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Abstract: This paper is concerned with the problem of local controllability
for linear nonstationary systems with random parameters. In differ of well-
known problem of controllability for the determinated systems, for systems
with random parameters we must construct a non-predicting control when we
use the information about system only before the current moment. We ob-
tain the sufficient conditions of non-predicting controllability and estimation
of the probability that the given system is a locally controllable on the fixed
time segment. The algorithm of construction of the non-predicting control is
developed.
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1 Introduction

The problems of controllability, observability and stability of dynamical systems with
random parameters was investigated in many works, for example, [1]-[7]. Notice, that
for such type of systems we often have not the information about the systems behaviour
in future, thats why is appeared a problem of existence of a non-predicting control.
The term of the non-predicting control was introduced in Ekaterinburg school on the
control theory (see [8, 9]), the problem of such control construction was investigated also
in [10, 11]. The control u(t,z) is called the non-predicting if for it construction in the
moment ¢ = 7 we use the information about system only for ¢ < 7.
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In this paper we continue the investigation initiated in [12, 13], where we considered
the linear systems with the stationary random parameters and obtained the sufficient
conditions of existence of the non-predicting control for such systems. In [12, 13] we
investigated the conditions of total controllability when we don’t assumed any restrictions
on the control u € R™. Here we consider the system

i=A(f'w)z + B(flw)u, (tw,z,u) ERxQxR" x U, (1)

where the function ¢ — £(ffw) = (A(f'w), B(f'w)) of variable ¢ is a piecewise constant
for every w € €. We assume that u € U, where U is a compact convex set in R™ and
U contains the origin in their interior. The aim of this paper is to obtain the sufficient
conditions of the non-predicting local controllability for system (1) on the segment [0, T].
We prove that in the case u € U for construction of the non-predicting control we must
constantly hold the trajectories of the system (1) solutions in the neighbourhood of the
origin, that lead to some additional conditions for the asymptotical behaviour of the
system @ = A(f'w)x solutions.

2 The basic definitions and designations

Suppose e; = col(1,0,...,0),...,e, = col(0,...,0,1) is a standard basis in Euclidean
space R"; ||z|| = v/2*z is a norm in R"; Lin(qi,..., ) is a linear hull of the vectors
q1,---,q € R™ O%(xzg) is an e-neighbourhood of the point o in R™, O = OZ(0); int U
is an interior of the set U.

Let us consider the probability spaces (21,F1, 1) and (Qg, 2, u2), where 5 is a
space of number sequences § = (61,...,0k,...), O € (0,00), the space Qs = {p : ¢ =
(90, P15+ Phs -+ ), o €W Y, W = {th;}5_, is a finite set of the matrix pairs ¢; = (4;, By),
$i is a o-algebra formed by the corresponding cylinder sets, p; is an extension of a measure
w; from the algebra of the cylinder sets to the o-algebra §;, i = 1,2. We also consider
the probability space (€2,§, i), where Q = €1 x Qq. The construction of o-algebra § and
the probability measure p was described in [2].

On the space (€9, T2, p2) for every 8 € Q; we introduce the sequence of random
variables ¢ = ((p,(1,...) such that (x(w) = (k(p,0) = @k, pr € ¥. We suppose that
the sequence ¢ forms the homogeneous Markov chain, which uniquely determines by
the matrix of the transition probabilities P = (p;;);,—; and the initial distribution
m = (m)i_, (see [14, p.122]). We also suppose that the Markov chain ( is a stationary
in the narrow sense (see [14, p.432]).

k
Let us introduce the sequence {7}, : 70 = 0, 7(8) = >_ 6;, where 6 € Q;. We

=1
assume that 61,605, ... are the independent positive random variables and 65,03, ... have
the equal distribution F(t), t € (0,00) with the mathematical expectation my. Denote
by v(t,0) a number of points of the sequence {7}, which lie left than ¢, that is

v(t,0) = max{k:7m, <t}, t > 0.

The variable v(t) is called a recovery process. We assume that v(t) is a stationary recovery
process (that is this process have a stationary recovery speed), then the distribution of
01 satisfies the equality (see [15, p. 145-147])

Fi(t) = mie /(1 — F(z))dz, t>0. 2)
0
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Let us introduce the shift transformation f{0 = (1,41 —¢,0,42,0,13,...),t > 0 on
the probability space (1,81, 11). The transformation f} preserves the measure pu1,
because the sequence {7} forms the stationary recovery process. We also introduce
the shift transformation fi(0)¢ = (¢u,@uv+1,...) on the space (Qa,T2,u2) for any
0 € Q. From the stationarity of the Markov chain ¢ it follows that the transforma-
tion fi preserves the measure ps. In [16, p. 190] was proved that the shift transformation
flw = [0, ) = (fi6, f5(0)p) on the space (Q,F, ) preserves the measure .

Assume that £(w) = (o(w) is a stochastic variable on the probability space (Q,F, u).
We introduce the random process &(f'w) = (A(f'w), B(f'w)) generated by the flow ffw.
Then &(f'w) receives the constant values ¢y for ¢ € [1x, Tx+1). The function £(f'w) is a
stationary in the narrow sense random process (see [14, p.433], [16, p. 167], [17, p. 189]).
We remind that the process (¢, w) is called stationary in the narrow sense if the equality
pu(ftG) = p(G) satisfies for any cylinder set G € § (see [16, p. 174]).

We identify the system (1) with the function £ :  — . For each fixed w the function
£(f'w) designates a linear determinate system. We say that an admissible control of the
system £ is any bounded and Lebesgue measurable function u,, : RXxR" xR"” — U € R™.
The control type u,, (¢, zo) is said to be program control if it is not explicitly depends from
x; the control type u, (t, x) is said to be positional control. The program control u,, (¢, zo)
is said to be non-predicting on the segment [to,¢;1] if for it construction in the moment
7 € [to,t1] we use the information about matrices A(f'w) and B(f'w) only for ¢ < 7
(and not use the information for ¢ > 7).

Let us consider the intervals [7y, T, 1), where the function £( f*w) receives the constant
values ¢y, € ¥. On any interval [1g, Tp41) the system £ coincides with one of the systems
&,1=1,...,s, where over ¢ we denote the system

&= A;x + Bju, (x,u) € R" x U.

Here U is a compact convex set in R™ and U contains the origin in their interior. In this
work we construct the non-predicting control in such form that on any interval [7, Tg+1),
k =0,1,... we apply either the positional control, or at first the program control for
t € [k, Tk + @), then the positional control for ¢ € [ + &, Ti41). Therefore let us improve
in what sense we determine the solution of the system ¢ under the fixed w € Q2. We
introduce the sequence {U;}7°,, where J9 = 0, Jx41 > ) such that on the intervals
[k, 9k+1), k = 1,... we apply either only the program control, or only the positional
one in dependence from the number of system &; that appeared in the corresponding
time moment. If we construct the program control u,(t) on the interval [¥, 9x4+1), then
the solution of the system & is an absolutely continuous function x(t) = z(t, Ok, Tk, uy),
x(¥) = xi, which satisfies the corresponding system & = A;x + B;u,(t) for almost all
t € [9k,Vk+1). For the continuity of the solution we require that z(d, Fx—1,2k—1) = Tk-
Now we assume that on the interval [¥y, 9x+1) we must construct the positional control
u = Uy (t, ). Let us consider the system &; closed by the control v = u,(t,x) and denote
by x(t) = x(t, 9k, Tk, u,) the solution of this system. We require that x(t) satisfies the
conditions z(9y) = xg, x(F, Vg—1,Tk—1) = 2. Let us denote u,,(t) = uy (¢, 2(t)). Then
for any initial point xy the solution of the system & = A;x + Bju,(t, ) we can also
obtain as the solution of the control system ¢; that corresponds the control wu,(t), see
18, p.431-433).

Definition 2.1 The state g € R™ of system &£(f'w) is said to be controllable (non-
predicting controllable) on the segment [to,t1] if there exists a control u, (¢, z, z¢) (non-
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predicting control u(ftw,z,xg)), t € [to,t1] such that the corresponding solution z(t,w),
x(to, w) =10 satisfies z(t1,w)=0.

We denote by Dy, 4,)(w) the controllability set of the system &(f'w) on the segment
[to, t1], that is the set of all points, which can be steered to zero on [tg, t1] under the fixed
w € Q. We also denote by Dy, ;,1(w) the set of all non-predicting controllable states of
the system & = £(f'w) on the segment [to, t1].

Definition 2.2 The system & is said to be locally controllable with the probabil-
ity pio on the segment [to,t1] if p{w:0 € int Dy, 4, )(w)} = po and non-predicting lo-
cally controllable with the probability po on the segment [tg,t1] if the probability
p{w : 0 € int Dy, 41 (w)} = po-

3 The Construction of the Positional Control
Let us consider the system & and denote by K; the matrix

K’L:(BMA’LBM,A?_lBZ), ’L'Zl,...,S,

by Dp,.+,1(&) the controllability set of the system &; on the segment [to,t1], by L(&;) =
Lin Dy, +,1(&) the controllability space of the system &;, by X;(t,s) = X;(t — s) the
Cauchy matrix of this system. It is known that the controllability space L(&;) coincides
with the subspace formed by the columns of the matrix K;, that is L(§;) = Lin Kj.
Therefore the condition rank K; = n is the necessary and sufficient condition of the local
controllability for system &; (see [19, p. 140-145]).

Let us consider a determinate system &p, which coincides with the system &;, on
any interval [({ — D)o, fa), £ = 1,...,k, that is § = 1)y, for ¢t € [(¢ — 1)av, bar). We can
consider the system & as the system £ under the fixed w = (0, ¢) with k first coordinates
Wy = (av lﬂu)-

Lemma 3.1 [20] Assume that & = s, fort € [({ — Do, ba), £ =1,..., k. Then the
controllability space of system &y on the segment [({ — 1), ka]

L[(Zfl)a,ka] (50) = L(&tz) + Xizl(a)L(giurl) +...+ Xizl(a) et Xz;il (O‘)L(&k)

Suppose that for system £ there exists w € § such that the corresponding determi-
nate system &, is a totally controllable on the segment [0, ko], that is the controllability
space Lo rq) (&) coincides with R™. In the present work we investigate the next problem:
is it possible to construct the non-predicting control for the system & and what is the
probability that this system is the non-predicting controllable on the fixed time segment
[0,7] (in the process of construction of such control we assume that for the system ¢ in
the moment 7 the moments of switching 7, and the states of this system for ¢ > 7 are
unknown). Further we propose the algorithm of construction of the non-predicting con-
trol when it is not sufficient the equality Lo 1q)(€0) = R". The subspaces Lj/—1)a,ka](60)s
¢ =2,...,k must satisfy some additional condition, that is the trajectory of the system
under some control must retains in given subspace to the next moment of switching. In
Lemma 3.2 we obtain the condition of such retaining when there are not any restrictions
on the control.
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Lemma 3.2 [12] Let M be a subspace in R™ and M be a matriz formed from the
vectors of basis M. If for the system

&= Az + Bu, (z,u)€R" xR™, (3)

we have Lin AM C Lin(M, B), then there exists a positional control u(x) such that for
any point xg € M the trajectory of solution x(t,to, xo,u) contains in the subspace M for
allt > 0.

Further we consider the system S : & = Az + Bu, (z,u) € R™ x U, where U C R™
is a compact convex set containing the origin in their interior. We denote by L(S) =
Lin Dy, +,1(S), then L(S) is a controllability space for the system (3).

In the next statement we obtain the sufficient conditions of existence of the positional
control u(z) € U for the system S. This control must retains the trajectory of solution
x(t, to, zo, u) on the subspace M for t > ty, if x( is a point located on this subspace in the
moment to. Furthermore, for u(z) € U must exists £ > 0 such that from the inequality
lzo|| < & follows that the solution ||z (¢, to, o, )| < € for all ¢ > to.

We denote by A1,..., A, the eigenvalues of matrix A corresponding to the different
Jordan cells (for this eigenvalues not required to be different), by my we denote the
size of Jordan cell corresponding to the eigenvalue ;. We also denote by A the set of
eigenvalues Ay such that either ReAy > 0 or ReAy = 0 and the size of corresponding
Jordan cell is more than one, that is

A= {)\k A, € {Re)\k > 0} @] {Re)\k =0,mg > 1}}

Lemma 3.3 Let M be a subspace in R™ and M be a matriz from the vectors of basis
M. Suppose that the system S and the subspace M satisfy the conditions:

(1) MNL(S) = {0};

(2) Lin AM C Lin(M, B);

(3) the controllability space L(S) contains all rooted subspaces of matriz A, corre-
sponding to the eigenvalues A\, € A.
Then there exists the positional control u(x) € U, for which we can find ¢ > 0 and
0 = 0(g) > 0 such that for any point xog € MNOs the trajectory of solution x(t,to, o, u)
contains in M N O, for all t > tg.

Proof Assume that for the system S a dimension of the controllability space
dim L(S) = r. Then there exists a linear transformation z = C'y that reduce the system
S to the system type S = (A, B) :

y' = Ayt + Ay® + Bia,

§* = Asy?®,
where y! € R, y? € R*~" and the controllability subspace L(§ ) determines in R™ by the
equation 32 = 0 (see [18, p.110]). From the equalitics A = C~'AC and B = C~'B it is
easy to verify that the controllability spaces of the systems S and S satisfy the condition

L(S) = C'L(9). (4)
Let us denote M = C~*M. Then from the conditions (1) and (4) follows that M N

L(S) = {0}. The conditions (2) and Lin CAM c Lim(C’]T/f7 CB) are equivalent, therefore
Lin AM C Lin(M, B).
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It is known that the similar matrices A and A have the equal eigenvalues A\, k =
1,...,p. Let ¢; and ?; be the eigen and the adjoint vectors of matrices A and A. If ¢;
and ¢; correspond to the equal );, then we have £; = C¥; (see [21, p.31]). Therefore the
condition (3) is equivalent the follow condition: the subspace L(§) contains all rooted
subspaces of matrix A corresponding to the Ay € A.

Note, that the vectors {; type £; = = (¢5,0), ¢} € R", i = 1,...,r, are contained in
the controllability subspace L(S) = Lin(ey, ..., e,). The matrix A also have the rooted
subspaces formed by the vectors 0; = (€1 62), 02 #£0,i=7r+1,...,n that dont lie in

~ 177
L(S). Here £} € R", £? € R"~" and vectors ¢? are the eigen or the adjoint ones of matrix
Ay (vectors f; and 2, i=r+1,...,n correspond to the equal eigenvalues). Since (3),

it follows that for these elgenvalues Re)\k < 0 or ReAp, =0 and my = 1.

Using the conditions L(S) = Lin(ey,...,e.) and M N L(S) = {0}, we get that the
subspace M don’t contains the unit vectors e1,...,er. Therefore we can represent this
subspace in the form

M = col(My, My) = Lin(hy, ..., hj), h; = col(h},h?),

My =Lin(h},....h}), Mo =Lin(h3,...,h2), j<n-—r

by
where vectors h € R", h? are the linear independent vectors in R™"™".

We denote by y(t) = y(t, to, yo,u) = col( L(t), y? ( )) the solution of the system S
closed by the control @(y) € U. Here y'(t) = y' (¢, to, y$, w) and y*(t) = y*(t, to, yd) is the
solution of the system g2 = Azoy2. Let us obtain the solution y(#) such that its trajectory,
going in the moment ¢y from the point yo = (yo, yo) € M remains in the subspace M
for all ¢ > to. Note, that from the condition Lin AM C Lln(M B) follows the condition
Lin Ay M, C Lin Mg, which means that for every point y3 € Mo the trajectory of y2(t)
contains in the subspace M, = Lin(h3,.. h2) for all t > ty. Therefore we can represent
the solution y%(¢) in the form

V(1) =W + -+ oy (DR, ault) =D eMQult)
=1

where the degree of polynomials @Q;;(t) not more than m; — 1. The solution y?(t) is
bounded for tg < ¢t < oo because the eigenvalues A\ of matrix Asy satisfy the condition
ReAp, <Oor Redpy =0and mp =1,
Notice, that if Lin AM C Lin(M, B), then for any basic vector h; € M, i=1,.

there exists a vector u; € R™ such that Ah + BuZ S /\/l This means that there ex1sts a
vector ¢; = col(cy; . . . ¢j;) such that the system Me; — Bul Ah has the solution. Let us
construct the positional control u = v (t)ui + ...+ a;(t)u; and denote by ¢ = a1 (t)c1 +

..+ a(t)c;. Suppose that yo € M and y(t) = y(¢, to, yo, w) = a1(t)h1 + ...+ o (t)h; is
the solution of the system S such that its trajectory lies in the subspace M. Then the
vector col(c, ) € R¥+™ is the solution of the system

Mc—Bu= Ay, ye M. (5)

Combining M= col(/\/ll, /\/12) = col(Bl, ) rank M2 = j, rank B; = m and condition
(2), we obtain that rank(M,B) = rank(M, B, AM) = j + m. This implies that the
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system (5) is compatible and has a unique solution %, which we can represent in the form
@ = u(y) = Dy. Here D is some matrix sizes m X n. Then there exists ¢ > 0 such that
u(y) e U for |ly|| <e.

Since we can express the solution y(t) over the same functions a;(t), i = 1,..., 7 that
enters in y2(t), therefore this solution is also bounded for ¢ > to. This means that for any
e > 0 there exists 6 > 0 such that ||y(¢)|| < e for all ¢t > ¢¢ if ||yo|| < 0. Let us consider the
phase trajectories of the system S closed by the control %(y) € U. Thus, we proved that
if these trajectories go from the points yg € Mn Os, then they lie in the set Mn O, for
all t > to. Let us put u(x) = u(y), then the last condition is equivalent the next one: the
phase trajectories of the system .S, going from the points o € M N Oy under the control
u(z) € U, lie in the set M N O, for all t > ¢y (here € and § may be other).

In addition, note that the vector col(c, u) is the solution of the system

Mc¢— Bu= Az, z¢€ M, (6)
which is equivalent the system (5). Thus, the lemma is proved. O

Lemma 3.4 Suppose L(S) contains all rooted subspaces of matriz A, which corres-
pond to the eigenvalues A\, € Ay. Then there exists the positional control u(x) € U type
u = Hzx, and for this control there exist ¢ > 0 and § = §(¢) > 0 such that for any point
llzo|l < & the solution ||x(t,to, zo,ull < e for all t > to.

Proof Assume that dim L(S) = 7. Let us reduce the system S to the system S
by the linear transformation z = Cy. The matrix Asy of the system 32 = Agoy? have the
eigenvalues Ay such that Rel; < 0 or ReAy = 0 and my = 1. In [22, p. 30] was proved
that there exists a control u = Hz that gives to the matrix A+ BH of the closed system r
predesigned eigenvalues and the rest eigenvalues of A+ BH coincide with the eigenvalues
of matrix Ags. Therefore, we can choose the control u = Hx such that all eigenvalues of
matrix A + BH satisfy the condition Relr < 0 or ReAr = 0 and my = 1. Then there
exists € > 0 that u(z) € U for ||| < € and there exists § = d(¢) > 0 that for any point
lzo|| < & the solution z(t) = x(¢, to, o, u) satisfies the equality ||z(t, zo, u(-))| < € for all
t > to. The lemma is proved. O

4 The Conditions of the Non-predicting Local Controllability

We say that the finite sequence V' = (¢;,, ..., ), where ¢;; € W is called a word V. Let
us put in correspondence to the word V' the linear systems &;,, .. ., &;, , the controllability
spaces of these systems L(;, ), ..., L(&;,) and the controllability spaces Lj/—1)a,ka](§0)s
¢ =1,...,k, constructed in Lemma, 3.1.

Let us denote by u(T) the probability of appearance the word V' on the segment
[0,T].

Lemma 4.1 Suppose that 0 < a < 0, < 8 for all k = 2,..., the set ¥ = {1)1,1s},
the word V. = (i, ,i,). Then for T = 2NB3, N =1,2,..., the probability u(T) satisfies
the inequality

w(T) = (1—mipps, )1 —plN;)). (7)

Proof Here we consider the case, when the set U contains two states, then the
probability u(T) equals to the probability of appearance the word V' = (1;,,1;,) on the
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segment [0, 7. Notice that u(T") not less than the probability of transition the system
from any initial state to the state v;, over not more than IV steps and then from v, to
1;, also not more than for N steps. It is clear that for such transition of the system on
the segment [0, T'] must appeared not less than 2N jumps of the process, that always true
for T > 2N (. Let us denote by fi,:, (IV) the conditional probability of the first reaching
of the system the state v;, from this own initial state not more than over N steps. The
probability fi,:, (IN) equals to the probability that the system either reaches the state
;, for one step or goes to 1;,, then a few times goes again to ;, and then reaches the
initial state v;,, hence

Jivin (N) = Diviy + PivioDigi, (1 4 Digiy + - +pgi_22) =1- piling;-

Let fi,i, (N) be the conditional probability of the first reaching of the system the state
1, from the state v;, not more than over N steps. For this aim the system from the
state 1;, can reach the state 1;, either over one step or at first it can go a few times to
;,, then it goes to 1;,, therefore,

fizil (N) = pizil(l + Digiy + - +pgi_21) =1- pgig'
In the same way, we denote the probability fi s, (), then f; s, (N) =1 —pY, . Further

note that the system can reach the state 1;, either from ;, or from );,, hence for
T > 2N we have the inequality

wT) = (Wz'l fivis (N) + i, figiy (N)) fiyiy(N) = (1 — T\ DiriaPha, — ”ingm)(l — D)

It is well known that if the Markov chain is a stationary in the narrow sense, then the

S

initial and transition probabilities satisfy the equations Y mjpjx = m, k = 1,...,s.
j=1

Hence in the case s = 2 we have 7, piyi, + TiyDigi, = Tiy. Therefore p(T) > (1 —

mng;l)(l —pl;,)- Thus, the lemma is proved. O

Let pg) be the probability of transition from the state v; to the state 1; over £ steps.
The state v; is called an attainable from the state 1; if there exists £ > 0 such that

pg) > 0. The states 1; and 1; are called the connected if the state 1; is attainable from
the state 9, and the state 1); is attainable from ¢; (see [14, p. 598]).

Theorem 4.1 Suppose that for the system & the set U = {1, 12}, the states 1, 1s
are connected and 0 < a < O < B for all k = 2,... If there exist a word V = (;,, ;)
and a subspace M C L(&;,) such that:

(2) LinA;, M C Lin(M, B;,);

(3) the controllability space L(&;,) contains all rooted subspaces of matriz A;, and
the controllability space L(&;,) contains all rooted subspaces of Ay, corresponding to the
eigenvalues A\, € A,
then the system & is non-predicting controlled on [0, T| with probability (T that satisfies
(7) for all T > 2N3, N=1,2,....

The probability u(T) — 1 as T — .

Proof Let us describe the construction of the non-predicting control for the sys-
tem & that satisfies the conditions of the theorem.
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1. First let us consider the case, when in the initial moment the system ¢ is in the
state 10;,. The first task is to translate the points xo € O, to the set M N O,, by the
program control u(t) € U for time a. We denote by Dy, +,1(S, Mo) the controllability
set of the system S to the set My on the segment [tg,t1]. The point zy lies in the set
Diyy,4,1(S, Mo) if and only if there exists an admissible control u(t) such that the solution
x(t) = z(t,to, o, u) of the system S satisfies the condition z(¢;) € Mp. It is known that
the set Dy, +,1(S, Mo) satisfies the equality

Dity.04 (S, Mo) = Dy 1,1(S) + X~ (t1 — to) Mo.

Here under the algebraic sum of the sets A and B from R"™ we intend the set A+ B =
{a+b:a€ Abe B}, by X(t,s) = X(t—s) we denote the Cauchy matrix of the system
& = Axz. We obtain

LinDjg o) (€, M N Ox,) = Lin(Dig o) () + X;; ()M N 0,,) ) =

= L(&,) + X; () M.

In the work [20] was proved that the conditions L(&;,) + Xi_ll(a)M =R" and L(&;,) +
M = R" are equivalent, hence from the condition (1) it follows that LinDyg 41(&;,, M N
Oc,) = R™. Since {0} € int M and {0} € intDjg 1(&i, ), then {0} € int Dy (&, , MNO, ).
Therefore the set Dyg 1(&i,, MNO;,) contains some neighbourhood O of the origin such
that all points of O, reach the set M N O;, by u(t) € U for time .

Let us suppose that the system £ have not the jumps for time ¢ = «, that is 7, > a.
Since the system &;, and the subspace M satisfy the conditions of lemma 3.3, then there
exists the positional control u(z) € U, which retains the solution z(t) = z(t, o, zq, u),
z(a) = x4 on the subspace M for all ¢ > «. In this case for every €2 > 0 there exists
g1 > 0 such that for all ||xg]| < &1 the solution [|z(t)]] < ez for all ¢ > a. Suppose that in
the moment 71 the state 1;, is appeared; then we can translate the points of M N O,
to null for time o, because M contains in the controllability set L(&;,). In this case we
choose g2 such that the program control u(t) € U for ¢ € [r, 71 + ). The case 1 < «
considered further in item 3.

2. Suppose that in the initial moment the system ¢ is in the state 1);,. In this case
we must wait for the moment of jump 77 during some unknown time and simultaneously
choose the control u(x) € U that satisfy the follow condition: there exist ¢ > 0 and
6 = 6(g) > 0 that all points from the neighbourhood Os contain in O, for any long time
(to the moment 71). In Lemma 3.4 we prove the existence of such control u(z) € U.
If the state v;, appears again in the next moments of jumping 71, ..., 7%, then we keep
on restrain the trajectory of the system in the neighbourhood O. until the state v,
appeared in some moment 7x1. For ¢t > 7,41 we construct the control as in item 1.

3. Notice that in the initial moment we don’t know about the time 71 of first jump of
the process, thats why we cannot always reach the sets constructed above for this time.
Therefore for t < 71 we must construct the program control similarly as in the first or
second item in dependence of the state of the system in the initial moment. Now suppose
that the first jump of the process was in the moment 7 < « and we don’t reach the
necessary sets for this time, then after the moment 71 we have a reserve time a without
the next moment of jump 7 (because 0 € [, 3]). Thus, for t > 7 we build the control
as above in dependence from the number of state in the moment 7.

4. Finally let us prove that u(7T) — 1 as T — oo. The states 11,19 are connected,
hence p11 # 1, paa # 1. Therefore from the inequality (7) we have that u(T) — 1 as
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N — oo. Notice, that in this case T — oo, because T' > «(N — 1), @ > 0. Thus, the
theorem is proved. O

5 Illustrative Example

Assume that the system £ has two states Y1 = (41, B1), ¥2 = (Az, B2) with the next
matrices:

2 0 0 1 0 -1 1 0 1
A= 11 2 ,Bi=| 0 1 ],A= 0o -1 4 ,Bo=1 2
0 0 -1 0 0 1 1 -2 1
. . . . s 3/5 2/5 o
It is also given the matrix of transition probabilities P = 45 1/5 and the initial

distribution m = (2/3,1/3). Note, that the initial and transition probabilities satisfy the
2

=1
the system jumps 6y € [0,5;1], k = 2,3..., then from (2) follows that 6; € [0;1].
It is easily shown that the controllability spaces of these systems L(£;) = Lin By,
L(&) = Lin By. We choose the word V' = (¢1,12) and the subspace M = L(&3), then

the subspaces M and L(&;) satisfy the equalities:

equations Y m;pj; = m;, ¢ = 1,2. We also suppose that the length of intervals between
j_

MNOL(&) ={0}, L(&)+M=R3 LinA;M C Lin(M, By) = R3.

Further, the controllability space L(&;) contains the eigenvectors of matrix A;, v =
c0l(0,1,0) and v9 = col(1,1,0) that correspond to the eigenvalues A\; = 1 and A2 = 2; the

matrix A; also has the eigenvalue A3 = —1. The subspace L(&2) contains the eigenvector
vy = col(1,2,1) of matrix As, corresponding A; = 1, the other eigenvalues of As are
Ao = —2, A3 = —3. From the Theorem 4.1 it follows that the system ¢ is the non-

predicting controlled on the segment [0, T'] with the probability u(T"), which satisfies the
next inequality for 7" > 2N :

W(T) > (1 - % 0, 2N*1) (1-0,6).

Let us describe the construction of the non-predicting control for this system and
obtain the corresponding positional controls. Assume that in the initial moment the
system £ is in the state ;. First we translate the points zg € O, to the set M N O,
by the program control u(t) € U for the time a = 0, 5. If the system has not the jumps
during the time interval «;, that is 7y > «, then we restrain the trajectories of the system
&1 in the set M N O, by the control u(z) to the jump moment 7, when the system
goes to the state 5. For obtaining the control u(x) we represent the vector x € M in
the form = = col(xy,2z1,21), then from the system (6) we have u(z) = col(uy,uz) =
col(—3xz1, —7xz1). We obtain the solution x(¢,a,xg,u) of the system &, closed by the
control u(z), going from the point zo = (z}, 2z}, 2}) :

2(t, 0, 20,) = col (e, 28 (1) g~

Note, that this solutions satisfies the inequality ||z(t, o, zo,u)| < ||zo]| < €1 and its
trajectory contains in the subspace M for all ¢ > «. Further, when the state £, appears
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in the moment 75, we translated the points from M N O,, to null by the corresponding
program control.

Suppose that 71 < a and in the moment 7; the state ¥y appears, then the trajectories
of the system cannot always reach the set MNO;, for the moment 7. In this case after 7
we must restrain the trajectories in some neighbourhood of the origin for the moment 7,
when the system will be in the state 1 again. For this aim we construct the positional
control for the system &; : u(x) = —x1 — 22, such that all eigenvalues of the matrix of
closed system are equal —2. Then there exist ¢ > 0 that u(x) € U for ||z|| < e and
0 = d(e) > 0 that for any point ||zg|| < ¢ the solution ||z(¢, 1, zo,u)|| < € for all ¢ > 7.
After appearing the state ¥; we deal as in the first case. In the same way, if in the moment
t = 0 appears the state ¥, we must restrain the trajectories in some neighbourhood of
the origin for the moment 7,, when the system will be in the state ;.

The work is supported by Russian Foundation of Basic Research (grant No. 06-01-
00-258).
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