 1) and Zone 3 (Part 4).

Finite element within Zone 2 (Part 2 and Part 3), i.e. within a subdomain z € [, (]
and z € [—h/2, 7].

The weak form for a finite element within Zone 2 is obtained by multiplying equations
(100) and (101) by weight functions (variations) dws and d¢o respectively, multiplying
equations (102) and (103) by dws and d¢3 respectively, integrating them over an element’s
length, performing integration by parts and adding the resulting equations. The integral
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part of the weak form thus obtained is

[A20h 8y + KGo(wh + ¢2) dwhy + KGao(wh + ¢2) o

Il
S _

+ Byt dwe + 02(52 5¢2] dzx

+ [ [A35 894 + KG3(wh + ¢3) dwly + KGs(wh + ¢3) 63

o _

+ B33 dws + 03(53 5(;53] dx

= [ [ (11 + 3 Qut? ) s + o 562 o (129)

— O\N

- / {<H3¢’3 + g Qg(wé)2) wy dws + Hzwiwy 5¢3} dx
0

1 1 —
X (w3 — wa) (5 - = arctan -2 . w2>(5w2 dx

- O\N

1 _
+ /x w3 — Wa (— — Z arctan 22 w2>6w3 dx.
o €
0

The same interpolation polynomials are used for the Zone 2 as for the Zone 0, i.e.

ZN ’wgz ZN wSz
ZN Jé2i(),  da(wt) ~ ZN )3 (1)

(130)

where

UJQZ(t) = w2($i7t), ’LUgl(t) = wg(xi,t), ¢2i (t) = (bg(xi, t), gf)gl(t) = (bg (Ii, t), (131)

and shape functions N;(x) are defined by equations (121).
The column-matrix of the element nodal parameters for Zone 2 are introduced as

follows:
{9}(2)
(12x1)
0y = , 132
<2{4x}1> {63 (132
(12x1)
where

{02 = | woy oy Was s Wiz Paz Wou Bog Wy dos Wi  dog |
(133)

(0} = | w1 @31 wss 32 waz P33 was bz wis Bas wse Pag )
(134)
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are column-matrices of nodal parameters of Part 2 and Part 3 respectively (of lower and
upper delaminated parts of Zone 2). Then, using the weak form (equation (129)) and
following the same procedures as for an element in Zone 0, the following expressions for
the element mass and stiffness matrices of Zone 2 are obtained.

Element mass matriz for Zone 2:

() (0]
(12x12)  (12x12)
[m] = : (135)
(24x24) [0] [m](s)
(12x12)  (12x12)
where
[m]® = B; / T |®] de+C; / T\ de (i=2,3), (136)
(12x12) (12x1) (1x12) 12><1) (1x12)
and row-matrices |®| and | V] are defined by equations (124).
Element stiffness matrix for Zone 2:
(K1 (0]
(12x12)  (12x12)
(k] = : (137)
(24x24) [0] [k]®
(12x12)  (12x12)
where l
d d
199 =i [ (1o ) (5 L9 Jao
(12x12) ) d$(12x1) d$(1x12)
(138)

+KG1-/Z(%L@JJrL\IJJ)T(%L(DJJrL\IJJ)dz (i =2,3),
0

(12x1) (1x12)

The last two integrals in the weak form (129) represent virtual works of forces of mutual
impact of the crack’s faces, acting, correspondingly, on the lower and upper crack’s face.
The computation of contribution of these integrals to the discretized equations of motion
of a finite element within Zone 2 is presented below. Let us consider one of these integrals

™ €

l
1 1 —
Bz [ xtws =) - Saretan 1 ) ) (140)
0

which represent virtual work of force of impact acting on the lower face of the crack. Sub-
stitution of functions ws(x,t) and ws(z,t) by their polynomial approximation (equa-
tions (130)) yields

! 6 6
12 = /X<Z 51,021 NZ) (Z ws; — ’(UQJ >
r i=1 j=1
11 0
X <§ — ;arctan( -1 Z W3 — Wam,) m)) dx.

=1

(141)
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Let the function under the integral sign in the last integral be denoted as g(z). Then,
using the trapezoidal rule of numerical integration, with evaluation of the function g(x)
at the nodal points x1 = 0, z9, x3, T4, T5, xg = | of the finite element,

5

l
[ ata)io = 45]a(0) + 1) + 23 gt (142
0

k=2

and using the property N;(z;) = ¢;; of the shape functions, defined by equation (118),
one can obtain
1= x {60} {1}, (143)

(ix12) (12x1)

where

l 1 1 i — Wy .
fi= E(w3i—w2i)<§——arCtanu> for i=1,11,
s €

l

1 1
fi = — (w3 — wa;) (— — — arctan (144)
) 2 7

W3q — W24
€

> for i=3,5,7,9,

f;=0 for i=2,4,6,8, 10, 12.

Similarly, the last integral in equation (129) can be written as

l
I3 = /X(wg — w2)<% — %arctan @) (dws)dx = x {59(3)}T {f}. (145)
0

(ix12) (12x1)

The nonlinear terms

(a0t + 5 QaCus)? ) s + o

~ O\N

—/ |:(H3¢/3 + g Qg(w’g)2>w§’ dws + Hzwhwl 59%)3} dx
0

in the weak form (129), which are due to taking account of longitudinal force resultants in
the delaminated parts (i.e. due to the von Karman nonlinearity of the strain-displacement
relations), lead to the presence of a column-matrix in the equations of motion of a finite
element, the components of which depend nonlinearly on the nodal parameters wy; and

ws; (1 =1,2,...,6). This column-matrix will be denoted as
{g}®
_ ) (e2xy
{9} = ; (146)
(24x1) {g}(3)
(12x1)

where {g}®) is a column-matrix the components of which depend nonlinearly on nodal
parameters wy; (associated with the lower delaminated part), and {g}® is a column-
matrix the components of which depend nonlinearly on nodal parameters ws; (associated
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with the upper delaminated part). Components of {g}(? and {g}(®) are not written here
explicitly, because of their large size.

So, equations of motion of a finite element in the delaminated zone of the beam
(Zone 2) have the form

m® o ({6} K o] ] ({0
(12x12)  (12x12) (12x1) 0(12x12)  (12x12) (12x1)
o WO | Y@@ ("] 0w | e
(12x12)  (12x12) (12x1) (12x12)  (12x12) (12x1) (147)
- {f} itg}@’;
(12x1) 12x1 .
+ x + = {0} .
i} {g}(s) (24x1)
(12x1) (12x1)

In Equation (147), the nonlinear internal force vector x | —{f}T {f}T|" depends on
nodal parameters, associated with both lower and upper delaminated parts (Part 2 and
Part 3). Therefore, in the system of equations (147), the nodal parameters {6}
associated with the lower delaminated part (Part 2) are coupled to the nodal parameters
{6} associated with the upper delaminated part.

So, the derivation of the finite element matrices is completed, and an example problem
will be considered next.

5 Solution of Example Problems

As an example problem, a clamped-free wooden beam with the following characteristics
(Figure 2.1) is considered: length L = 20 x 107%m, width b = 2.76 x 10~?m, thickness

h = 0.99 x 10~2m, wood density p(® = 418.02%, Young’s modulus of the wood in
the direction of fibers E§O) = 1.0897 x 1010%. The piezoelectric actuator is QP10W
(Active Control Experts). Thickness of the actuator is 7 = 3.81 x 10~%m, its length
is a = 5.08 x 1072m , the piezoelectric constant in the range of applied voltage (from
0 to 200V) is ds1 ~ —1.05 x 10_9%7 the Young’s modulus of the actuator with its
packaging is E§p) = 2.57 x 1010%, mass density of the actuator with its packaging is

p®) = 6151.1% . The voltage V' (t), applied to the piezoelectric actuator, is distributed
uniformly along the length of the actuator and varies with time as

V(t) = V, sin(Qt),

where V, =200V, Q = 600%. The wooden beam is cut along its fibers, so that the angle
6 in the formula (6) is equal to zero, and, therefore, the elastic compliance coefficient

= . —=(0 . .
S11 for the wood is equal to Sgl) = ﬁ = 9.1768 x 10_117%2 . For the piezoelectric
1
actuator, the material coordinate system coincides with the problem coordinate system,
so that the elastic compliance coefficient S1; for the material of the piezo-actuator is
gﬁ) = ﬁ = 3.8911 x 10_117%2 . Coordinates of the crack tips are: a = 10 x 10~2m,
1

B=15x10"2m, v =0.66 x 1072 — % = 1.65 x 10~3m . Then the constants, entering
into the variational formulation and the differential equations of the problem, have the
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following values in SI units: Ag = 31.463, By = 0.1789, Cy = 2.6429 x 1075, Gy =
1.29910 x 105, A} =24.319, B; = 0.11422, C; = 9.3289 x 107, G1 = 1.190999 x 10,
Ay =12.61, By = 7.6147x 1072, Cy = 4.8372x 1077, G5 = 7.93999 x 10>, A3 = 11.709,
Bz = 38073 x 1072, C3 = 4.4917 x 1077, G5 = 3.969995 x 10° , A4 = 24.319,
By = 0.11422, Cy = 9.3289 x 1077, G4 = 1.190999 x 105, I, = —3.8285 x 1073,
a=5.08x10"2 V, =200, Q =600, a =10x 1072, 3=15x 1072, v = 1.65 x 1073,
b=276x 1072, h=0.99 x 1072, Q- = 1.985005666 x 10%, Q3 = 9.925028332 x 10°,
Hy, = —3275.25935, Hs = 3275.25935. The small constant € and the large constant x
are chosen to be € =1 x 1073 and x = 1 x 10°.

5.1 Time-domain response to dynamic excitation

Time integration of a system of ordinary differential equations of a global (assembled)
semi-discrete finite element model

[M]{@} + [K{O} + {R}noniin = {F}

was performed with the use of the backward-difference method [4]. In the last equation,
{R}nonlin is a column-matrix, which contains components that depend nonlinearly on
the unknown nodal parameters ©;. Transverse displacements as functions of time at free
ends of delaminated and undelaminated beams are shown in graphs of Figure 5.1. These
graphs are noticeably different. Numerical experiments show that neglecting nonlinear
terms in the strain-displacement relations (19a), and, therefore, neglecting the longitu-

dinal force resultants Nf) and Nf’) in the delaminated parts of the beam (equations
(25) and (29)), produces much smaller effect on the transverse displacement of the de-
laminated beam than neglecting the force of contact interaction of the crack faces.

5.2 Eigenvalue analysis

For the same beam, natural frequencies and mode shapes were computed from a linear
eigenvalue analysis. Results of calculation of frequencies for beams with different crack
lengths are presented in tables below. For some crack lengths, comparison is made
between frequencies computed on the basis of the first order shear deformation theory,
presented in this paper, and the frequencies computed on the basis of the Euler-Bernoulli
beam theory, presented in Reference [1]. Rotary inertia terms are taken into account in
both types of solutions.

Let us consider, at first, the first seven circular frequencies of a clamped-free beam
without the delamination and with the actuator, obtained by setting equal the x-
coordinates of the crack tips. The frequencies for this case are presented below. Notation
FOSDT stands for the First Order Shear Deformation Theory of the beam, notation E-B
stands for the Euler-Bernoulli beam theory.

w1 w2 w3 Wy Wws We w7

FOSDT | 1395.535 | 8130.531 | 21436.8 | 40361.9 | 64915.31 | 9.36739 x 10%* | 1.25461 x 10°
E-B 1397.435 | 8217.911 | 21986.6 | 42205.0 | 69331.23 | 1.02371 x 10° | 1.40641 X 10°
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Figure 5.1.
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Transverse displacement of free end of delaminated beam (solid line)

and undelaminated beam (dashed line). Coordinates of the crack tips of the delam-
inated beam are a = 0,1m, 8 = 0,15m, v = 1,65 x 10 3m.

83

In the next table, results are presented for a beam with the delamination and with
the actuator, with the following coordinates of the crack tips: « = 0.1m, G = 0.11m,

v =1.65 x 10~3m.

w1 w2 w3 wW4q Wws We wr
FOSDT 1395.5 8130.5 21436.0 | 40361.5 | 64909.9 | 9.3669 x 10% 1.2545 x 10°
E-B 1397.435 | 8217.909 | 21986.1 | 42204.9 | 69331.2 | 1.02371 x 10° | 1.40641 x 10°

In the next table, results are presented for a beam with the delamination and with
the actuator, with the following coordinates of the crack tips: a = 0.1m, 8 = 0.12m,

v =1.65 x 10~ 3m.

w1 wo w3 wq Ws We w7
FOSDT 1395.5 8130.5 | 21433.6 | 40356.8 | 64900.7 | 9.3629 x 10% 1.2544 X 10°
E-B 1397.433 | 8217.9 | 21986.0 | 42200.0 | 69330.0 | 1.02368 x 10° | 1.40625 x 10°

In the next table, results are presented for a beam with the delamination and with
the actuator, with the following coordinates of the crack tips: a = 0.1m, 8 = 0.13m,

v =1.65 x 10~ 3m.
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w1 w2 w3 Wy Wws We w7 ‘

FOSDT | 1395.49 | 8130.46 | 21431.655 | 40345.03 | 64894.09 | 9.3576 x 10% 1.2535><105|

In the next table, results are presented for a beam with the delamination and with
the actuator, with the following coordinates of the crack tips: «a = 0.1m, § = 0.14m,
v =1.65 x 10~ 3m.

w1 w2 w3 Wy Wws We w7

FOSDT | 1395.47 | 8130.28 | 21430.371 | 40330.58 | 64850.16 | 9.3541 x 10% | 1.2504 x 10°

In the next table, results are presented for a beam with the delamination and with
the actuator, with the following coordinates of the crack tips: « = 0.1m, 8 = 0.15m,
v =1.65 x 10~ 3m.

w1 w2 w3 Wy Ws We w7

FOSDT | 1395.456 | 8129.95 | 21427.848 | 40320.39 | 64719.1 | 9.31501 x 10% | 1.10100 x 10°
E-B 1397.432 | 8217.62 21980.0 42201.0 | 69094.0 | 1.01932 x 10° | 1.33019 x 10°

So, the frequencies decrease as the crack length increases. This phenomenon is more
pronounced for higher frequencies.

The first four mode shapes of delaminated beams are nearly the same as the corre-
sponding mode shapes of the undelaminated beams, so that the difference is not notice-
able on graphs. But the higher mode shapes of the delaminated beams, beginning from
the fifth mode shape, show the crack opening and closure during the vibration, as can
be seen in Figures 5.2, 5.3 and 5.4.

Figure 5.2a. Fifth mode shape of clamped-free beam without delamination.
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Figure 5.2b. Fifth mode shape of clamped-free beam with delamination.

TN N\
NN

Figure 5.3a. Sixth mode shape of clamped-free beam without delamination.

NN \

Figure 5.3b. Sixth mode shape of clamped-free beam with delamination.

Figure 5.4a. Seventh mode shape of clamped-free beam without delamination.
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Figure 5.4b. Seventh mode shape of clamped-free beam with delamination.

Experimental verification of the developed theory and the finite element program will
be presented in a subsequent publication. The theory, presented in this work, and the
finite element program, based on this theory, are developed for the purpose of their sub-
sequent use in nondestructive detection of delamination cracks in composite structures.

Appendix A
Constitutive Equations for a Piezoelectric Orthotropic Layer of a Thin
Composite Beam

The constitutive equations of a generally anisotropic piezoelectric material can be writ-
ten in a matrix form as follows (in these equations, the bars over characters are put to
emphasize that the quantities are presented in a problem coordinate system, the coordi-
nate planes of which do not necessarily coincide with the planes of elastic or dielectric
symmetry)

(&} = [S] {7} + [d " {€}, (A-1)
(6x1) (6x6)(6x1)  (6x3) (3x1)
{D} = [d] {7} + [{] {&}, (A-2)
(3x1)  (3x6)(6x1)  (3x3)(3x1)
where
(2} = |ewe Eyy €22 26y 2642 264y (A-3)
(6x1)

is a column-matrix of components of the strain tensor,

_ T
(gai) = | 0wz Oyy Ozz Oyz Ozz Ogy | (A-4)
X

is a column-matrix of components of the stress tensor,

(EE% =& & &7 (A-5)



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 5(1) (2005) 61-90 87

is a column-matrix of components of the electric field intensity vector, [S] isa matrix of
(6x6)
elastic coefficients (compliance coefficients) and [d] and [(] are matrices of material
(3x6) (3%3)
constants that characterize electrical properties.
For an orthotropic material, in the principal material coordinate system (whose co-
ordinate planes coincide with the planes of elastic symmetry), the matrix of compliance
coefficients is denoted as [S] (without a bar) and has the form

Si2 Sz Sz O 0 0

S13 Seg S3z 0 0 0
0 0 0 Su 0 0
0 0 0 0 Sk 0
0 0 0 0 0 Ses

5] = (A-6)

where the compliance coeflicients .S;; are expressed in terms of engineering constants by
the formulas

1 V1o V13 1 V23

Si= = Sp=-22 g B g, L Gy =

=g S B, 0w B 2T O B e
Syy = o Suy— . Ses— . Sge = ——
3= g S g Sw =g S = G

The matrices, characterizing electric properties of the material, in the principle material
coordinate system, will be denoted without the bar also, i.e. as [d] and [(] .
(3%x6) (3%x3)

In the laminate (problem) coordinate system, rotated clockwise by an angle 6 with

respect to the principle material coordinate system, the matrix of compliance coefficients

and the matrices, characterizing electric properties of the material, [d] and [{] , have

(3%x6) (3%x3)
the form
[S] = [T " [s] (1], (A-8)
(6x6) (6x6) (6x6)(6x6)
[ = [R"T [ [R, (A-9)
(3x3) (3x3) (3%x3)(3x3)
[d = [R] " [d 1], (A-10)

(3x6)  (3x3) (3x6)(6x6)

where the transformation matrices [T] and [R] are defined as follows (with the use of
notation ¢ = cosf, s =sinf):

2 2 00 0 2sc
2 2 00 0 —2sc
0 0O 1 0 O 0
I=lo 00e s 0o | (A-11)
0 0 0 s ¢ 0
—sc s¢c 00 0 2—g2
c 0
Rl =|—-s ¢ 0 (A-12)
(3%x3) 0 0 1
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For the composite piezoelectric layer of a thin and narrow composite beam, which bends
in the z-z plane, the following assumptions can be adopted

Ozz = Ogz = Oyz = Oyy = 0.

(A-13)

Besides, in the problem under consideration, the electrical field is applied to the actuator
only in the thickness direction (in the direction of the z-axis), i.e.

(A-14)

If equations (A-13) and (A-14) are substituted into the constitutive equations (A-1) and
(A-2) with account of transformation relations (A-8), (A-9) and (A-10) and with account
of equations (A-6) and (A-7) for compliance matrix in the principle material coordinate

system, then the constitutive equations take the form

God=To s lio @l ew
(D)= @ul{ 7 b Gl (). (A-16)

From the constitutive equations (A-15) and (A-16), one can obtain the constitutive equa-
tions in a different form:

1 0 _Ei ]
811 Sll c
o =
s 0 — S 20s 9, (A-17a)
D. Sss ;955 , E.
d31 d3s (g _da %)
L Sll 55 33 Sll S55 -
or, in view of the relationship &, = —%, where ¢ is the electric potential,
1 0 aﬂ |
. S11 Su .
O 0 — = 24, (A-17D)
D. S oL | LB
dy dsy <—Z33+$+@>
L 511 555 Sll 555 -

According to equations (A-7) and (A-8), the compliance coefficients S;; and S5 in
the problem coordinate system that enter into equations (A-17), are expressed in terms
of the engineering constants by the formulas

1

— 1
Sss = — 5%+ —c2,
%7 Gas Gis (A-18)
— 1 1 1 V12
T~ AL LA g2 22
11 Elc +E28 +(G12 El)sc
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The material constants ds; and dss, which characterize the piezoelectric properties in
the problem coordinate system, are expressed in terms of the piezoelectric constants d;;
of the material coordinate system by the formulas (derived from matrix transformation
equations A-10)

ds1 = d31® + dszs” — dagse, (A-19a)
dss = —dsas + dssce, (A-19b)

and, according to the transformation equation (A-9),

(33 = Gas- (A-20)

We consider a piezoelectric material with orthorhombic mm2 symmetry, such as
polyvinylidene (PVDF) or lead zirconate-titanate (PZT), in which the planes of elastic
symmetry are made, in the manufacturing process, the same as the planes of piezoelectric
symmetry. In this case, the piezoelectric constants ds4 and dss are equal to zero (see [5]
and [6]). Then, according to equation (A-19b), d35 = 0, and equation (A-17b) takes the
form

1 d
— 0 i
Oxx Sll 1 Sll Exx
Oxz = 0 = 0 25;Ez . (A—21)
D S's5 dp
z day _ agl 0z
S ( 0 Sn

These are the constitutive equations for a layer of orthotropic piezoelectric material with
orthorhombic mm2 symmetry, in which the planes of elastic symmetry are the same as the
planes of piezoelectric symmetry, in a narrow and thin composite beam. Obviously, for
a layer of orthotropic material, in a thin narrow beam, which does not have piezoelectric
properties, the constitutive equations have the form

1

= 0
Ozx _ Sll Exx B
E N N L )

Sss

Appendix B
Properties of the Heaviside Function

It can be shown [7] that the Heaviside function (unit step-function) $,(x), defined by
formula

(1) = { 0 for z< «, (B-1)
1 for x> q,
has the following property
9a(®) _ 5 0 (B-2)
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where 04 (x) is the Dirac’s delta-function, defined as a function that has the following

properties:
0 f ,
5 () = { or x# (B-3)
o for z=a
and
f <a< g,
/f ) de — { fla) for z1 <a <z (B4)
0 for a < xy and for a > x5.

The delta—functlon has several analytical representations, one of which has the form [8]:

1 €

%) = Iy ST ap (B-5)
According to formula (B-2), the analytical representation of the Heaviside function, cor-
responding to the analytical representation of the delta-function (B-5) is

0 for z<a,
— 1 1 1 B
Nal(r) = limy — arctan . + 793 for = = aq, (B-6)
1 for z>a.

r—«

Carrying out the Heaviside function $,(z) beyond the integral sign in an indefinite
integral is done with the use of the formula

/f)a x)dr = Ha(x /f (B-7)

With the use of properties (B-2) and (B-4), it can be shown that

daf
/f ) L0ela %zf{;@(a) or ms @<, (B-5)

for a < x; and for « > zs.
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Abstract: This paper is concerned with tracking control of nonlinear multi-
variable systems whose relative degree is more than one. The control method
is based on a direct steepest descent method using the gradient of a perfor-
mance index. Simulation results demonstrate the usefulness of the proposed
method.
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1 Introduction

Studies on nonlinear feedback control have been extensively made in recent years. Need-
less to say, stabilization and optimization are central concerns. Lyapunov stability theory
and the Hamilton—-Jacobi-Bellman equation for optimal control appear to be main tools
for designing stabilizing feedback control laws. For affine nonlinear systems, lots of re-
searches have been done based on feedback linearization, nonlinear optimal regulator
[13,5], the Hamilton-Jacobi-Bellman equation and inverse optimality theory [4], control
Lyapunov function stabilization [20], back stepping technique [11], nonlinear H*® con-
trol and passivity-based control theory [22], etc. For general nonlinear systems, receding
horizon control [12] is known as one of the few studies on on-line nonlinear optimal con-
trol. Besides, there are many studies on neuro-controllers [19,15] based on the error
back propagation method, but their stability and generalization ability remain unsolved
questions.

(©) 2005 Informath Publishing Group/1562-8353 (print)/1813-7385 (online)/www.e-ndst.kiev.ua 91
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In this paper the following general nonlinear system is considered as a controlled

object:
£(t) = f(x(t), u(t)),
y(t) = h(z(t)),

where z(t) € R™ is the state vector, u(t) € R" is the control input, y(t) € R™
is the measured output, and we study the problem of output tracking so that y(t)
tracks a desired output yq(t) (the reference signal). Output tracking control (output
regulation or servo mechanism) for nonlinear systems has intensively been investigated
[23,9,21,7,10,6,1]. Among them, Vidyasagar [23] and Tsinias [21] showed that if the
system (1) is stabilizable and weakly detectable by means of a continuous state feedback
u(t) = a(z(t)), then the system is also stabilized by «(z(t)), where z(t) is the output of
a weak detector for the state z(t). More precisely, when

(1)

is an observer (i.e., z(t)—x(t) — 0 as t — oo for every z(0) and z(0)) and u(t) = a(z(t))
is an asymptotically stabilizing control law, then the closed-loop system

is asymptotically stable in a neighborhood of (z,z) = (0,0). Note that, however, it is
another hard task to obtain the state feedback law u = a(x).

In the pioneering work of Isidori and Byrnes [9], nonlinear output regulation problem
has been formulated and solved, in which the objective is to design a dynamic controller
such that the closed-loop system is stable and the error approaches zero asymptotically.
Supposing the reference signal y4(t) to be generated by the exosystem

w(t) = s(w(t)), wat) = q(w(t))
and considering the extended system

w(t) = f(x(t), u(t),  y(t) = h(z(t)),
w(t) = s(w(t)), ya(t) = q(w(t)), (2)

they solved the output regulation problem by means of an error feedback controller (a

dynamic controller)
£(t) = n(2(t), e(t)),
u(t) = a(z(t)).

More precisely, the output regulation means that the unforced closed-loop system with
w = 0 is exponentially stable and that the forced closed-loop system (2)—(3) satisfies
tlim e(t) — 0 for any initial condition (x(0),z(0),w(0)) in a neighborhood of the origin

(3)

(0,0,0). Isidori and Byrnes [9] derived a necessary condition for the output regulation,
called the nonlinear regulator equation, using the center manifold theorem. Though the
Isidori-Byrnes theory is precise and sophisticated, it requires many assumptions and, in
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order to synthesize a solution numerically, one has to solve the nonlinear regulator equa-
tion described by a system of nonlinear partial differential equations, which is difficult
to solve as in the Hamilton—Jacobi—Bellman equation. The nonlinear output regulation
can achieve asymptotic disturbance rejection based on the exosystem as well as asymp-
totic output tracking. Actually, in the work of Isidori and Byrnes [9] trajectory tracking
and/or disturbance rejection are unificatively formulated as the problem of output regu-
lation. Furthermore, structurally stable and robust output regulation under parametric
uncertainties has been investigated by Khalil [10], Huang [6] and Byrnes, et al. [1]. Huang
and Rugh [7] also proposed an approximation method of finding a power series expansion
of the solution to the nonlinear regulator equation.

Direct gradient descent control was proposed by Shimizu, et al. [18], which directly
manipulates control inputs so as to decrease a performance index such as the squared
error from a desired equilibrium state based on the gradient of the performance index
with respect to the control inputs. The gradient is derived from sensitivity equations. A
similar method called “speed gradient control” was also proposed by Fradkov, et al. [2, 3].
In their method, however, the performance function F contains only « (not both z and
u). F(z) and F(z,u) makes a big difference in application. Further, their derivation is
not based on the sensitivity equations but on the Lyapunov direct method.

In this paper we investigate output tracking control of nonlinear multivariable sys-
tems by use of the direct gradient descent method. Our main concern is the control of
plants with relative degrees of more than one. The proposed method is an on-line imple-
mentation and can be executed in a very simple and practical manner. Our simulation
results for various plants showed remarkably good performance, one of which will be
demonstrated in the last section.

2 Direct Gradient Descent Control of Nonlinear Systems

The aim of our control is to modify u(t) so that a performance index F(y(t),u(t)) de-
creases. The problem is written as

decrease F'(y(t), u(t)), (4a)

u(t)
subj. to  &(t) = f(z(t),u(t)), z(to) =x0 (4b)
y(t) = h(x(t)) (4c)
where we make the following assumption:

Assumption 1 Plant (4b), (4c) is locally controllable and observable.

To solve this problem, we prepare some fundamental results concerning the gradient
of the performance index. We confine our attention in this section to the basic state
feedback regulation case:

decrease F'(z(t), u(t)), (5a)

u(t)

subj. to  &(t) = f(z(t),u(t)), x(to) = zo, (5b)

where we assume the following;:
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Assumption 2 Function f is continuously differentiable; f,, F,, and F,, are Lipschitz
continuous.

For any continuous w: u(t), t > to, system (4b) has a unique smooth solution z: x(¢),

t > to. We denote the state trajectory x associated with a given u by x(u), whose value

at t will be denoted by x(t;u). Then, for an arbitrarily fixed ¢, let us define a functional
¢' by

¢'u] £ F(a(t;u), u(t)). (6)

The derivative of the objective F'(z(t; u), u(t)) with respect to u(t) can be conceptually
given as
dz(t;
Fy(a(t;u), u(t)) 218 (75‘) + Fu((t; ), u(t)). (7)

Here the notion dxz(t;u)/du(t) denotes the effect on x(t; u) caused by the change of u(¢),
but it is impossible and impractical to change u(t) freely without any reference to the
past trajectory of u. So we consider a time interval [¢',t], where t’ is an arbitrarily given
time such that ¢ty < ¢ < ¢, and see the effect on the state at time ¢ caused by the change
of u as a function on the interval.

As a class of admissible control for the fixed interval [t/,t], we consider the space
Ul 4 consisting of r-dimensional vector-valued continuous functions and define the inner

product:
¢

(o), 2 [ ulr) ol dr. ®)

Then the following theorem holds.

Theorem 1 The operator x(t; -): U — R" is Gateauz differentiable, and its
Jacobian is given, at time t, as follows:

Va(tu)(t) = ful@(t;u),ul). (9)

Proof We show that the functional x(t; -): Up 4 — R"™ is Gateaux differentiable,
and calculate the Gateaux differential

Sx(t;u;s) = disx(t;u +es) .

Integrating (5b) from ¢’ to ¢ with u + £s, we have
¢
z(t; u+es)=xz(t') + / f(z(r; u+es), u(t) + es(1)) dr. (10)
t/

Differentiating (10) w.r.t. €, letting e = 0, and differentiating it w.r.t. ¢, we finally obtain

d d x(t;u +es) = fo(x(t;u), u(t)) %x(t; u+€s)

dt de

+ fulz(tu), u(t))s()

e=0

with
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Since this is a time-variant linear differential equation w.r.t.

d
ox(t;u; ) = Eaz(t; u+es)|
e=0

its solution exists and is given by

t

dx(t;u;s) = /@(t,T)fu(x(T; w),u(7))s(7)dr

+

where @ is a continuous transition-matrix function defined on {(¢,7): ¢/ <7 <t} by

%@(t,ﬂ = fo(z(t;u),u(®)®(t,7), DP(r,7)=1 (11)

(see, e.g., Pontryagin [14]). The Gateaux differential of each component z;(t;-): U 4 —
R is then expressed as

t

Sai(t35) = [ i(t.7)fu (i) u(r)s(r) d,

t

where @;(t,7) denotes the i-th row of @(¢,7). Comparing this with definition (8), we
can see that there exists Va;(t;u) € Uy 4 satisfying

0z (t;u;s) = (Va; (tu), S>U[t/,t] Vs € Upy
and it is given by
Vai(t;u)(1) = fulz(r;u), u(t)T@i(t, )T, 7€t 1]

Each Vz;(t;u) is an r-dimensional vector-valued function, and here we define an (r x n)-
matrix-valued function Vz(t;u) by

Vz(t;u) (1) = (Vi (tu)(7), ..., Vo, (t;u)(7)).
In other words, V(t;u) is given by
Va(t;u)(r) = fu(z(r;u),u() o, )T, 7elt' 1. (12)

It follows from (11) and (12) that
& Valt:w)(r) = Vet 0) () o (), )"
Va(riu)(r) = fula(ri), u(z)"

on the region {(¢,7): ' < 7 < t}, from which we obtain (9). It is noted that equation
(13) represents the sensitivity equation of the state x with respect to the input w.
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Since (9) does not depend on ¢/, we regard it as the effect da(t;u)/du(t) in (7) and
consider the transpose of (7), i.e.,

Fulw(t;u), u(t) Fo(z(t;w), u(t)" + Fu(z(tu),ult) T
as the gradient of the objective F(x(t;u),u(t)) with respect to u(t). We denote it by
Vét[u)(t), ie.,
Vo' ul(t) = fula(t;u), u(t)” Fula(t;w), u(t)” + Fu(z(t;u),u(t)" (14)

As an on-line control law for problem (5), we apply the steepest descent method at
each time ¢t € [tg, 00) by using V¢![u](t). Namely, u(t) is modified by the direct gradient
descent control algorithm

u(t) = —LV¢'[u](t) (15)

where £ = diag[aq, as,...,a,], a; > 0, is a proportional constant. Substituting (14)
into (15) yields

a(t) = —L{ ful@(t;u), u(t) T Fo(@(t;u), u(t) T + Fu(e(t;u),ul)"}. (16)

Assumption 2 is a sufficient condition for systems (5b) and (16) to be solvable for a
unique smooth pair (x,u). Furthermore, in order to realize this control, we set F' to
satisfy the following assumption:

Assumption 3 For every i,
sz(x7u) 7&0 V(w,u) 7& (xd7ud)
where z4 is a desired stationary state and ug is the corresponding control.

Let us set the performance index F in problem (5) as a quadratic form. Our purpose
of control is then to transfer the state x(t) to a desired stationary state xq4. At the
stationary state, it must hold that 0 = f(z4,u4). In general, we can arbitrarily specify
r of n components of x4, but the remaining (n—r) components and u, are dependently
determined. We consider

F(x(t),u(t)) £ (za — 2(t)" Qza — o(t)) + (ug — u(t))" R(ua — u(t)) (17)

as a performance index to be decreased, where ) and R are (normally diagonal) positive
definite matrices. Then the gradient is written as

V') (t) = =2 fu(z(t;u), u(t) T Qza — a(t;u)) — 2R(ug — u(t)) (18)
and hence the direct gradient descent control formula (16) is given by
a(t) = 2L fula(t;u), u() ' Q(wa — x(t;u)) + Rlug — u(t))}. (19)

The stability of direct gradient descent control is proved in Appendix by use of Lya-
punov’s direct method.

3 Output Tracking via Direct Gradient Descent Control

We define the inverse dynamics of nonlinear systems using the concept of relative degree
of nonlinear dynamical systems (see, e.g., [8]). Let us consider each component y;(t)
of y(t), and denote by yl(j)(t) the j-th order derivative of y;(t) with respect to ¢, which
generally represents a function of z, u, w, i, ...,u~Y. Then the relative degree of yi(t)
is defined as follows.
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Definition 1 The integer g; satisfying

oy (1) -

S =0, j=12 gL, (20a)
ayi™ (1)
—ou 7V (20b)

is called the relative degree of component y;(t).

Let us denote by of (x(t)) and B% (x(t),u(t)) the j-th derivative of y;(t) as j =
1,2,...,¢;, — 1 and as j = gq;, respectively. Then we have the following system of
equations:

B (1) = 8P (x(t), u(t))
.................. (21)

Assumption 4

ou
rank ............. =r
9B (x(t), u(t))
ou

Then, by the implicit function theorem, there exists an inverse mapping of (21) in
regard to u(t). Hence u(t) can be expressed as

u(t) = n(z(t), y™ (@), ...,y (@), ... yle) (1)) (22)

where ¢; denotes the relative degree of y;(t). Let us call system (22) the inverse dynamics
or the inverse system. The control u(t) represented by (22) can be regarded as an input
by which the g;-th order derivative of y;(t) becomes equal to ygq”(t) when x(t) is the
present state.

Now we investigate an on-line tracking control for problem (4) based on the preliminary
knowledge on state feedback regulation. Let us consider the case where the performance
index is given in the quadratic form

F(y(t),u(t)) £ (ya(t) = y() " Qya(t) — y(t)) + (ualt) — u(t) R(ua(t) — u(t)), (23)

where yq(t) is a desired output, ug(t) is the corresponding control input, and @, R are
diagonal positive definite matrices. In what follows, we consider the functional

¢'[u] £ Fy(t;u), u(t)) (24)

where y(t;u) = h(z(t;u)). We assume sufficiently higher order continuous differentiabil-
ity of f and h for a while. Precise description of required assumptions will be given at
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the end of the next section. Applying Theorem 1, we obtain an expression of the gradient
needed for the gradient descent tracking control as follows:

¢ Ay(t;u) " T T
Ve [ul(t) = Va(tu)(t) =5 — Fy(y(tiw), u®)” + Fu(y(t v), u(t)

U T
= ~2fuaftsw),u) P Gy - () )

— 2R (ug(t) — u(t)).

From this we realize that, for y;(¢) with relative degree of more than 1, the error (y;q4(t) —
y;i(t)) cannot be evaluated at all in the calculation of V¢'[u](t) since

Fulz(t), u(t)T WT =0.

Therefore the error information on y;(¢) is not used in modifying u(t) by the direct gradi-
ent descent control with (25), which implies that it is not always possible to accomplish
the tracking control.

In order to control those plants with higher relative degrees, it is essential to incor-
porate some information on higher order derivatives into the algorithm, and we consider
the following performance index:

- (3 ( 2
Fy V@), yln=) sz (V) =y V(1))

+ (ua(t) — u(t)) " R(ua(t) — u(t)),

(26)

where ygdifl)(t) denotes the (g; — 1)-th order derivative of the i-th component y;4(t)
of the desired output (g; is the relative degree of y;(t)). Taking account of the inverse
dynamics given by (22), it seems that we need the ¢;-th order derivative for each output
component, but, actually, the (¢; — 1)-th order derivative turns out to be enough by the
nature of the direct gradient descent control and by the definition of relative degree. We
again use the same notation

¢'u] 2 F(y\ " Dt ), ... ylom =D (tu), ul?)). (27)

The gradient V¢! [u](¢) is then given by

T

a (Q1 1) t,u
yi() Fy(qrw + FE

V' [u] ZVx (t;u) o

m qul 1 oy T _ . (28)
= -2 wufulelti.u(t)" D (G0 -y )
=1

— 2R (ua(t) — u(t))
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where we eliminated the arguments of F' for simplicity. The direct gradient descent
control is given as follows:

alt) = —ave'lul(t)
T

m qi—1 z(t:u . _q
=2« {2wifu(x(t;u),u(t))TW (y§§1 )(t) _ygql )(t;u)) (29)

+Rwaw—u@ﬂ.

4 Convergence of the Output Error

Execution of (29) can enforce ygqﬁl)(t) — y(gl )( t) for each i, but this does not gua-
rantee that y;(t) — va(t) when ¢; > 1. In this section we shall utilize some device
so that y(t) can asymptotically converge to yq(t) whenever yfqi*l)(t) — yfgifl)(t) for
all 4’s.

Let us first consider a component y;(t) whose relative degree is 2. If we use ﬂzd(
Yia(t) + ai0(yia(t) — vi(t)) instead of g;q(t) in (26) or (29), we obtain y;(t) — ¥,

h o
alt

and hence 9;(t) = 9ia(t) + aio0(yia(t) — vi(t)), ie., %ia(t) — 9i(t) = —aio0(yia(t) — yz)(t)
(

~— —

for sufficiently large ¢. The tracking error e;(t) = y;a(t) — y;(t) then satisfies é;(¢
—a;0€;(t), and hence, if a;9 > 0, we can expect that e;(t) — 0 (i.e., y;(t) — via(t))
as t — oo.

In a similar manner, let us consider the general case where the relative degree is ¢;. If
we use

G @) 2 g V(1) + a4 0o (ST (8) — 4TI (1) + -

(30)
+ ai1 (Gia(t) — 9i(t)) + aio(yia(t) — vi(t))

(qi— 1)() ~(g;i—1)

instead of y(‘h 2 (t), we can expect y, — 7,4 (t), and hence the tracking error

ei(t) = yia(t) — yi(t) asymptotically satisfies

(1) + g6l () + -+ aiaéa(t) + aioei(t) = 0.

(2

Ifa;;, j=0,1,..., ¢; — 2, are chosen so that every root of the characteristic equation
)\qi71 + ai,qi,g)\qiﬁ + -+ ai’l/\ + a;.0 = 0

is real negative, then we have e;(t) — 0 (i.e., y;(t) — v:q(t)) as t — oco. The output y(t)
can thus track the desired output y4(t) asymptotically. (Such an idea was also suggested
in [24] and [15] for the case with relative degree 1.) If we consider y4(t) as the output of a
reference model, this method can also be regarded as a model reference tracking control
in which y(t) asymptotically follows yq(t).

Hence we modify the performance index as follows:

Fyr®), a0, i@, gm0, G (8), -y D (), u(t))

= Z @) =y @ V1) + (walt) — u(t) " Rlualt) — u(t))
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where y(ql )( t) is defined by (30). Letting ¢![u] denote the performance index (31), we
have

m 7T T
V' [u] Zqlextu ()(t w) F o +FF
 or v wr
=1 7=0

Noting (9) and (20a) and substituting (31), we obtain the gradient for the quadratic case:

1 00 (@(t;u))
ox

T
V(bt = —2Zw1fu ())
(32)

x { i aik (y () — 4 (t;U))} = 2R(ua(t) = u(?)).

k=0

Finally from (15) and (32) we have the following direct gradient descent control for output
tracking:

. G ()
a(t) = 2 lZ“fifu(ﬂﬁ(t;u)v“(“)T W

(33)

k=0

x { i ai () () -y <t;u>>} + R(ua(t) — u<t>>] .

Remark Let f and f, be Lipschitz continuous; let f be (max;q; — 1)-times conti-
nuously differentiable in x with Lipschitz continuous derivatives; let h;, i =1, 2, ..., m,
be g;-times continuously differentiable with Lipschitz continuous derivatives; let y;4, ¢ =
1,2,...,m, be ¢;-times continuously differentiable and uy4 be continuously differentiable.
Then a simultaneous system of (1) and (33) has a unique smooth solution for arbitrarily
given initial condition.

5 Simulation Results

Let us consider a link of length 2 and weight m, at one end of which a torque 7(t)
is added as a control input. The single-link manipulator system is then described by
16(t) + DO(t) — mlgsinO(t) = 7(t), where 8 is the angle of rotation, I is the moment of
inertia of the link, and D is the viscous friction coefficient at the other end of the link.
Letting 0(t) = x1(t), 0(t) = z2(t), 7(t) = u(t), we have

Il(t) = T2 (t),

Za(t) = —?xg( )+ % sinxy (t) + %u(t)

We consider this nonlinear plant with output y(t) = z1(¢), whose relative degree is 2.
The gradient descent control formula is then given by

i(0) = 20 ) — 50 + ao(ua(6) ~ )} + Rlualt) ~ (1)

— 2 [?{(@d@) — 25(t)) + ao(1a(t) — 21(£))} + R(ua(t) — u(t))} .
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Case 1: yu(t) = 7/2.

0 05 1 1.6 2

25 ) 05 1 15 2 25 3

Figure 5.1. y4(t) =7/2.
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Any equilibrium point (214, Z24, uq) must satisfy 0 = xoq and 0 = mlgsinx14 + ug. We
set the system parameters as | = 0.5, m = 1, I = 1/3, D = 0.00198, and applied

the direct steepest descent control with o = 10, a9 = 3, R = w = 1.

The result

is shown in Figure 5.1 for initial values z(0) = (7,0)T, u(0) = 0, and desired values
(214(t), 224 (t), uq(t)) = (7/2,0,—mlg).

|
21 y=x1()

A x2{t)

-20

Case 2: y4(t) = sin0.5¢.

Figure 5.2. y4(t) = sin0.5¢.

The corresponding desired states (214(t), 224(t)) and control wug(t) must satisfy

Z14(t) =
Toq(t) =

By substituting x14(t) = sin

xQd(t)v
D l 1
—F @2alt) + ? sin1a(t) + 7 ua(t).

0.5t here, we obtain

(x14(t), x24(t), ua(t)) = (sin0.5¢, 0.5 cos0.51,

—0.25Isin0.5¢ + 0.5D cos0.5¢ — mlgsin(sin 0.5¢)).
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Figure 5.3. yq(t) = B 1——e “*((sinwt+wcoswt) p, wherew = /1 — (2,
w

¢=0.1.

Figure 5.2 shows the result for the same initial values by the same control parameters as
in the previous case except a = 20.

2{ }, where w=+/1-¢2, (=0.1.

This reference yq(t) corresponds to the response of a second-order linear system with
damping ratio (, zero initial states, and forced input 7/2. For 0 < ¢ < 1, each y4(t)
generates an oscillating signal converging to 7/2. A result for ¢ = 0.1 is shown in
Figure 5.3 for the same initial states and control parameters as in Case 1.

1
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Case 3: y4(t) =
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Figure 5.4. y4(t) = B 1——e “({sinwt4wcoswt) p, wherew = /1 — (2,
w

¢=-0.1

Case 4: yy(t) =

2

A

1
1 — — e S*(¢sinwt + wcoswt)
w

}, where w=+/1—-(2, (=-0.1.

For ¢ <0, the reference y4(t) gives a divergent signal oscillating around 7 /2. Figure 5.4
shows a result for ( = —0.1 when the same initial states and control parameters are

applied except a = 20.
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6 Concluding Remarks

We proposed the direct gradient descent control for tracking of general nonlinear systems
with relative degrees of more than one. The effectiveness of the control method was
confirmed by computer simulation, and very good performance was observed with various
examples. Results for a Rayleigh model are given in [17]. In regard to stability, the direct
gradient descent control is considered fairly stable since the resultant control inputs are
always manipulated so as to decrease the squared error of outputs. We also observed
that the choice of the proportional coefficient £ did not seriously affect the stability,
but the direct gradient descent control does not guarantee the monotone decrease of
performance index. It is difficult to theoretically verify the stability of the proposed
method in general. For individual plants, however, we can find some asymptotically
stable region in a neighborhood of the desired equilibrium by constructing a Lyapunov
function via Zubov’s successive approximation method [25] as shown in [18]. Stability is
guaranteed as long as the plant is controlled within that region.

Appendix: Stability

In this appendix, we establish the stability of the direct gradient descent control for the
state feedback case, in which the control law is given by

a(t) = f(x(t), u(t)), (34)
u(t) = —a{ fu(z(t), u(t) " Fp(z(t),u(t))” + Fu(z(t),u®)"}, a>0. (35)

As a performance index F', we consider the most practical quadratic error function

1 1
F(x(t), u(t)) = 5(za ~ () Q(wa — x(t)) + 5 (ua = u(®)® (ua —ult),  (36)
where @ > 0, and (z4,uq) is a desired equilibrium point, and assume:

Assumption 5 Plant (34) is Lyapunov asymptotically stable for the fixed ug. That
is, for a Lyapunov function

1
Vi(@) = 5 (wa = 2)" Q(wa — @),
there exists a positive definite function ¢ such that

Via(2) f (2, ua) = — (24 — )T Qf (x,uq) < —o(||xa — ).

Assumption 6 The function Vi, (z)f(z,u) = —(xq — 2)TQf(z,u) is convex with
respect to u. (This always holds for affine nonlinear systems.)

Assumption 5 is a sufficient condition for the internal stability of plant (34) when
the input is fixed to ug, and this implies that the equilibrium point x4 of the plant
z(t) = f(z(t),uq) is asymptotically stable.
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Under these assumptions, one can show the asymptotical stability of extended system

(34) and (35) by means of Lyapunov’s direct method in a similar way to [2]. Let us
consider a Lyapunov function candidate

1 1
V(z,u) = 3 alrg —2)TQ(zq — ) + §(ud —u) N (ug —u) >0  V(x,u) # (xq,uq). (37)
For (34) and (35), the time derivative of V(z,u) is given by

dV (z,u)
dt

= —a(zg — )T Qf (x,u) — g — )T Qfu(z, u)(ug — u) — a(ug — u) " (ug — u).

= Ve(z,u) f(z,u) — Vi(z,u)od fu(z, u)TFm(:E, u)T + Fu(z, u)T}

On the other hand, since, by Assumption 6, V,.(z,u)f(x,u) = aVig(x)f(z,u) = —a(xg—
2)TQf(z,u) is convex with respect to u, we have

—a(zg — ) Qf (x,uq) > —a(rqg — 2)TQf (x,u) — axg — )T Qfu(2,u)(ug — u).
We thus obtain

dV(z,u
# < —a(zg — 2)TQf (z,uq) — a(ug — u)™ (ug — u).
Since the first term of the right-hand side is negative definite by Assumption 5, we
have dV(z,u)/dt < 0 for all (z,u) # (x4,uq). The system (34) and (35) is hence
asymptotically stable by the Lyapunov’s theorem, i.e., z(t) — x4 and u(t) — uq as t —
0.
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