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PERSONAGE IN SCIENCE

Alexander Mikhaylovich Liapunov

Yu.A. Mitropolskii !, P. Borne? and A.A. Martynyuk 3*

! Institute of Mathematics, National Academy of Sciences of Ukraine,
Tereshchenkivska Str., 3, Kyiv, 04604, Ukraine
2 Ecole Centrale de Lille, F-59651 Villeneuve d’Ascq cedex, France,
3 Institute of Mechanics, National Academy of Sciences of Ukraine,
Nesterov Str., 8, Kyiv, 03057, MSP-680, Ukraine

The sixth of June, 2007 is the 150-th birthday anniversary of the outstanding
Russian mathematician and mechanical scientist, Academician Liapunov. Tak-
ing into account great significance of Liapunov’s works for modern development
of nonlinear dynamics and systems theory, the Editorial Board of the journal is
publishing a sketch of his life, a brief survey of main directions of his scientific
actiwity and a list of his works published to date.

1 Biographical sketch

Alexander Mikhaylovich Liapunov was born on the 6th of June, 1857 in the family of the
prominent astronomer Mikhail Vasilievich Liapunov in the town of Yaroslavl.

The grandfather of Alexander Mikhaylovich, Vasiliy Alexandrovich Liapunov, served
for the Kazan University. The elder son of Vasiliy Alexandrovich was the grandfather of
Academician Krylov and his younger daughter Ekaterina was the wife of R.M. Sechenov,
the brother of the prominent Russian physiologist I.M.Sechenov. Their daughter Nataliya
Rafailovna Sechenova was the cousin of Alexander Mikhaylovich. She became his wife in
1886.

In the family of Mikhail Vasilievich and Sofiya Alexandrovna Shipilova there were
seven children born but only three sons survived: Alexander (1857-1918), Sergey (1859
1924), and Boris (1864-1942). Four other children died in infancy.

In 1863 Alexander Mikhaylovich’s father resigned and settled in the family estate of
his parents but soon he moved to the family estate of his wife Sofiya Alexandrovna in
the village of Bolobonovo, Simbirskaya province.

Sofiya Alexandrovna was the first to raise the Liapunov’s sons until they reached the
age of 7 and then Mikhail Alexandrovich took over. He trained his children on his own,
applying deliberately developed technique to practicing fast calculation and stirring the

* Corresponding author: anmart@stability.kiev.ua
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interest to geography by encouraging the children’s games with the elements of travelling
around the world.

After the death of Mikhail Vasilievich in 1868 Alexander Mikhaylovich was brought
up in the family of his uncle R.M.Sechenov. In 1870 together with his mother Alexander
Mikhaylovich moved to Nizhniy Novgorod, where he was admitted to the third class
of Nizhegorodskaya gymnasium. At gymnasium he was a bright student and read a
lot of books on Russian and European literature, history and natural science. He fin-
ished gymnasium with a golden medal in 1876 and entered the Natural Science Depart-
ment of Physico-Mathematical Faculty of the St Petersburg University where Professor
Mendeleyev delivered his lectures, but soon changed it for the Mathematical Depart-
ment. At that time professors of the Mathematical Department were P.L. Chebyshev,
A.N. Korkin and E.I. Zolotariov. In 1880 Alexander Mikhaylovich finished his education
and joined the Chair of Mechanics of the University to be prepared for professor rank,
as Professor Bobylev had proposed.

In 1882 Alexander Mikhaylovich passed the master’s examinations and got down to
his master’s thesis. P.L. Chebyshev proposed him to investigate the loss of ellipsoidal
equilibrium forms of rotating fluid. He was to find out if in this case they would turn into
other forms of equilibrium that under slight increase of angular velocity would be little
different from ellipsoids. This problem proved to be quite difficult, but its statement
involved the other one, namely, the problem on stability of ellipsoidal equilibrium forms.
Alexander Mikhaylovich solved this problem in 1885 and defended his master’s thesis
“On stability of ellipsoidal equilibrium forms of rotating fluid”. His opponents were
Professors Bobylev and Budayev.

In August, 1885 Alexander Mihaylovich moved to Kharkov on invitation of the
Kharkov University to deliver lectures on mechanics at the University and the Tech-
nological Institute.

In January, 1886 he went to St Petersburg to get married to Natalia Rafailovna
Sechenova. Natalia Rafailovna was a highly educated woman, very sophisticated, she
had a profound knowledge of Slavonic philology and was good at painting.

In June—July, 1886 Alexander Mikhaylovich and his family went on a trip to Germany,
Switzerland, Austria and also to Serbia for his wife doing research in philology.

Since 1888 Alexander Mikhaylovich began publication of his works on motion stabil-
ity of mechanical systems with finite number of degrees of freedom. In 1892 the Kharkov
Mathematical Society published Liaponov’s work “A general problem on stability of mo-
tion”. This work was defended by Alexander Mikhaylovich as the doctor thesis at Moscow
University in 1892. His opponents were Professors Zhukovskii and Mlodzeevskii. Soon
A .M. Liapunov was assigned as ordinary professor. In December, 1900 A.M. Liapunov
was elected a corresponding member of the St Petersburg Academy of Sciences and in
October, 1901 he became an ordinary academician of the Academy.

In spring, 1902 A.M. Liapunov returned to St Petersburg to take up exclusively
the scientific work. At the St Petersburg University he headed the Chair of Applied
Mathematics Department, this position being vacant since P.L. Chebyshev’s death in
1884.

At this period of his scientific activity Alexander Mikhaylovich turned back to the
problem on equilibrium figures of rotating fluid. In 1908 A.M. Liapunov took part in
the work of the 4th International Mathematical Congress in Rome. In November, 1907
Alexander Mikhaylovich was elected a member of the Palermo Mathematical Society and
in September, 1908 — a member of the Academy of Sciences dei Lincei in Rome. Since
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1909 Alexander Mikhaylovich was involved in publication of the collected works by Euler
who once had commented with humour that it would take quite a bit of time for the
Academy of Sciences to publish his papers after his death.

In June, 1917 on doctors’ request Alexander Mikhaylovich took his wife away
from starving St Petersburg to settle in Odessa where at that time his brother Boris
Mikhaylovich lived and worked. In spring, 1918 Natalia Rafailovna suffered from a se-
vere cold which caused an acute attack of a pulmonary tuberculosis. In the end of summer
her state became critical.

By that time the wave of revolutionary transformation had reached the Liapunovs’
family estate. The house was destroyed and the unique library was burnt. The “Ghost
of communism” had strayed to the Russian empire from the West and warmed itself by
bonfires made of libraries of intellectuals which were not been in demand of revolutionary
crowd.

On the 31st of October, 1918 Natalia Rafailovna died. On the same day Alexander
Mikhaylovich was brought to Professor Sapezhko’s surgical clinics with a gun-shot wound
of his head. Three days later on the 3rd of November, 1918 Alexander Mikhaylovich
passed away. His ante-mortem note expressed his last will to be buried in his wife’s grave
and it was executed.

So was the tragic end of the life of a mathematical genius of the 19th century who
under other circumstances would have done a lot of good for his country and world
science.

2 Main Directions of Scientific Activity

Being the closest disciple of P.L. Chebyshev Alexander Mikhaylovich upheld the best
traditions of the St Petersburg mathematical school founded by Chebyshev. Hence, the
fundamental importance of problems, accuracy of statement and strictness of solutions
are the characteristics of Liapunov’s research. Now we shall briefly outline the main
directions of his scientific activity.

2.1 Stability of equilibrium and motion of mechanical systems with a finite number of
degrees of freedom

The problem on stability of equilibrium and motion which is traced back to the an-
cient times had remained unsolved until A.M. Liapunov undertook his research in this
direction. The strict definition of stability was given by Liapunov in 1892 and was the
completion of his intensive work during 1889-1892. The notion “stability by Liapunov”
accepted nowadays defines the stability of solutions with respect to perturbations of ini-
tial data on infinite time interval. The accurate formulation of the notion of stability was
of great importance for further searching for the criteria of equilibrium stability and/or
motion of mechanical systems.

A .M. Liapunov considers differential equations of perturbed motion of a general type
to discover two general methods for analyzing their solutions. The first method is based
on integration of the equations considered by means of special form series. The second is
based on application of a certain auxiliary function whose properties together with the
properties of its total time derivative along solutions of the system under study allow
one to draw a conclusion about the system dynamic behavior. Along with these two
methods A.M. Liapunov introduces a new concept of a function characteristic number to
apply it to analyzing the stability of solutions of linear systems of differential equations
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with variable coefficients. A.M. Liapunov completely solved the problem on the first
approximation stability and investigated the problem on solutions stability in certain
critical cases.

2.2 Equilibrium figures of uniformly rotating fluid

A .M. Liapunov dedicated the last 15 years of his life to this field of research to obtain
results of utmost importance. No strict theory existed before Liapunov. His precursors,
including Newton, Makloren, Jacobi, Darvin, and Laplace failed to develop a faultless
theory, the convergence matters being involved. It was Liapunov, who succeeded. In his
work dated by 1903 he and established the existence of figures of equilibrium close to a
sphere in the case of heterogeneous fluid slowly rotating around its axis. In a series of
works dated by 1905-1914 he studied a more complex problem on existence of equilibrium
figures close to known ellipsoidal figures in the case of homogeneous fluid. The subsequent
works published in 1915-1917 investigated the problems on equilibrium figures of weakly
heterogeneous fluids close to the Macloren or Jacobi ellipsoids. Moreover it was proved
that any Macloren or Jacobi ellipsoid different from the bifurcation one generated a series
of new equilibrium figures of almost the same shape as the initial ellipsoid, the new figures
being also similar to the initial ellipsoid in heterogeneity of density and angular velocity
of rotation. To solve the problem considered A.M. Liapunov applied various means of
mathematical analysis required for obtaining the result.

2.8 Stability of equilibrium figures of rotating fluid

Works of Liouville and Riemann preceded A.M. Lipunov’s research in this field. The
first work of Alexander Mikhaylovich on this problem was his master’s thesis. Of prin-
ciple importance was the formulation of definition of equilibrium stability of rotating
fluid. Having done this, Alexander Mikhaylovich reduced the problem considered to
purely mathematical problem on minimum of a certain expression representing a poten-
tial energy of fluid. Analyzing the expression obtained, Liapunov established stability
conditions of Macloren and Jacobi ellipsoids as well as instability of pear-shaped fig-
ures. In so doing the erroneous Darvin’s result on stability of pear-shaped figures was
corrected.

As far as the viscous fluid is concerned A.M. Liapunov noticed the following “Ac-
cording to this principle (principle of energy minimum), if the fluid considered is viscous,
then the equilibrium figure will be stable or unstable depending on the complete energy
corresponding to this figure having minimum or not having minimum provided invari-
ability of momentum with respect to center of gravity. Although this principle has never
been proved satisfactorily, there is a good reason to believe it to be valid.” This principle
for the ideal fluid was proved by Liapunov yet in 1884.

2.4 FEquations of mathematical physics

The results obtained by Liapunov in this area of research were of great value both for
substantiation of the methods of mathematical physics (Green, Neyman, Roben methods)
and for Alexander Mikhaylovich to gain a foothold in the international mathematical
community. While investigating properties of simple and double layer potentials the
fundamentals of the potential theory and harmonic function theory were first established.
In 1899 he found sufficient condition for existence and equality of limiting values of double
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layer normal derivative. The results obtained caused a sensation since they either refuted
or justified the methods of mathematical physics the versions of which belonged to the
famous authors such as Poincare, Shvarts and others.

2.5  Probability theory

In this field A.M. Liapunov published two papers in Russian and two in French in 1900
and 1901 correspondingly. These works deal with the problem on probability limit of a
sum of infinitely growing number of magnitudes, dependent on random causes, being in
the given limits. To prove the limit theorem for this case A.M. Liapunov developed a
new method referred to as the method of characteristic functions. It is one of the basic
methods in the modern probability theory.

2.6 Lecture courses on theoretical mechanics

During Kharkov period of his activity (1885-1902) A.M. Liapunov prepared the courses
of lectures on theoretical mechanics which he delivered at the University and the Techno-
logical Institute. On the occasion of the 125-th birthday of A.M. Liapunov these lectures
were issued by “Naukova Dumka” Publisher in 1982. The book begins with the sketches
about life and activity of A.M. Liapunov and about his lectures on theoretical mechanics
written by Boris Liapunov and A.N. Krylov. The first section of the book contains the
course of theoretical mechanics which was delivered by Liapunov at the Technological
Institute. The second, third and fourth sections contain the university course of lectures
on analytical mechanics including “bases of deformable bodies and hydrostatics” and
“attraction theory”.

These lectures, as Academician Steklov pointed out, had been written by Liapunov
himself and were a valuable contribution to theoretical mechanics.

3 A.M. Liapunov’s credo

It is generally acknowledged that in many branches of mathematics and mechanics
A.M. Liapunov established a certain level of consideration accuracy and proof strictness
that raised the mathematical sciences to the state of the art and made them classical.

The characteristic feature of A.M.Liaponov’s creative work is his interest to the most
difficult problems of mechanics arised due to the development of science and whose
solution was of great importance for applications. In all his scientific work Alexander
Mikhaylovich adheared to the rule:

“It is not appropriate to make use of ambiguous means in solving a certain
problem no matter if it refers to mechanics or physics but is definitely stated
from the mathematical point of view. It becomes a pure analysis problem
and must be dealt with as it is.”

In the end of our survey of scientific and pedagogical activity of A.M. Liapunov
we note the permanent effect of his works on further development of mathematics and
mechanics in the 20-th century. In all cases when for a real process or a natural phe-
nomenon there was constructed a mathematical model in the form of differential or other
type equation or system of such equations the application of Liapunov methods provides
the possibility to carry out dynamic analysis of the phenomenon considered no matter
whether this phenomenon occurs in biology or astrodynamics.
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Entirely devoted to science, a person of perfect integrity Alexander Mikhaylovich

actively supported democratic transformations in Russia, freedom of press and opposed
reactionaries’ impact on secondary and high school. V.A.Steklov wrote that “his spiritual
values matched each other so well and nobly that Russia can do be proud of her son”.

List of the published works of A.M. Liapunov*

1]
2]
3]
[4]
[5]
[6]
(7]
8]
[9]
[10]

[11]

[12]

[13]

[14]

[15]

[16]

On equilibrium of solids in heavy fluid contained in a certain form vessel. Zhurnal Russkogo
Physico-Khimicheskogo Obshchestva, Phyzicheskoye Otdelenie, V. 13, issue 5, 1881, 197—
238. [Russian)]

On potential of hydrostatic pressure. Ibid, V.13, issue 8, 1881, 249-376. [Russian]

On stability of ellipsoidal forms of equilibrium of rotating fluid (master’s thesis) SPb, 1884,
XV, 109 p. [Russian]

Some generalization of Lezhen-Dirichlet formula for an ellipsoid potential function to an
internal point. Soobshchenie I, Protokoly Zasedaniya Matematicheskogo Obshchestva pri
Kharkovskom Universitete, 1-ia Seria, Kniga 2, 1885, pp. 120-130. [Russian]

On a body of the largest potential. Ibid, 1-ya Seria, Kniga 2, 1886, pp. 63-73. [Russian]

On constant screw motions of a solid body in fluid. Soobshcheniya Kharkovskogo Matem-
aticheskogo Obshchestva, 2-ia Seria, V.1, 1888, 7-60. [Russian]

On stability of motion in one particular case of the problem on three bodies. Ibid, 2-ya
Seria, V.2, No. 1-2, 1889, 1-94. [Russian]

General problem on motion stability, Kharkov, Kharkovskoye Matematicheskoe Obshchest-
vo, 1892, V.11, 250 p. [Russian]

To the problem on motion stability (Supplement to work “General problem on motion sta-
bility”, Kharkov, 1892). Zapiski Kharkovskogo Universiteta, No. 1, 1893, 99-104. [Russian]

Investigation of one special case of the problem on motion stability. Matematicheskii
Sbornik, V.17, issue 2, 1893, 253-333. [Russian]

A new case of integrability of differential equations of solid body motion in a fluid. Soob-
shcheniya Kharkovskogo Matematicheskogo Obschestva, 2-ia Seria, V.4, No. 1, 1893, 81-85.
[Russian]

On one property of differential equations of problem on motion of heavy solid body having
a fixed point. Ibid, 2-ia Seria, V.4. No. 3, 1894, 123-140. [Russian|]

A few words about G.G. Appelrot’s paper: concerning the first paragraph of S.V. Kova-
levskaya’s memoirs “Sur le probleme de la rotation d’un corps solide autour d’un point
fixe”. Ibid, 2-ia Seria, V.4, No. 5 and 6, 1895, 292-297. [Russian]

On series proposed by Hill for presentation of the Moon’s motion. Trudy Otdeleniya Phisich-
eskich Nauk Obshchestva Lyubitelei Estestvoznaniya, Moskva, V.8, issue 1, 1896, 1-23.
[Russian]

On one problem concerning second order linear differential equations with periodic coeffi-
cients. Soobshcheniya Kharkovskogo Matematicheskogo Obshchestva, 2-ia Seria, V.5, No.
3-6, 1896, 190-254. [Russian]

Sur une série relative a la théorie des équations différentielles lineaires a coefficients
périodiques. Comptes rendus de I’Acad. des Sciences, Paris, t.CXXIII, 1896, 1248-1252.

* Many scientific works by Liapunov did not published up to day and are keeping in the archive of

Russian Academy of Sciences



[17]
18]
[19]
[20]
[21]
22]

[23]

[24]
[25]
[26]
27]
28]
[20]
30]

[31]

32]
33]

34]
[35]

[36]

NONLINEAR DYNAMICS AND SYSTEMS THEORY, 7(2) (2007) 113-120 119

Sur linstabilité de I’équilibre dans certains cas ou la fonction de forces n’est pas un maxi-
mum. Journ. de math. pures et appl., Paris, 5 series, t.I1I, 1897, 81-94.

Sur le potentiel de la double couche. Comptes rendus de I’Acad. des Sciences, Paris,
V.CXXV, 1897, 694-696.

Sur le potentiel de la double couche. Soobshcheniya Kharkovskogo Matematicheskogo Ob-
shestva, 2-ya Seriya, V.6, No. 2, 1897, 129-138. [French]

Sur certaines questions se rattachant au probleme de Dirichlet. Comptes rendus de I’Acad.
des Sciences, Paris, t. CXXV, 1897, 803-810.

Sur certaines questions qui se rattachent au probléeme de Dirichlet. Journ. de math. pures
et appl., Paris, 5 serie, t.IV, 1898, 241-311.

Sur une équation différentielle linéaire du second ordre. Comptes rendus de I’Acad. des
Sciences, Paris, t.CXXVIII, 1899, 910-913.

Sur une équation transcendante et les équations différentielles linéaires du second ordre a
coefficients périodiques. Comptes rendus de I’Acad. des Sciences, Paris, t.CXXVIII, 1899,
1085-1088.

Sur une proposition de la théorie des probabilités. Izvestiya Akademii Nauk, 5-ya Seria,
V.13, No. 4, 1900, 359-386. [French]

Sur une série relative a la théorie d’une équation différentielle linéaire du second ordre.
Comptes rendus de ’Acad. des Sciences, Paris, t.CXXXI, 1900, 1185-1188.

An answer to P.A. Nekrasov. Zapiski Kharkovskogo Universiteta, No. 3, 1901, 51-63. [Rus-
sian]

Sur un théoréme du Calcul des probabilités. Comptes rendus de ’Acad. des Sciences, Paris,
t.CXXXII, 1901, 126-128.

Une proposition générale du Calcul des probabilités. Comptes rendus de 1’Acad. des Sci-
ences, Paris, t.CXXXII, 1901, 814-815.

Nouvelle forme du théoréme sur la limite de probabilité. Zapiski Akademii Nauk po Physico-
Matematicheskomu Otdeleniyu, 8-ya Seria V.12, No. 5, 1901, 1-24. [French]

Sur une série dans la théorie des équations différentielles linéaires du second ordre a coeffi-
cients périodiques. Ibid, 8-ya Sria, V.13, No. 2, 1902, 1-70. [French]

Sur le principe fondamental de la méthode de Neumann dans le probleme de Dirichlet.
Soobshchenia Kharkovskogo Matematicheskogo Obshestva, 2-ya Seria, V.7, No. 4 and 5,
1902, 229-252. [French]

Recherches dans la théorie de la figure des corps célestes. Zapiski Akademii Nauk po Phisiko-
Matematicheskomu Otdeleniyu, 8-ya Seria, V.14, No. 7, 1903, 1-37. [French]

Sur I'équation de Clairaut et les équations plus générales de la théorie de la figure des
planetes. Ibid, 8-ya Seria V.15, No. 10, 1904, 1-66. [French)]

Sur un probléme de Tchebycheff. Ibid, 8-ya Seria, V.17, No. 3, 1905, 1-32. [French]

Sur les figures d’équilibre peu différentes des ellipsoides d’une masse liquide homogene douee
d’un mouvement de rotation. Parties I-IV. St.-Pbg. Imprim. de [’Acad. des Sc. 1906-1914.
I partie. Etude générale du probleme. St.-Pbg. 1906. — 225 p.

II partie. Figures d’équlibre dérivées des ellipsoides de Maclaurin. St.-Pbg. 1909. — 203 p.
IIT partie. Figures d’équilibre dérivées des ellipsoides de Jacobi. St.-Pbg. 1912. — 228 p.
IV partie. Nouvelles formules pour la recherche des figures d’équilibre. St.-Pbg. 1914. —
112 p.

Probléme de minimum dans une question de stabilité des figures d’équilibre d’une masse
fluide en rotation. Zapiski Akademii Nauk po Phisico Matematicheskomu Otdeleniyu, 8-ya
Seriya, V.12, No. 5, 1908, 1-140. [French]



120
37]
[38]
[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

YU.A. MITROPOLSKII, P. BORNE AND A.A. MARTYNYUK

Sur une classe de figures d’équilibre d’un liquide en rotation. Ann. scientif. de I’Ec. norm.
super., Paris, 3 serie, t.XXVI, 1909, 473-483.

Sur les séries de polynomes. Izvestiya Akademii Nauk 6-ya Seriya, V.9, No. 17, 1915, 1857—
1868. [French]

Sur les équations qui appartiennent aux surfaces des figures d’équilibre dérivées des ellip-
soides d’un liquide homogéne en rotation. Ibid, 6-ya Seriya, V.10, No. 3, 1916, 139-168.
[French]

Nouvelles considérations relatives a la théorie des figures d’équilibre dérivées des ellipsoides
dans le cas d’un liquide homogene. Part. 1-2. Ibid, 6-ya Seriya, V.10, No. 7, 1916, 471-502;
No. 8, 1916, 589-620. [French]

Sur une formule d’analyse. Ibid, 6-ya Seriya, V.11, No. 2, 1917, 87-118. [French]

Sur certaines séries de figures d’équilibre d’un liquide heterogene en rotation. Leningrad,
1925-1927. Partie 1-re. 1925. 224 p.; Partie 2-me. 1927, pp. 225-437.

On the form of celestial bodies, Izvestiya Akademii Nauk po Phisiko-Matematicheskomu
Otdeleniyu, No. 1, 1930, 25-41. [Russian]

Investigation of one critical cases of the problem of motion stability, Lenibgrad: Izdatel’stvo
Leningradskogo Universiteta, 1963. — 116 p. [Russian]

Lectures on Theoretical Mechanics, Kiev: Naukova Dumka, 1982. — 632 p. [Russian]

Additional References
B.M. Liapunov, Brief outline of the life and activity A.M. Liapunov, In: A.M. Liapunov,
Lectures on Theoretical Mechanics, Kiev: Naukova Dumka, 1982, pp. 7-22.

V.I. Smirnov, Survey of scientific works by A.M. Liapunov, In: A.M. Liapunov, Selected
Works, Eds. V.I.Smirnov, Moscow, Akad. Nauk SSSR, 1948, pp. 341-450. [Russian]



Nonlinear Dynamics and Systems Theory, 7 (2) (2007) 121-139

ATH

Publishing
Group

Observation for the descriptor systems with
disturbances

Xinkai Chen !* and Guisheng Zhai 2

Y Department of Electronic & Information Systems, Shibaura Institute of Technology
Saitama-city, Saitama 337-8570, Japan

2 Department of Mechanical Engineering, Osaka Prefecture University
Sakai, Osaka 599-8531, Japan

Received: July 22, 2005; Revised: March 5, 2007

Abstract: In this paper, the observation problem for the descriptor systems
with disturbances is studied. It is assumed that the disturbances and their first
order derivatives are bounded, where the upper and lower bounds are unknown.
First, the formulated descriptor system is decomposed into a dynamical sys-
tem and an algebraic equation. The dynamical system is the relation among
a part of the descriptor state, the input-output and the disturbance. The al-
gebraic equation is the relation between the descriptor state variable and the
disturbance. Second, the disturbances and one part of the descriptor state are
estimated based on the obtained dynamical system. Finally, the other part
of the descriptor state is estimated based on the obtained algebraic equation.
Examples are presented to illustrate the proposed method.
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1 Introduction

In the last years, considerable attention has been focused on the control synthesis prob-
lems of linear descriptor systems. Structures of such control systems were first studied
in the frequency domain by Rosenbrock using matrix pencil theory [13]. Later, con-
trollability, observability and feedback control problems have been investigated by many
researchers [2, 5, 7, 8, 9, 15, 16, 19, 20]. However, little effort has been made to develop
a theory of observers for descriptor systems. Based on singular-value decomposition,
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El-Tohami et al. have proposed the reduced-order observer for a class of descriptor sys-
tems satisfying a simple rank condition [9]. By using the concept of a matrix generalized
inverse, a new method is given for constructing a minimal reduced-order observer under
a certain observability condition on the constructed observer [14]. Then, a Luenberger-
type observer is formulated by using the descriptor standard form [12]. It should be
noted that these results are restricted to linear time-invariant descriptor systems with
known parameters and without any additional uncertainties.

Recently, the problem of constructing a state observer for the input unknown systems
has received some attention. Construction of a state variable observer is a very difficult
task for the dynamical system with disturbances, not to say descriptor system with
disturbances. For the dynamical systems with disturbances, one typical method is the
disturbance decoupled observer by using an elegant geometric approach [3, 18]. Then, this
method is applied to disturbance decoupling problems for descriptor systems [11, 10, 1].
However, the results are very complicated and far from complete. The index and stability
of the resulting combined systems and the numerical computation of the desired observer
have not been considered. As a matter of fact, these geometric solution methods are not
suited for numerical computations. The need for reliable numerical method was pointed
out in [18]. Later, the computation of the desired disturbance decoupling observer is
effectively considered in [6] by using the orthogonal matrix transformation, where the
descriptor systems under consideration must be regular and of index at most one.

For the input unknown dynamical systems, another typical effective method about
the construction of the state observer is the VSS-type one [17]. However, this approach
can only cope with the minimum phase dynamical systems with relative degree one, and
the upper and lower bounds of the disturbances are required. It should be noted that this
method cannot be applied to the state observation problem for input unknown descriptor
systems.

In this paper, the observation problem for the descriptor systems with disturbances
is studied by using a totally different approach, where both the descriptor state and
the disturbances are estimated. The requirement that the descriptor system must be
of index at most one is not needed. It is assumed that the disturbances and their first
order derivatives are bounded in the open loop. However, the upper and lower bounds
are unknown. The formulated descriptor system is decomposed into a dynamical system
and an algebraic equation. The dynamical system is the relation among a part of the
descriptor state, the input-output and the disturbance. The algebraic equation is the
relation between the descriptor state variable and the disturbance. Based on the obtained
dynamical system, the disturbances are first estimated, where the nonlinear method
proposed by the authors in [4] for single disturbance single output (SDSO) systems is
applied; then, one part of the descriptor state is estimated. Finally, the other part of the
descriptor state is calculated based on the obtained algebraic equation.

This paper is organized as follows. Section 2 gives the problem formulation. In Section
3, the disturbance and the state variable are estimated for a special case, the dynamical
system case, of the formulated descriptor system. In Section 4, the observation for the
general descriptor system with disturbances is studied. In Section 5, design examples and
computer simulation results are presented to illustrate the proposed method. Section 6
concludes this paper.
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2 Problem formulation

Let us consider the following uncertain system
Ei(t) = Fa(t) + Gu(t) + Ko(t), (2.1)
y(t) = Hx(t) + Bu(t) + Dou(t), '

where u(t) € R%, y(t) € R" and x(t) € R™ are the input, output and the unknown
descriptor state variable, respectively; v(t) € RP represents the disturbance, which may
include modeling errors, noise, higher order terms in linearization or just an unknown
input to the system; £ € R™ ™ is a known matrix which may not be nonsingular;
FeR™, Ge R, Ke R, He R*™, Be R* and D € R™*P are known
matrices.

About the system (2.1), the following assumptions are made.

F —cFE

. E|
Assumption 1 rank {H} =n, rank[ I

] =n for all c € C', where C' denotes the

complex plane.

F—-cE K

H D
i.e. the system (2.1) is in “minimum phase” with respect to the relation between the
disturbance and the output.

Assumption 2 For any ¢ € C satisfying Re(c) > 0 , is of full rank,

Assumption 3 The signals u(t), y(t) and v(t) are bounded. However, the upper bound
of [|u(t)||2 is unknown.

Assumption 4 The disturbance v(t) is continuous and piecewise differentiable. Fur-
thermore, the derivative (at the undifferentiable points, we mean the right- and left-hand
derivatives) is bounded.

Assumption 5 r > p , i.e. the number of the outputs is not smaller than that of the
disturbances.

Remark 2.1 When the disturbance v(t) is absent, Assumption 1 means that the
system (2.1) is observable [12].

The purpose of this paper is to estimate the uncertain signal v(t) and the descriptor
state variable z(t) by using the input-output information even though the matrix E may
not be nonsingular.

In the following, we assume B = 0. Otherwise, we regard the signal y(t) — Bu(t) as
y(t).

First, the observation problem is discussed for the case that E is nonsingular. Then,
the observation problem is studied for the general descriptor system.

3 Observation for the system when E is nonsingular

Without loss of generality, we assume E = I. Otherwise, we pre-multiply the first
equation of (2.1) with E—1L.
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3.1 Observation for the system when D is of full rank

If D is of full rank, then the difference between the observed state #(t) and the genuine
state z(t) can be designed to decay to zero exponentially, and the disturbance can be
asymptotically observed, where Assumption 4 about the disturbance v(t) is not needed.

Theorem 3.1 If D is of full rank, then the state observer of the system (2.1) with
E =1 can be constructed as
2(t) = (F = KDT'QuH)a(t) + Gu(t) + KDy 'Quy(t) + L(Qay(t) — 4(t)), (te) =0,
g(t) = QeH(t),
(3.1)

where @(t) is the estimated state, L is chosen such that F — KD " H — LQH is a

stable matriz, Q = [81] is a r X r nonsingular matriz such that
2
o Ql o D1
o= [2]5-[2], ”

in which Dy is a p X p nonsingular matriz. Furthermore, the disturbance v(t) can be
observed by

o(t) = Dy 'y(t) — Dy ' Hi(t), (3.3)

where &(t) is the estimated state generated in (3.1). For the estimated state and the
disturbance, we have

x(t) — z(t) — 0, v(t) —o(t) — 0 (3.4)
ast — o0.
Proof Equation (2.1) gives

#(t) = Fa(t) + Gu(t) + Kv(t),
Qy(t) = Y Ha(t) + Dyv(t), (3.5)
ng(t) = Qng‘(t)

From the second equation in (3.5), we have
v(t) = D Qy(t) — DT Ha(t). (3.6)

By substituting (3.6) into the first equation in (3.5), equation (3.5) yields

i(t) = (F — KDy 'Q H)z(t) + Gu(t) + KDy 'Qqy(t), 3.7)
ng(t) = Qng‘(t) '
Since
I —KD;* 0] [I o F—-KD'OQ.H—cI 0
0 I 0| [0 {F BCI g] = MH Dif, (38)
0 0 Il [0 Q Qo H 0
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F—KD{*OWH —cI
Qo H

¢ € C satistying Re(c) > 0 by observing that D; € RP*P is a nonsingular matrix. Thus,

the system (3.7) is detectable, i.e. the matrix L exists such that F — KD, 'Q H — LQo H

is a stable matrix. If the observer is constructed as in (3.1), it yields

%(m(t) —2(t)) = (F — KDy'O H — Lo H) (2(t) — &(t)). (3.9)

from Assumption 2, it can be seen that is of full rank for all

It can be easily seen that xz(t) — &(t) — 0 as t — co. From (3.6), it can be concluded
that (3.3) is an observer of the disturbance v(t) and v(t) — 6(t) — 0 as t — oo.

3.2 Observation for the system when D is not of full rank

3.2.1 Some preliminaries

Let s denote the differential operator. Then, equation (2.1) can be written as

{F I_JSI llg] [igg] = [_%)@] : (3.10)

T T
Now, pre-multiplying (3.10) by (adj( [F BSI g] [F ;{SI g] )) [F BSI g]

vields
T I A M o) | i T
(3.11)
where k(s) is defined as

T
F—-slI K F—-slI K
k(s)zdet([ I D] [ I D]) =kos? + -+ kqo, k#O. (3.12)

By Assumption 2, it can be easily known that k(s) is a Hurwitz polynomial.
By observing the calculation methods of the adjoint of a matrix and the multiplication
of the matrices, equation (3.11) can be expressed as

st By (t)) = ®11(s)y(t) + Wi (s)ul(t) + k(s)z1 (1),

s (Biny(t) = in(s)y(t) + Vrn(s)ul(t) + k(s)aa(t),

5121 (Bary(t)) = Pa1(s)y(t) + oy (s)u(t) + k(s)vy (1), (3.13)

522 (Bapy () = P1p(8)y(t) + Uap(s)ult) + k(s)vp(t),

where 3;; # 0 are row vectors whose entries are constants, ®;;(s) are row vectors whose
entries are at most (I;; — 1) — th order polynomials of s, ¥,;(s) are row vectors whose
entries are at most (I;; — 1) — th order polynomials of s.

Because F, G, K, H and D are known matrices, 8;; , ®:(s) , ¥;i(s) and k(s) can
be calculated.
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Remark 3.1 If r = p, i.e. the number of the outputs equals to that of the distur-
bances, then we can simply pre-multiply the both sides of (3.10) by [F E‘SI g] )

3.2.2 Observation of the disturbances

About the disturbance v(t) = [v1(t) -+ v,(t)]T, from (3.13), we have

521 (B21y () = P21 (s)y(t) + War (s)ult) + k(s)vi (2),
: (3.14)

s (Bapy(t)) = Cap()y(t) + Wap(s)u(t) + k(s)vy(t).

For the ¢ — th equation in (3.14), l2; — go can be regarded as the “relative degree” with
respect to the relation between the disturbance v;(t) and the “output” Ba;y(t). It is easy
to see that lo; > qo, otherwise, equation (3.13) contradicts with the original differential
equation (2.1).

We start with equation (3.14) to estimate the disturbances.

For simplicity, let

i = l2i — qo- (3.15)

To estimate the disturbances, the discussion is divided into the following two cases.
Case 1: ly; = qo
In this case, from (3.14), it gives

lo; .
S (I)QZ(S)
(t) = (1)) —
U'L( ) k(s) (ley( )) k(s)
i.e. the disturbance v;(t) can be expressed by the outputs and the filters of the inputs
and outputs, where only the input and output information is employed. Thus,

slai Dy, (s) Usi(s)
Ws,0 @(ﬁ%y@)_ Ij(s) y(t) — ;(S) u(t) (3.17)

_ \1121'(8)
k(s)

y(t) u(t), (3.16)

(1>

can be regarded as the estimate of v;(t).

Remark 3.2 For a complex constant I' € C satisfying Re(T") > 0, H%y(t) is defined
as the solution of the following differential equation

§(t) +TE() = y(t), &(to) =0, (3.18)

where tg is the starting time. Thus, the filters in (3.17) and the upcoming ones can be
analogously defined.
Case 2: ly; > qo

Introduce a monic I; — th order Hurwitz polynomial

gi(s) = kiok(s) s+ N (3.19)

where A is a positive constant. Then, the ¢ — th equation in (3.14) can be rewritten as

ko

ﬁvi(t), (3.20)

40+ 20 = Liy(®), u(t) +
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where z;(t) and L;(y(t), u(t)) are respectively defined as

2i(t) = Basy(t), (3.21)

gi(s) —s" Pai(s) Wai(s)
() {Baiy(t)} + () ¥

Remark 3.3 It should be pointed out that z;(¢) and L;(y(t), u(t)) are computable
signals.

Li(y(t),u(t)) = (s + )\){ u(t)} (3.22)

Since v;(t) are bounded signals, it can be seen that, for a positive constant A, signals

sz(t)‘ are also bounded for any positive integer j;,.
The next theorem gives a method to estimate Wvl (t), where the upper bounds

of are adaptively updated.

e vi(t)
Theorem 3.2 Construct the following differential equations

Zi(t) + A2i(t) = Li(y(t), u(t)) + kow; 1 (1), 2i(to) = zi(to), (3.23)

d’im—l(t) + )‘“A}i,m—l(t) = Wi, p, (t)v “A}i,m—l(tO) =0, (324)

where 2;(t) and w; ;,,—1(t) (1 < py < n;) are the variables which can be obtained by respec-
tively solving (5.23) and (3.24); w;1(t) and w; ,, (t) are the inputs described respectively
by

ko{zi(t) — Zi(t)}

w; t :(IJZ' t 3.25
;1() )1()‘ko{zz(t)_éz(t)}“f'éz)l ( )
and
. Wi —1(t) — Wi —1(t)
Wy (8) = @i, (t L Wik (1< < 3.26
7/%( ) 7//%( )‘wiﬁp‘ifl(t) _ wi,#i71(t)| + 51_#“ ( 2 n ) ( )
0ij; >0 (i=1,---,p; ji=1,---,1) are design parameters which are usually chosen to

be very small; @; ,,,(t) (1 < p; <mn;) are updated by the following adaptive algorithms

: 20112 (t) — Zi(0)|  of |ko{zi(t) — 2i(¢ i
s < [l =501 B el - 50N =00 o
’ 0 otherwise
o) = L2000 = O a8 = i (0] > B 5
0 otherwise

for 1 < p < 4, @i, (to) can be chosen as any positive constants, «; ., are positive

constants for i = 1,---,p, 1 < p; < m;. It can be concluded that w; ., (t) are the

corresponding approximate estimates of Wvl(t) for 1 < p; < m; as t is large
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enough, i.e. there exist T; ,, > to and functions €, (v1,- -+ ,vu,) > 0 with the property
lim €, (v, ,vu,) =0 such that
27;1 |Vi‘_’0
1
mvi(f) = Wiy ()| < € (G155 0ip) (3.29)

for allt > T;

Proof This theorem can be proved by a similar procedure as in [4], where Assump-
tions 3 and 4 are employed.

Remark 3.4 The design parameters §; ;, > 0 (1 < j; < ;) and A > 0 determine the
estimating precision and the estimating speed. The parameters o; ;, > 0 should be chosen
large enough to adjust the estimated upper bounds & ;, (¢) rapidly for 1 < j; < ;. The
estimation error for the disturbances can be designed to be arbitrarily small by choosing
the design parameters. The influence of the measurement noises in the output can be
similarly discussed as in [4].

Remark 3.5 For i # j, it can be seen that the estimation of v;(t) is independent of
the estimation of v;(t).

3.2.3 Observation of the state
About the state z(t) = [z1(t) -+ 2,(t)]T, from (3.13), we have

st (Buy(t)) = ®11(s)y(t) + Wi (s)ul(t) + k(s)z(t),

: (3.30)
s (B1ay(t)) = P1n(8)y(t) + Pin(s)u(t) + k(s)za(t).
To estimate the state, the discussion is divided into the following two cases.
Case 1: 11; < qo
In this case, from (3.30), it gives
sl ‘1)11'(8) \I’h‘(S)
i(t) = —(Briy(t)) — t) — t), 3.31

i.e. the partial state x;(¢) can be expressed by the outputs and the filters of the inputs
and outputs, where only the input and output information is employed. Thus,

shi Dy,(s) Uy;(s)
Bi(t) & S~ (Buy(t) — ——~y(t) — ——ult 3.32
can be regarded as the estimate of z;(t).
Remark 3.6 If [1; < qo for all ¢ = 1, -+ ,n, then there is no steady error between

the estimated state and the genuine state x(t).

Case 2: ly; > qo
In this case, the partial state x;(¢) can be similarly estimated by the method proposed
for estimating the disturbances in Section 3.2.2 if the partial state z;(t) is bounded.
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However, the computation for all such partial states x;(¢) satisfying lo; > go will become
very complicated, and the partial state x;(t) may not be bounded.

One simple method of estimating the partial state in this case is to construct a
Luenberger-type state observer for the full state z(¢) by using the estimates of the dis-
turbances obtained in Section 3.2.2, and then extract the partial states z;(t) satisfying
lo; > qo- We have the following theorem to approximately construct the full state ob-
server. The estimation error is controlled by the design parameters.

Theorem 3.3 The state observer of the system (2.1) with E = I can be considered

as
B0) = Fa(0) + Golt) + Ku(0) + GO ~§0), ) =0 o0
§(t) = Ha(t) + Dw(t), '
where &(t) is the estimated state, w(t) = [w1,y, -+ wpy,]T is the estimate of the distur-

bance v(t) obtained in Section 3.2.2, the design matriz L is chosen such that the matric
F — LH is stable. Then, there exists a function e(v; ;,|t € S; j; = 1,--- ,m) > 0 with
1€8; ji=1,---,m;) — 0 such that

the property lim e(vij,

i Z?f:l vi,5; 1 =0
=(t) = 2(t)[|2 < €(ds,j,

as t — oo, where S is the subset of {1,---,p} satisfying the condition: if i € S, then
7 > 0.

Proof 1t can be seen from Assumption 1 that there exists a matrix L such that
F — LH is stable. From (2.1) and (3.33), it gives

é(t) = (F — LH)e(t) — (K + LD){v(t) — w(t)}, (3.35)
where e(t) is defined as e(t) = x(t) — #(¢t). As w(t) is the estimate of v(t), by employing
Theorem 3.1 and the stability of matrix F' — LH, the result can be easily proved.

3.3 The numerical observation algorithm for the case that E is nonsingular

Suppose E = I. Otherwise, pre-multiply the first equation of (2.1) with E~1.

S1 If D is of full rank, then the disturbance v(t) and the state x(t) are asymptotically
identified by Theorem 3.1. Otherwise, go to S2.

S2 Derive the system (3.13) based directly on (2.1).
S3 Identify the disturbance v;(t) by (3.17) or Theorem 3.2.
S4 Identify the state z;(¢) by using (3.32) or extracting from the constructed Luenberger-

type state observer formulated in Theorem 3.3.

4 Observation for the general descriptor system

4.1 Some preparations

Suppose the matrix F is of rank [ (I < n). Since E is known, we can find nonsingular
matrices P, € R™*" such that

1[I 0
PEQ 1_[101 0} (4.1)
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Thus, by taking the transformation
Z(t) = Qu(t), (4.2)

the system (2.1) can be rewritten as

0 0
y(t) = HQ™1Z(t) + Du(t).

[szz 0] i(t) = PFQ'Z(t) + PGu(t) + PKu(t),

Lemma 4.1 For the system (4.3), we have

- [[%“ 8}] »

HQ !
1 0
-1 _ Ix1
rank PFQ ¢ [ 0 0] =mn forall ce C, (4.5)
HQ !
1 0
-1 _ Ixl
and PEQ “lo 0} is of full rank for any ¢ € C satisfying Re(c) > 0.
HQ ! D
Proof The lemma can be easily proved by observing the following facts

Iixi 0 1
{ 0 0] = [ﬁ ﬂ {fl QY (4.6)

HQ™ ! ]

[T O -

-1 _ Ixl _
PEQ™ =<l o] = [lg ?] F HCE] Q7 (4.7)
HQ !
—1 Il><l O_ —1
PFQ~ —c|"! | PK| _[P 0] [F-cE K|[Q" 0 48)
|0 I H D 0o Iy’ '

HQ ! D

From now on, we will start with the system (4.3) to estimate the disturbance and the
state. Now rewrite the system (4.3) as

fl (t) =Fiir (t) + Flg,fg(t) + Glu(t) + Kl’l)(t),
0= F51Z1(t) + FazZa2(t) + Gau(t) + Kav(t), (4.9)
y(t) = Hlfl (t) + HQJ_TQ(t) + Dv(t),

z(t) = E;Eg]  PFQ! = E:; gj . PG = [gj L HQ™' = [H, Hy), PK = {gj ,

(4.10)
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Lemma 4.2 Hy € R"™*"=1 s of full rank and r satisfies r > n — L.

Proof From Lemma 4.1 and the assumptions, the lemma is obvious.
Since the matrix Hy € R"™ (™1 is of full rank, there exists a nonsingular matrix

O = {01] € R™" such that
Oo

OH, = ﬁm] : (4.11)

where Ho; € R(=D*(=1 i a nonsingular matrix.
Therefore, by pre-multiplying the third equation in (4.9) with O, equation (4.9) yields

J_Tl(t) = Flld_fl(t) + F12J_72(t) + Glu(t) + Kl’U(t),
O = F211_71(t) + FQQjQ(t) + Ggu(t) + KQ’U(t),

4.12
Oly(t) = OlHlfl(t) + Hgl.fg(t) + OlD’U(t), ( )
Ogy(t) = Ongi'l(t) + OgD’U(t).
By the third equation in (4.12), Z2(¢) can be expressed as
,fg(t) = H2_1101 (y(t) — HZ1 (t) - D’U(t)) (413)

By substituting (4.13) into the first two equations in (4.12), equation (4.12) yields

J_Tl(t) = (F11 —F12H2_1101H1).f1 (t)+F12H2_1101y(t)+G1u(t)+(K1 —F12H2_1101D)1)(t),

FyHy 'O Fyy— FooHy 'O H G Ky—FyHy'O1D
224197 1 y(t): 21 221197 14141 ii'l(t)'i‘ 2 ’U,(t)—f— 2 221197 1 ’U(t).
02 02H1 0 OQD
(4.14)
Now, for simplicity, we rewrite the system (4.14) in the following compact form
z1(t) = Fz1(t) + u(t) + Kv(t), (4.15)
y(t) = Hz1(t) + Do(t), '
where the matrices F', K, H, D are defined as
F=F, — FuH,,'OH,, K =K, — FioH,' O, D, (4.16)
— [Fo — FpoHy'O1Hy| A [Ko— FooHy'O1D
H = [ O, H, , D= 0,D , (4.17)
a(t) and g(t) are represented by
_ _ _ Foo Hy ' Ory(t) — Gault
a(0) = FuaHz Ony(0) + Gru(o). o) = | o Gl = G g

Remark 4.1 The matrices F' € R'™*!, K € R™*P, H € R™!, D € R"*? are available
because they can be computed out by using the known matrices £, F, G, K, H, and
D.



132 XINKAI CHEN AND GUISHENG ZHAI

Remark 4.2 i(t) € R and g(t) € R" are available signals. Since r > p, the number
of the outputs of the system (4.15) is not smaller than that of the disturbances.

Lemma 4.3 The system (4.15) is observable in the absence of the disturbance v(t).

Proof Since

! F11 —cl F12
1 0 I 0, O
HQ 0ot | ML
! OQHl 0
50 o I 0, FH;" 0 Fi — FioHy 'O Hy — el 0
o110 || L BeHy 0\ | P = FHyOHy 0
oo [0 0 T 0 O1H, Hy |
! 0 O : 0 I 02H1 0
(4.19)
Fuy = FioHy, 'O Hy — el Pl
we obtain by Lemma 4.1 that Fy — FggH{lTOlHl , 1.e. [ q }, is of full

02H1
rank for all ¢ € C by using the fact that Hy; € R=DX("=1 i5 a nonsingular matrix.
Thus, the observability of the system (4.15) is verified.

Lemma 4.4 The system (4.15) is in minimum phase with respect to the relation
between the disturbance v(t) and the “output” g(t).

Proof Since

\ F11—CI F12 | Kl
PFQ'—¢ Ia 01 pre 0,0 Fyy  Fy ' K,
0 0 =0 I+ 0 | |-—=%--2%2_ |- == -
HQ! D 00O O:Hy Hy  O1D
! 02H1 0 !OgD
. I 0, FoH;" 0
I 0, O 21
_lo 1. 0 0 I FpHy 0|
0 oo 0 0, I 0
' 0 0! 0 I
F11—F12H2_1101H1—CI 0 ; Kl —F12H2_1101D
_Pn-FpHy Oy 0 | Ka—FHy'01D | (o0
O.H, Hyy 0.D ’ '
OQHl O ! 02D

we obtain from Lemma 4.1 that Fo — F22H2_11 O.H, ' Ky— F22H2_11 O0.D
O2H, ! 02D

, L.e.

{F EICI ID(], is of full rank for any ¢ € C satisfying Re(c) > 0 by observing that

Ho € R(n=Dx(n=0) ig o nonsingular matrix. Thus, the lemma is proved.
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From Lemmas 4.3 and 4.4, the system (4.15) can be used to estimate the distur-
bances and to observe the partial state Z1(t) by the algorithm proposed in Section 3.3.
Furthermore, from (4.13), the partial state Z2(¢) can be estimated as

Ba(t) = Hy' O1(y(t) — Hri (t) — Dw(t)), (4.21)

where Z1(t) is the estimate of the partial state z1(t), w(t) is the estimate of the distur-
bance v(t). Therefore, the state 2:(t) can be estimated by using the transformation

() = Q! [iigﬂ . (4.22)

4.2 The numerical observation algorithm for the general descriptor systems
with disturbances

Stepl If E is nonsingular, then the algorithm is given in Section 3.3. Otherwise, go to
step 2.

Step2 Determine the nonsingular matrices P and @ satisfying (4.1), derive the system
(4.9), and consider the state observer and the disturbance observer for the system
(4.9).

Step3 For the matrix Hs in the system (4.9), determine the nonsingular matrix O
satisfying (4.11). The system (4.10) is rearranged as the dynamical system (4.15)
and relation (4.13). For the dynamical system (4.15), the algorithm presented in
Section 3.3 can be used to estimate the disturbance v(t) and the partial state Z; ().

Step4 Construct the observer Zo(t) for the partial descriptor state Z2(t) by (4.21).

Step5 The descriptor state (t) is estimated by (4.22).

5 Design examples and simulation results

Example 5.1 Consider the descriptor system

0 1 1] [41 0 0 1] = 1 0 o1 (8) 21(0) 1
0 1 0| |2 =1]1 =2 0| |z +|0 2 Ll(t)}, 22(0)| = [0, (5.1)
0 0 1| |3 -2 0 2| |zs] |1 -1]t7 3(0) 2
- T
Y| _ 1 00 0 1 V1
[yg]_[l 1 o] |2 +[0 2| v (52)

4 a3

where the input u(t) is assumed as zero, the disturbances are governed by

vi(t) = o(t) + 9(t), vat) =1+ 9(?) (5-3)
t 0<t<3 _ )t 0<t<6
with ¢(t) = {3 ‘23 and (t) = {4 Lo 6 .
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It can be easily checked that the assumptions in Section 2 are all satisfied. Further-
more, it can be checked that deg(det(sE — F')) = rank(E), i.e. this descriptor system is

of index at most one.

In the following, the disturbance observer and the descriptor state observer will be

formulated by following the algorithm summarized in Section 4.2.

Stepl Since E is singular with rank(E) = 2, go to step 2.

Step2 The nonsingular matrices P and @ satisfying (4.1) are determined as

Step3 For the matrix Hy = [1

0 O 1 0 0 1
P=10 1 0(,Q@=1(0 1 0
1 -1 -1 1 0 0
n@] | ™
Let Z(t) [xz(t)} = |. %12 Qz(t). Then, corresponding to (4.9), it yields
To
Ty(t) = lé _02] T1(t) + —12 To(t) + (1) —21] v(t),
0=[-1 2)z1(t) +22(t) + [0 — 1o(t),
o) = [g ﬂ a0+ a0+ |0 1o

], the nonsingular matrix O satisfying (4.11) can be

o-[1, 7.

Thus, corresponding to (4.12), it gives

1
determined as

S I ECRS el ENCRY il PO
0= [=12Jz:(t) + Z2(t) + [0 — 1]o(?), (5.4)
[10]y(#) = [0 0]z1(¢) + Z2(¢) + [0 Lo (t),
(=1 1]y(t) = [0 1]z (2) + [0 o).
Then, from the third equation in (5.4), Z2(t) can be expressed as
Bl =[1 Oy -0 1ol). (5.5)

By substituting the expression of Z2(t) into the other equations in (5.4), the equa-
tion corresponding to (4.15) is given by

(5.6)
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Now, based on (5.6), the disturbance v(t) and the variable Z; (t) will be estimated
by following the algorithm summarized in Section 3.3.

S1 Since D = {8 _12] is not of full rank, go to S2.

S2 Rewrite (5.6) as

2—s 0 1 1 2 0
0 -2-s5'0 1 nt)] | -1 0
S e [ o) | T TS 00 y(t). (5.7)
0 1 10 1 1 1
By pre-multiplying the both sides of (5.7) with
2—s 0 ;1 1 0 4 s+3 25 + 2
gl 0 =2-s10 1 0 1 0 ~1
R | 2770 “27| T | —s—3 45-7 24+5-6 2s2—5-2
0 1 10 1 0 ~1 0 —5—2

the system corresponding to (3.13) is derived as

5(3y1 — 2y2) + 91 — 2y2 = (s + 3)711,

Y2 = (s + 3)Z12,

5*(3y1 — 2y2) = —s(6y1 + y2) + 91 — 2y + (s + B)vy,
s(—=y1 +y2) = 3y1 — 2y2 + (s + 3)va.

(5.8)

S3 Based on (5.8), the disturbance vz (t) can be simply estimated by

A S 1
&2 _° (_ (3, — 2u).
wa2,0 S+3( Y1+ y2) S+3( Y1 — 2y2)

The disturbance vy (t) is estimated as follows.
Introduce the Hurwitz polynomial

91(s) = (s +3)(s +2),

where A\ is chosen as A\ = 2.
Define z1 = 3y; — 2y2. Corresponding to (3.10), the third equation in (5.8)
can be rewritten as

S

Z"l (t) + 22’1 (t) = s+ 3(9y1 — 11y2) (27y1 — 14y2) + 1 (t)

* s+3
By Theorem 3.2, construct the following differential equation

S

1
—11 —(2 — 14 t
s—|—3(9y1 Yya) + 27y ya) + w11 (t),

s+3
21(0) = 21(0),

z1(t) — 21(t)
|21 (t) — 21(8)[ + 01,1

21(t) + 25 (t) =

wlyl(t) = @171@)
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w1,1(t) is updated by the following adaptive algorithms

. 1200|21(t) — 21(t>| if |Zl(t) — 21(t)| > 5111 .
wlyl(t) = 5 (.«)111(0) = 5 .
0 otherwise

Then, wy 1(t) can be regarded as an estimate of vy (¢).

S4 By the theory in Section 3.2.3, the variables Z11(¢) and Z12(t) can be respec-
tively estimated by Z11(t) and Z12(t) defined by

- s 1
T11 = ——(3y; — 2 —(9y1 — 2y2),
In S+3(3/1 y2)+5+3(y1 Yy2)
N 1
T12 = )
12 S+3y2

Step4 Construct the observer Zo(t) for the partial descriptor state Zz(t) by (5.5).

Bat) =[Oy - [0 1[0 = 1n(0) — waolt

Step5 The descriptor state z(t) is estimated by

0 0 1 T11(t)
2t)=10 1 0 T12(t)
1 0 0 || z20t)

It can be seen that some steady error exists in the estimation of v (t), and the error
depends on the design parameter d1;. Furthermore, there are no steady errors existing
in the estimation of the disturbance v9(t) and the descriptor state x(¢).

Computer simulation results show that the disturbance vs(t) and the descriptor state
z(t) can be perfectly identified. The figures are omitted. The estimation error of the
disturbance v;(t) is shown in Figure 5.1, where the parameter d;7 is chosen as 017 =
0.0001.

It should be noted vy (¢) is not differentiable at ¢ = 3 and ¢ = 6 and is not continuous at
t = 6. Simulation results show that the disturbance observer works well at the continuous
points and has a transient error at the discontinuous points. This is because that the
proposed method is trying to identify the unknown signals by using a differentiable
approach. It is considered that the new method can be applied to practical problems
with piecewise differentiable disturbances. For the sake of strictness, the disturbances
are assumed to be continuous and piecewise differentiable.

Example 5.2 Consider the descriptor system

0 1 1] [i 2 0 1] [n S 1(0) 1
1 1 0| |io|=]1 —2 0| |z +[0 2 [vl(t)}, z2(0)| = 0], (5.9)
-1 0 1| |3 -2 0 2| |as 1 -1 L2 23(0) 2
x1
Y| _ 1 0 0 0 1 V1
[m]—[l X 0} xz +[O o |2 (5.10)

x3

where the input w(t) is assumed as zero, v1(t) and vy (¢) are the disturbances.
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Figure 5.1: The difference between the disturbance v;(t) and its estimate

It can be easily checked that the assumptions in Section 2 are all satisfied. Further-
more, it can be checked that deg(det(sE — F')) # rank(E), i.e. this descriptor system is
not of index at most one.

Since E is singular with rank(E) = 2, the nonsingular matrices P and Q satisfying
(3.32) are determined as

0 O 1 -1 0 1
P=10o 1 o, =11 10
1 -1 -1 1 00
(1) i
Let z(t) = [ Za (1) } = | ZT12 | = Qu(t). Then, by a computation similar to that in

T21
Example 5.1, the relations corresponding to (5.5) and (5.8) are derived as

Ta(t) = (1 Oly() = [0 1o(t), (5.11)

s(—y2) + 15y1 — 4ys = (25 + 3) 711,

6y1 — y2 = (25 + 3)ZT12,

s2(—y2) = —s(15y1 — y2) + 33y — 10y2 + (25 + 3)vy,
s(y2) = 3y1 — 2y2 + (25 + 3)va.

(5.12)

Similar to Example 5.1, the disturbances and the descriptor state can be identified.
It can be seen that the proposed method can also deal with the descriptor systems which
are not of index at most one.

6 Conclusions

In this paper, the observation problem for the descriptor systems with disturbances is
studied. It is assumed that the disturbances and their first order derivatives are bounded
in the open loop. However, the upper and lower bounds are unknown. The formulated



138 XINKAI CHEN AND GUISHENG ZHAI

descriptor system can be decomposed into a dynamical system and an algebraic equation.
Based on this obtained dynamical system, first, the disturbances are estimated; then, one
part of the descriptor state is observed. Finally, the other part of the descriptor state is
estimated based on the obtained algebraic equation.

If D (if E is nonsingular; or D if E is singular) is of full rank, then the estimation
errors of the full state and all the disturbances decay to zero exponentially. For the
cases lj; < qo, the estimation errors of the corresponding partial states and disturbances
still remain, and they can be controlled to be as small as necessary by choosing the
design parameters. For the cases ;; > qo, no steady errors exist in the estimates of the
corresponding partial states and disturbances. After the disturbance and the descriptor
state are estimated, the controller can be designed by referring to the results in [8, 16, 20].
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Abstract: A path planning method which is nearly time-optimal is designed
for computer numerical control machines which must handle sharp corners.
The nominal geometrical trajectory is modified in a way that limitations of
the drives’ accelerations are taken into account, which will avoid acceleration
discontinuities at the cornering point. The method uses two consecutive opti-
mization procedures based on the theory of time-optimal control of single axes
while maximizing the travel length of the fastest axis. Simulation results show
that the method, which can be generalized to a machine with several axes, is
quite effective.

Keywords: Computer numerical control machines; path-planning; contour error.
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1 Introduction

The need for increased productivity leads computer numerical control (CNC) machine
tools to be faster, i.e. to reduce cycle time, while keeping a good contouring quality (i.e.
keeping the tool path within prescribed bounds). Whereas the main goal of trajectory
planning is to ensure the following of a nominal geometrical path, smooth modifications
of the path can be used as pre-filtering functions which act as a feedforward controller
for each individual axis. Afterwards, a feedback control algorithm will be designed which
will allow to maintain the positioning accuracy while taking the dynamics into account.
However, high speed machines are generally flexible and have to bear vibrations which
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are harmful for the mechanical parts and deteriorate the accuracy, which excludes dis-
continuities in the drive speed and/or the acceleration. The path planning is thus an
important stage of control because it has to take into account speed, acceleration or jerk
limitations, which is necessary to obtain good overall performances [2].

Time-optimal path planning of a machine tool with one single rigid axis usually results
in a bang-bang scheme [5]. The problem is more complex when considering a machine
with multiple axes, because geometrical constraints generate coupling terms between
the trajectories of the different axes. When considering limitations in acceleration and
jerk, the optimal trajectory of each of the individual axes cannot generally be left to
an optimal bang-bang scheme because the geometrical trajectory would be outside the
prescribed error bounds. For example, when a discontinuity in curvature occurs, the
speed of the axes before and after the cornering point have to be adapted, and, thus,
a discontinuity in acceleration will appear, which is not acceptable in practice. Indeed,
this would excite vibratory modes — that could be neglected or compensated when the
acceleration is smooth [2]. A first way to keep close to the nominal trajectory without
bearing discontinuities in accelerations consists of letting the manipulator come at a full
stop at the corner, and then accelerate again, or gradually reduce the speed to zero
(e.g. introducing jerk limitations in the individual axes) [2], [1], [4]. One can also design
a feedback controller which will manage in a way such that the contouring accuracy
keeps acceptable, e.g. by cross-coupling controllers [8]. This is partially achieved by the
look-ahead function that is built into CNC machines which will ensure that acceleration
commands in the interpolated trajectory never exceed their allowed limitations, or by
low-pass filtering of acceleration commands [9], [10], [11].

Sharp corners can also be traveled by modifying the toolpath and adjusting the fee-
drate, which is classical in robotics applications where interpolation is only needed,[3]
and related references. It is possible to replace sharp corner with a smooth curve, which
can be, for example, a circular arc [6] or an under or over-corner quintic spline [4]. How-
ever, very few indications exist how to perform this smoothing in a way that the traveling
time keeps close to the optimum, while respecting the geometrical error bandwidth.

This paper proposes a method to obtain a near-time-optimal path planning for ma-
chines with several axes, considering speed and acceleration limitations. This optimal
trajectory will be given as a geometrical path where the time is not directly given, and
will be a function of the allowed contouring error. For the sake of simplicity, the algo-
rithm will be presented for only two axes. The trajectory will be divided into 3 parts,
the first one consist of a sequence where the path follows the nominal trajectory which
will be a straight line. Then, the modified geometrical path leaves the nominal trajectory
before corner crossing and will reach the new direction after the cornering point. The
second sequence consists of a point-to-point motion between the leaving and reaching
points. The motion will be designed in a way that it is time-optimal for each part of the
path taken separately, and, in a second time, that the resulting geometrical path uses the
fastest axis at full speed during the maximal time, while staying within the contouring
error bandwidth.

2 Point to Point Time-Optimal Trajectory Planning for One-Axis Rigid Ma-
chines

The rigid machine is supposed to exhibit an ideal dynamics :

X = ku,
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where X is the position, u is the driving force. For the sake of simplicity, k& will be set
to 1.

The limitations in speed and acceleration of the drive will be considered, i.e. there
exist A, U such that |X|=u < U, |X|=u < A.

The general solution is given for example in [5]. A particular solution is recalled
hereafter when the constraints are met (trajectory with full speed and maximum accel-
eration):

E'(tl,tg): |X(t1)| = U7 |X(t2)| = A.
A “point to point” trajectory starts from Xo(to), Xo(to), where Xo(to),. .. ,Xon)(to) =0
and reaches X (ts), Xs(ts), where X;(ty),... ,X](c")(tf) =0.
Particular cases include “rest-to-rest“ motion (Xo(to) = Xf(ts) = 0), “starting stage”
(Xo(to) = 0, Xf(ty) # 0) and “stop stage” (Xo(to) # 0, Xf(ty) = 0).
Time minimal control ¢ = t; leads to maximize the speed along the trajectory which

increases from 0 to U, which yields a piecewise-polynomial curve,i.e, for a rest-to-rest
motion from Xo(tgp = 0) =0 to X;:

U

t< X =At, X = At?)2,
U X; . U2
Z<t< =L = = Ut — —
TS X=U, X=Ut- o,
X X; U )
<L L 2ty X=X — Alt—t4)?)2.

3 Optimal Control of a 2-Axes Rigid Machine: Objectives And Constraints

The aim of time-optimal control is to minimize the final time ¢¢ for a motion between
(Xo,Yp) and (Xy,Y;) (where Xo = Yy = X; = Y; = 0), when spatial and drive con-
straints are taken into account. This is a far most difficult problem than in Section 1,
because, even when the axes are not coupled dynamically, they are made dependent by
the geometric constraints imposed by the trajectory. This is particularly crucial when a
change in angle occurs, because the speed both axes have to change “simultaneously”.
Without any constraints on speed and acceleration, it would be only necessary to fol-
low the nominal trajectory and adapt the driving forces at the cornering point. In fact,
this is not possible because of drive speed and acceleration limitations, and, in practice,
abrupt changes are not desirable because they would excite oscillating modes that are
present in mechanical structures. For high-speed machining which are lighter and thus
very flexible, these oscillations enforce, in industrial drives, to decrease the speed to zero
(or nearly zero) at the crossing point, thus generating an important loss of time.

U — U
[ o [V

Figure 3.1: Corner crossing.
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For the sake of simplicity, the case where one axis will move in the first straight line
(Yo = 0), and the final direction has a slope a will be addressed. Both axes are supposed
to exhibit rigid dynamics:

X=u Y=o
Constraints are of three kinds:
— saturation on drive speed and acceleration,

— constraints on final states (zero derivative and acceleration), which are not consid-
ered in the present case;

— geometrical constraints;
The machine should follow the following contour:
Y|<e, X<X., |[Y—-aX-X,)|<e X>X.

As shown in Figure 3.1, is is difficult to stick to the nominal trajectory when drive
constraints exist, when the speed is changed and does not decrease to zero. Moreover,
the trajectory is supposed to be modified as follows: the motion stays on the nominal
trajectory until the point X4 (which is to be determined), and reaches the new direction
at the point X, (also to be determined), while staying in the error bounds.

The following additional hypotheses are taken:

— Straight lines before and after corner crossing are long enough to reach maximum
speed and acceleration.

— Limitations in speed and acceleration occur, i.e. IX| =|ul <U, |X| = |ul <A,
Yl=lo| <V, [Y]= o[ < B.

The methodology will be presented with an illustrative case, but can be generalized to

multiple axes and additional configurations (e.g. maximum speed is not reached, etc. . . ).

4 Near time-Optimal Control

4.1 Basic algorithm
The time optimal criterion can be written as follows

J = /tfdt, (1)

(=)

and can be separated into three parts

td tg tq
J:/dt+/dt+/dt:J1+J2+J3. (2)
0 td ta

where t4 is the time where the motion leaves the horizontal axis, t, is the time where
the new direction is reached ¢y is the final time where the final position is reached.

The near-optimal trajectory planning consists of 3 steps.

Given the positions, Xg, Xq X,, Xy the first step consists in minimizing the final
time which leads to minimize the time of motion for each of the three parts
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(a) minimize t4 for fixed X, Xy given initial conditions in Xy,
(b) minimize ¢ty — ¢, for fixed Xy, X, given final conditions in Xy,

(¢) minimized t, —t4 for a motion from fixed X4 to X, starting from initial conditions
in Xy given by the solution in (a) and final conditions X, given by (b).

In the case (a), the time optimal control is a “start” from Xy (to) to X4, where Xo=0
which yields X = U.

In the case (b), geometric constraints imply that ¥ = «(X — X.). The maximum
speed of the axis Y is min (aU, V) and the maximum speed of X is min (¥, U). If the
maximum speed is reached at the point (X,,Y,), the minimum-time control ¢; — ¢, is of
the “stop” type.

The time-optimal control (¢) will be a “point-to-point” strategy for both axes, where
the speed in Y increases from 0 to min(aU, V') between Yy and Y, and the speed of axis
X stays equal to U or decreases from U to % between X4 and Y.

In summary, the problem is simplified by solving three time-optimal control problems
for one-axis machines where the solutions are given in Section 2. These solutions are
parametrized by the points X4, X,. This is of course a near-optimal control because it
is well known that the sum of optima is not necessarily the optimal solution. However,
the solution is quite simple to obtain and can be expected to be close to the true optimal
control.

The second step consists of minimizing ¢¢, by the optimization of the location of X4
(and thus of X,) which will consists of keeping the longest possible trajectory on the axis
which exhibits the higher velocity. Two cases arise based on the comparative values of
aU and V. The strategy will be different whether the axis X is faster or if the motion is
faster along the slope.

In fact, one now tries to keep the maximum speed on the fastest axis, and thus try
to adapt the trajectory and point X4. Only the first case aU < V will be considered for
illustration of the methodology, as the other case can be considered as “dual”.

4.2 Illustrative example

Let us suppose that aU < V and aA < B. In this case, the velocity of the axis X is kept
to U, from ¢t = 0 to t = ¢y (while respecting acceleration constraints). Since the axis ¥
is faster, it has to adapt and to be bounded.

Applying point (a), the axis Y starts to move at time ¢4, until Y = Y, the velocity
of axis Y will increase from 0 to aU.

The near optimal control consists of minimizing ¢4 and thus X4 while respecting
drive constraints and geometric constraints i.e. |Y]| <e, X < X, [V — (X — X.)| <,
X > X..

The configuration (1) does not answer the problem correctly since t4 is imposed by
geometric considerations which does not leave any degree of freedom for optimization.
Configuration (2) will allow to maximize the speed on the fastest (slope) axis: one
supposed, for the sake of simplicity, that the maximum speed V is reached by axis Y and
decreases again to reach the nominal speed.

On the X axis, the motion will be:

U2

U
—Ut— —. t>=.
X=Ut—gy t>- (3)
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Figure 4.1: Speed profile for X and Y axes.

On the axis Y, time-optimal motion is:

1%

Y = B(t —t4)?/2, t—ta< 5,
(V)2 . Vv
= — — >t — > —
Y V(t td) R if t12>2t—tq> IR

Y =V(t—t1)— B(t—t)?/2+Y1, where ty >t —1tq> 1,
Y =Ua(t —ta) + Yo, where t—t4 >ty
with Yi = Y(tl), Yé = Y(tg).
Continuity considerations (same derivative and position at breaking points) for axis
Y yield:
(V)2
2B’

Bty —t1)?

UO&ZV—B(tQ—tl), }/QZV(tQ—tl)— 2

+Y1, Yi=V(t—tq) —

Condition Y = a(X — X,), t > ta, yields Ua(t — ts) + Y2 = a (Ut g Xc), ie.

U2
Uaty, — Yy = — 4+ X. ).
(075 2 a(2A—|— )

All variables can be expressed as a function of one degree of freedom (i.e. tgq or to can
be “freely” chosen), one obtains:

UO&ZV—B(tQ—tl), (4)
ng:V(tg—tl)—B(tg—t1)2/2+YL (5)
Y1 =V(t —ta) — (V)?/2B, (6)
UOétQ—YQ—O[<2U—Z+XC), (7)

where
AU?0? —2AUVa + BaU? +2ABaX, — 2ABVt,

2ABUa —V)
One can eliminate the expression of time within the equations. Since X — Xy = U(t —t4)
one obtains a piecewise polynomial curve:

t1 =

2 2
>, X > Xy, y < (8)

Y =—
U

2

B (X -X4
— 2B7
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X-X; V? V2

= — — < <
Y =V—rp 55 g =Y sh 9)
as X—Xle(t—tl),
X—-X, B/X-X\?
Y=V - = Y., Vi<Y <Y 10
U 2( U ) + Y7, 1Y S Yo, (10)

Y =a(X -X.), Y,2<Y, (11)

where Xy, Y7, Y2 are given above.

This solution is particularly interesting because it is a geometric path which is sup-
posed to yield the time-optimal controller. One can use it as a geometrical reference
trajectory which the axes should follow using feedback control to eliminate the effect of
disturbances.

Now, one should determine t4 (or X4) such that |[Y| <e, X < X, |V —a(X -X,)| <
g, X > X.. Since corner crossing X, can be met in the piecewise parts (8,9,10), the
resulting constraints will be different, and several cases can be considered.

Lets now write the constraints on the trajectory as a function of ¢4:

The profile in Figure 4.1 can exist if the nominal speed is reached after the full
acceleration stage:

td-i-V/B <1t (12)
and the leaving time should occur after the acceleration step has been completed:
Yoy
A= 13
b4 |4 < AU?a? - 2AUVa + BaU? +2ABaX. — 2ABVt, (13)
‘Tp = 2AB(Ua — V) ’
ie.
AU?%0? —4AUV a + BaU? +2ABaX. + 2V2A <4
2ABUx =
Suppose that the cornering point X. is met during the motion (8). This implies that
the leaving point lies before the corner and t4 < t, = 70 + A which can be turned,
B (X.—X4\> _ V2
liminating the ti — | ———] < == andth
eliminating the time, 5 < i ) <3B and thus
X. VvV U X, U
B 4 7 - Eiy 14
U BT2ASMST T (14)

Once the path has left the nominal trajectory, it should stay nevertheless between pre-
scribed error bounds, e.g. for the section described by equation (8), when the trajectory

B [(X.—X
stays ahead of the corner: — (Td

2
X, U [2e
U'f‘ﬂ—U §<td. (15)

Since when X > X, ¥ < % one must have for equation (8), when the path travels the
corner and the trajectory should be close to the new direction —¢ <Y — (X — X,;) < ¢,

2
) < ¢ and thus
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and, replacing:

E<B X —-Xy4
2 U

)Q—Q(X—Xc) <e. (16)

The maximum of this function is given for X = X4+ %2 which yields:

_f v X U & U
U " 2B= U 24 4= aUu " 2B’

i.e.

XC+U € aU<t<Xc+U+£ alU
U 24 aU 2B~ *~ U "24" aU 2B’
When, in a second time, the trajectory is given by equation (9), it should also stay within
prescribed error bounds

(17)

X — Xy V2
—_e < - — — — <
e<V i 5B a(X — X.) <e,
where ) )
\% X-X;, V
< ~ <.
5=V T 2B ~ !

Since the function is increasing, one has only to verify, that —e <Y1 —a(X;—X,) <e,
where Y1 = V(t1 — tq) — (V)?/2B which yields:

V2 U?
—a§V(t1—td)—ﬁ—a<Ut1—ﬂ—Xc) <e

and one obtains

X—-X, B/X-X\?
—e<V L ! +Y —aX - X,) <e¢,
U 2 U
X-X, B/X-X\° (18)
fy,<ve_—_=21_ 2 — 2l Y; < Y.
1 1 U 2( U ) + Y1 <Yy

Last, when the trajectory is described by equation (10), one has to check that

Xo— X B [ Xy—X
—ESV#——<%

2
i 5 ) +Y —a(Xs—X,)) <e

which leads to —e < Uaty — « (% + XC) —« (Ut2 + % — XC) <eg,ie.

o (%) <e. (19)

In summary, one obtains easily a set of inequality constraints (13)—(19) which should
in a first time be all compatible in a way such that the profile (2) in Figure 4.1 is really
feasible. This gives upper and lower bounds on the value of ¢4, and, since the motion on
the fastest axis (the vertical one) should be preferred, the value of t4 will be the minimum
one.
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Figure 4.2: Near-time-optimal trajectory.
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Figure 4.3: Near-optimal versus full stop at corner trajectory.

Example 4.1 Taking numerical values as
U=1, A=4 B=04, V=1, X.=4, =02, a=038.

The maximum constraints are given by (13) and (18) which yields 3.25 < ¢4 < 3.37.
The optimal path is given in Figure 4.2. The “nominal” path (a stop of the axis
X at point X, and a “start” from point X, of axes X and Y, considering speed and
acceleration limitations) is also represented in Figure 4.2. One sees that the result is
an “under corner” trajectory smoothing [4]. In Figure 4.3, the time history of axis X
is represented; for the nominal trajectory following, ones sees that a stop is needed for
X = X.. Modified trajectory (solid), nominal trajectory and error bounds (dotted) X
position as a function of time, near-optimal trajectory in solid. Classical (with full stop
and restart at the corner) dotted. In the case of the modified trajectory, the axis X stays
at full speed. The saved time exceeds that which would have been saved by canceling the
start and stop procedures, i.e. %. The time for which the modified trajectory reaches
X = 8 equals 8.14 s compared to 12.38 s for the traditional algorithm. One also can verify

that the modified trajectory does not reach the upper breaking point (X = X.,Y = ¢)
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since, in this case, other limitations (in speed, acceleration, or geometrical) would not be
respected. This demonstrates that the optimum path planning does not reduce to taking
the chord.

5 Conclusion

A near-time-optimal path planning method for traveling sharp corners has been designed
for a machine with multiple axes. Its main originality consists of modifying, on purpose,
the geometric path in order to smooth the nominal trajectory and to respect the drives’
capabilities in term of acceleration and speed. The time-dependent trajectory is bang-
bang when traveling straight lines and is a point-to-point optimal trajectory between the
two points where the trajectory deviates from the geometrical discontinuity. The second
step of the algorithm consists of maximizing the travelling time of the fastest axis, by
moving forward or backward the point where the modified trajectory leaves the nominal
path, while staying within the prescribed contouring accuracy.

This method proves to be quite effective and can be generalized to a machine with
more than two axes. In a next work, this algorithm will be tested on a real-time cartesian
machine tool.

References

[1] Barre, P.J., Béarée, R., Borne, P. and Dumetz, E. Influence of a jerk controlled movement
law on the vibratory behaviour high-dynamics systems. J. Intell. & Robotic Systems. In
Press.

[2] Béarée, R., Barre, P.J. and Bloch, S. Influence of high-speed machine tool control parame-
ters on the contouring accuracy. Application to linear and circular interpolation influence
of high-speed machine tool control parameters on the contouring accuracy. J. Intell. &
Robotic Systems 40 (2004) 321-342.

[3] Bobrow, J.E., Dubowsky, S. and Gibson, J.S. Time-optimal control of robotic manipulators
along specified paths. Int. J. Robotics Research 4(3) (1985) 3-17.

[4] Erkorkmaz, K., Yeung, C.H. and Altintas, Y. Virtual CNC system. Part II. High speed
contouring application. Int. J. Machine Tools and Manufacture. In Press.

[6] Erkorkmaz, K. and Altintas, Y. High speed CNC system design. Part I: jerk limited trajec-
tory generation and quintic spline interpolation. Int. J. of Machine Tools and Manufacture
41(9) July (2001) 1323-1345.

[6] Jouaneh, M.K., Wang, Z. and Dornfeld, D.A. Trajectory planning for coordinated motion
of a robot and a positioning table. Part 1. Path specification. IEEE Trans. Robotics and
Automation 6(6) (1990) 735-745.

[7] Jouaneh, M.K., Dornfeld, A. and Tomizuka, M. Trajectory planning for coordinated motion
of a robot and a positioning table. Part 2. Optimal trajectory specification. IEEE Trans.
Robotics and Automation 6(6) (1990) 746-759.

[8] Koren, Y. Cross-coupled biaxial computer control for manufacturing systems, J. Dynamic
Systems, Measurement, and Control 102 (1980) 265-272.

[9] Weck, M. and Ye, G. Sharp corner tracking using the IKF control strategy. Annals of CIRP
39(1) (1990) 437-441.

[10] Wang, S.G., Yeh, H.Y. and Roschke, P.N. Robust active control for structural systems with
structured uncertainties. Nonlinear Dynamics and Systems Theory 4(2) (2004) 195-216.

[11] Abdallah, A. Ben, Dlala, M. and Hammami, M.A.. Exponential Stability of Perturbed
Nonlinear Systems. Nonlinear Dynamics and Systems Theory 5(4) (2005) 357-368.



Nonlinear Dynamics and Systems Theory, 7 (2) (2007) 151-168

ATH

Publishing
Group

H Filtering for Uncertain
Bilinear Stochastic Systems !

Huijun Gao'*, James Lam 2, Xuerong Mao? and Peng Shi*

! Space Control and Inertial Technology Center, Harbin Institute of Technology,
Harbin, China
2 Department of Mechanical Engineering, University of Hong Kong, Hong Kong
3 Department of Statistics and Modelling Science, University of Strathclyde,
Livingstone Tower, 26 Richmond Street, Glasgow, G1 1XT, Scotland, U.K.
4 School of Technology, University of Glamorgan, Pontypridd, CF87 1DL, United Kingdom

Received: December 13, 2005; Revised: March 4, 2007

Abstract: This paper is concerned with the problem of H., filtering for
continuous-time uncertain stochastic systems. The model under consideration
contains both state-dependent stochastic noises and deterministic parameter
uncertainties residing in a polytope. According to the online availability of the
information on the uncertain parameters, we propose two approaches, namely
robust stochastic H filtering and parameter-dependent stochastic Hoo filte-
ring. Both approaches solve the filtering problems based on a modified (im-
proved) bounded real lemma for continuous-time stochastic systems, which
decouples the product terms between the Lyapunov matrix and systems ma-
trices and enables us to exploit parameter-dependent stability idea in the filter
designs. Sufficient conditions for the existence of admissible robust stochas-
tic Hoo filters and parameter-dependent stochastic Ho, filters are obtained in
terms of linear matrix inequalities, upon which the filter designs are cast into
convex optimization problems. Since the filter designs make full use of the
parameter-dependent stability idea, the obtained results are less conservative
than the existing one in the quadratic framework. A numerical example is pro-
vided to illustrate the effectiveness and advantage of the filter design methods
proposed in this paper.

Keywords: Linear matriz inequality; Hoo filtering; parameter uncertainty; robust
filtering; stochastic systems.

Mathematics Subject Classification (2000): 93E11.

T This work was partially supported by National Natural Science Foundation of China under Grant
60504008 and RGC HKU 7028/04P, and Programm for New Century Excellent Talents in University of
China, Postdoctoral Science Foundation of China (20060390231).

* Corresponding author: hjgao@hit.edu.cn

(© 2007 Informath Publishing Group/1562-8353 (print)/1813-7385 (online)/www.e-ndst.kiev.ua 151



152 HUIJUN GAO, JAMES LAM, XUERONG MAO AND PENG SHI

1 Introduction

During the past decades, stochastic modeling has come to play an important role in many
branches of science such as biology, economics and engineering applications. Therefore,
much attention has been drawn to systems with stochastic perturbations from researchers
working in related areas. By stochastic systems, we generally refer to systems whose
parameter uncertainties are modeled as white noise processes. These parameter uncer-
tainties are usually due to some stochastic environment, and thus it is a natural way
to represent them in the model by stochastic parameters fluctuating around some de-
terministic nominal values. This kind of systems has been called systems with random
parametric excitation [2], stochastic bilinear systems [18] and linear stochastic systems
with multiplicative noise [15, 31]. Analysis and synthesis of stochastic systems have been
investigated extensively and many fundamental results for deterministic systems have
been extended to stochastic cases. To mention a few, the analysis of asymptotic behav-
ior can be found in [19, 21, 24]; the optimal control problems were reported in [15, 31];
and recently with the development of H, control theory, the robust control and filtering
results have also been extended to stochastic systems through Riccati-like approaches as
well as by means of linear matrix inequality (LMI) [3, 4, 9, 16, 29, 33].

On the other hand, for the purpose of analysis and synthesis, estimating the state
variables of a dynamic model is important in helping to improve our knowledge about
the system concerned [1]. Hence, state estimation has long been an important and inter-
esting problem in the control and signal processing area. Among the existing approaches
for estimating the state variables of a linear system described by a state-space equation,
arguably, the most popular and useful one is the celebrated Kalman filter [6, 7, 17] which
has been applied to a wide range of problems (biology, economics, aerospace, and even
population analysis etc. [23, 26]). Usually, it is supposed that a precisely known sys-
tem model is available and that the dynamic and measurement equations are additively
affected by white noise processes satisfying standard assumptions. In many practical sit-
uations, however, the availability of the a priori information about the external noise is
unrealistic. In this case, the filtering problem is more involved and many researchers have
made great efforts in proposing useful algorithms in different contexts (see, for instance,
[11, 13,27, 34, 35] and the references therein). Among these available filtering results, the
H filtering approach provides both a guaranteed noise attenuation level and robustness
against unmodeled dynamics. In the presence of both unknown statistics of the external
noises and uncertain parameters in the system model, a common approach is to design
robust H, filters. The problem of robust H, filtering consists on designing a linear
stationary asymptotically stable filter that assures a prescribed Ho, performance for the
filtering error system, irrespective of modeling uncertainties. In general, two popular ap-
proaches used to solve the aforementioned filtering problem are Riccati equation approach
[30] and linear matrix inequality (LMI) approach [22, 32, 33|, and two kinds of parame-
ter uncertainty have been widely used in the literature: norm-bounded uncertainty and
polytopic uncertainty. In solving the robust H filtering problem, most of the reported
results are based on quadratic Lyapunov functions, which have been largely used for ro-
bust analysis and synthesis in the past decades. Although being able to ensure stability
for systems with arbitrarily fast time-varying parameters, methods based on quadratic
stability can produce conservative results since the same parameter-independent Lya-
punov function must be used for the entire uncertainty domain. One recognized way
to overcome this conservativeness is to consider a parameter-dependent Lyapunov func-
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tion. An example of a less conservative stability condition based on parameter-dependent
Lyapunov functions can be found in [8].

Recently, the problem of robust He filtering for uncertain stochastic systems has
been investigated in [14] by using LMI technique. It is worth mentioning that the filter
designs are based on the quadratic stability notion, which requires a common Lyapunov
function for the entire uncertainty domain, and thus much overdesign has been introduced
in the derivation process. In this paper, we revisit the problem solved in [14], and present
two approaches to solve the H, filtering problem for continuous-time stochastic systems
with parameter uncertainties residing in a polytope. One approach is concerned with
the robust stochastic Ho filter design, where stationary constant filters are designed to
ensure the filtering error system to be asymptotically stable and has a guaranteed Hoo
performance for the entire uncertainty domain. The other approach designs parameter-
dependent filters whose system matrices are dependent on the available information of the
uncertain parameters. Both approaches solve the filtering problems based on a modified
(improved) bounded real lemma for continuous-time stochastic systems, which decouples
the product terms between the Lyapunov matrix and systems matrices and enables us
to exploit parameter-dependent stability idea in the filter designs. Sufficient conditions
for the existence of admissible robust stochastic Hs, filters and parameter-dependent
stochastic Hoo filters are obtained in terms of LMIs, upon which the filter designs are
cast into convex optimization problems. Since the filter designs make full use of the
parameter-dependent stability idea, the obtained results are less conservative than the
existing one in the quadratic framework. A numerical example is provided to illustrate
the effectiveness and advantage of the filter design methods proposed in this paper.

The remainder of this paper is organized as follows. The problem of H, filtering for
uncertain continuous-time stochastic systems is formulated in Section 2. Sections 3 and
4 present results for parameter-dependent and robust stochastic H filtering problems
respectively. An illustrative example is provided to show the effectiveness and advantages
of the proposed filter designs in Section 5. Finally, some concluding remarks are given
in Section 6.

Notations: The notations used throughout the paper are fairly standard. The su-
perscript “I"” stands for matrix transposition; R™ denotes the n-dimensional Euclidean
space, R™*"™ is the set of all real matrices of dimension m x n and the notation P > 0
means that P is real symmetric and positive definite. Ls[0,00) is the space of square-
integrable vector functions over [0, 00); the notation | - | refers to the Euclidean vector
norm and || - ||2 stands for the usual L3[0, 00) norm. In symmetric block matrices or long
matrix expressions, we use an asterisk (*) to represent a term that is induced by symme-
try and diag{...} stands for a block-diagonal matrix. Matrices, if their dimensions are
not explicitly stated, are assumed to be compatible for algebraic operations. In addition,
let (2, F,{Fi}+>0,P) be a complete probability space with a filtration {F; };>¢ satisfying
the usual conditions (i.e. the filtration contains all P-null sets and is right continuous)
and E{-} denotes the expectation operator with respect to the probability measure P.

2 Problem Description

Consider a mean-square stable system S with state-dependent noise:
S dx(t) =[AN)x(t) + BN)w(t)] dt + E(N)x(t)ds(t),
dy(t) = [C(N)z(t) + D(Nw(t)] dt + F (X (t)d((t), (1)
z(t) = L(M)x(t),



154 HUIJUN GAO, JAMES LAM, XUERONG MAO AND PENG SHI

where x(t) € R™ is the state vector; y(t) € R™ is the measured output; z(t) € R? is the
signal to be estimated; w(t) € R? is the disturbance input which belongs to Ls [0, 00).
The variables (t) and ((t) are zero-mean real scalar Wiener processes that satisfy

E{d3(t)} =0, E{dB(t)*} = dt,
E{d¢(t)} =0, E{d((t)*} = dt,
E{ds(t)dC(t)} = adt, o <1,
A(N), B(A), E(A), C(N\), D(A), F(A) and L(\) are appropriately dimensioned matrices.

It is assumed that

Q(\) £ (AN), B, E(N),C(A), D(A), F(A), L(Y)) € R,

\/\_/

where R is a given convex bounded polyhedral domain described by s vertices:

R 2 {Q(/\): Q\) = Z)\iﬂi; Z)\i =1 A= 0}
i=1 i=1

and Q; £ (Ai, Bi, i, C;, D;, F;, L;) denotes the vertex of the polytope.

Since the signal z(¢) cannot be measured directly, our purpose in this paper is to
estimate z(t) via the available measurement y(t), such that the estimation error is small
in the Hoo sense with respect to the energy bounded noise w(t).

According to practical situations, we make two different assumptions on the uncertain
parameter .

Assumption 1 The uncertain parameter \ is unknown, and cannot be measured
online.

Assumption 2 The uncertain parameter \ does not depend explicitly on the time
variable but can be measured online. The uncertain parameter A can vary slowly due to
changes in temperature, wind, pressure, humidity, atmosphere, or operating points [20].

For Assumption 1, since the uncertain parameter A cannot be measured online, a
natural way to deal with the filtering problem is to consider a robust filter of the following
form (whose filter matrices are not dependent on the parameter \):

Fr: daxp(t)= Apzxp(t)dt + Brdy(t), xr(0)=0,
ZF(t) = Cpxp(t).
In some situations, however, the uncertain parameter A does not depend explicitly on
the time variable but can be measured online. In such cases (Assumption 2), it may be
desirable to utilize the available information on parameter A to reduce the conservatism of
the robust filter designs. That is, to design a parameter-dependent filter of the following
form (whose filter matrices are explicitly dependent on the parameter \):
fp : dl‘F(t) = AF()\)LL'F(t)df'i‘BF()\)dy(t), ,TF(O) = O,
ZF(t) = CF(A)xF(t)

Throughout the paper, the estimation error is denoted by e(t) £ z(t) — zr(t). We
define, for a given scalar v > 0, the following performance index:

(2)

(3)

2 2
T = el =2 wlls,
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lelz £ E {/OOO le(t)]? dt} .

In the following sections, we will present LMI-based approaches to solve the above
two stochastic filtering problems. We first present results on the parameter-dependent
stochastic Ho, filtering problem, and then solve the robust stochastic H filtering prob-
lem.

where

3 Parameter-Dependent Stochastic H., Filtering

In the parameter-dependent stochastic Ho filtering problem, by augmenting the model
of S to include the states of the filter Fp, we obtain the filtering error system Ep:

Ep:  dE(t) = [ANE (1) + B w(t)] dt + E(NE (t) dB(t) + F(NE (t) d(t),

o(t) = COVE), @
where £(t) = [27(t), 2T(t)]" and
. AN 0 _ B(\)
AW = { Br(NC()  Ap()) } - BV = [ Br(\D() } !
_ _ (A) 0 _ _ 0 0 (5)
EQ) = [ 0o o FN= { Br(W)EF() 0 }

CA) = [L(A), =Cr(N)].

Then, the parameter-dependent stochastic H filtering problem to be addressed in
this section can be expressed as follows.

Problem PDSHinfF (Parameter-dependent Stochastic H., Filtering): Given
system S in (1), determine the parameter-dependent matrices (Ap(A), Bp(A), Cr()))
of the filter Fp in (3), such that the filtering error system £p in (4) is mean-square
asymptotically stable and J < 0 for all nonzero w(t) € L2 [0, 00). Filters satisfying the
above conditions are called parameter-dependent stochastic H filters.

3.1 Preliminaries

To solve Problem PDSHinfF, we need the following lemma (see, for instance, Lemma 1
in [14]).

Lemma 3.1 Suppose system S in (1) and filter Fp in (3) are given, the filtering
error system Ep in (4) is mean-square asymptotically stable with J < 0 for all nonzero
w(t) € L2[0,00) under zero initial conditions if and only if there exists a matriz function

Q(N) > 0 satisfying

ATNRM) +QMNAN) + CTNCM) +772QN BB (NQM) + ET(MQMWEX)

+ FTNQNFN) + aETNQWF(N) + aFT(WQNEN) <0 ©)
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The above lemma characterizes the Ho, performance for continuous-time stochastic
systems by using matrix inequality. Denoting @ = /1 — a2, by Schur complement [5],
condition (6) in Lemma 3.1 can be transformed into

-Q(\) 0 (E(L 0 0
= Q\) Q()( E\) +F(V) 0 _0
* AT + QWA QN 21()\) CTO()\) <0 (7)
* * * —
* * * * -1

(7) is an LMI formulation of the Ho performance presented in Lemma 3.1 for continuous-
time stochastic systems. A robust stochastic Ho, filtering result has been presented in
[14] based on the performance condition (7). Due to the existence of product terms
between the Lyapunov matrix Q(\) and system matrices, the robust filtering result in
[14] is obtained by imposing Q(A\) = @, which leads to a filtering result within the
quadratic framework. In the following, we will present an improved version of (7) by
decoupling the product terms between the Lyapunov matrix Q(A) and system matrices,
which will be used in our filter designs.

Proposition 3.1 Suppose system S in (1) and filter Fp in (3) are given, the filtering
error system Ep in (4) is mean-square asymptotically stable with J < 0 for all nonzero
w(t) € L2 [0,00) under zero initial conditions if and only if for a sufficiently small scalar
€ > 0, there exist matriz functions Q(X) > 0 and W () satisfying

T 0 O VeaWT(NE(N) 0 0
x T 0 JWT(\) (aEN) + F(N) 0 0
N | WT(A) (I+€eAN) VEWT(N)B(N) 0 0 g
© o QW) o very | <0 P
X% % * —2I 0
| x % % * * -1 |
where
T2QMN) -WH) —W).

Proof We first show that (8) is equivalent to

Qw00 VEaQNE(). 0 0
LS 0 VE() (@B +F) 0 0
f QW QU A)  VEWBY) 0|
s ~QM) 0 veeroy | <
* * * * —y2I 0
* * * * * -1

(9)
The equivalence between (8) and (9) can be proved as follows. On one hand, if there
exists a matrix function Q(\) > 0 satisfying (9), (8) is readily established by choos-
ing WT(\) = W(A\) = Q()\). On the other hand, if there exist matrix functions
Q(A) > 0 and W()) satisfying (8), we can easily see that W(X) is nonsingular. In
addition, we have (QA) — W) Q~1(\) (Q(A) — W (X)) > 0, which implies that
L2 -WTNQTNW() < Q) — WT(X) — W(XA). Therefore we can conclude from
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(8) that
0 0 \/EaWT( YE(N) 0 0
et T
* % + € € 0
x %k k Q) 0 VeCT () <0 (10)
* ok ok * -2 0
* % % * * —I

Performing a congruence transformation to (10) by diag {W=1(N\)Q(N), W=1(A\)Q(N),
W=NQN),I,1,1} yields (9).

Now, performing a congruence transformation to (9) by diag {I, I,1,e V21,1, I}, we
obtain

—-Q(\) 0 0 aQ(N)EN) 0 0
* —Q\) 0 Q) (aE(X) + @)) 0 0
P QW) QU (VP VEAN) VEBLY 0 |
* * * e QN 0 CT(\)
* * * —2I 0
* * * -1
(1)
by Schur complement, (11) is equivalent to
—Q(\) 0 aQ(NEN) 0 0
—Q(Q)  QN)(aEA) + F(N)) 0 0
L QAN AT QB+ e | <o
eAT(NQMNA(N) eAT(NQNB(N)
* —72I + eBT(N)Q(N)B(\) 0
* * -7
) (12)
which is further equivalent to
5 AT
{ T Qb )7} ) ] —I—e[ }_%ng ]Q(/\)[ AN BO) ] <o, (13)

where

T £ QWA +AT(NQW) + CTNC(N) + &*ET(NQNE(N)
+ (@B + FO) T Q) (eEO) + F(\)) -

Since Q(A\) > 0 and e is sufficiently small positive, (13) is in fact equivalent to (6), and
the proof is completed. O

The advantage of Proposition 3.1 lies in the fact that by introducing the slack (in the
sense that no structural restriction is imposed) matrix function W(A) and a sufficient
small positive constant €, (8) does not contain product terms between the Lyapunov
matrix Q(A) and system matrices. This decoupling property has been proved to be an
advantage for polytopic uncertain systems concerning reducing conservativeness [25]. In
the following (sub)sections, we will develop parameter-dependent and robust stochastic
H filters based on Proposition 3.1.

It is noted that if the filter matrices (Ap(\), Bp(A), Cr(\)) are given, (8) is a linear
matrix inequality over the matrix variables Q(A) and W(\) for fixed A. However, since
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our purpose is to determine the filter matrices (Ap(\), Bp(\),Cr())), condition (8)
is actually a nonlinear matrix inequality. In addition, to test the feasibility of these
conditions is an infinite-dimensional problem in terms of the uncertain parameter A. Our
main objective hereafter is to transform (8) into finite-dimensional LMI condition.

3.2 Main Results
Our result depends on the following proposition.

Proposition 3.2 Given system S in (1). For a sufficiently small scalar e > 0, there
exist matriz functions Q(\) > 0 and W(X) satisfying (8) if and only if there exist matrices

o 2 | G g;&; >0, RO\, S(\), TN, Ap(N), Br(\), and Cp(N) satisfying
[II; I, 0 0 0 0 eaRT(NE(N) 0 0 0 i
x I3 0 0 0 0 eaSTNE(N 0 0 0
x x Iy Tl 0 O 14 0 0 0
* x *x II3 0 O 115 0 0 0
a | x ok ox o ox I Il s T(\) +eAp(X) IIg 0
T = * ok % %  x I3 II; T\ +eAr(N) Il 0 <0,
S e e —Qi) —Qa() 0 VELT(Y
x ok k% k% * —Qs(N) 0 —VeCEM)
x % %k k% * * —2I 0
x % %k k% * * * -1
' " (14)
where

I = Q1(A) = RT(\) — R(N), Ty = Qa(N) —T(N) = S(N),

I = Qs(A\) —T(\) =T (), Iy =+veaR"(\)E(N) + Br(AN)F()),

5 = VeaST(A\)E\) + BRr(NF()), TIg = RT(\) + eRTY(V\)A(N) + eBr(A\)C(N),

7 = ST(A) +eST(NAN) +eBr(A)C(N), s = VeRT (\)B(A) + VeBr(A)D(N),
= VeST(N)B() + VeBr(A)D(A).

Moreover, under the above condition, the matrix functions for an admissible parameter-
dependent stochastic Hoo filter Fp in the form of (3) are given by

[ g&% BFO(/\) ] _ [ T*(l)(/\) 0 } {éﬁ&; BFO(A) ] (15)

Proof Necessity. Given a sufficiently small scalar € > 0, suppose there exist filter
matrices (Ap(X), Br(A), Cr()\)) and matrices Q(A) > 0 and W(\) satisfying (8). Let
the matrix functions Q(A) and W () be partitioned as

@A) Q2(N) | WA Wa(A)
QW—[QE(A) Qs(A)}’ W“)—[wm) wgml (16)

By invoking a small perturbation if necessary, we can assume that Wy(\) and W5(\) are
nonsingular. Define the following invertible matrix functions

1 0

J(\) = [ 0 WEWA() ] K(\) = diag {J(\), J(N), JOV), JN), I, I} (17)
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and define

a = | G 2 = ooy 9

Then, performing a congruence transformation to (8) by K(A) together with the
consideration of (5) yields

Q) — vy — vl 0 0 Veavs 0 0
s Q) — vy — Ul 0 Ve(a¥Us +Tg) 0 0
* - Q) =Ty =¥ UT4+ely ely 0 0
\ ) ) QW 0 year =7
* * * * -2 0
* * * * * -1
(19)
where
_— Wi(\) Wa (N5 () Wa(N) }
L wEOOWETOWL) WEQW T (W) ]
v | W) B() + W (N Br(A)D() }
2T L WEMOWE T WL NBA) + WENBE(A)D() |7
[ Wt (TA)A(A)_J; wi QF)BF(A)O(A) WENAR(NW5  (AWa(N)
e Y wE A o) |
| L™())
LW oW T (NCEN } ’
o | Wi (ME(N) 0
T L WEWWS TOWENER) 0 }
we — [ WEBr(VF() 0
ST L WEBR()F(O) 0]'
By defining
R(\) = W1i(N), (20)
S(A) = Wa(MW5 ' (NWa(N), (21)
T(A) = Wi (W5 (W (D), (22)
Ap(\) Br(\) _[WE(A) 0 {AFM) BF<A>HW31<A)W4<A> 0
Cr()) 0 - 0 I Cr(\) 0 0 I’
(23)

(19) is equivalent to (14), and the necessity is proved.

Sufficiency. Suppose for a sufficiently small scalar € > 0, there exist matrix functions
Q) > 0, R(\), S(\), T(\), Ar(\), Br(\) , and Cr()\) satisfying (14), we will prove
that there must exist filter matrices (Ap(A), Brp(A), Cr(X\)) and matrices Q(A) > 0 and
W () satisfying ( 8).

First (14) implies T(\) + TT(\) — Q3()\) > 0, then we know that T'(\) is nonsingular
due to Q3(A\) > 0. Thus one can always find square and nonsingular matrix functions
Ws5(A\) and Wy()) satisfying (22). Now introduce the matrix functions J(A), K(\) as
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defined in (17) and

C[ROY SOOW W)
W“)—{wgm Wiy }
Q) = T TN T (V).
Ar(V) BF<A>]_[W4T<A> o} [Apm BF<A>HW;1<A>W3(A> 0
Cr(N) 0 B 0 Cr(N) 0 0 1

(24)
Then, we have Q(\) > 0. Now, by some algebraic matrix manipulations, it can be
established that (14) is equivalent to

® 0 0 \/—a{/T_(JT)()(T)J(@/\())() 0 0
= X
0GB+ FONIOY) 0 0
coe b RORS ETOWTBY) 0 <0,
. —ITNQMA)I(N) 0 eI NET ()
* * _721 0
L * * * T

(25)
where @ = JT(A\)YJ(A). Now, performing a congruence transformation to (25) by
K~1()\) yields (8), and the sufficiency proof is completed.

Proof of Second Part. If the condition in Proposition 3.2 has a set of feasible solutions
{Q(N), R(N\), S(\), T(N\), Ap(X\), Br()\), Cr(M\)}, from the above proof we know that
the filter with a state-space realization (A()), B(X),C(A)) defined in (24) guarantees the
filtering error system Ep in (4) to be mean-square asymptotically stable with 7 < 0 for
all nonzero w(t) € L2 [0,00). Now denote the operator from y(t) to zp(t) by T..y(A) =
(Ar(X), Br(A),Cr(N)), then we have 7., ()) is equivalent to G, (A\) under a similarity
transformation, where

gzw;(/\)
= (W W (AR (W5 (WL (N), W (W (N Br(A), Cr(NWs (N Wa(N) .

By substituting the matrices with (24) and by considering the relationship (22), we have
Gery(N) = (TTHNAF(N), T7HA)Br(A),Cr(Y) -

Therefore, an admissible filter can be given by (15), and the proof is completed. O

Proposition 3.2 is a preliminary result for solving the parameter-dependent H ., filter-
ing problem. It casts the nonlinear matrix inequality in Lemma 3.1 into an LMI condition
by using linearization procedures, upon which desired filters can be constructed by using
the obtained matrix functions Q()\), R()\), S(\), T(\), Ar(\), Br()\) , and Cr()). How-
ever, this LMI condition still cannot be implemented due to it infinite-dimensional nature
in the parameter A\. Our purpose hereafter is to transform the infinite-dimensional condi-
tion in Proposition 3.2 into finite-dimensional condition that depends only on the vertex
matrices of the polytope R. Then, we have the main filtering result in the following
theorem.

Theorem 3.1 (Parameter-Dependent Stochastic H, Filtering) Given sys-
tem S in (1), an admissible parameter-dependent stochastic Hoo filter in the form of Fp
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in (3) exists if for a sufficiently small scalar € > 0, there exist matrices R;, S;, Tj, Ap;,

Bri, Cr; and Q; = [ Q*li Qo } > 0, satisfying

Qsi
U, <0, 1=1,...,s, (26)
Wij+¥;; <0, 1<i<j<s, 27)
where
(& ® 0 0 0 0 ./eaRlE, 0 0 0]
£ ® 0 0 0 0 eaS'E, 0 0 0
\/EQR;FEJ'—F
* * (1)1 (1)2 0 BFZ'FJ‘ 0 0 0
\/ECMSZ-TEJ‘-F
* * x ®3 0 0 BFiFj 0 0 0
- VeRIB,+
U, = * * * x Oy Py Py Ti + eAri \/EBFle 0 ’
. i \/ES;FBJ'—I—
* * * * * Py @_5 T +_€AFZ \/EBFiDj 0
* * * * * * —Q1i —Q2i 0 \/EL:]F
— Vs - f
* * * * * * * Q3i 0 \/ECFi
* * * * * * * * =1 0
Lok ox ok % * * * -

O =Qu—R/ —Ri, P2=0Qu—-T,—S; ®3=Qu—-Ti—T,,
(1)4 = R;F + ER;FAJ‘ + EBFiCj, (1)5 = S;r + ESZTA]‘ + EBFiCj.
(28)
Moreover, under the above conditions, the matriz functions for an admissible
parameter-dependent stochastic Hoo filter Fp in the form of (3) are given by

1 S — S _
s NiAFi AiBri
Ar(\) Br(M) | _ Yo AT 0 ;:1 r i=1 r
crn) 0 || \& . - @)
r I Z /\iOFi 0
i=1

Proof From Propositions 3.1 and 3.2, an admissible parameter-dependent
stochastic Ho, filter Fp in the form of (3) exists if there exist matrix functions Q(\) > 0,
R(\), S(\), T(\), Ar(\), Br(\), and Cp(\) satisfying (14). Now assume the above
matrix functions to be of the following form

QM) = Z)\1Q1 = Z/\i { Q*li gzz ] J
i=1 i=1

RN =Y NRi, S\ = ZS:/\Z-Si, TN\ =>_ N, (30)

i=1 i=1

Ap(\) =Y Ndpi, Br(\) =Y _ A\Bri, Cr(A)=>_ \Cri.
i=1 =1 =1
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With (30) it is not difficult to rewrite W(A) in (14) as

s S s s—1 S
TO) =D D ANT5 =) A0+ > D Ay (T + T50) (31)
1=1

j=11i=1 i=1 j=i+1

where ¥;; is defined in (28). Then, (26) and (27) guarantee ¥()\) < 0, and the first part
of the proof is completed.

By substituting the matrices defined in (30) into (15), we readily obtain (29) and the
proof is completed. O

Remark 3.1 The idea behind Theorem 3.1 is to use convex combinations of vertex
matrices in the form of (30) to substitute the matrix functions in Proposition 3.2. With
the introduction of these matrices, the infinite-dimensional nonlinear matrix inequality
condition in Proposition 3.2 is cast into finite-dimensional LMI condition, which depends
only on the vertex matrices of the polytope R, and therefore can be readily checked by
using standard numerical software [10].

Remark 3.2 Note that the condition in Theorem 3.1 is an LMI not only over the
matrix variables, but also over the scalar v. This implies that the scalar v can be included
as an optimization variable to obtain a reduction of the attenuation level bound. Then
the minimum (in terms of the feasibility of Theorem 3.1) attenuation level of Ho filters
can be readily found by solving the following convex optimization problem:

Minimize v subject to (26) and (27) for sufficiently small € > 0.

4 Robust Stochastic H, Filtering

In the robust stochastic H filtering problem, by augmenting the model of S to include
the states of the filter Fr, we obtain the filtering error system Eg:

n: de(t) = [ANE W)+ BOu(v] i+ BOE (0 dB0) + FNE O,
e(t) = COVE(?),
where
. AN 0 _ B()) _ E(\) 0
109 gy 4] B0=[ gy | 0= 3. )

F\) = [ BF;(A) 8} CON=[ L) —Cp].

Then, the robust stochastic H, filtering problem to be addressed in this section can
be expressed as follows:

Problem RSHinfF (Robust Stochastic H., Filtering): Given system S in (1),
determine the matrices (Ap, Br,CF) of the filter Fr in (2), such that the filtering error
system g in (32) is mean-square asymptotically stable and J < 0 for all nonzero w(t) €
L5 [0, 00) under zero initial conditions . Filters satisfying the above conditions are called
robust stochastic H filters.

In the following, we will solve the robust stochastic Ho, filtering problem. First
according to Proposition 3.1, when system S in (1) and filter Fg in (2) are given, the
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filtering error system &g in (32) is mean-square asymptotically stable with J < 0 for
all nonzero w(t) € L2 [0,00) under zero initial conditions if and only if for a sufficiently
small scalar € > 0, there exist matrix functions Q(A) > 0 and W ()) satisfying (8). It is
worth noting that if we solve the robust filter design problem by following the idea in
previous references [12, 28], we need to set the general-structured matrix W(A) = W for
the entire uncertainty domain. To reduce the conservativeness while keeping the filter
synthesis problem tractable simultaneously, here we assume W (\) takes the following
structure:

Wi(A) Wa(A)

W(/\)_[ v

Then, by following similar lines as in the proof of Proposition 3.2, we have the following
proposition.

Proposition 4.1 Given system S in (1), an admissible robust stochastic Hoo filter
in the form of Fr in (2) exists if for a sufficiently small scalar € > 0, there exist matrices

QN 2 Q) QQ( ) >0, R(\), S\\), T, Ap, Br, and Cp satisfying

[, I, 0 0 0 0 eaRTNE(N) 0 0 0 ]
x M3 0 0 0 0 eaST(\EN) 0 0 0
* * 1:11 1:[2 0 0 1:[4 0 0 0
N 1 0 0 1i[5 0o 0 0
N * ok x  x I} Iy II T\ +e 11 0
AN = N 1 l:[i T\ +e 7§ 1:12 0 <0,
X%k Kk k% —-Q1(\) —Q2(N) 0 VeLT())
X%k %k k% * —Qs3(N) 0 —eCFh
Y T T * * —~2T 0
* % %k ok ok * * -1
) (34
where
I =Q:1(\) = R"(N) —R(\), Ty =Qx(\)—T—S5(), Iz=Qs\)-T-T",
m — VEaRT(WE() + BrF(\), Tl = x/EaST( JE(\) + BrF (M),
=RY(\) + eRT(\)A(N) + EBFO()\), = ST(\) +eST(N)AN) + eBrC(N),
= VeRT(\)B() + VeBrD()), \fST( )B(A) + VeBrD(A).

Moreover, under the above condition, the matrices for an admissible robust stochastic
Heo filter are given by

{éi %F]_{T;?Hgi %F] (35)

Based on Proposition 4.1, we readily have the main robust filtering result.

Theorem 4.1 (Robust Stochastic H., Filtering) Given system S in (1), an ad-
missible robust stochastic Heo filter in the form of Fr in (2) exists if for a sufficiently

small scalar € > 0, there exist matrices Q; = [ Q*li g% } >0, R;, S;, T, Ap, Br,
3i
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Cr satisfying

Ai; <0, i=1,...,s, (36)
Ay +A5; <0, 1<i<j<s, (37)
where
[Ay A 0O 0 0 O \/E@Rl-TEj 0 0 0 i
*x A3 0 0 0 O \/E@S?Ei 0 0 0
x x A Ay 0 O \/EozR;-rEj + BrFj 0 0 0
x x x A3 0 O \/EozSiTEj + BrF; 0 0 0
- RIBj+
A A A T+ €A Ve KA 0
Al o * * * * 1 2 4 €EAR \/\/_EBI‘FDJ
E - €S, B+ ’
* ok % x  *x Aj Af T —|—pr eBrD; 0
* ok %k kX —Q1 —Q2; 0 \/ELJT
x % % % %k * —Qs; 0 —/eCk
x ok k% kK % * * —2I 0
| %k kK k% * * * -1 i

AM=Qu R —Ri, A=Qxu—-T-5;, A3=Qs-T-T",
Ay = R;P + ER;FAJ' + EBFOJ', As = SZT + ESZTAJ' + EBFOj.
(38)
Moreover, under the above conditions, the matrices for an admissible robust stochastic
Hoo filter in the form of (2) are given by (35).

The theorem can be proved by following similar lines as in the proof of Theorem 3.1
and thus omitted.

With Theorem 4.1, the minimum (in terms of the feasibility of Theorem 4.1) attenu-
ation level of robust stochastic H, filters can be readily found by solving the following
convex optimization problem:

Minimize v subject to (36) and (37) for sufficiently small e > 0.

5 Illustrative Example

Consider the following numerical example:

- —06 4+a 0 0 —-04 0.2
dz(t) = {{ 4 —06 ] x(t) + [ 15 0 } w(t)}dt—l— [ 03 05 ] z(t)dp(t),
yt)={[0 =12 ]z@®)+[0 1 ]wt)}+[03 04+0.1a |z(t)ds(t),
2(t)=[0 1 ]a(t),
(39)
where a represents an uncertain parameter satisfying |a| < a. This uncertain system can
be modeled with a two-vertex polytope.

First assume a = 0.5, we solve the filtering problem for this system by several ap-
proaches described as follows:
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1. By Theorem 4.1, the obtained minimum H.,, performance of robust stochastic
filters is v = 1.6988 for (e = 0.001), and the associated matrices for filter Fr in

(2) are given by

Ap — —7.2213 6.8684 } . Bp= { 0.0024

~5.4021 —0.1494 ~0.0066 ] » Cr=[ 00000 ~1.0000 .

The actual calculated H, performance of the filtering error system for different
a by connecting the above filter to the original system is depicted in Figure 5.1.
From this figures, we can see that the Ho, performances for the entire uncertainty
domain are below the prescribed value v = 1.6988.
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Figure 5.1: Ho performance of robust stochastic filter for entire uncertainty domain.
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Figure 5.2: H, performance of parameter-dependent stochastic filter for entire uncertainty
domain.
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2. By Theorem 3.1, the obtained minimum H., performance of parameter-dependent
stochastic filters is v = 1.6900 for (e = 0.001), and the associated matrices needed
for the calculation of (29) are given by

o _ [ 06035 —0.1113 o _ [ 06251 —0.1128
Y71 —0.1113 05390 | 27| —0.1129 0.7156 |’
Ao _ | 01019 21424 4., — [ —0-0088  2.8630
FL=1 _20922 —0.7071 | “f2 7| —2.7663 —0.7701 |’
_ 0.0009 _ 0.0031
Br = [ —0.00331 } » B2 = [ —0.0054 } ’

Cr1=[0.0001 —1.0000 |, Cpz=[0.0001 —1.0003 |.

The actual calculated Ho, performance of the filtering error system for different a
by connecting the above filter to the original system is depicted in Figure 5.2. It
can be seen that the Ho, performances for the entire uncertainty domain are below
the prescribed value v = 1.6900.

3. By Corollary 1 of [14], the obtained minimum H., performance of robust stochastic
filters is v = 2.0472, and the associated matrices for filter Fr in (2) are given

0.0874
—1.4642

—-0.1735  4.0691

Ar=1 40141 -1.9794 }  Br= [

} , Cp=1[0.0000 1.0000 .

The above calculated results show that for this example, the robust filtering result
in the quadratic framework [14] is conservative than the approaches presented in this
paper. In addition, since the parameter-dependent stochastic filter design makes use of
information of the uncertain parameter, it is reasonable to obtain less conservative filter
designs than the robust filtering approach.

Finally, Table 5.1 presents a comparison of minimum H., performance obtained by
using Theorem 4.1, Theorem 3.1 and Corollary 1 of [14] for different cases. This table
shows again the reduced conservativeness of the filtering approaches proposed in this
paper. Notably for 1.0 < @ < 4 where Corollary 1 of [14] fails to find feasible solutions,
the parameter-dependent and robust approach presented here are still able to provide
desired filters.

a=05]a=08| a=1.0 a=3 a=4
Minumum ~ by Theorem 4.1 | 1.6900 | 1.7102 1.7280 2.5071 21.5990
Minumum ~ by Theorem 3.1 | 1.6988 | 1.7189 1.7399 2.5293 22.5724
Minumum -+ by [14] 2.0472 | 6.0166 | infeasible | infeasible | infeasible

Table 5.1: Minimum H performance for different cases.

6 Conclusions

The problem of H, filtering for continuous-time stochastic systems with parameter un-
certainties residing in a polytope has been investigated in this paper. Two approaches,
namely robust stochastic H filtering and parameter-dependent stochastic H filtering,
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have been proposed according to the online availability of the information on the uncer-
tain parameters. Sufficient conditions are derived based on an improved bounded real
lemma for stochastic systems and formulated in terms of linear matrix inequalities, upon
which desired filters can be obtained by solving convex optimization problems. Since
the filter designs make full use of the parameter-dependent stability idea, the obtained
results are less conservative than the existing one in the quadratic framework, which has
been illustrated via a numerical example.
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Abstract: The logic-dynamical hybrid system given by a set of subsystems
which are linear differential-difference equations with constant coefficients and
constant delay is investigated in the paper. The estimations of disturbances
of such system are obtained. We consider the cases of stable and unstable
subsystems. Besides the estimations of solutions of hybrid system given by a
set of scalar subsystems are obtained.
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1 Introduction

Nowadays the disturbances in hybrid systems dynamic is an actual research problem [2,9].
Since in different branches such as medicine, ecology, construction of control systems,
the state at a given moment in time essentially depends on the previous history, more
adequate instrument for researching the dynamic of separate subsystems is formed by
equations with delay [4-6].

Let the logic-dynamical system be given by a set of subsystems which are linear
differential-difference equations with constant coefficients and constant delay

z(t) = Ajx(t) + Bix(t — 1), i=1,n, xz(t)€ R", t>0. (1)
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Each of these subsystems describes the dynamics on a fixed finite time interval ¢;_; <
t < tiy, i = 1,N, to = 0. Subsystems can be stable or unstable. We suppose, the
initial disturbance is in J-vicinity of the origin. It is required to estimate the size of the
deviation of solutions z(t) of the logic-dynamical system (1) from the origin at the final
moment t = tn. We consider finite time intervals, and at switching times coordinates
have no discontinuity, i.e.

Sl_ig_lox(ti—s) :Sl_ig_lox(ti—ks), i=1, N —1, (2)
and on separate time intervals the subsystems are systems of linear differential-difference
equations such that, by virtue of a continuity, all solutions which start from J-vicinity
do not leave e(d)-vicinity. On the contrary, for any € > 0 there exists d(¢) > 0, such that
|z(tn)| < e, if [|[2(0)], < é(¢). In the paper the mentioned values are calculated. Special
attention is given to the case of unstable subsystems. Here and further the following
vector and matrix norms are used

A] = {Amax(AT A}

" 1/2
o(t)| = {Zﬁ(t)} ,

o)l = max {la(s + )]},

0 1/2
lz(®)l], 5 = {/eﬁs |x(t+s)|2ds} ,

—T

Amax (), Amin(+) are the largest and smallest eigenvalues of the corresponding symmetric,
positive definite matrices.

For the derivation of estimations the method of Lyapunov-Krasovsky functionals [7-9]
is used.

Research of such type of logic-dynamic systems has been carried out earlier. In [10]
the logic-dynamical system consisting of linear differential equations subsystems was
examined. The method of quadratic Lyapunov functions was used. The Lyapunov’s
functions were built as non-autonomous quadratic forms V(z,t) = 2TH(t)z, H(t) =
e~tA"e~tA by using a first integral. This kind of Lyapunov function allows to derive
the most exact estimations of solutions, as level surfaces V;(z,t) = «;, i = 1, N -1
of Lyapunov functions V;(z,t), i = 1, N — 1, completely consisting of integral curves.
However, the construction of such functions is connected with the presence of a matrix
exponential e/, i.e. with the presence of a fundamental matrix of solutions. That is a
strong condition.

In [11] it has been proposed to use autonomous Lyapunov functions with symmetric,
positive definite matrices H;, ¢ = 1, N — 1 which are calculated using a solution of the
matrix Lyapunov equations

A?Hl + H;A;, = C;

for i = 1, N — 1. However this requires the asymptotic stability of matrices A;, i =
1, N —1 . Finally, in [12] estimations of disturbances of logic-dynamical system (1)
without the requirement of asymptotic stability of matrices A;, ¢ = 1, N — 1 has been
obtained.
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2 Estimations of solutions of stable subsystems

We'll first obtain some auxiliary results. We investigate the behavior of the solution ()
of a linear stationary subsystem with delay

&(t) = Az(t) + Bx(t — 1), (3)

determined on an interval ty < ¢ < ¢;. For obtaining an estimation of solutions we use a
functional of the form

0
Viz(t),t] = e'yt{xT(t)H:r(t) + / Pt (t + s)Ga(t + s)ds} (4)
Let’s denote N (I A (G)
en(H) = ﬁ(h{)v 12(G, H) = )\Z?:(H)’
en(G,1n) =32 o) = 32 )
S[G, H] = _ATIngfl{IA‘G el

The following statement holds.

Theorem 2.1 Let there exist positive definite matrices G and H for which the matriz
S[G, H] is also positive definite. Then the system (3) is asymptotic stable and for its
solutions x(t) it follows the top exponential estimations of convergence hold:

(0] < [Vl o) + Vel 1 120, | e {5t} 1200 (@

and
le @), 5 < [mmo)uml\x(mllﬂg} exp{—%d}v t20 (D
for Ain (SIGHY) 3 Ain(G) hwin(5)
c(ﬁ,v)—min{ mi\nmax(ﬁ) ’6A:;Z(G)+7{1_ﬁ(®]}' )

The value B > 0 can be arbitrary for
/\min(S[Ga H]) > )\max(G)'

And

B< %ln{ Amex(G) } :

/\max(G) - /\min(S[Ga HD
if
Amin (S[G, H]) < Amax(H).

The value vy satisfies a condition v < (3.
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Proof For the proof we use the Lyapunov-Krasovsky functional of the form (4) with
positive definite matrices G and H. It satisfies the following bilateral estimations:

" i (a0 + Ain(G) 202} < V().

(9)
< et {)\max(H)|x(t)|2 + Amax(G) IIw(t)Ili,ﬁ}

We find an estimation for its derivative in force of system (3). We make a substitution
t + s = &. Then the functional transforms to

V]z(t),t] Zth{:vT(t)Hx(t)—f— / eﬁ“ﬁ):cT(g)Gx(g)dg}. (10)

t—r

We calculate a full derivative of the transformed functional (10) along solutions z(t) of
system (3). We obtain

t

/ e-ﬂ“—f)xT(&)G:c(g)ds}

t—7

%V[aj(t),t] = ”ye”t{xT(t)H:r(t) +

+ e [Ax(t) + Ba(t — 7)]" Ha(t) + 27 () H [Az(t) + Ba(t — 7))
+ 2" (t)Ga(t) — e P2l (t — 7)Ga(t — 1)}

—e”t{ﬁ / e-ﬁ<f-f>:cT<§>Gx<5>ds}.

-7
We transform the obtained expression as follows:

t

/ e—ﬁ“—“xT(@Gm(&)dé}

t—7

d iy
SVLa(t). 1) = —e {(6 ~7)

11)
CATH-HA-G —HB] (2(t) (
_ et (T Ty
@ (0,27 =) [ _BTH G } <x(t —7)
+ye T () Ha(t) + ' (1 — e P7)a’ (t — 7)Ga(t — 7).
We suppose, as follows from the conditions of Theorem 1, there are positive definite

matrices G and H for which the matrix S[G, H] is also positive definite and 5 > v > 0.
Then we obtain

SV(1), 1] <~ A (SIG, H) (|2(0) + [t — 7))
+ & Y Amax ()| 2(8)2 + €7 (1 = €777) Aax (G) 2t — 7)[°
— (B =) Aain(G) ()] 5

Let’s transform the obtained expression as follows

iV[w(f)at] < =" {nin(S[G, H]) = YAmax (H) Har (1)

dt
— " PDanin(S[G, H]) = (1= e P7) Ao (@)} |2t —7)2 - (12)
— (B = 1) Amin(G) [2(D)]12 5 -
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If the parameters of system and functional are
)\min(S[Gv H]) Z )\max(G)

then from inequality (12) it follows, that

d
SVI0),1] < " Dunin(SIG, ) = M B} () — €75 = 1) Anin(@) (1)
(13)
for any 5 > 0. If
Amin(S[Gv H]) < )\max(G)a
then inequality (13) will be used for
1 Amax(G)
< —1
0= F< 250 — A SIGH) |
We transform the right part of the inequality of quadratic forms (9) as
—" Amax (H)|2(8)]* = € Amax (@) (1) 5 < =VI](t), 1] (14)

Let’s consider two cases.
1. Let’s transform the inequality (14) as

1 Amax (G)

—eMz ()] < —————V[z(t),t] +
0) <~ VO] + P e )1
and we substitute it in the first part of the inequalities (13). We obtain
d Amin (S[G, H]) — YAmax(H)
< - t,t

= (8= DA0in(6) = Pia ST, HD = D] 3= IO

If the parameters are

(5= DA ©) 2 Doin(SIGH) = P D] 22500 (15)
then d A (S[G, H]) ~ YAumax(H)
S Vla(t) ] < - - Via(t) 1
Solving the obtained differential inequality, we get
Via(t), 1] < V [2(0), 0] e, o — Jnin(S [G;fjj(;ym““f ) t>0 ()
From here
o= 2T

2. We transform inequality (14) to the following form
1 )\max H
— ()] Via(t).q + €52

||‘r,ﬁ S _)\max(G) 9 Amax( )|.’I](t)|2
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and again we substitute it in the second part of the inequalities (13). We obtain
d Amin(G)

V(0,8 < =5~ V)WV@(UJ]
= T {Aain(SIGLHD = Dl E1) = (5= 1) i 652 o102
And if parameters are such that
in(S[G. H) = Vsl H) = (9 =7 hmin( )32 > 0, a7)
then p N
GV 10(0)] £ (6= 1)V [o(o)
Having integrated the obtained expression, we get
Viz(t),t] < V[z(0),0]e*, a= (8- 7);\\:;%((2))’ t>0. (18)
e © ©)
Amin G Amin G
Sl v Al e ]

For obtaining the required result we return to bilateral estimations of Lyapunov—
Krasovsky functional (9). Using expressions (16), (18), we write down

& i ()2 (6)]” + Ain(G) ()3 5 } < V(1) 1] < V [(0),0] e
< ¢ Mnax(H) [2(0)* + Anax(G) |2 (0) 17 5}
It is possible to obtain two estimations. First, we get

oo < Rt o 4 42l 2 J et

And, using denotations ¢11(H), ¢12(G, H), we obtain

(0] < (VT o) + VoG 2Ol ] exp {5+ e} 120

Further it is possible to write down

lz(®)]17 5 < [% |l2(0)* + i:l"‘:(( ))| (0 )||§74 e (@t

And, using designations 21 (G, H), p22(G), we obtain an inequality

1
o0l < [Voar G o(O)] + Voml@ O], o exo{ ~3etf e

As follows from consideration of both cases we have

_ mm(S[G H]) )‘min(G) Ami n(G) Amin S[ ])
R w7 B W (e {1 B Amfm(G)] = @ (19)
_ BAmin(G) )\min(G> )\min(G> G) mln G H])
¢ )\max(G) + 7 |:1 a )\max(G):| for ﬁAmax(G) |: G) < mdx .
(20)

Uniting these expressions, we obtain the statement of Theorem 2.1. O
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3 Estimations of solutions of unstable subsystems

We consider a case where it is not possible to find matrices G and H for which the matrix
S[G, H] is positive definite. Let’s denote

~ATH - HA-~H -G -HB

S[GaHa ’Y] = _BTH G

(21)
Obviously, due to the choice of a scalar value v < 0 the matrix S[G, H, ] can be made
positive definite.

Lemma 3.1 Let the matrices G, H be positive definite and let the following inequality
hold

Amin [~ATH — HA — G — HBG~'BTH]
/\max (H) '
Then the matriz S|G, H,~] is also positive definite.

v < (22)

Proof We introduce a vector 27 (t,7) = (27 (t),2” (t — 7)). The condition of positive
definiteness of matrix S[G, H,~] is equivalent to positiveness of the minimal eigenvalue

Auin [$ (G, H)] = min {z"(t,7)S[G, H,~]z(t,7)} > 0,

or to the condition
zr(rtliri) {z"(t,7)S[G, H,~]z(t,7)} >0
at an arbitrary x(t) € R™. In braces the quadratic form is written down
21 (t,7)S[G, HAyz(t, ) = 2" (t) [-A"TH — HA — vH — G| z(t)
—2T(t)HBx(t — 1) — 27 (t — 7)BTHx(t) + 27 (t — 7)Gx(t — 7).
The necessary and sufficient condition for a minimum on a variable z(t — 7) is equality

to zero of a partial derivative on z(t — 7) and positive definiteness of a matrix G, i.e.

ﬁ{zT@, 7)S|G, H,~)z(t,7)} = 0.

Calculating the derivative, we get
~BTHux(t) + Gx(t — 1) = 0.

As the matrix G is positive definite, it is non special. From this it follows that z(t —7) =
G~ 'BTHz(t). We calculate the value of the quadratic form in the obtained point z(t—7)

2T(t,7)S[G, H,~]z (t,7) = 27 () [—ATH —HA—-~H -G - HBGilBTH] x(t).

From this we obtain that the matrix S[G, H,~] is positive definite, if there are positive
definite matrices G and

Q|G,H,~|=-A"H —-HA—-~+H -G - HBG™'B"H.
This expression is used for
Amin (Q[G, H,7]) > Amin [~A"H — HA— G — HBG™'B"H| — yAnax(H) > 0.

From this we obtain inequality (22), i.e. the statement of the Lemma. O
Using the proved Lemma, we obtain the following statement.
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Theorem 3.1 Let there not be any positive definite matrices G, H for which the
matriz S|G, H] is also positive definite. If the value vy is chosen according to an inequality
(22) and B > v then for the solutions x(t) of system (3) there are truly top exponential
estimations of convergence (6), (7)

(0] < [Vt o) + voul@ ) el exp {5t h. 120
o0l s < [Voar @ 0]+ Vo(@ IO, o exp { -5t} 120

and
_ [ Amin(S[G, H]) Amin(G) Amin(G)
s(B.7) = mln{ e (1) +7, 67/\%(((;) +v [1 - 7)\%(((;)] } : (23)

The value B can be arbitrary if
)\min (S[Gu Ha /7]) 2 )\max(G)

and

< % I { Amax (G) }

)\max(G) - Amin (S[Gv H7 FY])

Amin (S[G, H,7]) < Amax(H).

Proof For the proof of the statements of Theorem 3.1 again we use a Lyapunov—
Krasovsky functional of the form (4) with positive definite matrices G and H. We write
the full derivative of the functional (10) along solutions x(t) of system (3) as

L Va1 = —e”{(ﬂ -7) / e MO () Ga(6) d&}

t—T

— (@ (1).27 (¢~ 7)) [‘ATH Tera _ZB} (wé(—ﬂﬂ)

+ e (1 — e P (t — 7)Ga(t — 7).

Let the matrix S[G, H| described in (4), be nonpositive definite. Then, as follows from
the Lemma, if + satisfies conditions (22), then the matrix S[G, H,~] will be positive
definite and the following inequality holds

LV La(0).1) < " A (816, H.A)) ([0 + [zt~ 7))

dt
£ (1= ) Aan(@) [t = )2 = (8~ 1) Auin (@) (D] 5.
Let’s transform the obtained expression as follows

Ly Le(t), ] < =" Ain (SIG H, 7)) [2(0)

dt
= Puin (S1G, H,7) = (1= € dnan @} lat = )P )
= (B = 1) Auin(G) 217 5 -
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If the parameters of system and functional are such that
)\min (S[G7 H7 ’7]) Z )\max(G)a

then

%V[I(t% ] < =" Ain (S[G, H,A)) [2()]* = (8 = 1) Auin(G) 2117 5 (25)

for arbitrary 5 > 0. If
)\min (S[Gv Hv FY]) < /\max(G)7

then inequality (25) is used for

/\max(G)
)\max(G) - )\min (S[G7 H7 ’7]) .

1
0<B8<—In
T

We transform the right part of inequality of quadratic forms (9) to the form of expression
(14)
2
_ew)‘maX(H)lx(t)F — " Amax(G) Hx(t)HTﬁ < =Viz(t), 1]

and we consider two cases.
1. Let’s transform the right part of the inequality (14) as

1 Amax(G)
_et 2 <« Jmax\ "/

>~ m‘/[x(t),t] +6’Yt

2
@)% 5

and we substitute it in the first part of inequalities (25). We get

GVloto). ) < -2 O A o »
= {5 = D Aainl6) = i (S1G. 1)) L2 (02
If the parameters are such that
(5= PPAain(G) 2 D (816, 1,7 320, (27)
then
SVlate). ) < -2 BO I yg
Solving the obtained differential inequality, we get
Viz(), 8] <V [2(0),0] e, o= Ami&fﬁ;g’ N5 (28)

2. Further we transform inequality (14) as follows:

L VIa(). g + o el

_et 2 -
€ ”‘T(t)HTﬁ — )\max(G) )\max(

IS
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and we also substitute it in the second part of inequality (27). We get
d Amin (G)
S Via(t),f] < —(8 — )2
ot). 8 < ~(8 -3
)\de(H

dt
= LA (81G. Hoa) = 3 = D@32 fat0 P

And if parameters are

Viz(t),1]

i (S1G. H2) = (8 = )Aain( 3252 > 0
then J Ain(G)
SV le(0] < ~(6 - )32 v o).
Having integrated it, we obtain
Via(), 1] < Vs(0),0] e, = (5—)2mnl@ o) (29

/\max (G) ’ -

Let’s return to bilateral estimations of Lyapunov-Krasovsky functional (9). Using ex-
pressions (28), (29), we obtain

evt{)‘min(H)lx(t)F + Amin (G) [|2(t H‘rﬁ } < Via(t), 1] <V [(0),0] e
< e Do () [2(0) + (@) [2O)I2 5}

From this we obtain

o(0) < [Ventm e0) + VoG M e, )] esp {3 (a+ e}, ¢=0
lz@)l, 5 < {\/9021 (G, H) |z(0)] + /p2(G) ||z(0 |Tﬁ}exp{—%(a+fy)} t>0.

From the consideration of both cases we get the following expressions

mm (S[G Ha /7]) )\min (G) mm(G)
() T @ T T A (@) 2
Nnin (S[GLH.A))
a+y= i )\max({{) ’
e il v R (e |
/\min (S[Ga Hv ’Y])
)\maxH) '

Uniting these expressions, we obtain the statement of Theorem 3.1. O
Remark 3.1 As for the value ||a:(t)||3 5 the top estimations hold

0

0
||a:(t)||iﬁ:/ 85 |x(t + s)|ds < max {|x(t+s)|2}/655ds

—7<s<0
-7

(1= ) 27 < Tll=(0)]l,

QI’—‘
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where
l2(@)], = max {la(t+ )]},

then it is possible to transform the inequality (6) to the following

20 < [Veu( ) 2(0)| + VoG H) 2O, ] e+, >0,

or, even,

2()] < [Viern(H) + Veu(G )| |20, ¢ ¥, t=0. (30)

Remark 3.2 As estimations of majorant type, they contain two free parameters /3
and 7, and in the second theorem - can be negative. If put to the task of finding
an “optimum estimation” for a given class of functionals it is possible to calculate the
parameters 8 and -y precisely.

4 Estimations of solutions of scalar subsystems

Let’s consider the scalar linear differential equation with constant delay
z(t) = —az(t) + bx(t —7), a>0, 0<t<t;, 7>0. (31)
For the equation (31) the Lyapunov-Krasovsky functional (10) looks like
0
Vx(t),t] = e"*t{h:c2(t) +g / e () ds}, (32)

where h > 0, g > 0 are positive constants. We obtain estimations of the divergence of
disturbances on a finite time interval. As h > 0, g > 0 are scalar values then

)\min(H) = )\max(H) = h7 /\min(G) = )\max(G) =g-
For the full derivative of functional (32) along solutions of the equation (31) the equality
holds

d

2V e(®).1] _ve”f{h:ﬂ(mg / e PU=922(¢) dé}

t—T

+ 7" {2ha(t) [—az(t) + bx(t — 7)] + g2*(t) — ge P (t — )}

t
_ e”t{ﬁg e—ﬁ(t—ﬁ)gﬂ(ﬁ)dg}'
/

-7

Let’s transform it similarly to the form of (11)

%V[m(t),t] _ —e”{(ﬁ —7)g / eﬁ(tf);ﬁ(g)df}
o (33)
. 2ah —g —hb] [ x(t)
e (;U(t),:c(t—T)){ _hbg g } (x(t—ﬂ)

+ Yyt (t) + et (1 — e P7) g2 (t — 7).



180 D. KHUSAINOV, R. LANGERAK AND O. KUZMYCH

4.1 Derivation of estimations of disturbances in the case of stable equation

Let’s find h > 0, ¢ > 0 from the condition of “maximal” positive definiteness of the
matrix

2ah — —hb
S[gvh]_|:a_hbg g :|

If the parameters of equation (31) and the Lyapunov—Krasovsky functional (32) are
g (2ah — g) — h?b? > 0,

as follows from Silvester criterion, the matrix S[g, h] is positive definite. As h > 0, g > 0,
then, taking into account uniformity, we denote h = 1 and we transform the inequality
to

g(2a —g) —b* > 0.

Function F(g) = g(2a — g) — b with respect to the variable g represents a parabola
with the branches directed downwards. And it reaches the extreme value at g = a.
Thus “maximal positive definiteness” of matrixes S[g, h] is reached at ¢ = a. And the
Lyapunov — Krasovsky functional (32) is chosen as

t

Viz(t),t] = e”t{x2(t) +a / e_ﬁ(t_g)ﬁ({“)df}. (34)

t—T1

In this case a matrix S[g, h] looks like

a —b
swnl= |5 v (35)
Let’s transform the expression for a full derivative (33) in view of h = 1, g = a to the

form similar to (12)

Ly Lo(t),1] <~ Dunin (S[g, ) — 7} |e(0) 2

dt
— " {Nin (S[g, A]) — (1 — e P7) a} a(t — 1)
— (B =)a x| 4

If
)\min (S[ga h]) =a— |b|7 )‘min (S[ga h]) - (1 - e_BT) a = e_ﬁTa - |b|7
then 1
B<=ln—. (36)
T [bl

Then for a full derivative the inequality such as (13) becomes

d

ZVIz®).1 < =" {a— [b] =4} e(t)]* = (8 = Vallz(®)]7 5- (37)

It is easy to see that for the functional (33) the following inequality holds:

— 2 (t)]? = a e ()7 5 < ~Vix (), 1. (38)
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a) We transform (38) to

—a(t)? < ~Via(t),t] + Malle®)]7 ;-

Also we substitute it in the first part of (37). We obtain
ZVe(t). 1] < = (a = bl =) V[z(®),1] =" [(8 = v)a— (a = bl = a] [«(B)]7 5.

And, if for the parameters 5 > a — |b| holds then

d

SVIa(t),] < —(a = [l = ) VIz(t), 1)

And from this
Viz(t),t] <V [x(0),0] e~ @ ll=1t ¢ >, (40)

b) We transform (38) to
)2 5 < ~ V(). £ + ¢ (o) (a1)

Also we substitute it in the second part of (37). We obtain

%V[x(t), 1] < =(B=NVI[z(t),t] + (B—a+[b]) |2t)] 5.
And, if 8 < a —|b|, then
DVl(r). 1) < (8~ VEle) 1
We get
Viz(t),t] < V]z(0),0] e~ B ¢>o0. (42)

Uniting inequalities (40), (41), we obtain
Via(t),t] < V [2(0),0] e, ¢ >0 (43)

_Ja—1b| =~ for B>a—|b,
8-~ for g <a—1|b.

Let’s transform the inequality (43) as
()P + eMa e )] 5 < [Ix( 0)] +allz(O)| 5| e, t=0.

We get

(1) < /12O + al2(0)]]2 g e~ He,

< 2 a
nxmm;g¢5mmn|+nx<m e e g5
Let’s denote

¢ =mint{a — b, B}

As the value 3 is chosen according to (36), finally the following most exact estimation of
convergence is obtained.
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Proposition 4.1 Let the condition a > |b| be satisfied. Then the equation (31) is
asymptotically stable and for its solutions the exponential estimation of convergence is
valid

_1 1 _1
lz(t)] < \/|517(0)|2 +allz(0))2 e, [l2(0)], \/a 2(0)|* + [|z(0)[|Z g2, >0,

1
g—min{a—|b|, ;ln%}.

4.2 Derivation of estimations of disturbances in the case of unstable equation

for

Let’s transform the expression for a full functional (34) derivative to

t

%wwmﬂ=—W{W—7m/?”“ﬂﬁ@m4

t—7

— et (x(t), x(t — 7)) [2(1 __%L; o _ghb] @E?— T)>

(44)

+e (1- efﬁ") gzt — 7).

Similarly to the first case, we denote h =1, ¢ = a. Then

— —b 1 1
sl =[5 ] e Sl =a-gr- e e 69

Let’s suppose, that a < |b], i.e. the equation is unstable. Then if

2_b2
7<aa , (46)

the matrix S [g, h.7] is positive definite, i.e. Amin (S [g, h,7]) > 0 and expression for a full
functional (34) derivative can be written down as

Ly Le(t), 4] < ™A (S[g b)) |2(0)]?

dt
— " {Auin (S g, b)) = (1 =€) a} [a(t = 1) = " (B = Y)a l=(D)]I7 5

As the value

1 1
Amin (519, h,7]) —a = =57 = /b + 297 <0
is always negative, then if
1 a
< —-1In—m—— (47)
LR RV o6
it yields
d
—V[a(t),1] < =€ Amin (S g, 5, M) () = (8 = Vaz(t)]]2 4 (48)

dt
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1) We substitute inequality (39) in the first part of (48). We obtain

d
dt

And, if inequality
)\min (S [gu hﬁ]) < ﬁ -

holds, then
—VI[x(t),t] < =Amin (S [g, b, 7)) Vx(t),1].

From this, we have

1 1
V[I(t)at] SV[.I(O),O] eiatv a:a_i")/_ b2+1727 tZO

2) We substitute an inequality (41) in the second part of (48). We obtain

%V[w(t)vf] < =(B=NVI[z(t),t] + € {=Amin (S [9,h,7]) + (8= N} |z (1)
and, if
)\min (S [gvha/ﬂ) Z ﬁ -7
then J
SVI(0),4] < ~(8 — )V [(2), 1]
We get

V[z(t),t] <V [2(0),0]e™, a=p-17, t=0.

(
Uniting expressions (51), (54) connected by conditions (49), (52) and having substituted

instead of Amin(S[g, h,7]) its value, we obtain

Viz(t),t] <V [(0),0]e™, >0,

1 1 1 1
a—oy—4 /0P + 7 for a—oy—/[0?+ 277 <B-7,
o — 2 4 2 4
1 1
B =", for a—coy—4/b?+ 7?20~

Let’s denote a + v = ¢, and we obtain

P R e R s Ut

As the values § and ~ satisfy the expressions

1 2 _p2
6<§1n+, y< ==,
37+ /b2 + 172 “

the following result holds.

183

—V[2(t),1] < =Amin (S [9,7,7) VIw(®), 8] + €7 {ahmin (S [9,h,7]) = (B = )a} |z(D)]7 5

(49)

(52)

(53)

(54)
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Proposition 4.2 Let the condition a < |b| be satisfied. Then the equation (31) is
unstable and for its solutions the following exponential estimation holds

2 1 < 1 2 2 1
|<\/| W+ alz(0))2 ge7>,  [l2(0)], \/5 [2(0)" + [J2(0)[|; ge~ =, ¢ >0,
for

a? — b2

a

¢ =

5 Estimations of solutions of hybrid systems

In the previous sections majorant estimations of solutions of stable and unstable subsys-
tems were separately obtained. Now we shall consider whole hybrid system (1). On each
of intervals t;_; <t < t;, i = 1, N let’s select Lyapunov-Krasovsky functional of the
form (4) with positive definite matrices H;, Gy, i = 1, N . If there are positive definite
matrices H;, G;, © € I, such that matrices

SJG“H”:[ LpTH, G

} , 1€l
are positive definite, then we designate

N; = [\/9011 (Hi) + /' ¢12 (Gi,Hi)] exp {<i (Bi,vi) T},

where the value 8; > 0 can be arbitrary at

)\min (S [G17 Hz]) Z )\max(Gi)

and

) l n /\max(Gz)
bi s Tl {)‘maX(Gi) — Amin (S [GHH ])}

if Amin (S[Gi, Hi]) < Amax (H;). The value v satisfies the condition v < 8. If such
matrices H;, G; , j € J do not exist, then we assume
Amin [~ATH; — H;A; — G; — H; B;G; ' BT H;]|

/\maX(Hj) ’

i<
and we denote

(G, H, ] = {—Afﬂj — HjA; —v;H; = G; —HjBa} 7

~BT H; e}

N; = [\/son (Hj) + \/<p12 (Gj, Hj)} exp {g; (85,75)}

for

. )\min (S [GjaHjufyj]) M . — M
Sj (6j”yj) o mln{ )\max(Hj) M 7 6J )\mdx(G ) +FYJ |:1 )\max(Gj):| } '

The value 3; can be arbitrary at

Amin (S (G, Hj,v5]) 2 Amax(G)
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and ) N (G)
6‘ S —In { — J } )
! T )\maX(Gj) — Amin (S [ij Hj, Vj])

if
Amin (S [Gj; vap)/j]) < )\max (HJ) .

Theorem 5.1 Let the initial state of the logic-dynamical hybrid system (1) satisfy
the condition ||z(0)||- < &. Then at t =ty the following inequality holds

N 1 N
lz(tn)| < ENi exp {—5 ;Ci (ti — til)} -

Proof Let’s consider the first time interval tg < ¢t < t1, tg = 0. If there are positive
definite matrices G1, Hi, for which the matrix S[G1, H] is also positive definite, then
as follows from expression (30) of Remark 1, the following inequality holds:

()] < [WJFSD(Gl,Hﬂ l(to)], e 3511,

If there are no such matrices, for arbitrary positive definite matrices GGy, Hi, there exists
~1, for which the matrix S[G1, H1,71] is also positive definite. Again using expression
(30) of Remark 1, we get

o)l < [Vier(H) + ¢ (Gr, Hy)] llz(to)l, e~ #1000,
And for the moment ¢t = t;
()], < Ni [|z(to)], e~ 21—t

holds. Let us consider the next interval t; <t < ¢5. As for the second interval a similar
estimate )
lz(t2)]l, < N2 [la(ty)], e 2e2(2—H)

holds we obtain
1
lz(t2)|l, < NiNa2[|z(to)l], exp {—5 [s1 (t1 — to) + 2 (t2 — tl)]} :

Continuing the process further, for the moment ¢ = ¢y we get

N 1 N
lz(tn)| < ENi exp {—5 ;% (ti — til)} :

which was required to prove. O
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Abstract: This paper studies linear impulsive systems with varying time-delay
and uncertainty. By using the method of the variation of constants formula for
impulsive system, robustly global exponential stability criteria are established
in terms of fairly simple algebraic conditions. Estimate of the decay rate of
the solutions of such systems are also derived. Some examples are given to
illustrate the main results.
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1 Introduction

Many real world systems display both continuous and discrete characteristics. For exam-
ple, evolutionary processes such as biological neural networks, bursting rhythm models in
pathology, optimal control models in economics, frequency-modulated signal processing
systems, and flying object motions, etc., are characterized by abrupt changes of states at
certain time instants. Those sudden and sharp changes are often of very short duration
and are thus assumed to occur instantaneously in the form of impulses. Such impulses
may be represented by discrete maps. Systems undergoing abrupt changes may not be
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well described by using purely continuous or purely discrete models. However, they can
be appropriately modelled by impulsive systems. It is now recognized that the theory
of impulsive systems provides a natural framework for mathematical modelling of many
such real world phenomena. Significant progress has been made in the theory of impul-
sive systems in recent years, see [1-8, 15] and references therein. Meantime, the robust
stability problems for discrete systems have also been studied in recent literatures, see
[15-18] and references therein. However, the corresponding theory for impulsive systems
with uncertainty has not been fully developed. Recently, some robust asymptotic sta-
bility results for impulsive systems and impulsive hybrid systems with uncertainty have
been established in [9-14]. In this paper, by using the variation of constants formula
for impulsive systems, we shall establish some criteria on robustly global exponential
stability and provide some estimate on the decay rate for time-varying linear impulsive
systems with uncertainty.

The rest of this paper is organized as follows. In Section 2, we introduce some
notations and definitions. In Section 3, we establish robustly exponential stability for
time-varying linear impulsive systems with uncertainty. In Section 4, some examples are
also worked out to demonstrate the main results.

2 Preliminaries

Let R™ denote the n-dimensional real vector space and ||A|| be the norm of a matrix
A induced by the Euclidean norm, i.e., ||A|| = [Amax(ATA)]z. Let N denote the set of
positive integers, i.e., N = {1,2,---}, and RT = [0,+00). Let PC[R™, R] denote the
class of piecewise continuous functions from R* to R, with discontinuities of the first
kind only at t =ty, k =1,2,---. Let A\;(X),i=1,2,---,n, be all the eigenvalues of the
matrix X and Apax(X) (respectively, Amin(X)) the maximum (respectively, minimum)
eigenvalue of the matrix X.
Consider the following time-varying linear impulsive system with uncertainty

{ g(t) = A@y(t) + A(t)y(t), te (te1,tel, 1)
Ay(t) = Cry(t™) + Cry(t™), t=ty,keN,

and its nominal system

( ) = t) ( ) (tk—lutk]7 (2)
Ax(t) = x(tT) — x( ) =Cra(t™), t=tg, k€N,

under the following assumptions:

(A1) The sequence {t;} satisfies 0 < tg < t; <ty < ---, with limg_, o t = 00.

(A2) A(t) = (a;j(t)) is an n x n matrix, and a;; € PC[R*,R],i,j =1,2,--- ,n.

(A3) A(t) = (aij(t)) is a disturbance matrix of A(t) with a;; € PC[R*,R],i,j =
1,2,-- . n.

(A4) For every k € N, C), and its disturbance matrix C), are n X n matrices.

(As) Every solution of (1) (respectively, (2)) exists globally and uniquely on R and
is continuous except at ti, k € N, at which it is left-hand continuous, i.e., y(tx) = y(t; ).
Let y(t) = y(t,t0,y0) be the solution of system (1) with initial condition y(t{) = yo.

Let Q; be the set of all disturbance matrices A(t) satisfying (A3) such that, for any
t € R, |JA(t)|] < K, where K is some positive constant. Furthermore, let Q2 be the
set of all disturbance matrices Cy,k € N, satisfying (A4) such that, for any k € N,
|Cy|| < Ko, where K» is an appropriate positive constant.
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Definition 2.1 System (1) is said to be robustly global exponential stable with decay
rate a > 0 if, for any initial condition y(lfar ) = yo and for every disturbance matrices
A(t) € Q1,Cr € Qo, k € N, the trivial solution of system (1) is globally exponentially
stable with decay rate a > 0, i.e., there exist two positive numbers a > 0, and K > 1,
such that

ly(®)] < Kllyolle™ "), ¢ > to. 3)

The aim of this paper is to establish the robustly exponential stability criteria for the
time-varying linear impulsive system with uncertainty. The following preliminaries are
adopted from [1].

Let @y (t, s) be the fundamental matrix solution (Cauchy Matrix) (see [1]) of the linear
system

,T(t) = A(t)z, 1 <t <{tg. 4)

Then the solution x(t) to system (2), which satisfies the initial condition x(td) = zo, can
be written in the form
z(t) = W(t, t§)wo, t > to, (5)

where W (t, s) is the fundamental matrix solution (Cauchy Matrix) of the linear system
(2) with W(¢,t) = I given by (see [1])

‘I)k(t, S), for t,s € (tkfl,tk];
W(t S) _ q)k_;,_l(t,tk)(l_-i- Ck)q)k(tk,s), for tp_1<s<tp<t< tht1; (6)
’ Dy (8, tk)l'[;i}é (I + Cj)‘l)j (tj, tj+1) : (I + C)P;(ti, s),

for t;i1 <s<t;<tp<t<tpt1.
Lemma 2.1 [1] Assume that (Ay) holds. Suppose that m € PCY'[RT,R],p €
CIRT, RT] and m(t) is left-continuous at ty, k=1,2,---. If for k=1,2,---,

mi) <C+ [ pom(s)ds+ 3 Am(n), 1=t 7)

to to<twp<t

where B > 0, and C are constants, then

m(t) < Cllycypce(1 + Bi)elo PO 4> 4 8)

3 Main Results

In this section, we shall establish the robust exponential stability criteria for system (1).
Theorem 3.1 Suppose Assumptions (A1 )-(As) hold. Then, the system (2) is expo-

nentially stable with decay rate o > 0 if and only if there exists a constant M > 1 such

that
(W (t,sT)|| < Mem*=5) > 5> t. (9)

Proof Sufficiency. Suppose (9) holds. Then, by (5), we get
@)l < Wl < Mlfzolle™C), forall ¢ >4, wo€R™  (10)

Hence, the system (2) is globally exponentially stable with decay rate a.
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Necessity. If the system (2) is globally exponentially stable with decay rate a > 0,
then there exists a positive constant M > 1 such that ||z(t)| < M||zo|le=*~%) holds.
Thus, for any zg # 0, we get

Me—a(t—to) > ||‘T(t)|| _ ||W(t7t8_)$0|| (11)
Y lzoll 7
which implies that
+
||W(t,t3_)|| = sup {HW(t,tO >$0||} < Me*a(t*to) (12)
2070 [[oll

and hence, by the properties of Cauchy matrix, we have
W (¢, s )| = Wt t )W~ (s, 1)1 < W ()W (s, 85)
< Mefa(tftg) . {Mefa(sftg)}fl — efa(tfs) < Mefa(tfs)' (13)
The proof is complete. O

Theorem 3.2 Assume that Assumption (A1 )-(As) hold. Furthermore, suppose that
the following conditions hold.
(1) For any k € N, the system (4) is exponentially stable with decay rate o > 0, i.e.,
there exists a constant M > 1 such that

| @5 (L, s)|| < Me™ =)t 1 <s<t<tpkeN. (14)

(2) There exist constants v > 0, My > 0, with 0 < v < min{{7, K1} such that

t
/ |A(s)||ds < ~(t —to) + M1, t>to. (15)
to
(8) There exists a constant 8 with 0 < 8 < a — M~ such that
k ~
sup {Zln (M| I+ C; + CZ||)} < B(tx —to), forall ke N. (16)
CieQ2 \ i)

Then system (1) is robustly exponentially stable and at least with decay rate co— M~y — 3 >
0.

Proof Let y(t) = y(t,to,yo) be the solution of system (1) with initial condition
y(ty) = vo. For t € (ty—1,t],k € N, by the variation of constants formula, we get

y(t) = Wt tf_Dy(t_)) + W (t,s)A(s)y(s)ds

th—1

— ottt + / By (t, ) A(s)y(s)ds (17)

th—1

Thus, by (14) and (17), for ¢t € (tx—1,tx], k € N, we obtain

ly@)I < H‘Pk(bfL)HIIy(tL)II+/ 1@k (¢, $)IIA()lly(s)lds

t
< Me= iyt DI+ M [ e U A(s)ly(s)lds. (18)

tr—1
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This implies
t ~
ly@)lle < Me™ = [ly(ti_,)l| +M/ e [[A(s)[[lly(s)llds, t € (te-1,tx], k € N. (19)
te—1

By Gronwall-Bellman inequality, we have

ly()]|e®t < Meoter|ly(t_)le™ Tna MO e @ wl ke N, (20)
Hence, by (20), for t € (tg—1,tx],k € N, we get

ly(®)l < Meo=tn) (e e Fom 1A

= Meatt=ti-0) M JAGOI oL Gl (@1)

Specially, we have

—a(ty—tp_ ttk A(s)||ds ~
ly(te)]| < Memo @t MIn IOy 1oL Gllytn)). (22)

Thus, by (21)-(22) and conditions (2)-(3), for ¢t € (tx—1,%k], k € N, it follows that

M [t ||A(s)||ds
ly()]] < (IEI M| + G + Cyf|)e 10T M Jig 1A= )

— alt=to) +M [ I A(s) | ds+30 52, In M| T+Ci+Ci| o]l
e_a(t_to)"t‘M’Y(t—tO)"t‘MMl+B(tk—1_t0)||y0||

MM ¢~ (M )y | (23)

IN N

Hence, the system (1) is robustly exponentially stable and at least with decay rate o —
M~ — 3. The proof is complete. O

Theorem 3.3 Assume that Assumptions (A1 )-(As) hold and system (2) is exponen-
tially stable with decay rate o > 0, i.e., (9) holds. Furthermore, suppose that the condition
(2) of Theorem 3.2 holds and the following condition is satisfied.

(1%*) There exists a constant § with 0 < 3 < o — M~y such that

k
sup {Zln (1+ M||C~'Z||)} < B(tp —to), forall ke N. (24)
CicQa Uip

Then system (1) is robustly exponentially stable and at least with decay rate ao— M~y — 3 >
0.

Proof Let y(t

) =
y(td) = yo. For t € (¢
system (Theorem 2.5.

y(t,to,y0) be the solution of system (1) with initial condition
k—1,tk], k € N, by the variation of constants formula for impulsive
11in [1]), we get

y(t) = Wt tdy(td) + /tt W (t,s)A(s)y(s)ds + Z W (t, t7)Ciy(t;). (25)
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Thus, by (9) and (25), for ¢ € (tx—1,tx], k € N, we obtain
t
@) < [ (&, 1)y (k) +/t Wt )1 ACs) Iy (s)llds

k—1
+ ) IWEEOICllly )l < Mem ) [y
=1

t k—1
+M/t e U As)llly(s)ds + MY e C [y (ta)l- (26)
0 i=1

This implies that for t € (tx—1,tk],k € N,

+ k—1
ly()]le™” < Me™yo| +M/t | A(s)lly(s)lds + MY e[ Cillly(ta)ll- - (27)
0 i=1

By Lemma 2.1, we have

ly ()™t < Me T (1 + M| Cy)) - €™ Joo 1A 10t € 8oy, 8],k € N. - (28)

Hence, by (28), for t € (ty—1,tk],k € N, we get

ly()]| < Me=E= T (1 4 M Gylf) - €M Jio 14Oy 1)

k—

< Mefa(t*tO)JFZ 1=t (1M Csl)+My(t—to)+ MM, ||y0||

< MMM e=(emdmdN Gt | (29)
Hence, the system (1) is robustly exponentially stable and at least with decay rate
a — M~ — 3. The proof is complete. O

In the following, we specialize the results obtained above to a class of interval linear
impulsive systems (see [13-14]). Interval linear impulsive systems can be described as:

B(t) = Aw(t), t€ (o, til, (30)
A:E(t = kiE(t), t=ti, k€N,

where A, Cj, € R™" are interval matrices satisfying

Ae NIAW AP) = (A = (@5j)nxn : ayV) < @y < a;; V),
and ~ b » ~
Cr € NICYY, O = {Ch = (Gignn © i) < Gy < i, @),
By [13], an interval matrix X € N[X®), X()] can be described as:
X = X + ExXxFx, (31)

where X = (XM + X@) H = (hjj)nxn = 3(X® — XV,
Yx €XF = {E € RVx" Ly = diag{e11, - ,En2nz )y leij] < 154,57 =1,2,--- ,n.},
ExEY = diag{ Dieahag 2oy hagy e 200 hnj} € R,

FEFx = diag{ 520 byt Sy by Xy hyn | € RO
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By (31), we denote A = A + EaXaFa, and Cy = Cy, + Ec, Y¢, Fo,, k € N.

Let J4 be the Jordan matrix of A and PAP~! = J, for some n x n nonsingular
matrix P. Denote M4(P) = ||P|||P~!|. Clearly, Ma(P) > 1.

Corollary 3.1 Assume that the following conditions hold.
(1) A is a Hurwitz matriz.
(2) Let @ = —maxi<i<n {(Re(Xi(A))}. Then

(e

B4l F —. 32
IEAIEA < 375 (32)
(8) There exists a constant 8 with 0 < 3 < o — Ma(P)||Ea|||Fall such that
k
S In (Ma(P)IT + Cill + Ma(P)| B, |1Fo,ll) < Bty —to), forall E€N. (33)
i=0

Then system (30) is robustly exponentially stable and at least with decay rate: o —
Ma(P)|Eall -[|Fall = 8.

Proof Obviously, for the linear system (30), we have
Br(t,sT)=e9 | <s<t<tykeN. (34)
Since A is a Hurwitz matrix, we get max;<;<, {(Re(Xi(A))} < 0 and
|1Px(t, s )] = e[ < Ma(P) - [[ePAP | < My(P)e=), (35)

where o = —maxi<i<n { (Re(Ai(A4))} > 0.
The rest of the proof follows as a direct consequence of Theorem 3.2 with v =
IEA|||F4ll, and the inequality

In (Ma(P)([[I+Ci+Ec, 3¢, Fo,|) < In (Ma(P)|[I+Ci||+Ma(P)|| Ec,[l[|Fe,ll), i€ N.
(36)
The proof is thus complete. O

Corollary 3.2 For system (2), if A(t) = A, where A is a constant matriz, and (2)
is exponentially stable with decay rate a > 0, i.e., (9) holds. Furthermore, suppose that
the following conditions hold.

(1) )
IZAlEAl < (37)
(2) There exists a constant 8 with 0 < 3 < a — M~ such that
k
> In(1+ M||Eg, || Fe,ll) < B(tk —to), for all k€ N. (38)
=0

Then system (30) is robustly exponentially stable and at least with decay rate co— M~—[ >
0.

Proof By Theorem 3.3, it is easy to show that the results of the corollary are valid.
The details are omitted. O
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4 Examples

In this Section, we shall consider two examples to illustrate the results obtained in Section
3.

Example 4.1 Consider system (1) in the form of system (30), where ¢ty = 0,tx =

k.,k € N, and
m _ (=35 —05 @ _ (=25 05
4 _( 0 —-28)’ AT = 0 -1.2)’
a _ (25 —-04 2 (—-15 04
Ci _( 0 -26)’ G = 02 -—-14)°

. -3 0 -2 0
Obviously, A = ( 0 _2) ,Cp = (0.1 _2> ke N.
Let P =1. Then,

a=— max {(Re(X\i(A)} =2>0,Ma(P) =1,|Ea| =1, Fall = 1.1402,

1<i<n

|Ec, || = 0.9487, | Fe, || = 1,k € N.
Let 8 = 0.6931. Then, we obtain

B+ Ma(P)|[Eall[[Fall = 1.8333 < 2 = q,

k
S (Ma(P)|I + Cill + Ma(P)|| Ec, |l Fe, ) = 0.6931 - k < B(ti — to).
1=0

Hence, by Corollary 3.1, we conclude that the system is robustly global exponential
stable and at least with decay rate 0.1667.

Example 4.2 Consider system (1), where to =0, = k,k € N, and

am (@ 0) o= (0 0 ) e (3 ) a-( L)

The uncertainty entries satisfy:

1
|G| <14+ ——— k€ N,

1
a11(t)] < |sint|, |aga(t)| < t|, ¢ <l4+———=
|a11( )l = |Sln |7 |a22( )l = |COS |7 |ck11| <1+ (1 —l—k) (1 +k)2’

Then, we obtain
W (t,sT)|| < e

and ) t
[ el = [ s <.
to

and hence, o« = -2, M =1,y=1,M; =0.
Moreover,
k ~
> In (14 M||Cil|) < In(2.25) - k = 0.8109 - (tx — to).
i=0
Thus, by letting 5 = 0.8109, we obtain 0 < 8+ YM < a.

Hence, by Theorem 3.3, we conclude that the system is robustly global exponential
stable and at least with decay rate 0.1891.
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5 Conclusions

In this paper, by employing the variation of constants formula for impulsive system, we
have established some global exponential stability criteria for time-varying linear impul-
sive system with uncertainties. We have also obtained estimates for decay rates. The
criteria obtained are verifiable via solving algebraic inequalities in Matlab environment.
Some examples have been worked out to demonstrate the main results.
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1 Introduction
Euler-Lagrange systems with n generalized configuration coordinates ¢ = (q1,...,qn)"
are described by equations of the form

q=v,

M(q)0 + C(g,v)v + V(q) =, (1)

where M(q) denotes the inertia matrix, while C(q,v)v, with v = ¢ = (41,...,4n)"
the generalized velocities, denotes the centrifugal and Coriolis forces, V(gq) consists of
the gravity terms and 7 is the vector of input torques. This celebrated family of sys-
tems has been the subject of an important literature over half a century, because the
equations of many physical devices belong to this family (see [18], [20], [17], [4] and
references therein). When these systems are fully-actuated, they are globally feedback
linearizable. But feedback linearization can be performed only when all the variables are
measured. Unfortunately in practice, very often the variables of velocity cannot be mea-
sured. Therefore, the global output feedback stabilization of these systems with y = ¢
as output is challenging from a practical point of view. But, from a theoretical point of
view, it is one of the most difficult problems in the field of nonlinear control: indeed, the
matrix C(g,v)v is a nonaffine function of the unmeasured part of the state v: this fact
precludes from applying most of the classical techniques; for instance, the methods of
[16], [15] and [14]. For more explanations on the obstacles due to the presence of terms
which are nonaffine with respect to the unmeasured variables, see the introduction of
[10].

Recently, in [2], an elegant alternative for one-degree-of-freedom systems was re-
ported. The author presented a reduced order observer which converge exponentially.
This observer is based upon a global nonlinear change of coordinates which makes the
system affine in the unmeasured part of the state. This is crucial to define a very simple
controller to solve the problem of tracking trajectory. So a very natural question arises:
which conditions ensure that an Euler-Lagrange systems (1) can be transformed, with
the help of a change of coordinates, into some structure affine in the unmeasured part of
the state.

This question has been addressed in [2] and [17]. However the questions of existence
and computation of the required solution were not answered. In the present paper, we
address these question: we show that this problem can be brought back to the resolution
of a set of partial differential equation for which an explicit solution is given.

The paper is organized as follows. In Section 4, we present first necessary and suffi-
cient condition which gives to system (1) some structure affine in the unmeasured part
of the state. Next we introduce triangular forms. A method of construction of observers
is proposed. Section 7 contains concluding remarks.

2 Preliminary

In this section we briefly review some results and terminology from Euler-Lagrange dy-
namics that will be useful in the sequel. The interested reader should consult [12], [13]
and [18] for a more detailed discussion.

The dynamics of equations (1) has the following properties [21]:

Property 2.1 The matrix M(q) = (M;;)1<i,j<n is symmetric positive definite for
all q.
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Property 2.2 The inertia and centripetal-Coriolis matrices satisfy the following re-
lationship
dM(q)

dt

= C"(q,v) + C(q,v), (2)

dM N OM
where T denotes the transposition and s is a shorthand for Z ’Uia—.

- 94
It is also well known [18], that the (j, k)-entry of the matrix C(q,v) is given by

n

Cjrlg,v) = Z Ciji(q)vi, (3)

=1

where

oMy, OM, 8Mik) "

1
Cij =- —
#(9) 2 < 9q; g 9q;
are the so called Christoffel symbols of the first kind.
Equality (3) shows that we can write the matrix C(q,v) as

C(gq,v) = Z v;iCi(q), (5)

where the entries of matrix C; are the Cjjx(q)’s; these matrices satisfy the relation
oM
Ci+Cl=
’ ! dq;
Now, we state the following theorem which is proved in [1] and will be used in the
next section.

Theorem 2.1 Let zi,...,z, denote the coordinates of a point x € R™ and
Yi,...,Yn the coordinates of a point y € R™. Let M',..., M™ be smooth functions

such that ) .
oM* oM ‘ ,
— - — + M'MF - MFM' =0. 7
Consider the set of partial differential equations
) .
V) _ 0 ay@). 1<i<m (®)
Xq

Given a point (2°,9°) € R™ x R", there exist a neighborhood U of x° and a unique
smooth function y(z) which satisfies (8) and is such that y(x°) = y .

Throughout the paper,
- M,,(R) denotes the set of n-square real matrices;
- GL,,(R) denotes the set of n-square real invertible matrices;

- for S € M,,(R) symmetric positive definite S 172" denotes the square root of S.
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3 Problem statement

We consider the family of Euler-Lagrange systems described by equations (1) where the
output is ¢ = (q1,...,q,)" € R™, and the input is 7 = (71,...,7,)T € R". The
unmeasured part of the state is v = (¢1,...,qn)".

As pointed out in the introduction the difficulty to stabilize or to construct observers
for system (1) mainly stems from the fact that Coriolis and centrifugal forces vector in
(1), have a quadratic growth in the generalized velocities v, which are not measured.
The global change of coordinates introduced in [2] for one-degree-of freedom (i.e. n =1)
systems overcomes this problem by rewriting the dynamics with functions which are
linear in the unmeasured velocities. As it is discussed in [2], the design procedure might
be extended to the case of systems with more degrees of freedom, as soon as the same
kind of change of coordinates can be found, that is to say if we can select an invertible
matrix T'(g) such that

aT
") _ rg)ut .. 0

Remark 3.1 We can notice that a more general condition which allows us to rewrite
system (1) with an unmeasured part which is linear is the existence of a nonsingular
matrix 7" such that

dT(q)
a

The following example shows that condition (10) is weaker than condition (9). Con-
sider the following inertia matrix M (q)

Mig) = <}) (1)) .

Using the Christoffel symbols of the first kind [18], matrix C is given by
1 — _
S

=T(q)M " (q)C(g, v)v. (10)

U1 0

and an easy calculation shows that the matrix

e 1 0
T(q) = <%qleq2 1) (11)

satisfies equation (10), but not (9). In fact, equation (9) does not admit any solution (as
we will see later).

Necessary geometric conditions, so that (9) admits a solution are given in [6], fur-
thermore necessary conditions in terms of Riemmanien curvature are given in [18].

The main contribution of the paper is to give an algebraic necessary and sufficient
condition in terms of the matrix of centrifugal and Coriolis forces, so that (9) admits a
solution, and make the relation between it and Riemannain curvature as in [18].

4 Main results

4.1 Equation %}EQ) =T(q)M ' (¢9)C(g,v)

This subsection is composed of two parts. In the first part, we propose a necessary and
sufficient condition which ensures the existence of a solution of equation (9) as well as
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methods to compute it (Lemma 4.4).
In the second part, we explain the relation between (9) and Riemannain curvature.

4.2 Necessary and sufficient conditions

Theorem 4.1 Consider the nonlinear system (1); equation (9) admits a solution if

and only if
oCc;  9C;

9 Og;
for all 1 <i,5 <n where the matrices C; are defined by relation (5).

=CiM~'C; - My, (12)

To establish Theorem 4.1, we need to prove the following preliminary lemma.

Lemma 4.1 Let M1(q),...,Mn(q) be matrices in My, (R) depending smoothly on q
and consider the set of partial differential equations

oT
0q;

(9) =T(q)M;(q), Vi=1,...,n. (13)

Given any matriz Ty € GL,,,(R) and gy € R™, there exists an unique smooth matriz
T(q) which satisfies (13) and is such that T(qo) = Ty if and only if the functions
Mi(q),...,M,(q) satisfy the conditions

oM; M,

VZ<]STL, MJMl_MZMJ:W_aq
i j

(14)

Proof Necessity Let T(q) be a solution of equations (13), then from the

property
0°’T(q) _ 9*T(q)

0q;0q;  9q;04; (15)
one has
O(T(q) My(a) _ O(T(q) Mila)) 1)
94 9q;
Expanding the derivatives on both sides we obtain
T (@M + L) = 1) (@i + L) an)

which, due to the fact that T'(¢) is invertible (since T'(qo) € GL,(R)), yields the
condition (14).

Sufficiency The proof of this part of the demonstration can be easily derived from
Theorem 2.3 as follows. Let Ty € GL,,(R) and denote by (I'y,...,T%), T'y the columns
of matrix T, *. Conditions (14) ensure the existence of a family of functions I'* such that
for all k£ we have

ork
= —MT", T"(q)=T§. (18)
9qi
The matrix I with columns I'', ..., '™ satisfies the equality:
or _
=M, T(q)=1T;" (19)

8$i
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Since T'(qp) = T, ' which is non singular, we conclude that there exists a neighborhood
U of g such that T is non singular as a solution of (13), then for T(q) we take the matrix
I''(q). O

The above proof gives a condition of existence, but not a method allowing the con-
struction of the solution; however, the control implementation needs the knowledge of a
matrix T'(q).

In the sequel we will give another proof of the sufficient part of Lemma 4.4, based
on a reasoning by induction which provides an explicit solution of (9). Moreover this
solution is defined on the whole domain of definition of the matrices M; and not only
locally.

Alternative proof of the sufficient part of Lemma 4.4. By induction on n we show
that if (14) holds, then we have the following property denoted by P(n).

For all m > 1, there exists an invertible matrix T'(q) € GL,,(R) such that equations
(13) holds.

For n = 1: Equation (13) becomes

3T(Q1)
oq

=T"(q1) = T(q1)M(q1)

which admits solutions defined on the whole domain of definition of M; € M,,(R) and
so P(1) is true.
Assume that P(n) is true and let My, ..., My41 € My (R) be such that

oM; oM,

M:M; — M;M; = —= —
! ! dq; 9q;

for i,7=1,...,n+1. (21)

The induction hypothesis implies that there exists an invertible matrix 7j
T(In+1 (qla q2,..., Qn) SuCh that

ntl

8an+1 _ T .
8(]1' dn+1 (2]

1=1,...,n.
We will show that there exists a solution of the form T = Uy (g,41)T,

any1- First, observe
that

or oT,,
8(11 = q’l(‘]n-{-l)ﬁ = qjl(qn+l)TQ7l+lMi = TMZ’

for i =1,...,n. Moreover T satisfies the (n + 1)-th equation if and only if

d¥y oT,

— gt — T, M, 22

dgnyr * Oqn1 1 et (22)
which is equivalent to

av o1, _

= Uy (T M1 — )T, (23)

dQnJrl a(]nJrl dnt1’

This equation with unknown function ¥; depending only on ¢,4+1 admits a solution

oT,
if and only if the term (an+1Mn+l — BI;T”LI) Tq;L does not depend on q,...,q,.

Now, taking into account that matrix T, satisfies equations (13), a straightforward

n+1
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calculation leads to the following expression for the derivative of this term in respect
of ¢;:
8Mn+1 8MZ

94 Oqn

Tqnin (Ml M1+ — Mnp1 MZ> quu

which is zero because matrices M; satisfy equalities (21). O

Proof of the main result.
Since we have

dT(q) ~~9T(q)
dt > v

and from the decomposition of the matrix C(q,v) (see equality (5)), equation (9) is
equivalent to the set of equations

T (q)
0q;

=T(q)M;(q) i=1,...,n, (24)

where M;(q) = M~1(q)C;(q). According to Lemma 4.4, we deduce that a solution of (9)
exists if and only if

M;(q)Mi(q) — My(q)M; (q) = 22a) _ OMilg)

9q; 0q;
Now,
OM; oM, 1 Ty -1 109G 190G 1 Ty -1
B N VeS V1o MEING £ Ve ToTN) e heiet B S A NI Y S Y (o RN  £30 Vm Yo
dq;  Oq; ( ) ! dqi dq; (©+65)
oc; o,

:MjMi—MiMjJrM—l( —C?M‘lcj—i—C;FM_lCi).

g, Dq,

It follows that a necessary and sufficient condition for the existence of a solution T'(q)

of equation (9) is given by
oC;  0C;
dq; 9q;

=C/M~'C; - CfM'Cy.

this concludes the proof. O

The preceding theorem gives an algebraic characterization of a family of Euler-Lag-
range systems which can be transformed, with the help of a change of coordinates into
some structure, affine in the unmeasured part of the state v = ¢. The following one gives
another characterization for the existence of a solution of equation (9).

Theorem 4.2 Consider an Euler-Lagrange system (1). The following conditions are
equivalent.

1. There exists a matriz T(q) such that (9) holds.

dN
2. There exists a matriz N(q) such that M(q) = NT(q)N(q) and NT(q) (9) =

dt
C(q,v).

3. There exists a function O(q) R™ — R"™ and N(q) nonsingular such that M(q) =
NT(q)N(q) and the Jacobian matriz of © is equal to N(q).
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Proof 1= 2

dM —
Suppose that (9) admits a solution; the computation of e where M =
(TT) 'MT~!, gives
dM

E — _( )_1(CTM_lTT)(TT)_lM(TT)_l _ (TT)_lMT_l(TM_lc)T_l
@)y B et o - By
dt dt
dM — -
because CT + C = - So, M = (T") "MT-! is a constant symmetric positive

—1
definite matrix. Letting N = M 2T, one can check easily that M(q) = NT(q)N(q) and

N(Q)T%N(Q) =C(q,v).

2 = 1 Suppose that conditions (2) are satisfied then N(q) is nonsingular and an
easy computation shows that this matrix is a solution of equation (9).
2 = 3 Let us denote the columns of matrix N by N% N(q) is the Jacobian matrix
of a function O if and only if
ON* QNI
dq; a4

(25)

dN
Now the equality N TE = (' is equivalent to

ON?
g5
where C} denotes the i-th column of C;. But from formula (3), we know that C! = Cs;
this proves formula (25).
3 = 2 Denoting by N;; the entries of matrix N(g), conditions (3) imply that

8Nij B 0N,

oqr 0q;

for all triple (i,j, k). From (4) and taking into account that M(q) = N(q)TN(q), we
have

=N'Cj, i j=1,....n,

OM.. OM., OM; ", /ON,; AN,y
20 = —2 2 JNS Ny
*= og | om  0g Z( kF Ny )

i 8N5j - 8st a]\]sk
+Z(aqk st"'Ns ) Z< - sk+st 6q]>

s=1 =
- ONp 8st> ( NT 8N>
= Ns j + N, s,
; ( 7 0 e 9qi
so we have aN
i — NT
¢ 9qi
which is equivalent to
dN
c(g) = N7 N
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4.3 The Riemmanian curvature

Now suppose that the conditions of theorem 4.5 are fulfilled, then there exists a function
© R™ — R"™ such that, denoting by N(q) the Jacobian matrix of ©,

M(q) = N"(q)N(q). (26)

In terms of the new variables @ = ©(q), V = N(q)v the Lagrangian dynamics equations
(1) can be shown to reduce to

Q=Y, (27)
V=Nv+No=(ND"L(r-V(g). (28)

Thus a double integrator model in terms of @ is achieved by the much simpler inner loop
feedback control law
T=V(g)=N"(gv. (29)

The point is that, in the new coordinates, the computation of the Coriolis and cen-
trifugal terms in the inner loop is avoided. However, a necessary and sufficient condition
for existence of the factorization (26) is that the Riemannian curvature of the metric
defined by the robot inertia matrix be zero [5, 18]. More precisely we have the following
theorem which summarizes our result and the result of papers [5, 18].

Theorem 4.3 Consider an Euler-Lagrange system (1). The following conditions are
equivalent:

1. There exists a matriz T(q) such that (9) holds.
2. The Riemmanian Curvature Tensor defined by

?*Min(q) | 0*°Mju(q)  0?Malq)  9*Mju(q)
0q10q; 0q1.0¢; 0qr0q; 0q10¢;

Rijr =
n (30)
1
+ 5 Z Mgsl (Q) [Orjlcsik - Orilcsjk]

r,s=1

are identically zero, where M, }(q) are the components of the inverse M~'(q) of
the inertia matric M(q) and Cr; are the Christoffel symbols of the first kind
defined by (3).

4.4 Example: The cart pendulum system

As an example, we will consider the inverted pendulum. The Euler-Lagrange equations

write: i )
(M +m)# + mlf cos — ml6*sinf = 7y, (31)
mli cosf + mi?6 — mlgsind = 0,
where M and z denote the mass and the position of the cart (which is moving horizon-
tally), m, [ and 6 denote the mass, the length and the angular derivation from the upward
vertical position of the pendulum which is pivoting around a point fixed on the cart. We
denote the state vector (z,0,%,0)T as (q1,q2,v1,v2)T. The output is y = (q1,¢2)7T.
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The inertia matrix is

M(q):< ar agcosq2>

ag COS g2 as

with a1 = M +m, as =ml and a3 = mi>.

Using the Christoffel symbols, we obtain

(0 0 {0 —agsin(ga)
Cl—<0 O> and CQ—<O 0 .

One can check easily that condition (14) are verified so according to Theorem 4.3, equa-
tion (9) admits a solution that we will make explicit by using the method explained in
the proof of Lemma 4.4.

First, if we denote by T}, the 2-dimensional identity matrix, T, is obviously a solution
of the differential equation
dT,

dq‘f (1) =T,M'C1.

so we can find a solution of equations (9) under the form ¥(gq), a 2-dimensional square
matrix solution of the equation

dv (QZ)
dgo

= \I/(QQ)MilcQ. (32)

An easy calculations shows that the solution of equation (32) with initial condition
¥(0) = the identity matrix is

az3(0) cos(q2) — a20(gz)

1
. alﬂ(o)
3(0)

where ((g2) = \/a1as — a3 cos (q2)2.
Moreover the diffeomorphism © = (O, ©,)" defined by

T aaBl0) cos(s) — asB(s)
O1=a +/ a18(0) s

is such that Jacobian (©) = ¥(gq).
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The following change of coordinates:

T aaBl0) cos(s) — asB(s)
O1=a +/ a16(0)

ds,

3(0)
0
B a23(0) cos(q2) — azB(q2)
zZ1 = U1 + alﬁ(O) V2,
_ Ble)
zZ9 = 6(0) V2
transforms the dynamics of the Cart-Pendulum into a double integrator
O =p, (34)
£ =T(q)M ™ ()(r — V() = u. (35)

where 7 = (11,0)T and V(q) = (0, —mlgsing)T.

Clearly this system is linear in the unmeasured part of the state and an exponentially
converging observer can be constructed.

5 Discussion about equation (10)

Let us consider the problem of finding 7" such that (10) is satisfied.
Observe first that the matrix M ~*C(q,v)v is quadratic in v with coefficients depend-
ing only on ¢, i.e. there exists R; such that

n

M~(q)C(q,v)v = Z v Riv. (36)
i=1

The matrices R; are not uniquely determined.

In the case of one degree of freedom, a solution of (10) always exists [2]. In the case
of higher order system, equation (9) can admit no solution while equation (10) admits
one: see the example of Remark 3.1. In this example, observe that there is no function
©(q) such that the Jacobian matrix of © is equal to T'(¢) and thus the Riemmanian
curvature Tensor are not identically zero.

The following theorem gives a necessary and sufficient condition for equation (10) has
a solution.

Theorem 5.1 Consider the Euler-Lagrange system (1), equation (10) admits a so-
lution if and only if there exist matrices R; satisfying equality (36) and such that
OR; OR;
9¢;  Oq;

R;R; — RiR; = (37)

for i,7=1,...,n.
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Proof Let us suppose that there exist a family of matrices Ri(q), k =1...,n, such
that equality (36) holds. Condition (37) ensures the existence of an invertible matrix
T(q) such that

= _7
34 Ry, (38)

moreover a method of construction of solution is given by Lemma 4.4. So we get

n n

. oT _
T(q)v = Zvia—qu =Y " wTRw =T(q)M ™ (q)C (g, v)v.
=1 =1

For the necessary part assume that there exists a matrix 7'(g) such that (10) and
(36) hold. Tt follows that

kaTfl(q)—v = M~'C(q,v)v.

- aT
1 Oqx,

T
Let Ry = T’l(q)g—qk7 it follows that

OR; OR; 0 (T_la_T> B i<T_1aT)
dqi  0Oq;  Oqi dq; dq; 0¢;

2 2
_ 19 0T + 1 2L 0T 0T oy 0T
dq; 0Jg; 9q;0q; dq; i 9q;0q;
= R;R; — R;R;,

which proves the result. O

6 Triangular form for a particular family of Euler-Lagrange systems

It is now well-known that under certain conditions, we can carry out the transformation
of a system, by a diffeomorphism into a state affine system in the velocity and carry out
the synthesis of an observer. In the same way, we know that the necessary and sufficient
conditions under which a system is transformable are very restrictive.

For that, we propose the triangular form in the unmeasured part of the state ¢ = v
for the analysis of observability. We will consider a particular family of Euler-lagrange
systems, and we show that it can be transformed into some triangular structure for which
an almost exponentially converging observer is given.

6.1 A family of Euler-Lagrange systems

In this section, we restrict ourselves to a particular family of Euler-Lagrange systems.
We consider systems having two degrees of freedom and which satisfy the following
properties.

Property 6.1 The inertia matrix depend only on the variable ¢, this allows us to
introduce the following notations:

_ (Mii(g2) Mi2(g2)
Mlge) = <M12(Q2) M22(Q2)> '
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Property 6.2 There exist three positive constants mj, mg and K such that for all

mily < M(q) < mal, (39)
1C(q,v)|| < Klv, (40)

where I denotes the 2-dimensional identity matrix.
Property 6.3 The function 7 — V4 is bounded in norm.

These properties are satisfied by many Euler-Lagrange systems with two degree of
freedom: e.g. the cart-pole system [6, 19], the manipulator system [9]. In the problem
under consideration, matrices C; and Cy write

1 1
0 Mi(g2) SMii(q2)  Mix(g2)
Cilgz)=| 2 , Calgp)=|2

1
—§M{1(Q2) 0 0 §M§2(QQ)

(the ’ denotes the derivative). So, according to Theorem 4.3, equation (9) admits a
solution iff

801 802 T —1 T —1
T2 —
902 a0 Co M~ C1y —C] M~ Csq,
which is equivalent to
MI q2 AI q2
Mii(g2) = —112(A()q2)( ) (41)

where A = Mi1(q2)Maa(q2) — Mi2(q2)?, which is positive since matrix M is positive
definite.

An example of systems satisfying equation (41) is, for instance, the cart-pendulum
system [6] and the tora system [20]. But, other systems such that the manipulator or the
two links manipulator do not satisfy this conditions. In spite of this, we will show that,
this class of systems can be turned with the help of an appropriate change of coordinates
into some triangular form near to feedforward form.

More precisely, we have the following result.

Proposition 6.1 Under properties 2.1-6.3, the map

O (CI17017QZ702) - (I1,$2,$3,$4)

defined by
q2
- Mlg(S)
1 _q1+0 Mll(s) S,
xo = Mi1(g2)v1 + Mi2(g2)va,
r3 = (g2,
r4 = aqga)ve,
where

_ A(Q2)
a(q) = 7M11(q2) )
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defines a global change of coordinates which transforms system (1) into

. x2
i =—,

! My (x3)
j:2 = Ui,

. T4
Ta =

3 a(zs)’ (42)
o1 M (z3) o
T Al <2M121<w3>“’2 )
Y = ($1,$3)T.

M
where w1 =1 — V1 and us =1 — Vo — M—mul.
11

Proof The proposed transformation is obviously one-to-one and onto, moreover
its jacobian matrix is equal to

M2
1 0 —= 0
My
0 M11 M{l’Ul +M{2’U2 M12
0 0 1 0
0 0 o'vy «

and we can see that this transformation is a global diffeomorphism.
On the other hand equations for #; and Z3 are obvious. Omne can determine the
expression of &5 as follows; from

M(g2)o = —C(gz,v)v+7—-V

we have
Mi1(g2)t1 + Miz(g2)v2 = — M7, (q2) vive — Mis(q2) v

and so
iy = Mi1(g2)01 + Mi2(q2)b2 + M{y(g2) vive + M{y(g2) v3 =71 — Vi = uy.
We will now compute the expression of ;. From

b =—M(q) ' (Clgz,v) +7 V)

we have
. 1 1
Aga)0e = §M11M{1 v + My M| viv2 + (M12M{2 — EMuMég)v%

— Mia(m1 — Vi) + Mii(12 — Vo)
M/

= 2]\41111 (M121 ’U% +2M;, My vive + M122 v%)

IMi Mo M, — M2 M!, — M2 M!
n 11 M2 My 2]\/[11 12 22 Ao — V) My (e — Va)
11

M! OIMi Mo M!, — M2 M/, — M2 M/

_ 2]\41111 I%-ﬁ- 11412019 2M111;2 12 12711 55421 _M12(Tl _Vl)

+ My (2 — Va).
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Now
i4 = o/ (g2) v5 + alga) B2
and, taking into account that

o — 1 M7 M3y — 2Mi Mia My, + M7, M,y
2a ME

we get the formula stated in the above proposition. O

6.2 Construction of observers

Let us point out some particular interests of the system exhibited in Proposition 6.5.
System (42) is triangular with respect to the unmeasured part of the state. The difficulty

in designing an observer for the above system lies in the presence of the nonlinearity
M (x
W((g))x%, which depends on the unmeasured part of the state xo. Moreover, due
11\T3
to the presence of term z3 in the dynamics of x4, hypothesis [H2'] of paper [3] is not
satisfied. This fact precludes from applying the techniques of [3] to construct an observer.
However, from the @1, Zo—equations in (42) we can see that the unmeasured state x4
not appears in the derivative &1, &2.
Therefore, we can obtain the information about 23 from the z1, ro—subsystem.
Consider z1, x2—subsystem constituted by the two first equations of system (42)

. x2
T = ——0,
FTOMy ()
j? = ui, (43)
Yl = X1.

This subsystem does not depend on x4. Moreover it is linear with respect to the unmea-

sured variable x2. In fact it can be considered as a linear system with a time-varying
1

coefficient m Consequently, one can easily determine a globally exponentially con-
3

verging observer. More precisely we have,

Proposition 6.2 The auxiliary dynamical system

- 1
T = ——— (T2 + k1 (Z1 — 1)),

M (z3) (44)
By m — hy(Fr—21) +u
2_M11(x3) 2(T1 1 1,

is a globally exponentially converging observer for system (43), provided that the para-
meters k1 and ko are negative.

Proof Let (e1, e2) = (T1 — 21, T2 — x2). The error equation is

R S
€1 Mu(xg)(EQ 1€1),

S S, A
€2 M11($3) 2€1,
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(&)= (e o) (&)

The matrix in the system above is Hurwitz since k; and ko are negative. Moreover the
inequality (39) in Assumption 6.3 implies the existence of two constants k1 and ko such
that

or, in more compact form,

0 < K1 < Myi(xs) < K.

Consequently, we can find a positive definite quadratic Lyapunov function V(eq,e3)
whose derivative along the trajectories of system (45) satisfies

. 1 1
=—— W <-——W 4
14 M11(£U3) (515 52) = Ko (51752)5 ( 6)

where Wi(ey,e2) is a quadratic positive definite function. this implies that the system
(44) is an exponential observer for the system (43). O
We are ready to give an observer for the system (42).

Proposition 6.3 Consider the following auziliary dynamical system:

T Z4 = ky
= k _ .
Z3 a(a:4)+ 3(71 $1)+a(x3(13 r3),
s L (M) i i
2y o(z3) (2M121(x3)$2+u2+ 6(T3 — x3) | + ks(T1 — 21),
(47)
PO S (5
T M (23) (@2 + k1 (F1 = 1)),
1
NS S
2 M11($3) 2(.’[]1 ‘rl)—i_ula

where the parameters k1, ko, k4 and ke are chosen negative. Under the Assumptions 6.2—
6.4, system (47) is a globally converging observer for system (42).

Proof Let e3 =13 —x3 and ¢4 = T4 — x4. The error equation writes:

k

€3 = _g gy kse1 + ——es,

azy) a(zs
. 1 < My (23) o 2 )
Tq = (3 — %) + keez | + kee1,

alrs) \2M7 (z3) 7 (48)
L
€1 M11(963)(62 151)7
o1,
) Vi1 (z3) 281,

From inequalities (39), (40) in property 6.3 and the positive definiteness of the inertia
matrix, we can show easily that there exist o, a2 and ¢ > 0 such that

my, (3)
2k2m11 (1'3)2

a1 < a(zs) < as, ‘
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Moreover since k4 and kg are negative, one can determine a positive definite quadratic
function Q(es,e4) such that it’s derivative along the trajectories of (48) satisfies

Q < —e3 — &3 + c(les| + [eal)(|ex| + 75 — 23)
< —e3 — et + c(les] + eal) (Jea| + le2]le2 + 222]) (49)

1 1
< —553 — 553 + 2¢%(|e1] + |e2]le2 + 222])2.

Now, property 6.4 ensures that &5 is bounded and (46) holds. It follows that there
exist three constants a, k, 8 such that for all ¢ > 0,

e ()] < k(le1(0)] + [e2(0))e ™",
lea(t)] < E(le1(0)] + [e2(0) e, (50)
w2 (t)] < [22(0)] + at.

It follows readily that there exists two constants K7, Ko which depends on £1(0), £2(0)
and x2(0) such that

Q< _KIQ(53754)+K267%&7 (51)

which implies

Qea(t). () < ~Ks [ Qleals).a(o)ds + K+ Qea(0).24(0) (52
0

with K3 > 0. It follows from Gronwall’s Lemma that

Q(es(t),ea(t)) < (K3 + Q(e3(0),4(0))) e " (53)

This concludes the proof. O

6.3 Example

Consider the two-link manipulator studied in [4, 11]. The equations of motion are given
by

q=v,

54

M(q)v+C(g, v)v+V(g) =, (54)
Wlth q: (q17 q2)T, T = (7'17 7-2)T7
M(q) = <P1 +2pscosqz  p2 + ps3cos q2> 7
P2 + P3 COS ¢2 Do
Cv(q7 1}) = <_Uv2p3 .SID q2 _(Ul + ’U(Q))I)g sin q2> 7
1pP3 Sl g2

V(g) =0 and p; = 3.473, ps = 0.193, ps = 0.242.
Easy calculations show that

My (g2) 2’ 2p3 sin’
—11(q2) () =2ps3 (‘1 - pgsln q22 2 >COSQ2
2A(Q2) —pi1P2 + P35 + P3 COs< g2

Mﬁ(‘h) -
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which is non zero. It yields that equation (9) does not admits any solution. But one can
check readily that this fully-actuated system satisfies Assumptions 2.1-6.3. Thanks to
Proposition 6.5 the change of coordinates

-2 2p3 — py tan(%
o) =g 4 P2tpscos(s) oo P 2 arctanh( P b1 (22 )),
p1 + 2p3 cos(s) 4p3 — p1 dp3 — p1
x2 = (p1 + 2p3 cos g2)v1 + (p2 + p3 cos qz) v,
T3 = {42,
Ty = Q(QQ)UQ
with
a((p) _ DP1p2 — P% — pg COS2(Q2)
p1 + 2p3 cos(g2)
transforms (54) into
Z2
TG = —F
p1 + 2p3 cos g2
j:2 = Ui,
.2
= a(zs)’ (55)
. 1 —ps3sinaxs 9 >
T4 = Ty +us |,
1 afzs) <2(p1 +2pycosas)? 2 7
Y = (xlv x3)T7

where
P2 + P3 COs g2 -

up = (p1 + 2p3Ccosq)T1, Uy =Ty — ——F——T1
( ) P1 + 2p3cosq

According to Proposition 6.8, the following system

Ty k1

§1 = + T — 1),

p1+2p3cosqa  p1+ 2pscos (J2( )
5y ko ~
To=71+———(T_2x1),

p1 + 2p3 cos qz( )
Iy T4 . ~
T3 = m + kg(xl — Il) —+ k4($3 — xg),
- 1 —p3sinxs 224 + k(3 )+ ke @ )
Ty = T5+u T1—x T3 — T3),
! afzz) \ 2(p1 + 2p3cosx3)? "2 ? oA ! alxs 8o

is a global observer for (55) when the k;, i = 1,2, 4, 6, are negative.

7 Conclusion

A necessary and a sufficient condition for determining a state change of coordinate which
transform an Euler-Lagrange system into an affine system in the unmeasured part of state
was given. Obviously in the case of one degree of freedom, a solution always exists. A
case of higher order system, is for instance, that of the cart-pendulum system [10], the
tora system [20] and the overhead crane [7]. We conjecture the result several others
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problems in nonlinear control. Whereas, we know that these necessary and sufficient
conditions so that a system is transformable are very restrictive. For that, we proposed
the triangular forms in the unmeasured part of the state ¢ = v for the analysis of
observability. We have considered a particular family of Euler-lagrange systems, and
we show that it can be transformed into some triangular structure for which an almost
exponentially converging observer is given. Thanks to this triangular forms, a globally
converging observer presented so called “two-link manipulator” system. Moreover the
rate of convergence can be chosen arbitrary. Note also that our approach applies to the
“cart-pendulum” system and an exponentially converging observers with an arbitrary
rate of convergence can be constructed.
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Abstract: New results concerned with the Liapunov stability of composite or
interconnected systems, described by linear difference equations are established.
These results involve a matrix-valued Liapunov function. Furthemore, using
a new approach for constructing Liapunov functions we obtain some results
related to uniform asymptotic stability and compare our results with some
know results which were obtained via vector Liapunov functions. The examples
illustrating the efficiency of the proposed approach are given.
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1 Introduction and Main Results

The aim of this paper is to study stability in the sense of Liapunov of a linear large-scale
system of difference equations in the form

LL‘i(T—I—l):AiiLL'i(T)'F Z Aij(T)LL'j(T), 1=1,2,...,m, (1)
J=1,j#i

where = (27,...,20)T, re Nf ={r+k, k=0,1,...,} 70 >0, ; € R™, z € R",

m

n= 3% n; Ai, i=1,...,m, are constant matrices of appropriate dimensions, A;;(7),
i=1

i,j=1,...,m, i # j, are determined on the set NT.

* Corresponding author: anmart@stability.kiev.ua

(© 2007 Informath Publishing Group/1562-8353 (print)/1813-7385 (online)/www.e-ndst.kiev.ua 217



218 A.A. MARTYNYUK AND V.I. SLYN'KO

The transformation of initial systems to the form (1) is made by means of mathemat-
ical decomposition for the preassigned order of independent subsystems or in terms of
some physical speculations formed in the description of real physical system by a system
of difference equations.

For system (1) we construct the matrix-valued function U(7,x) (for the details see
[5]). The diagonal elements v;;(z;) are taken as the quadratic forms

’Uii(mi) = :v;-rPii:vi, 1= 1, 2, e,y (2)

where Pj; are symmetric positive definite matrices. We assume that at least one of the
matrices A;; or Aj; is not equal to constant and takes the corresponding non-diagonal
elements v;;(7,x;,x;) as the bilinear form

Uij(T,.Ii,.ij):Uji(T,.Ii,ij):.I;-I‘Bj(T)ZEj, j=1,2,...,m, 7’#]7 (3)
where the matrix P;;(7) satisfies difference equation
Py(1+1) — Py(7) + AL Py (1 + 1)Aj; — Pij(r + 1)

i n 4
= —;AiiPiiAij(T) - U—J_A}ri(T)ijAjj' @
i 4

Equation (4) can be solved in the explicit form. Consider two cases.
Case 1. Assume that the matrices A;; and A;; are such that

g = max | Ak (Aii) Mi(Aj)| < 1.

We consider the linear operators
Fyj R — R, FyX = ALX Ajj.
and present equation (4) as
i j
Pij(1) = —Fi Py (1 + 1) + — Ay P Ay () + JAT( )Pjj Aji - (5)
j

Using the method of mathematical induction it is easy to show that

Pyj(7) = FY\Py(r +v) —i—ZkaA Py Ay (T + k)
| ©)
+:77—JA;I;(T+IC)PJJAJJ

for any positive integer v. It is shown (see [1]) that the eigenvalues of the operators Fj;
are Ap(Aii) Ai(4;;), therefore the norm of the operator F admits the estimate

1 v
< £ / |Z|lezc(ﬂ) ,
27 2

i
lz|==52

1
== YR.(Fy;) dz
1#5 = 5 [ #ReB)

144
2

|z|=

where ¢ = ma% |IR-(F3;)ll, R.(Fi;) is a resolvent of the operator Fj;. Taking into
|2|="F2

account 2 < 17 we get [|[F}}]| — 0 as v — oo.
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Further we are interested only in bounded solutions of equation (4). Passing to the
limit in (6) as v — oo, we get

ZF P gy )+ L AL WP 4, ). ™

Further it is assumed that the series in the right-side part of (7) converges.
Case 2. Assume that

¢ = max [Ax(Aii) Ai(Az5)] = 1.

It is easy to notice that the operator F;; is non-degenerated. We present equation (4) as

_ i A
Pij(r+1)=F;'Py(r) — F;; { -A;i Py Aij () + n—J_Aﬁ(r)ijAjj}. (8)
Using the method of mathematical induction it is easy to show that

Pij(1) = F;;7 ™ Pij(mo)

T—710—1
— > etk {%AMPMAU(TO +k)+ %Aﬁ(m + k)ijAjj] -
k=0 J ‘

Setting P;;(79) = 0 we find partial solution of equation (4) in the form

T—To—1

> ETT [%AMPMAWOMH%Aﬁ(mmam]. (9)
J 7

Assuming that the matrices P;;(7) are bounded for all 7 > 7* we introduce designa-
tions

i = A (Pu), Cij = sup 1235 (Il
i = Am(Pii), €45 = — sup [Py (7).

In view of the results from [2,4] the estimates for the elements matrix-valued function
U(r,z) are

cillzill? < wviilzs) < eillll?, i=1,2,...,m,
cijllmill |zl < vij(ry @i, 25) < ejllall losll, 4,5 =1,2,...,m, i#j.
Therefore for scalar function v(7,z,7) = nTU(r,2)n, n € R, n > 0, the bilateral
inequality
wr HYCHw < v(r,z,m) < wT H'"CHuw, (10)

is satisfied, where

¢= [Eij]?jzlv C= [Qij]?j:u
H =diag (m1,...,Mm), w=(||lz1],..., |lzmDT.
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For the first difference of function v(r,z,n) along solutions of system (1) in view of (4)
one can get the estimate

AU(T,x,n)’(l) <w'S(T)w, (11)

where w = (||lz1,..., |zml))T, S(7) = [04;(7)]{%—1. The elements of matrix S(7) have
the following structure

oi(r) = = An(Ganf + > AulP1Pylin?
J=1.j#i

+ Z )\M(A;fipijji +A};PJF»II;AM)77]€’I7J-,

k=1, k#£j
m
oM = Y nl Akl ekl | Aril
k=1, k], ki
m
+ > [ Akill | Pr | (| Az llmime, @ # 3,

kI=1, ki, k], 1]

where Gi; = —(ALP; Aii—Py;), ||| is a spectral norm of the corresponding matrix. Using
the function U(r, x), estimate (10) of the scalar function v(7,z,n) and estimate (11) of
the first difference of this function along solutions of system (1) we formulate sufficient
conditions of stability and uniform asymptotic stability of the equilibrium state x = 0
of system (1).

Theorem 1.1 Let system of equations (1) be such that
(1) matrices C and C in estimate (10) are positive definite;

(2) there erist negative semidefinite (negative definite) matriz S such that

[S()+ ST(1)] <8 forall T>m.

N~

Then the equilibrium state © =0 of system (1) is uniformly stable (uniformly asympto-
tically stable).

Proof Condition (2) of Theorem 1.1 ensures the existence of 71 € N} such that
for all 7 > 7 for matrix S(7) the generalized Silvester conditions are satisfied. So, for
function v(7,z,n) = nTU(r,2)n for all 7 > 7 = max{7y,7*} all conditions of Theorem
16.3 from Hahn [3] are satisfied. Thus, the equilibrium state = 0 is stable (uniformly
asymptotically stable) with respect to N; . Taking into account continuity of solutions
(7,70, 20) of system (1) in z¢ and discreteness of the set NI one can conclude on
stability (uniform asymptotic stability) of the equilibrium state of system (1).

2 Examples

Consider the system
z(t+1) = pra(7) + aA(w, )y(1),

y(T +1) = p2y(T) + BAT(wv T).’L'(T),
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where z,y € R?, and «, 3, p1,p2 € R, w € [0, 27),

COSwT SinwTt
A(w,T):( ), T € Ny

—sinwT  coswT

Moreover, we designate ¢ = p1p2. Applying the approach proposed in Section 1 for
system (12) we construct an auxiliary function

o(r,z,y) =z x4y y+ 22" P(r)y, (13)
where

ap1 + Bp2 .
— - A —1)(A 1) — gl f <1;
IR A - DA ) —al), g <1

Piry={ ___ o +Bp2 - _
(1) T r—- [qA(w,T 1) — A(w, 1)

¢ TTHAT(1) + q*TI], if gl > 1,

and [ is an identify matrix of dimension 2. Theorem 1.1 allows us to establish sufficient
stability conditions of system (12) in the form of a system of inequalities

lapr + Bpa| < /1 —2qcosw + g%

(14)
011 <O, 0’110’22—0'%2 >O,
where 3B(aps + Bpa)la — cosw)
2 p1o(apr + Pp2)(q — cosw 2
= — 1 —
011 pl 1—2QCOSW+(]2 +6 )
2p2a(ap1 + Bp2)(q — cosw)
2 2
— — 1 —
722 = P2 1—2gcosw + ¢? o
and

lapr + Bp2|
V1 —2gcosw + ¢2

It this case the equilibrium state 2 = y = 0 of system (12) is uniformly asymptotically
stable, and the constructed function (13) is the Liapunov function.

In order to compare the obtained stability conditions with the conditions obtained in
terms of vector Liapunov function we employ the results from [6]. Construct the vector
function V(z,y) = (v1(x),v2(y))" with the components v (z) = T2 and wva(y) = yTy.
Applying Theorem 3.3.14 from [6] we present sufficient conditions of uniform asymptotic
stability of system (12) in the form of the system of inequalities

021 = 012 = |045|

pi+5°-1<0,

15
(P71 + 8% = 1)(p5 + & — 1) — 4]af|p1p2| > 0. (1%)

To compare conditions (15) and (14) obtained in terms of Theorem 1.1 we consider a
system of difference equations

x(r+1) = O.95x+o¢A<g,T>y,

y(r+1) = —0.95y + 5AT<g,T>x
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and construct in the space of parameters («, 3) the domains of stability of the equilibrium
space = y = 0 of system (16). Figures 2.1 and 2.2 show that the domain constructed in
terms of conditions (14) is wider than the domain constructed in terms of conditions (15).

-0.5

Figure 2.1: The domain of stability of (16) in the parameter space via Liapunov’s vector
function.

Figure 2.2: The domain of stability of (16) in the parameter space via Liapunov’s matrix-
valued function.

Note that for the system

z(r+1) = 1.21:—!—04A<g,7')y,

y(r+1)=—08y+ A" (g7>x



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 7(1) (2007) 217-224 223

it is impossible to apply the vector function, because subsystem z(7 4+ 1) = 1.2z is not
exponentially stable. Nevertheless conditions (14) allow us to construct for system (16)
in the space (a, ) a domain of stability shown in Figure 2.3.

B

1.5
1.0

0.5
05 10 15 20

20 -1.5 -1.0 -0.5

Figure 2.3: The domain of stability of (17) in the parameter space.

1.0
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220 <15 -1.0 05
0.5

-1.0

-1.5

-2.0

Figure 2.4: The domain of stability of (18) with exponentially unstable subsystem.

The system
z(r+1)=1.05z+ aA(g,T>y,
(18)

y(r+1) = —1.O5y+ﬁAT(g,T>x

has exponentially unstable subsystems. However in this case as well conditions (14) allow
us to construct for system (18) a domain of stability in the space of parameters shown
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in Figure 2.4.

3 Concluding Remarks

Generalized Liapunov function method for a class of large-scale difference systems (1)
were developed. In particular, stability and uniform asymptotic stability theorems were
presented. The efficiency of the proposed approach was demonstrated by two examples.
An important aspect of the new results is that they account an estimation stability
domain of parameters of the systems. In connection with the developed theory, there
remain many open problems. Some of these include the following: to established guides
for choosing “best” vector n in the scalar function v(7,x,n); to apply the developed
theory to specific problems of uncertain systems. Because in general, one is not only
interested in stability of systems (1), but also in trajectory bounds, it is desirable to
investigate the behavior of systems (1) with respect to sub-sets of the state space.
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