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This is a special issue dedicated to the memory of Professor Thomas L. Vincent. Tom
Vincent passed away on 26 October, 2009 at the age of 74. He was the first graduate
of the University of Arizona’s doctoral program in Aerospace Engineering. He was a
Professor of Aerospace and Mechanical Engineering at the University of Arizona for 41
years until his retirement in 2001, after which he became an active Professor Emeritus.

Tom has made outstanding contributions to optimal control theory, game theory,
evolutionary theory and applications to aerospace problems, control systems, manage-
ment of biological populations and Darwinian dynamics. He has published ten books and
about 150 papers on his own and with others*). His work has influenced the scientific
activity of many researchers in these areas. Tom was a great colleague and a true friend.
He will be missed by all those who knew and benefited from him and/or his work.

The editors of this special issue have had the privilege of knowing Professor Vincent,
personally and professionally. B.S. Goh first met Tom in 1970 at Berkeley where they were
both on sabbatical leave and doing research with George Leitmann. BSG introduced Tom
to applications of optimal control in the management of fisheries and pest populations
and began a fruitful collaboration in this and other research areas. C.S. Lee studied MSc
under BSG and PhD with Tom.

Tom made many visits to Western Australia and first met K.L. Teo in 1983. They had
established long and lasting research collaboration in control theory and applications.

Professor Vincent made a significant contribution to the Journal Nonlinear Dynamics
and Systems Theory during 2001-2005 as a member of Editorial Board of the Journal.

We wish to express our sincere appreciation to all those who have contributed to the
completion of this Special Issue. In particular, we are deeply grateful to our referees
who provided prompt and extensive reviews for all the submitted papers. Their valuable
constructive comments have contributed to the quality of this Special Issue. We also
wish to thank the Editor-in-Chief, Professor A.A. Martynyuk, for his kind cooperation
and professional support. Our special thanks go to Mrs. Lisa Holling, Teo’s Secretary,
for her help during the editing process of the Special Issue. In this Special Issue we are
pleased to have contributions from a number of outstanding scholars who have known
Tom Vincent, both professionally and personally.

|
B.S. Goh', and K.L. Teo?,
Guest Editors

*) A list of Tom Vincent’s publications is available in the journal, Evolutionary Ecology Research
Vol. 11 (2009).
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2Curtin University of Technology, mailto:K.L.Teo@curtin.edu.au
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On the Dynamics of a Class of Darwinian Matrix

Models

J. M. Cushing*

Department of Mathematics and the Interdisciplinary Program in Applied Mathematics
University of Arizona, 617 N. Santa Rita, Tucson, AZ 85721 USA
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Abstract: Using the methodology of evolutionary game theory (EGT), I study a
class of Darwinian matrix models which are derived from a class of nonlinear matrix
models for structured populations that are known to possess stable (normalized) dis-
tributions. Utilizing the limiting equations that result from this ergodic property, I
prove extinction and stability results for the limiting equations of the EGT versions
of these kinds of structured population models. This is done in a bifurcation theory
context. The results provide conditions sufficient for a branch of non-extinction equi-
libria to bifurcate from the branch of extinction equilibria. When this bifurcation is
supercritical (explicit criteria are given), these equilibria are stable and represent sta-
ble non-extinction equilibria (which are also candidate ESS equilibria). These kinds
of matrix models are motivated by applications to size structured populations, and
I give an application of this type. Besides illustrating the formal theory, this ap-
plication shows the importance of trade-offs among life history parameters that are
necessary for the existence of an evolutionarily stable equilibrium.

Keywords: structured population dynamics; nonlinear matriz model; stable distribu-
tion; limiting equation; evolutionary game theory; bifurcation; equilibrium, stability.

Mathematics Subject Classification (2000): 92D15, 92D25, 39A60.

1 Introduction

Nonlinear matrix models are widely used to describe and study the discrete time dynamics
of structured populations. These models take the form

w(t +1) = P(x(t))=(t), (1)

T Research partially supported by NSF grant DMS 0917435.
* Corresponding author: mailto:cushing@math.arizona.edu
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where P(z) is an m X m non-negative projection matrix that is assumed primitive (irre-
ducible and possessing a strictly positive dominant eigenvalue) for each (column vector)
x € , where  is an open set in R™ containing the origin. Here x(¢) is a demographic
distribution vector at time ¢t € Z, = {0,1,2,---} that is based on a classification scheme
for individuals in the population (chronological age, weight, size, etc.). For more on
matrix models in population dynamics see [T}, 9, [10].

In general the projection matrix has the form

P(z) = F(z) + T(x), @)
F(x) = [fij(x)], T(x)=[si(z)],

where f;; > 0 is the amount (number, density, etc.) of surviving i-class offspring per
j-class individual in a unit of time and where s;;, 0 < s;; < 1, is the fraction of j-class
individuals that survive and move to the i-class over one unit of time [9, [10]. In one
type of model that arises in population dynamics and theoretical ecology, the projection
matrix also has the form

P(z) = a(z)I + b(z)L, (3)

where I is the m x m identity matrix, L is an m X m constant matrix, and a, b are scalar
valued functions of x. For examples see [2, [7, [6] 9] [I5], Chapter 17 in [3], Chapter 3 in
[5], and Section

For models of the form (8] there exists an asymptotically stable (normalized) distri-
bution vector. This is a consequence of the following theorem.

Theorem 1.1 [2, [7, 9] Consider the equation x(t + 1) = (a(t)I + B(t)L) z(t) where
(a) o, B are real valued functions for which there exist constants g, By such that 0 <
a(t) < ap, 0< By < B(t) forallt € Zy; (b) the m X m constant matriz L has a strictly
dominant, simple eigenvalue 8 > 0 with a positive eigenvector v € int (RT) Suppose
x(t) is a solution satisfying 0 # x(t) > 0 for all t € Zy and p(t) is a weighted total
population size:

p(t) =w-z(t), 0#weR.
Then
im z(t) _ v (4)
totoo p(t)  w-v

We can apply Theorem [[T] to solutions of the nonlinear matrix equation ([)-@B]) with
a(t) = a(z(t)) and B(t) = b(x(t)). We then use @) to replace z(t) and z(t + 1) in [ by
their asymptotic equivalents p(t)v/w-v and p(t + 1)v/w- v and obtain the scalar limiting
equation

p(t+1) = [a (=p®) +b (==p(t)) 0] p(t)

for the total population size p(t). Thus, for these kinds of matrix models, the high
dimensional dynamics of the original model are replaced by those of the scalar limiting
equation for total population size (which depend on the dominant eigenvalue 6 of L),
and the asymptotic distribution ) (calculated from the eigenvector v associated with
6). For applications see Section Bland [9] (and papers cited therein).

Under the assumption that P(z) is nonnegative and primitive for € Q, it has a
strictly dominant eigenvalue = r(x) > 0. It is easy to see that under the assumption
(b) in Theorem [IT]

r(z) = a(z) + b(z)0
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and as a result the limiting equation can be written as

p(t+1) = (==p()) plt). (5)

As a special case, if P = P(p) and hence a = a(p) and b = b(p) are functions of a weighted
total population size p (as they frequently are in applications), the limiting equation is

p(t+1) = [a(p(t)) + b (p(t)) 6] p(t) or
p(t+1) = r(p(t) p(t).

Theorems relating the (equilibrium and cycle) dynamics of the limiting equation to the
dynamics of the original matrix model appear in [7].

In their book Vincent and Brown [I7] provide a methodology for extending matrix
models for structured populations to an evolutionary setting. Their methodology in-
volves a dynamically evolving phenotypic trait, which affects demographic parameters
in the entries of the projection matrix and whose dynamics are in turn affected by the
population dynamics. Vincent and Brown refer to this coupling of the evolutionary and
population dynamics as Darwinian dynamics. Our goal here is to study Darwinian ma-
trix models with projection matrices of the particular form (B) by making use of the
ergodic Theorem [l and the resulting limiting equation ([@). In Section 2 we study,
in the context of bifurcation theory, the existence and stability of both extinction and
non-extinction equilibria. Section [ contains an application to a Darwinian model based
on a class of structured models studied in the literature which has historical roots in a
seminal paper of Leslie on matrix models in population dynamics [I5].

2 Darwinian Matrix Models

Let u denote the mean of a phenotypic trait (with a heritable component) that is subject
to natural selection. The Darwinian dynamics associated with a matrix equation are

z(t +1) = P(z(t), u(t))z(t), (6)
2 Olnr (z(t),u(t))

u(t+1) =u(t) + 9 ;

where P = P(x,u) is now assumed a function of u as well as « and r = r(z,u) is its
dominant eigenvalue. Here the constant o2 is the variance of the phenotypic trait each
point in time; it is a measure of the speed of evolution. Let Y C R! be an open interval.
We make the following assumptions:

The nonnegative, primitive matriz P(x,u) has the form (3)

with an m x m constant matriz L and real valued functions

a,be C? (Q xT — R}F) that satisfy the following:

A (a) there exist constants ag,by such that 0 < a(z,u) < ag,
and 0 < by < b(x,u) for (z,u) € A xT;

(b) L has a simple, strictly dominant eigenvalue 6 > 0 with a
positive etgenvector v.

Under assumption A, Theorem [[] applies to (@) with a(t) = a(z(t),u(t)) and B(t) =
b(z(t),u(t)) and implies that solutions have a stable normalized distribution (). From
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() we derive the two scalar equations

plt+1) =w- P (x(t), u(t) x(t), (7a)

2 Olnr (z(t),u(t)) ’
ou

for the dynamics of the total population size p(t) = w - z(t) and the mean trait u(t).

Replacing x(t) by vp(t)/w - v, we obtain the limiting equations [7, [14]

pt+1)=r <%v,u(f), 0) p(t), (8a)

5 Olnr (z,u,0)
ou

u(t+1) =u(t) + (7b)

uw(t+1) =ut)+o : (8b)

(wm):(%mu(t))

for p(t) and u(t), where for convenience we have added 6 to the argument list in the
dominant eigenvalue
r(z,u,0) = a(z,u) + bz, u)d (9)

of P(z,u) = a(x,u)! 4+ b(x,u)L. This system of limiting equations is two dimensional
and therefore more analytically tractable than the original m + 1 dimensional matrix
model ([B). We now turn our attention to an analysis of the equilibrium states of this
limiting system. We will relate these dynamics to those of the original matrix model in

Section [Z.3]

2.1 The limiting system: existence of equilibria

The equilibrium equations for (&) are
p =T ( p v’ u? 9) p7
w-v
0=ry (Lv,uﬁ) ,
w-v

where the subscript « denotes partial differentiation 9/0u. We are interested in the
existence of two types of equilibria. An extinction equilibrium (p,u) of (8) is one in
which p = 0 and a non-extinction equilibrium is one in which p > 0.

We are also interested in the stability of these equilibria, when they exist. We refer
to a (locally asymptotically) stable equilibrium as an evolutionarily stable equilibrium.
(In the language of [I7] the associated equilibrium trait has convergent stability.) We
say that a population whose orbit tends to a stable extinction equilibrium evolves to
extinction, while one whose orbits tend to a non-extinction equilibrium evolutionarily
persists and equilibrates.

Definition 2.1 A pair u, 0 (with # > 0) is an extinction pair if
Ty (0,u,0) = ay (0,u) + by (0,u) 8 = 0. (10)

An extinction pair u*,0* is a critical extinction pair if in addition it satisfies
r(0,u*,0%) = 1. That is to say, a critical extinction pair u*, 6* satisfies

r(0,u*,0%) = a(0,u*) + b(0,u*)6* =1, (11)
7y (0,u,0) = ay, (0,u*) + by, (0,u*)0* = 0.
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Clearly (p,u) = (0,u) is an extinction equilibrium of (8)-(@) (with parameter value
) if and only if u, 6 is an extinction pair. As we will see, critical extinction pairs serve
as bifurcation points for the creation of non-extinction equilibria.

The non-extinction equilibrium equations are

1:T(Lv,u,9),

w-v

0=ry, (Lv,u,ﬂ).
w-v

If u*, 0% is a critical extinction pair, the implicit function theorem implies that these equi-
librium equations have a solution (p, u) = (w(0),v(#)) for 6 near 6*, where 7(6), v(6) are
twice continuously differentiable functions that satisfy (w(6*),v(6*)) = (0,u*), provided
the Jacobian with respect to p and u

Var (0,u*,60%) - %= 0
Vary (0,u*,0%) - == 714y (0,u",0%)
is non-singular at (p,u) = (0,u*),0 = 6*, i.e. provided
0=V,r(0,u*,0") - v#0 and 7y, (0,u*,0%)#0.

This branch of equilibria (p,u) = (7(0),v(#)) consists of non-extinction equilibria p =
w(0) > 0 for 6 > 0 if 7'(6) > 0 or for § < 6* if ©'(6*) < 0. An implicit differentiation of
1=r(n(@)v/w-v,v(0),0) shows (recall (1)

w .

' (0%) = —Tvrg (0,u™,6%).

Since rg (0, u*,0*) = b(0,u*,6*) > 0, the sign of 7/(6*) is the opposite of the sign of 4.

Theorem 2.1 Assume A and that u*, 8* > 0 is a critical extinction pair (i.e., a pair
that satisfies (I1])) for which

§ = [Vaea (0,u*) + Vb (0,u*)0*] - v #£0,

e (0, ") + by (0,u*) 0% # 0. (12)

Then there exists a (twice continuously differentiable) branch of non-extinction equilibria
(pu) = (m(0),v(0)) for

0" if §<0,

0 if 6>0,

A%

0
such that (w(6*),v(6*)) = (0, u*).

In many applications, the dependency of the projection matrix, and hence a and b,
on z is through a dependency on a weighted population size p, i.e., a(p,u) and b(p,u).
In that case, § = r}, (0,u*,0")w - v and the condition § # 0 is equivalent to

ap (0,u™) + b,y(0,u™)0" # 0,

where a, and b, are the partial derivatives of @ and b with respect to p.

We can view the existence result in Theorem B as a bifurcation phenomenon by
using 6 as a bifurcation parameter. To clarify this, we distinguish two types of extinction
pairs.
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Definition 2.2 A type 1 extinction pair u, 6 is one for which
by (0,u) =a, (0,u) =0 and @ € T is arbitrary.
A type 2 extinction pair u,# is one for which

ay, (0,u)

Type 1 extinction pairs produce a branch of extinction equilibria (p,u) = (0, u*) of
the limiting system (8)) for all values of § € T where u* satisfies b, (0,u*) = a,, (0,u*) =
0. The branch of non-extinction equilibria in Theorem 211 intersects this branch of
extinction equilibria in a transcritical bifurcation at the critical extinction pair u,0 =
u*, 0* where

1—a(0,u*
0" = 7( ) (13)

b (0, u*)
See Figure 1(a,b).

Type 2 extinction pairs produce a branch of extinction equilibria (p,u) = (0,u) for
0 = —ay (0,u) /b, (0,u) and those values of u for which b,(0,u) # 0. The branch of
non-extinction equilibria in Theorem 2.1] intersects this branch of extinction equilibria in
a transcritical bifurcation at the critical extinction pair u*, 0* value where u* satisfies

ay (0,u*)  1—a(0,u”)

T 0w b0 (14)

and 6* is given by ([I3). See Figure 1(c,d).
We say that the bifurcation is supercritical (or to the right) if 6 < 0 and subcritical
(or to the left) if § > 0.

(a)

non-extinction

%
u extinction

(b)

non-extinction

extinction

/z"(e*, )

PR,
’ \‘

extinction

(c)

non-extinction

(d)

non-extinction

extinction

0<0 5>0 0<0 6>0

Figure 1. All graphs show intersecting branches of extinction and non-extinction pairs
u, @ (which correspond to extinction and non-extinction equilibria of the limiting equations (8]
respectively). The dashed lines are pairs that correspond to equilibria with p < 0 and therefore
are not biologically relevant. The intersection occurs at a critical pair u*, 6" with 6* defined by
([@3). In graphs (a) and (b) the extinction pairs are of Type 1 and plot as a horizontal straight
line where u* satisfies by (0, u"*) = ay (0,u™) = 0. In graphs (c) and (d) the extinction pairs are
of Type 2 and u* satisfies (I4).
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2.2 The limiting system: stability of equilibria

The eigenvalues 1, pu2 of the Jacobian of the limiting system (&), which when evaluated
at either an extinction or a non-extinction equilibrium has a triangular form (because
Ty (Lv, u) p vanishes at either type of equilibrium), are

w-v

Vaer (Lv,u,0) -v
M1 =r (LU,U,G) +p (w.v ) ) M2 =1+ GQTuu (Lv,u,ﬁ) .
W v W v

w-v

For an extinction equilibrium (p,u) = (0,u) these eigenvalues are
pr =7r(0,u,0), pz =1+ 0%ru.(0,u,0).

The linearization principle implies the equilibrium is unstable if r(0,u,0) > 1 or if
Tuu(0,u,0) > 0 and is (locally asymptotically) stable if 7(0, u,0) < 1, 74, (0,u,8) < 0 and
0% < —2/7r,,(0,u,0). Note it is necessary for the stability of an extinction equilibrium
(p,u) = (0,u) that r(0, -, 0) have a local maximum at u.

Lemma 2.1 Assume A and that u,0 is an extinction pair.
(a) The extinction equilibrium (0,w) of the limiting system (&) is unstable if

a(0,u) +b(0,u)0 > 1 or ayy (0,u)+ byy (0,u)6 > 0.
(b) Assume ayy, (0,u) 4 byy (0,u) 8 < 0. Then (0,u) is (locally asymptotically) stable if
a(0,u) +b(0,u)0 <1 and 02 < —2(ayuy (0,u) + byy (0,u)0) "

Let u*, 6* be a critical extinction pair for which the conditions (I2]) hold. This point is
a bifurcation point for non-extinction equilibria (as in Figure 1) whose stability properties
we now consider. If
Ay (0,U™) 4 by (0,u7) 0° > 0,

then, because ua > 1, the extinction equilibria for § ~ 6* are unstable (Lemma 2]).
By continuity, an eigenvalue of the Jacobian evaluated at the bifurcating non-extinction
equilibria is also greater than one for 6 ~ 6*. Thus, in this case equilibria of both types
are unstable near the bifurcation point.

If, on the other hand,

G (0,u™) + byy (0,0), 0% <0,

then by Lemma [ZT]the extinction equilibrium loses stability as the bifurcation parameter
0 increases through the critical value 6 (assuming 6., > 0). It follows by the exchange of
stability principle for transcritical bifurcations [13] that a supercritical (right) bifurcation
results in the stability of the non-extinction equilibria and a subcritical (left) bifurcation
results in the instability of the non-extinction equilibria.

We have arrived at our main result concerning the limiting system (8]) for the Dar-
winian matrix model (@).

Theorem 2.2 Assume A and that u*, 0* > 0 is a critical extinction pair for which
(I2) and a(0,u*) < 1 hold. Then for the limiting system (8) there exist branches of
extinction and non-extinction equilibria, parameterized by 6, that transcritically bifurcate
(intersect) at 0 = 6* given by (I3). (a) Assume ayy (0,u*) + byy (0,u*) 6* < 0. Then
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the extinction equilibria lose stability as 6 increases through 6*. Moreover, near the
bifurcation point (i.e. for 0 =~ 0* ), and for o? sufficiently small, i.e., for

02 < =2 (@ (0,0") + by (0,u*) %)

the bifurcating non-ectinction equilibria are (evolutionarily) stable if the bifurcation is
supercritical (6 < 0 ) and are unstable if the bifurcation is subcritical (6 >0 ). (b) If
G (0, u™) 4 by, (0,u*) 0% > 0, then both the extinction equilibria and the non-extinction
equilibria are unstable near the bifurcation point, i.e. for (0 ~ 6*).

2.3 The Darwinian matrix model

In Sections 2] and 22 we obtained existence and stability results for the limiting equa-
tions (B)) of the dynamic equations (7)) for p(t) and wu(t) associated with the Darwinian
matrix equation (B). Under certain hypotheses the asymptotic dynamics of these two
systems are related [7,[14]. (The theorems and the proofs given in [7] are for scalar maps,
but remain valid virtually verbatim for systems of scalar maps.) Roughly speaking, if
the dynamics of the limiting equations are not too complicated, then no orbit of (7)) will
approach an unstable equilibrium (or cycle) of the limiting system and if (p(0), «(0)) is
sufficiently close to a (locally asymptotically) stable equilibrium (or cycle) (pe, ue) of the
limiting equations and if the initial normalized distribution x(0)/p(0) is sufficiently close
to the limiting distribution v/w - v, then

i % = and i (p(0),u(®) = (pe, ).

The hypotheses required are that the limiting equations have at most a finite number of
equilibria (or cycles) in any compact subset of Ri, all of which are hyperbolic, and the
w-limit sets of bounded orbits are equilibria (or cycles).

We conclude with some remarks concerning the results in Sections 2] and

Remark 2.1. The inequality 7y, (0, u*, 6*) = ayy (0, u*) + byy (0,u*) 0* > 0 in Theo-
rem [Z2b) implies that the inherent growth rate r(0, u, 8*) has a local minimum (of 1) as
a function of the trait u at u = u* (assuming the eigenvalue 6 =~ 6* remains fixed). Since
in this case all equilibria on both bifurcating branches (extinction and non-extinction)
are unstable, it follows that no population will evolve to have trait u =~ u*, whether the
population goes extinct or not.

Remark 2.2. Evolutionarily stable equilibria occur in the transcritical bifurcation
when 74, (0, u*,6*) < 0 and hence r(0, u,6*) has a local maximum (of 1) as a function
of the trait w. In this case, the extinction equilibria are unstable if the demographic
parameters in the matrix L are such that 6 < 6 and populations evolve to extinction.
On the other hand, for 6 g 6* the extinction equilibria are unstable and the population
will not evolve to extinction. In this case the non-extinction equilibria are stable if § < 0
and populations evolve to an evolutionarily stable non-extinction equilibrium (pe, ),
pe > 0, with a trait u = u. at which r(pe,u, 0.) has a local maximum. This is because
the equilibrium equation is 7, (pe, u,0.) = 1 and, by continuity, 7, (pe, te, ) < 0 for
0 Z 0*. If r(pe,u,0.) in fact has a global maximum on the trait interval T at u = u.,
then the evolutionary stability of the equilibrium plus 7. (e, te, 8e) < 0 implies the
equilibrium is an ESS (see the ESS Maximum Principle in [I7]). That is to say, the
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population evolves to a non-extinction equilibrium state that is resistant to invasion by
other mutant species.

Remark 2.3. The condition § = V,r (0,u*,0%) - v < 0, required for a supercritical
bifurcation of evolutionarily stable non-extinction equilibria, is a negative feedback con-
dition. This is because it requires sufficiently large negative derivatives of the inherent
population growth rate r with respect to the components in the distribution vector x.
This condition is met under the usual assumptions of so-called density effects in ecology.
In order to fail, i.e., in order for § > 0, positive feedback terms (Allee effects) would
have to out weigh the negative density effects. As we have seen, this would lead to a
subcritical bifurcation of unstable non-extinction equilibria.

Remark 2.4. Since r(z,u) = a(z,u) + b(x, u)d, we have the relationship r(0,u*) =
a(0,u*) 4+ b(0,u*)f between the dominant eigenvalue r(0,u*) (the inherent population
growth rate at the critical trait u*) and 6. The bifurcation described in Theorems 2]
and in terms of 6 can therefore be restated in terms of the magnitude of (0, u*).
Thus, the bifurcation phenomenon in these theorems (and hence the possibility of a
bifurcation from an evolutionary state of extinction state to an evolutionary state of
non-extinction) occurs when the magnitude of r(0,u*) increases through 1. See [I1]. As
is shown in [I2], this phenomenon can also be equivalently stated in terms of the inherent
net reproductive number Ry (0, u*) at the critical trait. See [12]. The quantity Ro(0, u*),
which is generally more analytically tractable than r(0,u*), is the dominant eigenvalue
of F(0,u*)(I —T(0,u*))~* [8, 0, 10].

Remark 2.5. The definition of a type 2 extinction pair u*,8*clearly requires that
a(0,u) and b(0,u) have opposite monotonicities at u = u*. In specific applications the
biological implication of this fact is usually that some kind of trade-off between two
demographic parameters occurs as the the trait u is changed. We will see an example of
this in Section [3

3 An Application
Consider a projection matrix (2)) in which the matrix of class transitions are
sjj = (L="5),  sij = TiTi;-

Here «; is the fraction that leaves the jth size class per unit time, T;; is the fraction of
those who leave that moves to class 7, and 7; is the survival rates per unit time. We
can put this general model into the form (B under the following two assumptions: the
fraction of j-class individuals leaving the j-class, 7v;, and the class specific fertility rates,
fij, are proportional to a function of a resource consumption rate u > 0 and the survival
rates m; are class independent. Specifically

vj =Tid(u),  fij = mi(wpijd(u), m=m(u),

where 0 < ¢(u) < 1 for u € T = [0, Umax), Umax < +00. For a reproductively obligate
resource, we have ¢(0) = 0. For this model, the fertility and transition matrices are

1 —71<Z5((U)) 71272¢((U)) Tlme¢EU§
To1md(u) 1 —me(u) -+ TomTmé(u
F=nwo()ley). T=n(| . X o

a1 (U)  Tamad() 1 — Tmé(u)



112 J. M. CUSHING

Let 7, = max{7;} and re-write T as

Tk —T1 T1272 TimTm

T21T1 T —T2 - T2mTm
T =m(1—me(u) I +m(u)

Tm1T1 Tm2T2 v Tk — Tm

Then we can write the projection matrix as

P=mn(u) (1 —m¢(u) I + m(u)p(u)L, (15)
where
Tk —T1+ @11 Ti2Te + @12 -~ TimTm + P1m
To1T1 T Y21 Tk —Ta+ @22 - TomTm + Pom
L= . . . (16)
Tm1T1 + ®m1 Tm2T2 + ©Pm2 et Tk — Tm + Pmm

is a non-negative matrix. This matrix model is motivated by applications in which the
classes are based on physiological size of individuals; see [9] and the references cited
therein for examples. It has the form @) with a = 7 (u) (1 — 7x¢(u)) and b = 7o (u).
We assume L has a positive dominant eigenvalue 6 which has an associated positive
eigenvector.

For density dependence in the fertility and survivorship rates 7 = w(z, u), ¢ = ¢(z, u),
then

a(z,u) =7(z,u) [l —mop(z,u)], blz,u) =7z, u)p(z,u).

In this application we assume density dependence is through a dependency on a weighted
total population size p. Then

Vi = Tj¢(p7 ’LL), fl] = 307/]¢(pa ’LL), T = 71'(]97 U) (17)

in the fertility and transition matrices F' and T'. Theorems [[.T] 2.T] and apply to this
population model with

a(p,u) = m(p,u) (1 = md(p,u)),  b(p,u) =7(p,u)p(p, u) (18)

in the projection matrix ([B). Thus, there is a stable normalized distribution and the
asymptotic population dynamics are described by the limiting equations (). We illus-
trate the application of Theorems [2.1] and with a specific example.

Important in the evolution and adaptation of biological species are trade-offs among
life history characteristics and strategies [16]. In the model above, we assume a trade-off
between fertility and survivorship as a function of the resource consumption rate u. Thus,
an increase in u results in an increase in fertility but also a decrease in survivorship. A
decrease in survivorship can be the result of many causes: the stress and metabolic costs
associated with finding and consuming prey, a resulting exposure to predators, etc.

We take

o(p,u) = flw), w(p,u)= mo(l—f(u), ¢>0, 0<m<1l, (19)

14cp 14cp
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where f(u) is a twice continuously differentiable, real value function of « on an interval
0 <u < upy < +oo that satisfies

F0)=0, f'(u)>0, lim f(u)=1.
U—>Upm,

Specific examples include f(u) =1—e * on 0 < u < oo and f(u) =u? on 0 < u < 1.
Here we have taken the dependence of fertility and survivorship on weighted population
size p to have the discrete time, logistic form 1/(1 + ¢p) as first consider by Leslie [15].
Note that fertility is 0 at consumption rate u = 0 and that survivorship 7 (p, ) is 0 as the
consumption rate u approaches u,,. Neither of these two extremes is therefore favorable
for the persistence of the population.

Straightforward calculations solving equations (1) show that there exists a (unique)
critical extinction pair given by the formulas

u*:f_l (—(1—71’0)-1-\/1—71'0

To

), 0* =7 + (20)

o
2—71’0—2\/1—71'0'

Note that 0 < u* < u,,. Moreover, further calculations show

6:—c(l+\/1—7r0)w-v<0,
G (0,0%) + by (0,u7) 0% = =2 (2 — w0 + 2v/T —70) (f '(u*))* < 0,

and, as a result, there is a supercritical bifurcation of evolutionarily stable, non-extinction
equilibria as 6 increases through 6* (Theorems 2] and [Z2]). Since

bu(0,u) = (2 —m — 2V1 —m) f'(u*) > 0,

the critical extinction pair is of Type 2 and the bifurcation has the form in Figure 1(c).

As a consequence of these results, the Darwinian model (@) with (I3) and (I7)-(19)
predicts evolution to extinction for 6 < 8* and evolution to a non-extinction equilibrium
for 8 Z 0*. Note that the bifurcating, evolutionarily stable non-extinction equilibria have
traits near u* and therefore lie between the two unfavorable traits of 0 and wu,,.

This bifurcation result is stated in terms of the dominant eigenvalue 6§ of L the
matrix given by ([I6). Often of interest is how the bifurcation to evolutionarily stable
states depends on the class-specific parameters appearing as entries in L. In general, of
course, there is no formula that explicitly relates 6 to the entries in L (when the number
of classes m is large). However, as pointed out in Remark 4, this bifurcation result
can be equivalently re-stated in terms of 7(0,u*) = a(0,u*) + b(0,u*)d, namely, that
the bifurcation occurs as (0, u*) increases through 1 or equivalently as the inherent net
reproductive number Ry (0, u*) (at the critical trait v*) increases through 1. The quantity
Ro(0,u*) is the dominant eigenvalue of F(0,u*) (I —T(0,u*))”" and explicit formulas
for it in terms of the entries in the projection matrix are often available [§, @ [10]. This
is particularly true, for example, when there is only one newborn class, i.e., when only
the first row in F' is nonzero.

As an example, suppose the population model is based on an Usher matrix or, as it is
called in [I], the standard size-structured model. In this model, individuals either remain
in a size class or advance (grow into) the next size class in a unit of time. This means
that the transition matrix 7" is bidiagonal with nonzero entries along the main diagonal
and its subdiagonal only. All newborns are assumed to lie in the smallest size class and
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hence only the first row of the fertility matrix F' is nonzero. This Usher model takes the
form

P11 P12 Pim
0 0o .. 0
F=rpuopu) | . . |
0 0 ... 0
[ 1—716(p,u) 0 0 0]
qub(pv U/) 1- TZ¢(p, U) o 0 0
0 o) 0 0
+ 7(p,u) ) ; ) )
0 0 w1 —=7pm_10(p,u) 0
L 0 0 e Tm—-10(p, u) 1|

The formula for the inherent net reproductive number of an Usher matrix gives (see
I8 [, [10])

where for notational convenience 79 = 1 and 7,,, = 0. Thus, from (I9) and (20) we obtain

Rof0.u) = m (1= £0) £0°) 3o [ e RO O

i=1 j=1

where

(1—m)+v1-mo

o

flur) = —

The bifurcation to evolutionary non-extinction equilibria occurs for Ro(0,u*) £ 1 [12].
In this interpretation, the bifurcation phenomenon can now be determined in terms of
the any of the size-specific fertilities ¢1; or the growth rates 7; or the survivorship 7.

For example, if all size classes but the largest consist of juveniles, so that all ¢1; =0
except 1, > 0, then we have the formula

m

Rol0, ) = Iro (1= 1) SN oun [T T =gy =7, 767y

and the bifurcation requirement that Ry (0,u*) £ 1 can now be re-stated as a threshold
for adult fertility pim < @1 n-

4 Concluding Remarks

Theorems 2Tl and describe a fundamental bifurcation phenomenon for a class of non-
linear matrix models that describe the evolutionary dynamics of a structured population.
The type of matrix models considered in these theorems (which are motivated by cer-
tain size-structured models that arise in applications found in the literature) possess a
strong ergodic property: solutions, whatever their dynamics, have a stable (normalized)



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 10(2) (2010) 115

class distribution. This property, when applied to the Darwinian matrix models obtained
from these population dynamic models by the methods of evolutionary game theory [17],
leads to limiting equations for the evolving phenotypic trait and the total (weighted)
population size.

The bifurcation phenomenon in Theorems 1] and is fundamental in the sense
that it concerns the fundamental biological question of extinction versus non-extinction,
or in the context of the Darwinian models (Gl considered here, evolution to extinction
versus evolution to a non-extinction equilibrium state. These theorems show that this
transition occurs at (and only at) a critical value 6* of the bifurcation parameter 6 and
what we have defined to be a critical extinction trait value u = u*. The bifurcation does
not always lead to stable non-extinction equilibria, however, and Theorem describes
when the bifurcation is stable and when it is not.

The requirements for a stable bifurcation turn out to imply (among other things) that
the inherent growth rate r of the population dynamics must attain a (local) maximum
at the critical value of the trait (a fact that also implies the evolutionarily stable non-
extinction equilibria are candidates for an ESS [17]). Although we do not pursue the issue
here, the biological interpretation of these requirements is that some kind of a trade-off
must occur among vital life history traits as a function of the phenotypic trait w. This
is illustrated by the example in Section Bl

There remain several interesting open problems. Theorem 2] provides the existence
of a local bifurcating branch of non-extinction equilibria. Similar theorems for popu-
lation dynamic models without evolution assert the global existence of this branch. A
global bifurcation theorem for the Darwinian model is lacking. The instability results
in Z2(b), in which the equilibria on both the extinction equilibrium and non-extinction
equilibrium branches are unstable, leave open the question of the asymptotic dynamics
in this case. The same question arises in 2:2(a) when the bifurcation is subcritical. Also,
the methodology of evolutionary game theory is applicable when more than one pheno-
typic trait evolves. The ergodic Theorem [I.T] would still apply to the Darwinian matrix
models for multiple traits and hence permit an analysis by means of lower dimensional
limiting equations. Bifurcation theorems for these multi-trait Darwinian models would
be of interest.

In this paper the focus is on the special class of Darwinian matrix models with
projection matrices of the form (3). A bifurcation theorem for matrix models with more
general projection matrices is given in [I1].
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Abstract: We model a dynamic monopoly with environmental externalities, in-
vestigating the adoption of a tax levied on the firm’s instantaneous contribution to
the accumulation of pollution. The latter process is subject to a shock, which is i.i.d.
across instants. We prove the existence of an optimal tax rate such that the monopoly
replicates the same steady state welfare level as under social planning. Yet, the corre-
sponding output level, R&D investment for environmental friendly technologies and
surplus distribution necessarily differ from the socially optimal ones.
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tial game.
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1 Introduction

A lively debate is currently taking place on the need to preserve the environment from the
negative consequences of pollution generated by industrial activities 4. A crucial aspect
is the lack of incentives on the part of profit-seeking firms to carry out R&D projects to
generate new environmental-friendly technologies.

To this effect, policy makers may adopt several forms of regulation and taxa-
tion/subsidization policies to induce firms to internalize externalities and invest accord-
ingly. The standard approach to this problem consists in introducing a Pigouvian tax
or subsidy rule whereby firms pay or receive an amount of money proportional to the
aggregate current stock of pollutants generated by the industry as a whole. We propose
an alternative policy design, where the tax is levied on the marginal contribution to the

* Corresponding author: mailto:luca.lambertini@unibo.it
* For an exhaustive account, see [12] and [6].
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accumulation process followed by pollution. Accordingly, this policy is close in spirit to
the adoption of a quality standard, such as the use of filters capturing COs, in order to
decrease the amount of pollutants emitted by a car per mile.

We evaluate this perspective in a simple optimal control model where the market is
monopolistic. To add a realistic feature to our framework, we allow for the presence of a
stochastic shock affecting the accumulation of pollution, in such a way that the resulting
optimal tax rate depends on the expected value of the shock. Our main result is that
there exists a tax policy (i) inducing the firm to invest in R&D for a greener technology
and (ii) yielding the same steady state social welfare as under social planning. However,
the two allocations characterizing, respectively, the regulated monopoly and the first
best differ under all remaining respects, i.e., price, output, R&D investment and surplus
distribution.

The remainder of the paper is structured as follows. The model is laid out in Section
2. Section 3 contains the analysis of the regulated monopoly. The first best allocation
is described in Section 4, while Section 5 investigates the optimal design of taxation.
Concluding remarks are in Section 6.

2 The Setup

Consider a monopolistic single-product firm facing the instantaneous demand function
p(t) = a — q(t), where a > 0 is the reservation price and ¢(t) € [0,a — ¢] is the output
level. The production cost is linear in ¢(¢) with unit cost ¢ € (0,a). The production
process involves a negative environmental externality S(t), that accumulates according

to the dynamics
$(t) = b(t)a(t) — %ﬁ? (1)

This evolutionary structure features a depreciation rate § > 0, which is also affected by
a stochastic shock on its slope, in the form of a random variable 0(t), i.i.d. over time,
with mean E(f) = 1 and variance Var(f) = 02 > 1. For future reference, we define
the mean of the reciprocal as E(6~!) = w > 1, by Jensen’s inequality | Our way of
modelling uncertainty admittedly differs from the standard approach taken in the existing
literature on stochastic differential games, where usually a Wiener process appears (for
an overview, see [4], 2000, ch. 8). In place of a Wiener process, we consider the presence
of a shock that, being i.i.d. across instants, allows us to take the necessary conditions on
the expected value of the Hamiltonian function. Accordingly, by applying Pontryagin’s
maximum principle to the expected value of the Hamiltonian, one has that the mean
and variance of the shock enter the necessary conditions as parameters. That is, this
way of formalising the presence of uncertainty has no procedural bearings on the solution
techniques needed to characterise the resulting steady state equilibrium. In particular,
when deriving the control equations, we will see that these contain the parameters of the
distribution of the shock, but not the shock itself as a function of time.

The assumption that the dynamics of the stock of pollution is subject to shocks has
been introduced to capture the idea, largely discussed in the current debate on global
warming and the anthropic responsibility in its evolution, that our knowledge of this
matter is still incomplete and subject to natural factors beyond human control. In
particular, our way of modelling () refers to uncertainty affecting measures of the rate

* For examples of analogous approaches in literature on industrial organization, see [§] or [I0].
Systems of equations with random parameters have also been investigated by [11].
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at which the atmosphere can absorb and eliminate C'Oz-equivalent emissions, especially
if one takes into account deforestation * |

To create an incentive for the monopolist to invest in R&D so as to make its produc-
tive technology more environmental-friendly, the government imposes an instantaneous
Pigouvian taxation. Usually, the Pigouvian tax is levied on the total amount of the
externality (see [7], or [I],[2], inter alia). Here, we propose an alternative policy design,
whereby the firm is subject to an instantaneous tax equal to 7b(t), i.e., what is being
taxed is indeed the rate b (¢) at which a unit of final product contributes to the increase in
the stock of pollution. The coefficient b(t) is thus a further state variable whose dynamic
equation is a linear one: .

b(t) = —k(t) + nb(t), (2)
with n > 0, and decreasing in k (t) > 0, which is the instantaneous R&D effort carried out
by the firm. A plausible economic interpretation of b (¢) is to see it as the environmental
obsolescence rate of technology, measuring the growth rate of the external damage in-
volved by the use of technologies that become increasingly more polluting as time goes
by.

The R&D technology used by the firm involves an instantaneous cost measured by
I'(t) = zk%(t), where z is a positive constant. The problem for the monopolistic firm
consists in maximizing w.r.t controls k(¢t) and ¢(t) the expected value of the following
payoff functional:

J= / e (p(t) — alt) — T(E) — Th(E))dt, (3)
0

subject to:

b(t) = —k(t) +nb(t),

- S()

S(t) = b(t)q(t) — ,

o(t) (4)

b(O) = by >0,

S(0) = Sp > 0.
This is a modified (monopolistic) version of a dynamic oligopoly game with environmental
effects examined in [5]. The main differences consist in (i) the presence of a shock
affecting the accumulation of the environmental externality; (ii) the functional form
of the dynamics of b(t), linear in this case; (iii) the tax is levied on the monopolist’s
contribution to pollution and not on the overall stock of pollution itself.

3 The Monopoly Optimum

The current value Hamiltonian function reads as:

H() = (a—c—q(t)q(t) — 2k*(t) — 7b(t)+ )
FAE) (—k(t) + nb(t)) + p(t) (b(t)q(t) _ 5;’_%)) 7

where A(t) is the costate variable associated with the state b(t) and u(t) is the one
associated with the other state S(¢). Because of the aleatory effect, the monopolist is

* According to the Department of Economics and Social Affairs of UNO, “ongoing deforestation
accounts for about 8% of the world’s annual carbon emissions” (see [3], 2009, p. 86).
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supposed to maximize the expected value of the Hamiltonian E(H). From now on, we
will drop the time argument for brevity.

What follows is the list of the necessary conditions for the maximization of E(H),
adjoint equations and transversality conditions (an application of Pontryagin’s Maximum
Principle in a stochastic framework can be found in [9]) *

OE(H) B
S =22k = A =0, (6)
OE(H) _ _
94 =a—c—2q+pb=0, (7)
: OE(H
A=pA— a(b)z(p—n)k—mﬁﬂ (8)
. OE(H)
f=pp——5— = (p+ow)p, (9)
3 —pt — 3 —pt _
tlilgoe At) =0, tlirgoe w(t) = 0. (10)

Note that in (@) we make use of the expected value E(§~') = w. On this basis, we are
going to write the control equations as well as the state equations in expected value.
By differentiating (@) and (@) w.r.t. time, @), (8) and @) amount to the following
state-control dynamical system:

E (b) = —k +nb,

E (S) = bq — JwS,

(a—c—2) (11)
B (k) = (o= - == - o
E(q) = % (%M) [~k + (n+ p + dw)b].

Proposition 3.1 The model admits a unique steady state P* = (b*,S* k*, q*),
whose coordinates are, respectively,

b* = T S T(Cl - C) _ T q* _

20(p—m)2" = 4n(p—n)zow’ 2(p—n)2’

N a—c

2

Proof Solving () yields a unique stationary point P*, whose coordinates are all
strictly positive if p —n > 0.

Clearly, if p € [0,7), then T must be negative in order for the vector (b*, S*, k*,q*)
to be economically meaningful. In this range, the fact that discounting is lower than the
environmental obsolescence rate entails that the only feasible policy takes the form of a
subsidy. Conversely, for all p > 7, 7 must be positive, i.e., the regulator has to tax the
firm to induce the entrepreneur to carry out a positive amount of R&D.

* We omit the explicit exposition of second order conditions for a maximum as they are satisfied by
construction.
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Note that, while k* is a function of 7, ¢* is not. This immediately implies that, by
adopting this policy, the regulator is providing the firm with an incentive to carry out
R&D while leaving unaffected the choice of the optimal monopoly output (and therefore
the corresponding price level).

As a clear consequence of the dynamics of the model, the only coordinate affected
by uncertainty is S*, i.e., the steady state level of the pollution stock is a function of w.
The Jacobian matrix of (1) evaluated at P* is:

n 0o -1 0
a—cC T
—Sw 0 —
2 2n(p —n)z
J(P*) =
0 0 p—n n(a—c)(p—n)
T
0 0 0 p+ ow

Proposition 3.2 P* is a saddle point for the system (I1]).

Proof J(P*) has the negative eigenvalue \y = —dw, and the positive eigenvalues
A2 = p+ 0w, A3 = n and that is sufficient to deduce that P* represents a saddle point
equilibrium for (IJ).

Note that, if p > 7, the stable subspace E(P*) is spanned by the vector (0,1,0,0),
that is, on the S-axis the time trajectory of the stock of pollution asymptotically heads
towards the level S*.

Since the model features a single agent, there obviously exists a unique feedback
stationary strategy coinciding with the open-loop solution. In particular, the related
optimal value function V' (b, S) satisfying the Hamilton-Jacobi-Bellman equation is linear-
quadratic in b and linear in S.

3.1 Welfare and profit assessment

Let E(7*), E(CS*) and E (SW*) be the profit, the consumer surplus and the social
welfare functions evaluated at the steady state P*. We have that:

(a—c)* 7(3n—2p)
1 an(p —n)%z’

E(r") = (a—c—q)q" —z(k*)? —7b" = (12)
independent of w.

Proposition 3.3 1. Ifp > 3777, then E (7*) > 0 for every 7.

2. If0<p< 3777, then E (7*) > 0

z

VTE(min{ZF(a—c)(p—n) 3n77_2p},max{2|:(a—c)(p—77) 3n77_22p}).

Proof Trivially, the expression ([[2)) is strictly positive irrespective of the value of

3 3
Tif p > 777, whereas if p < 777, the positivity is ensured if 7 belongs to the interval

(=71, 1), where m = max+(a—c)(p—17),/ 37777_Z2p.
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The consumer surplus at equilibrium reads:

(¢)? (a—c)? 7
+ 7b* = + .
2 8 2n(p —n)z

E(CS*) =

Finally, the social welfare at equilibrium follows:

3(a — c)? B 2 ~_1la—o¢
8 Adp—n)?z  dn(p—n)zdw

E(SW*) = E(CS* — §* + %) =

Proposition 3.4 E(SW*) > 0 for every T belonging to the interval:

e aa==))

Proof 1t suffices to solve the inequality E(SW*) > 0 with respect to 7.

4 The First Best

Now we briefly expose the first best solution that would be attained if the firm were run
by a benevolent planner maximizing the discounted flow of social welfare w.r.t. g and k.
The planner’s Hamiltonian is:

Hp(~):(a—c—q)q—g—S—zk2+)\(—k+nb)+u<bq—%>. (13)

Taking the necessary conditions on the expected value of Hp(-) and following the same
procedure as in the previous section, we obtain the following steady state coordinates
(the subscript P stands for planner):

 @—dptw)
1+ 20z (p+ 6w)* (p— 1)

Sp = 2(@—0)277(p—n)(p+5w)322’

ow {1—|—2nz (p+ dw)? (p—r])] (14)
b la=9(p+ow)n
1+ 20z (p+ 6w)* (p— 1)
2(a—c)n(p—n)(p+ow)’z
1+20z(p+ow)(p—n)

bp

qr =

Note that all of these coordinates are affected by the shock. The associated profits and
consumer surplus are:

E(TFP): (0_0)277(2;0—377) (p+5’LU)22z’ (15)

1+ 202 (p+ 6w)* (p— 1)
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5 12
E(CSp) = + 2@@—cnlp—mn)(p+ow)z| "

2| 142z (p+0w)(p—n)

Hence, the resulting social welfare level is E (SWp) = E (mp + CSp — Sp) . Before pro-
ceeding any further, it is worth stressing the following straightforward result:

3
Proposition 4.1 If p > 777, then mp > 0.

We are now in a position to address the following question, i.e., whether the policy
maker regulating the behaviour of a profit-maximizing monopolist can design an optimal
tax rate 7 so as to replicate the same welfare performance associated to the first best
allocation we have just sketched. This must be done under the non-negativity constraint
concerning the firm’s profits, as established in Proposition 3.3.1. In doing so, we shall
confine our attention to the parameter range p > 31n/2, in order for the planning equi-
librium to be sustainable under our partial equilibrium approach, i.e., in absence of any
other industrial sector that could be taxed to raise the money necessary for the survival
of the public monopoly for all p € [0,3n/2).

5 Designing the Optimal Taxation

The policy maker’s problem consists in solving

AE(SW) = E(SWp — SW*) =0 (17)
w.r.t. 7, with
AB@SW) < 1|2 2o a2y (18)
8 (p—n)gz on(p—n)wz ’
where
8 (a— ) (p+ 8w)’ 2 [209 (p — ) w (p+ 6w)* = = 20 (p — 1) — S|
U= . (19)

5 [1 + 21z (p + dw)? (p—n)} w

Equation (I7) has two real roots in 7, 7_ < 0 < 74 *. | On this basis, we can state our
final result:

3
Proposition 5.1 For all p > —77, there exists a tax (1) allowing the policy maker

to replicate at the monopoly equilibrium the social welfare performance associated with
the first best.

The negative solution must be discarded in view of Proposition 4.1. As a last remark,
again recollecting Proposition 3.1, it is worth pointing out that such a policy can only
reproduce the aggregate surplus created by this industry, while the output and the R&D
effort will necessarily differ across regimes. To see this, it’s sufficient to compare ¢*
against ¢p: while the former is constant (and coincides with the standard output that we
usually observe in a monopoly equilibrium with the same demand and cost functions), the
latter clearly accounts for the shock affecting the accumulation of pollution. Additionally,
one may observe that k* = kp obtains in correspondence of a value of 7 that does not

solve (7).

* We omit the lengthy expressions of the two roots for the sake of brevity.
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6 Conclusion

In a dynamic monopoly model with environmental externalities, we have investigated
the possibility of using a tax taylored on the firm’s instantaneous contribution to the
accumulation of pollution, which is subject to a shock, the latter being i.i.d. across
instants. There exists an optimal tax rate such that the industry exactly replicates the
same steady state welfare performance as in the first best. However, the corresponding
expected values of output level, R&D investment for green technologies and surplus
distribution necessarily differ from those characterising social planning.

An interesting extension of the foregoing analysis is the design of the same kind of
policy in an oligopoly game where each single firm might refrain from investing in envi-
ronmental friendly technologies due to the usual free riding incentive usually associated
with strategic interplay. This is left for future research.
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1 Minimization with Equality Constraints
We consider the nonlinear programming problem of finding a point x* € R" to
min ¢(x) subject to ¥ (x) =0, (1)

where the functions ¢(-) : R™ — R! and (-) : R — R™ are C2. We develop differential
equation algorithms of the form

% = g(x),

where () denotes d()/d¢t and ¢ is time. We choose the function g(-) with the objec-
tive of having solutions x(t) — x* as t — oco. Such “trajectory following” algorithms
have received considerable attention in recent years. In [I] Steepest Descent differential
equations are used to design controllers for nonlinear systems. In [2] optimal control dif-
ferential equations are used to design new discrete minimization algorithms. In [3] and
[4] differential equation algorithms are investigated for min-max optimization problems.
In [5] and [6] differential equations for Newton’s method are used to find all of the sta-
tionary points of a function. In [7] a Gradient Enhanced Newton algorithm is developed
for finding a stationary proper minimum point. In [§] a Gradient Enhanced Min-Max
method is developed for finding a proper stationary min-max saddle point.

In this paper, we extend the stationary min and min-max results of [7] and [§] to include
equality constraints. As in these previous papers, we are concerned with differential
equation-based algorithms, and with the stiffness and domain of stability of a family
of gradient-based numerical update algorithms. These algorithms include, as special
cases, Steepest Descent, Min-Max Ascent, Newton’s Method, augmented Lagrangians
and Hestenes’ Method of Multipliers, and the Gradient Enhanced Min-Max algorithm
that we extend here for minimization subject to equality constraints. We use Lyapunov
exponents to measure the stiffness (e.g., widely separated time scales and eigenvalues) of
the various algorithms when applied to an equality constrained version of Rosenbrock’s
“banana” function.

2 Necessary Conditions at a Minimum Point

The necessary conditions for x* € R™ to yield a regular [, p. 35] local minimum can be
expressed in terms of the Lagrangian

L(x,A) = ¢(x) — ATyp(x), (2)

where A € R™ is a vector of Lagrange multipliers and 1(-) : R™ — R™ represents a
system of m < n equality constraints that must be satisfied at x*.
The first-order Karush-Kuhn-Tucker necessary conditions [d p.57] are that:

oL 0 O oL
T2 7 Z\TZI*Z T—=__ — T
=~ ox Max Y Y (3)

AN

where 0L/0x = [0L/dx1,...,0L/0x,]. Since OL/OX = —1T the necessary conditions
can be written in terms of y7 = [xT,AT] € RP, p=n+m, as
GL} T

VyL(y) = [@ =0, (4)
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that is,
991" o’ oLT
VxL=|=—| —|=—| A=0, VaL=|—~| =—-9=0.
x [5){} ox ’ A OA v

The necessary conditions () are stationarity conditions, yielding candidates that may
be local minima, maxima, or saddle points. Suppose that the constraint qualification
conditions [9, p. 55] hold: that at x* there exists a nonzero vector n € R™ tangent to
the constraints 1 (x*) = 0. Then the second-order necessary condition [9, p. 56] for a
regular local minimum point is that

op(x*)
0x

where H(x,A) = 92L(x,X)/0x2. A second-order sufficient condition is that Vy L(y) =
[0L (y*) /0y]" = 0 and

nTH(x*,A\*)n >0 for all nonzero i such that

n=0, (5)

9P(x*)

ox
which would be satisfied, for example, by the stronger condition that H(x*, A*) be pos-
itive definite.

nTH(x*,A")n >0 for all nonzero n such that n =0, (6)

3 Numerical Minimization Methods

Numerical minimization methods [10] generally seek a search direction s and a step size
«a for a move x < x + as. Here, we focus on the instantaneous search direction, us-
ing a differential step size with continuous updating of the search direction. Thus we
develop “trajectory following” algorithms of the form dx/d¢t = g(x). Such differential
equations-based algorithms have been very useful in developing new discrete optimiza-
tion algorithms [2] based on long-term optimal control algorithms. In addition, using a
differential step size avoids difficulties such as “chatter” that can occur with discrete step
size algorithms such as Steepest Descent applied, for example, to Rosenbrock’s function

7.
3.1 TUnconstrained minimization

3.1.1 Steepest descent

The simplest algorithm for minimizing an unconstrained function ¢(x) is the Steepest
Descent algorithm

x = _V(ba
with V¢ = [9¢/0x|T, which yields
dp 09, 2
a 5—XX =— Vo[,
where ||| denotes the Euclidian norm. If x* is a local minimal point for ¢(x) then

V(x) = ¢(x) — ¢(x*) is a local Lyapunov function, establishing that Steepest Descent
is at least locally asymptotically stable at a proper local minimum. In addition, if
x* is unique and ||V¢(x)|| — oo as ||x|| — oo then the minimal point x* is globally
asymptotically stable.

Steepest Descent may produce stiff systems. Such systems require much more compli-
cated differential equation solvers than Euler’s method or Runge-Kutta methods, leading

to complicated discrete versions.
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3.1.2 Newton’s method
From Taylor’s theorem applied to the stationarity necessary condition
V¢ =0,

we get

Vo(x + Ax) = Vo(x) + V2¢(x)Ax + O(|| Ax[?), (7)

where V¢ = 92¢/0x? is the Hessian matrix, Ax = XAt + O(At?), and O(a?)/a — 0
as o — 0. Setting the left-hand side equal to zero yields the discrete-time (At = 1, small
||Ax]|) version of Newton’s method: Ax = — [VQ(;S} - V.

In the limit as At — 0, the continuous-time Newton method is given by

%= —[V%] ' Vo (8)

The discrete-time version of Newton’s method corresponds to applying Euler integration
Ax = xAt to [8) with At = 1.

Note that Newton’s method is only well defined in a region where the determinant
‘VQ(b(X)‘ does not change sign and is nonzero, such as some neighborhood of a proper
local minimal point x*, at which VZ¢(x*) > 0 (positive definite). Newton’s method,
in regions where it does work, typically converges much faster than Steepest Descent,
and yields non-stiff systems. In particular, in terms of the gradient V¢ [x (¢)] along x(¢),
Newton’s method (B)) yields

dVe o gL
1 (v
which is non stiff, with eigenvalues pup = —1, k = 1,...,n. Note that, along x(t¢) we

have V¢ [x (t)] = Vo [x(0)]e™" — 0 as t — oo, hence V¢ [x(¢)] — 0. As with Steepest
Descent, Newton’s method is at least locally asymptotically stable to a proper local
minimal point.

3.2 Constrained minimization

3.2.1 Penalty functions

The earliest approach to handling equality constraints )(x) = 0 was to apply uncon-
strained minimization to a penalty function such as Courant’s penalty function

1 1
(x,8) = o(x) + 55 [ )|* = ¢(x) + FPYT ()P (), (9)
with a sequence of increasing values for 8 > 0. Then Steepest Descent yields
X =—-Vr=-Vj(x) - fIT(x)9(x),

where I' € R™*™ is given by

I'(x) = 0¢(x)/0x. (10)
The main difficulty with this approach is that, for any finite § > 0, the point that
minimizes 7(x, 3) is not exactly the same point that minimizes ¢(x) subject to ¥(x) = 0,
except in the limit as f — oo. In addition, large values of [ yield stiff systems. Note
that Newton’s method applied to (@) may alleviate the stiffness, but not the “mismatch”
between the two minimization solutions, which requires § — oo.
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3.2.2 Newton’s method

The first-order necessary conditions for a stationary point of ¢(x) subject to )(x) =0
are given by (@) in terms of a Lagrange multiplier vector. Newtons method, applied to

@, is given by

I v.L
N“H ) [—WJ’ (1)
where
2 2
2 % 86;; oL rT
X X Y -
H(y)= V2L 2 a_g - — | 0% (12)
dy 2L 0L
oL T 0
OxON  O)\2

3.2.3 Min-Max Lagrangians
Consider the Lagrangian
L(x,A) = ¢(x) = ATep(x).

Let x(A) denote the unconstrained minimizer for L(x,A), and let x* and A* be the
solution and Lagrange multiplier, respectively, for the constrained minimization problem
@. Then L(x(A),A) < L(x,A) ¥V x, along with 1 (x*) = 0, yields

L(x(A), A) < L(x", A) = ¢(x7) — ATep(x")
= o(x") = o(x") = ATeh(x")
= L(x", A7) = L(x (A7), A).
Thus
L(x*,A") = m)f‘ixrr;in L(x,\) = m)inm}:\ixL(x, A), (13)

since L(x, A) is linear in A.
A Min-Max Ascent algorithm [3] for achieving the Lagrangian saddle point defined
by ([@3) is given by

x = —-VxL(x,A) = —-Vo¢(x) + T'T (x) A, (14)
A= VaL(x A) = —¢(x). (15)

As noted in [11], methods such as this, where x* solves the primal problem () and A(u)
is the Lagrange multiplier vector for an associated dual problem [12] p. 113]:

min oi(w]  subjectto 9 x(w)] = u (16)
x(u)eENx

with A(0) = A* and N,C R™ and NxC R" being small neighborhoods of u* = 0 and
x*, respectively, have “... serious disadvantages. First, problem () must have a locally
convex structure in order for the dual problem ([IG) to be well defined and ([IT) to be
meaningful. Second, ..., the ascent iteration ([IB)) converges only moderately fast.”
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3.2.4 Augmented Lagrangians

The following results apply to the equality constrained problem (), but can be extended
to the general nonlinear programming problem with equality and inequality constraints.
Consider an augmented Lagrangian [13]

LA B) 2 LxA) + 39(x)TS9(x) = ¢(x) + 39(x)TS¢(x) = ATy (x),  (17)

where B€ R™, B3> 0, and S = diag[3] € R™*™. The augmented Lagrangian (I7)
can be viewed either as 1) the Lagrangian plus a penalty term or 2) the Lagrangian for
minimizing a weighted Courant penalty function (@) subject to 1)(x) = 0. In the first
case view, since a purely x-dependent penalty term has been added to L(x, ), we expect
that in changing to a maxy miny £(x, A) vs. maxy miny L(x, A) process, A has no effect,
but x affords a trade-off between the x that minimizes L(x, A) and the x that minimizes
L(x,A,3). However, the penalty weights 5; on the 1); do not need to approach infinity
for the two solutions to be the same and can be quite moderate in size. We have:

Theorem 3.1 If second-order sufficient conditions [G) hold at (x*,\*) then there
exists 3" > 0 such that for any B >3, x* is an isolated local minimizer of L(x,\*,3),

that is, x* = x(X*). Furthermore, X* is a local mazimizer of v(A) = L(x(\),\,8).
Proof [10, pp. 289-291].

Hereafter we consider the case where S = 81,,, and drop the 8 argument in £(-) unless
it is expressly needed for the discussion.

4 Gradient Transformation Trajectory Following

From Theorem Bl we seek a maxx ming £(x,A). We consider the class of Gradient
Transformation algorithms, of the form

y=-P(y)VyL(y), (18)

where P(y) € RP*P is a Gradient Transformation matrix to be chosen, y € R? with
yT = [xT,AT], and

h(y) = V, £(y) = [giﬂ _ {VXL vt irw} _ {Vcb ~TTA - W]} )

Thus the Gradient Transformation algorithms are of the form

|:>:(:| _ |:Pxx Px)\:| |:Vx£:| _ |:Pxx Px)\:| |:_V¢+ rT [)‘ - 5"/’]] (20)
Al [Pax Pax]| [VaL]  [Pax Pax P '

If P(y) is nonsingular in a region R C R? containing y* = (x*, ™) then for ([I8) the
only equilibrium points in R are where V,L(y*) = 0. We will be concerned with the
uniqueness and local and global stability of the (possibly multiple) equilibria and with
the “stiffness” of the resulting system, corresponding to various choices for P(y).
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4.1 Min-Max ascent

The original trajectory following method [3] for seeking maxy miny £(x, A) is via steepest
descent for x and steepest ascent for A, yielding

X = —VxL = —|VyL+ Ty —Vx¢+TT A= pBy],
A = Vil = WV,L = .

This corresponds to choosing

_ Pxx Px)\ _ In 0
b= |:P)\x P»J N [0 _Im:| 1)

in (20), where I, denotes the p x p identity matrix.

4.2 Hestenes’ method of multipliers

In a discrete-time setting let A denote the current estimate for the Lagrange multiplier
A* and let x = x(Ay) denote the minimizer of £(x, A;). Then

0 = VyL = VyL + BTTep = Vud — T A — B2h] .

Hestenes [13] suggests taking Agy1 = A — Btp. Then if ¥ (x)41) = 0 at the minimizer
Xp+1 of L(x, Aky1)

0= Vx£ = VXL = Vx(b (Xk—H) — I‘T (Xk—H) Ak+1

would yield (xpt1, Akr1) = (x*, A") satisfying the first-order necessary conditions (3.
The continuous-time version of Hestenes’ Method of Multipliers is A = —f4). This,
coupled with steepest descent on x, corresponds to choosing in ([20):

_ Pxx Px)\ _ In 0
b= |:P>\x P»J B [0 _BIm:| ' (22)

4.3 Newton’s method
For maxy miny £(x, A) the first-order necessary conditions are
0=VxL=V,L+pTTY, 0=VrL=VrL=—9. (23)

Newton’s method applied to (23] is given by

] [VRL] L [VeL
N— 1 (y) [VAE]— # <y>[_¢], (24)
where 02
fonn 2L g T
H(y) = VL = 3—},2: x ) (25)
T o

with I'(x) defined by (). This corresponds to choosing in ([20)):

Pxx Px)\ -1
|:P)\x P)\)\]
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Instead of assuming H ™! exists, Newton’s method can be written as

2
X 8§ T X VL
Hy) | | =] == . (26)

A geometric interpretation of Newton’s method is given by noting that

2L . 9L (7 )

4 VL] | T axax % -IT| [%

VAL 2L . L. r A
ok LTk — 0
axox T oM
Thus from (26)

d [ViL] [Vl
T {VAE] = _VA/:] : (28)

Hence

[VXL} =e ! {Vx/:] and we have [Vx/l} =e ! [Vx/:} — {O} as t — oo
VAL t VAL t=0 ¥ t ¥ t=0 0 '

Thus Newton’s method: a) is at least locally asymptotically stable to a point ¥ satisfying
the necessary conditions (@) provided H~1(§) exists, b) is not stiff (all eigenvalues are
p = —1), and c) has a domain of attraction that is the region containing §, where H !
exists. However, Newton’s method may not be globally convergent. Furthermore, it
only seeks stationary points of the augmented Lagrangian £(x, A), not specifically those
yielding maxy miny £(x, A).

5 Stiff Differential Equations

Stiff systems are systems of differential equations which have two or more widely sepa-
rated time scales, usually specified in terms of eigenvalues. For nonlinear systems we will
use Lyapunov exponents.

5.1 Lyapunov exponents

Lyapunov exponents [I4, p. 205] are generalizations of eigenvalues and characteristic
(Floquet) multipliers that provide information about the (average) rates at which neigh-
boring trajectories converge or diverge in a nonlinear system. Let y(t) and y(¢) be
solutions to

y =1f(y), (29)

starting from neighboring initial conditions, and let p(t) = ||F(¢) — y(¢)|| be the distance
between the trajectory y(t) and the perturbed trajectory y(t) at time t. If p(0) is ar-
bitrarily small and p(t) — p(0)e°® as t — oo then o is called a Lyapunov exponent
for the reference trajectory y(t). The distance between the trajectory points y(¢) and
¥(t) grows, shrinks, or remains constant for ¢ > 0, 0 < 0, or o = 0, respectively. In
a p-dimensional state space there are p real Lyapunov exponents, oy > ... > 0, corre-
sponding to exponential growth rates in p orthogonal directions. For a given trajectory
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y(t) the Lyapunov exponents are unique, but are functions of the initial state. Arbitrar-
ily close initial states (e.g., on and to either side of a separatrix) may yield trajectories
with different Lyapunov exponents, corresponding to different behaviors as ¢t — oo.

If £(-) is continuous and continuously differentiable the Lyapunov exponents can be
calculated in terms of the state perturbation equations

a=amm A =220 (30)
y
where A(t) is evaluated along a trajectory y(¢) and, for small «, ¥(t) = y(¢) + an(t) +
O(a?) is an initially neighboring trajectory. If f(-) is discontinuous across some “switch-
ing surface” in state space certain “jump conditions” must be imposed to accurately
compute Lyapunov exponents [15].

For the special case of an equilibrium y(¢) = constant, so that A is constant, the
Lyapunov exponents oy, are the real parts of the eigenvalues ug, k =1,...,p, of A. The
same result holds for trajectories that asymptotically approach an equilibrium.

One way to compute Lyapunov exponents numerically [I6] is to integrate the equa-
tions of motion (29, along with p copies of the perturbation equations ([B0), one for
each of p initially orthogonal unit perturbations 1, (0), corresponding to the semi-axes
of an initially spherical p-dimensional ellipsoid in state space. At t > 0 we define the
instantaneous Lyapunov exponents as

or(t) = ; —r (31)

7. (O)|

with the Lyapunov exponents o = limy_,o {0%(t)}. We define the instantaneous “stiff-

L [Insol)

ness” as X(t) = |omax(t) — Omin(t)]. As the trajectory y(¢) moves through state space,
the perturbation vectors n,(t) rotate (so they are no longer orthogonal) and stretch or
shrink as the axes of the ellipsoid centered at y(t) change. Over time, the perturbation
vectors will all tend to align with the major axis of the ellipse, corresponding to the
largest Lyapunov exponent, in a manner analogous to the power method for generating
the dominant eigenvalue and eigenvector of a matrix. Since some of the Lyapunov ex-
ponents may be positive, particularly in chaotic systems, the algorithm incorporates a
periodic discontinuous rescaling of the perturbation vectors, to avoid numerical overflow,
using a Gramm-Schmidt orthonormalization procedure [I4] p. 207].

5.2 State perturbation equations
Let pl(y), k =1,...,p, denote the k-th row of P(y). Then
pi(y)

Vy=1£y)=-Py)VyLly)=—| : | VyL(y).
Py (y)

Along a trajectory y(t) the state perturbation equations @B0), with A(y) = 9f(y)/dy ,
are given by

Aly) = -P(y)H(y) - : : (32)
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where H = V3L(y) = 0°L/dy?. At a stationary point y* of L(y), VyL(y*) = 0 and
A(y*) = —=P(y*)H(y*). This result also holds for P constant. The eigenvalues of A(y*)
provide a measure of the stiffness of the system (29), at least near y*. Along a trajectory
y(t) the Lyapunov exponents ([B1) do so.

6 Unconstrained Min-Max Saddle Point

In [8] a Gradient Enhanced Min-Max (GEMM) algorithm is developed as a variable
Levenberg-Marquardt modification [I7, p. 145] to Newton’s method, designed to find
saddle points of a scalar-valued function. The GEMM algorithm specifically seeks min-
max saddle points, whereas Newton’s method seeks stationary points. As we shall see,
GEMM generally has a larger domain of attraction than Newton’s method (by keeping
the Hessian matrix nonsingular), is not stiff, and is faster than Newton’s method.

As background we summarize some results from [§] for GEMM applied to the problem
of finding a game-theoretic saddle point in the absence of equality constraints.

Let MT denote the transpose of a matrix M. For yT = [uT,vT], with u e Y C R",
veVCR" andy € RP, p = n + m, we are concerned with finding a point y* =
(u*,v*) to yield a min-max for a C? scalar-valued function ¢(y) = ¢ (u, v), such that
u* minimizes ¢ and v* maximizes ¢. That is, ¢ (u*,v) < ¢ (u*,v*) < ¢ (u,v*) for all
u € U and v € V. Denote the gradient of ¢ by

(3] -[2]- 1§

_ 82¢ _ Guu Guv
o lan &
where g, € R", g, € R™, Gy, = 0%¢/0u? € R G, = 0%¢/0v? € R™*™ and
Gy = 0%¢/0udv € R™*™,

We are particularly concerned with finding a proper stationary min-max point
y*, at which:

and the Hessian of ¢ by
G

1. ¢p(u*,v) < ¢p(u*,v*) < ¢(u,v*) forallueld — {u*} and veV — {v*},
G}, = Guu(y") > 0 (positive semidefinite),

G}, = G, (y) <0 (negative semidefinite),

A el

|G| = [G(y") <0,

where || denotes the determinant. In addition we assume that g(y) # 0 for y # y* and
that ||g(y)|| = oo as ||y — y*|| — oo, where ||-|| denotes the Euclidian norm.
Foruel and veV let

Ry ={(u,v):veVand ¢(u,v) <¢(a,v) forallaeld, }
denote the rational reaction set for the minimizing player u, and let

Ry ={(u,v) :ueld and ¢(u,v) < ¢(u,v) for all v e V}
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o

Figure 1: Banana saddle (a = 1000, ¢ = 1).

denote the rational reaction set for the maximizing player v. On R, with u ezf{ (interior
of U) it is necessary [9, p. 149] that

.
0=g.(uv) = [W] (33)
and )
Guu(u,v) = % > 0.

On R, with v € ](} it is necessary that

0 gufuy) - [0 (59
and ()
Guuu,v) = =22 <o,
6.1 Stingray saddle function
For a > 0 and ¢ > 0 we consider the “Stingray” saddle function
¢=2u’+ = (u—1)0’ (35)

2 2
with gradient and Hessian
o= Gu| _ au + £v? G- Guu Guo| _ | @ cv .
Jv clu—1)w Guv Gy cw c(u—1)
The function has a unique proper min-max point at y* = (u*,v*) = (0,0), with
g # 0 for y # 0 and ||g|| — oo as ||y|| = oo. Note that |G| = ac(u—1) — c*v? =0 on
u =1+ <v? Also note that Gy, = a > 0 for all (u,v), but Gy, = ¢(u—1) < 0 only for

u < 1. The Stingray function ¢(u,v) is convex in w for each v, but is concave in v only
for w < 1. For u > 1 the function is convex in v.
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Figure 2: Stingray saddle (a =1, ¢ =1).

Figure 3: Stingray saddle (a =1, ¢ = 100).
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Figures [[H3] show three-dimensional and contour plots for various values of a and c.
For a = 1000 and ¢ = 1 the function is similar to Rosenbrock’s “banana” function, having
a steep-walled canyon with a parabolic valley, except that the stationary point is a saddle
point instead of a minimum point. For ¢ = 1 and increasing values of ¢ the function
looks like a stingray flapping its wings. Unless otherwise specified, we will consider the
case where ¢ = 1 and ¢ = 100. For these parameter values the stingray function has a
sharp local max, ridge on v =0, u < 1, and a local max, valley on u = —2—%1)2.

As illustrated in Figure[2 the min, max, ¢ rational reaction sets, for vyin < v < Vpax

with vmax > 0 and vy, < 0, are

Ru:{(u,v):u:—%vz}, Ry = {(u,v) : v =0°(u)},
where
0 if w<l,
v () = € [Umin, Vmax] If uw=1,
VUmax if uw>1and vmax > |Vminl,
VUmin if u>1and vmax < |Vmin| -

In particular, while the minimizing player u seeks g, = 0, the maximizing player v only
seeks g, = 0 for u < 1. For u > 1 the maximizing player seeks either the upper or lower
bound on v. Nevertheless, the intersection R, N R, of the reaction sets is the min-max
point u* = v* = 0, where both ¢, =0 and g, = 0.

6.2 Gradient enhanced Newton (GEN) minimization

Consider, for a moment, Newton’s method applied to the problem of finding a unique
proper minimum point for a function ¢(y). For the case where G(y) = 9%¢/dy? is
not positive definite everywhere, the Levenberg—Marquardt modification to Newton’s
method [I7, pp. 145-149] is given by (oI + G)y = —g, where a > 0 and I denotes the
p X p identity matrix. If F = oI + G is positive definite, then let y = —P(y)g, with
P(y) =F ! = (aI+ G)"!. Then é=g'y = —gTPg < 0 for g # 0 establishes (global)
asymptotic stability.

Let pu; and §;, 7 =1,...,p, denote the eigenvalues and eigenvectors of G, respectively.
For symmetric G the eigenvalues are all real, but may not all be positive. The matrix
F = ol + G has eigenvalues w; = pu; + « and eigenvectors &;, since FE, = (u; + a) &;.
Thus, at a point y, if « is sufficiently large all of the eigenvalues of F will be positive.
As o — 0 the method approaches Newton’s method applied to ¢(y), and as o — oo the
method approaches Steepest Descent applied to ¢(y)/a.

The Levenberg-Marquardt minimization method generally will not work with con-
stant . If |G(y)| changes sign somewhere then for constant a the determinant
|F| = |aI + G| will also generally change sign, although at a different place than |G(y)].

In [7] we develop a Gradient Enhanced Newton (GEN) minimization method, in
which a = v||g|| = 7v/&Tg with constant v > 0, yielding

y=-Py)g=—[ylglI+G] g (36)

The ideas behind this minimization method are: 1) at points where ||g|| # 0 we can make
F be positive definite for sufficiently large v > 0; 2) for small 7y or near places where g = 0
the method behaves like Newton’s method; 3) the speed ||y|| = 1/v. In [7] it is shown
that, for sufficiently large v > 0, GEN is globally asymptotically stable for functions that



138 W. J. GRANTHAM

have a single proper stationary minimum point and satisfy a Lyapunov growth condition.
In addition, when applied to Rosenbrock’s “banana” function, GEN is uniformly nonstiff
and approximately 25 times faster than Newton’s method and approximately 2500 times
faster than Steepest Descent.

A very recent paper [18] shows that, for long-term optimization algorithms,
Levenberg-Marquardt, especially in the form (30]), is more fundamental than Newton’s
method and that Newton’s method should be viewed as a special case of Levenberg—
Marquardt, rather than the other way around.

6.3 Gradient enhanced min-max

The Levenberg-Marquardt modification of Newton’s method can not be used for min-
max problems, but a variation of it can. Consider the Hessian

8%¢ 9%¢

G o 62¢ o uZ Judv | Guu Guv
=52 | 26 00| " |GL, Gu)’
Ovou v?

which is positive definite at a proper minimum point. But at a proper min-max point
y* we have G¥,, = Gy (y*) >0, G, = G, (¥*) <0, and |G*| = |G(y*)| < 0. Thus
the eigenvalues of G}, are > 0, the eigenvalues of G}, are < 0, and the product of the
eigenvalues of G* is negative. When |G(y)| passes through zero, so does one or more of
its eigenvalues. The Levenberg-Marquardt matrix F = al + G could be used to make all
of its eigenvalues be positive (or all of them negative, for a < 0) at any given point §.
But if & = a(y) > 0, with a(y*) = 0 and |G*| = |G(y*)| < 0, then somewhere between
y* and ¥ we would have |F(y)| = 0, as one of the positive eigenvalues goes negative
or one of the negative eigenvalues goes positive. What we need to do, to ensure that
the replacement matrix F(y) for G (y) is nonsingular, is to keep the positive eigenvalues
positive and the negative eigenvalues negative, yielding |F(y)| < 0.

Consider
y=-Pg (37)
with L
_ -1 _ aqu + Guu Guv -
P n F n |: G;Ev _avIv + va:| (38)

For a,, = o, = o — oo the method approaches Min-Max Ascent (see Section [6.Z4.1])
applied to ¢/a. For a — 0 the method approaches Newton’s method applied to ¢. The
Gradient Enhanced Min-Max (GEMM) method is given by @B1)-@B8) with «, =
Yo |lg|l and @, = 7, ||g|| for constants v, > 0 and 7, > 0. That is, P = F~!, with

F = . 39
[ GI, —70 |8l T, + Gy (39)

In [8] we prove that for sufficiently large constants v, > 0 and v, > 0 the matrix
F in [B9) is nonsingular for all y. Hence the only equilibrium for @B7)-@39) is at y*.
A Lyapunov approach can be used to investigate whether the unique equilibrium at y*
is (globally) asymptotically stable. However, note that using W(y) = gTg as a descent
function [14} p. 276] would not work, since W = gTg + &g = gTGy +y'Gg = —g7Qg,
with Q = GP + PTG not being positive definite if |G| changes sign (see Lyapunov’s
lemma [I4, p. 223]). Also note that replacing the min, max, ¢ problem with Newton’s
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method (or the Levenberg-Marquardt modification) applied to the least squares problem
[17, pp. 146-148] of minimizing W (y), via y = ~H }(y)VW, where VW = [0W/dy]"
and H(y) = 0?W/dy?, would involve third derivatives of ¢(y).

6.4 Gradient transformation results for the stingray saddle function

6.4.1 Min-max ascent

Since u seeks min, ¢(u, v) and v seeks max, ¢(u, v), the first min-max algorithm inves-
tigated by researchers [3] was steepest descent on u and steepest ascent on v.
Let I, and I, denote the n x n and m x m identity matrices, respectively. Taking

. I, O
P(y) = diag[I,, —-1L,] = {O _Iv:|
yields the Min-Max Ascent algorithm

u= —8u; V= 8o (40)

with the state perturbation equations

'i’u _ —Guu —Guw UM
M) L Gle  Guw | 7]
For the Stingray saddle function

(b:%uQ—l—g(u—l)vQ

the Min-Max Ascent system is given by

u:—gu:—au—gvg, V=g, =c(u—1)v

with the state perturbation equations

= el 3]
My cv ¢ (u - 1) Ny
At the stationary point the state perturbation matrix

N —a 0
A(y ) - [ 0 —C:|
has eigenvalues {—a, —c}. For a = 1 and ¢ = 100 Min-Max Ascent yields a very stiff
system.

Figure[ shows Min-Max Ascent trajectories for the case where a = 1 and ¢ = 100. For
numerical integration we use fixed step size (At = 1075, because of stiffness) standard
4th-order Runge-Kutta. Trajectories for u < 1 rapidly approach the v = 0 (g, = 0)
surface (the sharp local maximum ridge of the Stingray) and then slowly move along the
ridge toward the saddle point at the origin. This is caused by the stiffness of the system.
Notice the tendency, in the region u > 1, for trajectories to diverge from the g, = 0
surface rather than converge to it. This is caused by G, not being negative definite
everywhere.
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Figure 5: Newton’s method (a = 1, ¢ = 100).

6.4.2 Newton’s method

Newton’s method, in which dg/dt = —g, [hence, g(t) = g(0)e”* — 0 as t — oo,
corresponds to P(y) = G~ !(y). Applied to the Stingray saddle function, Newton’s
method is given by

y=-G'g (41)
-t )2 1,2 2
S B O R A St

where |G| = ac (u — 1)—c?v?. Figure[H shows trajectories for Newton’s method applied to
the Stingray saddle function (a = 1, ¢ = 100) using 4th-order Runge-Kutta (At = 1073).
At y* = (u*,v*) = (0,0) the state perturbation equations yield

Ay") = { P }

with eigenvalues {—1, —1}. This is clearly not a stiff system near y*. Trajectories move
at a much better speed than in Min-Max Ascent, as indicated by the step size. However,



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 10 (2) (2010) 141
Newton’s method is not globally asymptotically stable to y*. Note that solutions to (41)

only exist for |G| # 0 and that |G| = 0 on v? = (u — 1) a/c. The domain of attraction
to y* is only the region u < 1, that is, the region where G,, < 0.

6.4.3 GEMM

For a and ¢ > 0 in the Stingray saddle function (35]) consider

F— o, + Gy Guo o +a cv
B G;I’w —aply + Gy - Ccv —Q, t+C (u — ].) ’
The determinant |F| = (ay +a)[—a, +c(u—1)] — ®v? is zero on c*? =

(o, + a) [y + ¢ (u — 1)] provided —a, + ¢(u — 1) > 0. Since o, +a > 0 for all o, >0
with a > 0 and ¢ > 0, a necessary and sufficient condition for |F(u,v)| < 0 for all u, v is
that —a,I, + Gyy = —ay + ¢ (u — 1) < 0 for all u. We can ensure that |F(u,v)| < 0 for
all u, v by taking

c 2
ay =gl = %\/(au—k 51)2) +c2(u— 1)2 v2

with sufficiently large v, > 0. Then

IF| = —v, (o, + @) \/(au—|— 502)2 +(u—1)2 02+ (g +a)e(u—1) — .
The max, |F| occurs on v = 0, with

[Fl,—o = = (0 + )/ (@w)® + (o +a) e (u—1) = (o +a) [-afu] + ¢ (u—1)].
For u < 0 we have |F|,_, < 0. For u > 0 we have
0= [F|,—o = (@ +a) [-rau + ¢(u = 1)] = (@ + @) [(¢ = wa) u =]

at
1

U= —"-H
1_’7v%

which yields u < 0 (a contradiction) for +, > ¢/a. We conclude that |F(u,v)| < 0 for all
u, v if we take a,, = vy ||g]| and a, = 7, ||g||, with v, > 0 and ~, > ¢/a.

Applied to the Stingray function, the Gradient Enhanced Min-Max algorithm is given
by
W] _porg L[l +elu— 1) (aut deo?) 2ot (u—1)
0 F| | —cv(aut5e0®) + (rulgll +a)e(u—1)v |’
where 0 > |F| = (v, gl + @) [~ [|g]| + ¢ (u — 1)] — ¢*v? for all u,v, provided 7, > 0
and v, > ¢/a. For a = 1, ¢ = 100, and ~, = 101, Figures [6H7 show trajectories for the
Gradient Enhanced Min-Max algorithm for ~,, = 1 and 10, respectively.
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v 5

—

Figure 6: GEMM trajectories (v, = 1, 7» = 101).

b

Figure 7: GEMM trajectories (y. = 10, v, = 101).

6.4.4 Unconstrained trajectory following performance comparisons

For comparison of Min-Max Ascent, Newton’s method, and the Gradient Enhanced Min-
Max (GEMM) method, we consider the trajectories starting from (u,v) = (—1.5,0.5)
for the Stingray saddle function. We use fixed time step standard 4th-order Runge-
Kutta with the time step At chosen to control the approximate initial displacement
As = ||y(0)|| At. The trajectories are terminated when ||g|| < 1073. We consider two
cases: Table [Il shows results for the “Banana saddle” (a = 1000, ¢ = 1, v, = 7, = 1,
stiffness ~ 1000), and Table 2] shows results for the “Stingray saddle” (a = 1, ¢ = 100,
Yu = 1, 7, = 101, stiffness ~ 100). The results indicate that Newton’s method is
about 60 to 440 times faster than Min-Max Ascent, and that the Gradient Enhanced
Min-Max method is about 2 to 3 times faster than Newton’s method and about 175 to
1000 times faster than Min-Max Ascent. These results are consistent with the results
[7] for the Gradient Enhanced Newton (GEN) minimization method. When applied to
Rosenbrock’s function, GEN is approximately 25 time faster than Newton’s method and
approximately 2500 times faster than Steepest Descent.

In [8] we show that the Gradient Enhanced Min-Max method provides global asymp-
totic stability to the saddle point for functions such as the Stingray saddle function,
which have a single proper stationary min-max point and satisfy a Lyapunov growth
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Table 1: Banana saddle results (a = 1000, ¢ = 1).

Method At [|%(0)]] At Final ¢ # Steps Ratio
Min-Max Ascent 10~9° 1.4999 x 10~ ° 6.210995 | 6,210,995 | 980.2
Newton 1073 1.5133 x 1075 | 14.221 14221 | 2.24
GEMM 2.5 x 107° | 1.4999 x 10~2 | 15.84 6336 | 1

Table 2: Stingray saddle results (a = 1, ¢ = 100).

Method At [[%(0)]] At Final ¢ # Steps | Ratio
Min-Max Ascent 10~° 1.2548 x 10~ ° 7.32973 732,973 | 175.5
Newton 10~% 1.2962 x 102 | 11.74 11,740 | 2.81
GEMM 1.5x 1072 | 1.25643 x 1073 | 62.625 4,175 | 1

condition. For the Stingray function Newton’s method is not stiff but does not provide
global asymptotic stability. Min-Max Ascent, applied to the Stingray function, provides
global asymptotic stability [8] but is very stiff. When applied to the Stingray function,
the Gradient Enhanced Min-Max method is very fast and is not stiff, whereas Min-Max
Ascent is very slow and very stiff. The Gradient Enhanced Min-Max method is approxi-
mately 3 times faster than Newton’s method and approximately 175 to 1000 times faster
than Min-Max Ascent.

7 Min-Max Saddle Point with Equality Constraints

In this section we extend the results in [8] to the problem of finding Lagrangian saddle
points y = (x, A) for the problem of minimizing a scalar-valued function ¢(x) subject to
equality constraints ¥ (x) = 0. In particular we expand our previous results to handle
the fact that £(x,A) is linear in A.

For the augmented Lagrangian £, and its gradient h(y) and Hessian H(y) given
by (@) and (25), respectively, we are particularly concerned with finding a proper
Lagrangian saddle point y* = (x*, \*), at which:

1) L(x*A) < L(x*A") < L(x,A%) for all (x,A) # (x*,A"),
ii) h* = [0L(y*)/0y]" = 0, where h(y) = Vy L(y),
iii) HE, = 0%L (x*,A\) /0x? > 0 (positive semidefinite),

where, for § > 0, the augmented Lagrangian is

L(x,A) = o(x) = ATeh(x) + 5%¢T(X)¢(X)- (42)

In addition we assume that h(y) = VyL(y) = [0L(y)/dy]T # 0 for y # y* and that
Ih(y)|| = oo as |ly — y*|| — oo, where ||| denotes the Euclidian norm.

As a modification to Newton’s method (28) we consider a gradient transformation
algorithm of the form

y=-P(y)VyL(y) = —F '(y)VyL(y), (43)
where
0%L
xIn 0 - _7TT
Fiy) = H) + Il [T 0y | = |t gg S
m -r = |[h][ L,
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with oLt
| []
hty) = V2 = | g = |17 ], (45)
—
0L
0%L 5z o
R R W , (46)
-I 0
o
r-2 (47)

7.1 Nonsingularity of F(y)

We will show that for a sufficiently large constant v > 0 and any constant vy > 0 the
matrix F(y) in ([@4) is nonsingular for all y. Hence the only equilibrium for ([I8) with
#3)—@4) is at y*. To prove that F(y) is nonsingular, we have the following results:

Lemma 7.1 Fory € RP let M(y) be an s x s matriz whose elements are functions
of class C4, ¢ > 0, in a neighborhood of § € RP, with distinct eigenvalues at §. Then
the eigenvalues pi(y), k=1,...,s, of M(y) are of class C? in a neighborhood of §.

Proof The characteristic equation is 0 = P(u,y) = |pl — M(y)| = p® + ps—1p® ™1 +
...+ p1p + po, where I denotes the s x s identity matrix. The coefficients pi(y) are
C1 since they can be determined from Newton’s identities [I4, p. 227] in terms of the
trace(M*), k = 1,...,s, of powers of M(y), which only involves products and sums of
the elements of M(y). Then the lemma follows from the implicit function theorem [9] p.
21], with Jacobian dP (ux,¥) /du # 0 for the case where the eigenvalues pg, k=1,...,s,
are distinct.

For repeated eigenvalues, the elements of M(y) can be perturbed by an arbitrarily
small amount € > 0 to yield distinct eigenvalues [I9, p. 89]. For a more detailed analysis
of the case of repeated eigenvalues, see [20, p. 134]. Henceforth, we will consider only
the case of distinct eigenvalues.

Theorem 7.1 For'y € RP let M(y) € R**® be a conlinuous symmelric matric
with M(y*) > 0 (< 0) and let L(y) be a scalar-valued function of class C%, ¢ > 1.
Let h(y) = [0£/0y]". If h(y*) = 0, with h(y) # 0 fory # y* and |[h(y)| — oo
as ||y — y*|| = oo, then for v > 0 (< 0) with |y| sufficiently large, the s X s matriz
N(y) =~ |h(y)|| I+ M(y) is positive definite (negative definite) for all y # y*.

Proof We consider the positive semidefinite case for M(y*). The proof for the
negative semidefinite case is analogous. At y let u(y) denote the smallest (possibly
negative) eigenvalue of M(y), with corresponding unit eigenvector £(y). For v > 0 let
w(y) = u(y) + v||h(y)|| denote the corresponding smallest eigenvalue of N(y), with
corresponding unit eigenvector £(y), where €TN(y)é = w(y)€T¢ = w(y) = p(y) +
yh(y)|l. Let B, = {y: |ly —y*|| <r}. From Lemma [[] u(y) is continuous on RP,
with pu(y*) > 0 and all the other eigenvalues of M(y*) are positive. For arbitrarily
small € > 0 let ¥ be a minimal point for u(y) on B.. If y = y* choose any ¥ > 0. If
3 #y* choose 5 > max {0, —u()/ [Ih(3)||}. Then for 7> 7, july) > 0¥y € B, — {y*}.
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For any r > elet X, = {y:e <|y —y*|| <r}, with |h(y)]| >0V y € X,.. From the
theorem of Weierstrass u(y)/ ||h(y)| takes on a minimum value at some point § € X..
Let 4(r) = max{0, —u(9)/ [b(§)[[} = 0. Then for v > 4(r) we have w(y)/|h(y)[| =
v+ u(y)/ h() > v+ p@)/ @) > v—4(r) >0V y € &. The conditions on
h(y) ensure that ||h(y)|| /4 0 as ||y — y*|| = oo. Thus 4 = lim, . {J(r)} exists. Then
w(y) >0V y # y* provided v > max (7, %).

Lemma 7.2 Let A € R"*"be symmetric and B € R™*™. If A is positive definite
(A > 0) then BTAB is at least positive semidefinite (BTAB > 0).

Proof For z € R™ and s € R", let s = Bz. Then sTAs > 0 for s # 0. Hence
zTBTABz > 0 for z # 0.

Lemma 7.3 Let A € R™*" be symmetric and B € R"*". If A >0(<0) and B> 0
(<0) then A+ B >0 (<0).

Proof Fors € R" we have sT(A + B)s =sTAs+s™Bs > 0 (< 0) for all s # 0.

Theorem 7.2 For A € R™*" symmetric, B € R™™™  and D € R™*™ symmetric,
the matriz

A B
7~ 1)
is nonsingular, with |F| <0, if A >0 and D <0 (or if A <0 and D > 0).

Proof Pre-multiplying the first block row by BTA™! and subtracting from the
second block row yields

A B

F1=lo p-BTA'B

‘: |A||D - BTA™'B].

For A > 0, we have 21, p. 128] |A| = p1 -+ pn, > 0, where p, k = 1,...,n, are the
eigenvalues of A. From Lemma[Z2BTA~!B > 0. Thus from Lemma[l.3 with D < 0 we
have D—BTA~'B < 0. Hence |D — BTA*1B| =wy Wy <0, wherew;, j=1,...,m,
are the eigenvalues of D — BTAT!B. Thus, |F| = 1 -+ ftnw1 -+ W < 0.

Theorem 7.3 If y* = (x*,X") is a proper Lagrangian maxy-miny saddle point for
a scalar-valued C? function

£0x2) = 6(x) ~ AT4p(x) + 3 BHT(xb(x),
with h(x,\) = [0L/0x,0L/ON]T # 0 for y # y* and ||h(y)|| — oo as |ly —y*|| — oo,

and with B2L(y)
y Hxx Hx)\
H = = 5
&) =5y {Hlx H,\J
then for sufficiently large vx > 0 and any yx > 0 the matriz

F = |:P)/x ||hHIn+Hxx Hx)\ :|
Hia =7 [|h|[ I

is monsingular, with |F| <0, for ally #y™.
Proof From Theorem [Tl for y # y*, vx |h|| I, + Hxx > 0 for sufficiently large

¥x > 0 and —vy ||h||L,, < 0 for any vx > 0. Then |F| < 0 follows from Theorem [2]
with A = 9% ||h|| I, + Hxx, B = Hxx, and D = —v; ||h|| L,,.
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7.2 Speed of GEMM
Using F from (44]) write the GEMM algorithm in the form

%L
- 0 ~— = _7rT .
m | s Xl = | O£ (48)
0 I A VALl
—Mdm -r 0

Thus, using (@H), @), and 28)), we have

wI, 0 ][x] dh
h .| +— = —h.
5 _on )+ @

For small ||h|| or small 7%, ya GEMM approaches Newton’s method applied to £. For
large ||h|| or large v«, va GEMM approaches Hestenes’s Method of Multipliers applied
to L/(vx ||h]) with 8 — vx/7x, that is,

Yl 0 b4 o
nm[o _%hHJ~ h

yields
L1 0 Lv.c
[x} N T 1 1 h— 1 _’Y_x x
AT o ——L,| |n| " Jnf]| L
- )~ |l av,\g
with “speed”

Iy if w=m=7,
Il = Ve 3 e <<
Ly if o <<,

for large |||, yx, or Ya.

7.3 Stability of GEMM

For y = F~'h the only equilibrium is at h = V£ = 0. As ||h|| = 0 GEMM approaches
Newton’s method (F — H). Thus y* is at least locally asymptotically stable and non-
stiff, with all eigenvalues 4 = —1. From Theorem F1(y) exists for all y, provided
Yx > 0 and vx > 0 is sufficiently large. Therefore the domain of attraction is all of RP
and GEMM is globally asymptotically stable to y*.

8 Rosenbrock’s Function with Constraint
As an Example we consider the problem of minimizing Rosenbrock’s function
p(x) = 100(2] — 22)* + (1 — z1)?, (49)
subject to the parabolic constraint
P(x) = (r1 —2)* + 29 — 1 =0. (50)

Figure [§ shows contours of constant ¢(x), along with the constraint ¢(x) = 0.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 10 (2) (2010) 147

4.4

700
3.4
s
‘0 /
PERANANN 7
74
0.2
s
o] AN
-7
« 227 + 2 7 — O
) “z 1. 0. 7 3

Figure 8: Rosenbrock’s function with parabolic constraint.

The gradient and the Hessian matrix of ¢ are given by

96717 40021 (23 — x2) +2 (w1 — 1)
Vo(x) = [a_x} = : (51)
—200 (x% - xg)
0% 120022 — 400z + 2 —400z
2 _ v _ 1 2 1
Vo) = 55 = { 40024 400 (52)

Rosenbrock’s function ¢ is analogous to a curved canyon with very steep walls and a
shallow sloping parabolic valley floor, defined by xo = 2%. The function has a single
proper unconstrained global minimum at % = [1,1]7, with ¢(x) > 0 for all x # %X. Note
that Vé(x) # 0 except at X and ||[Vé(x)|| — oo as ||x — X[ — co. Hence contours
of constant ¢ are topologically equivalent to spheres [I4, p. 215]. On the other hand,
¢(x) is not a convex function, that is, it does not satisfy ¢ [0x; + (1 — 0)x2] < 0é(x1) +
(1 — 0)p(x2) for all x5, x2, and 0 < 6 < 1. This follows [I7, p. 425] from the fact
that V?¢(x) is positive definite only in the region x5 < 7 + 1/2. Some numerical
optimization algorithms have trouble with Rosenbrock’s function because they exhibit
“stiff” dynamics. For example, applied to the unconstrained problem, the discrete version
of Steepest Descent “chatters” along the valley floor.

For the constrained optimization problem the augmented Lagrangian is

L=¢- X+ 3547
= 100(22 — 22)2 + (1 — 21)2 — A [(xl 9 s — 1}

—l—%ﬁ [(x1—2)2+x2—1}2.
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With yT = [xT, A], the gradient of L is

oL
6901

oL’
woe= o) = |

oc
oA

400(22 — z)a1 — 2(1 — 1) + (ﬁ [(:cl —2)% 4 (a9 — 1)} - /\) 2 (21 — 2)

g+ (B =) 7

= |5 + (B =N 5%

=1

= —200(22 — 22) + (5 [(ml — 9% 4 (ag — 1)} - /\)

and the Hessian of £ is

—(x1—2)2—x2—|—1

r’L [%T
N 92/ o0x? ox
HZV?’EZW: :[Hij]a
y oy .
ox

where
o= 2L P00 Dt as(2)
= 120022 — 40022 + 2 + 2 (5 [(xl —2)% 4 (p — 1)} - )\) L 4B (21 — 2)2,
Hhia = Har = 6512§x2 - 8512;;2 +(Bv =X 3512;22 * aa_i%
— 400z, + 28 (21 — 2),
ngzﬂglz%:—g—zz—Z(xl—Z),
Haz = % = %+(ﬁ¢—ﬂ%+ﬁ (%)2 =200+ 3,
2

The first-order necessary conditions for maxy miny £(x, A, 5) are:

0= oL = 400(x? — z9)w1 — 2(1 — 21) — 2\ (21 — 2)
833‘1
+8 (x1—2)2+x2—1}2(x1—2),
0:8—L:—200(x%—x2)—A+5[(x1—2)2+a:2—1 ,
8{E2

0= =

—p=— (21 —2)° — a2+ 1.

(53)

(55)
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At (x,A) = (x*,A"), with Lagrangian L(x,\) = L(x, A, B)|3—¢, using (@3) in (62) with
B = 0 yields

A = —200 {x% + [(xl —9)? - 1} } . (64)
Then using ([@3) and (64) in @) yields

0 800x% — 24007 4 2801z — 1201.

= P =

This cubic polynomial has roots 1 =1, 1 £ %i 802.
Thus the unique constrained global minimal point is

y* = (27,25, 2") = (1,0,—200), (65)
with ¢* = ¢(x*) = 100 and ¥* = ¢(x*) = 0, at which VyL(x*, \*) = VyL(x*, \*, §) =
0, with

VL (y) £ 0 and VyL(y) £0 fory £y’ (66)

and

V<L (y)|| = oo and [[VyL(y)[| = o0 as [ly —y*[| = oo (67)

for all 8 > 0.
Note that at y* the Hessian matrix (2] for the Lagrangian L,

H(y") (68)

_OPL(x*,\*)  [1602 —400
B Ox2 T =400 200

is positive definite. Thus the second-order sufficient condition () is satisfied by the
stronger condition that H(x*, A*) is positive definite. For this Example switching from
max) miny L(x, A) to max) minyx £(x, A, 8) is not mandatory. However, we will continue
using L(x, A, 8), with L(x, ) = L(x, A, 0).

9 Augmented Lagrangian Trajectory Following

9.1 Min-max ascent

Choosing
_ Pxx Px)\ _ In 0
b= |:P)\x P»J B [0 _Im:| (69)
in (20)) yields
X=-ViL=—V¢+TT [\ By, (70)
A=VaL=—1, (71)

which corresponds to steepest descent for x on £(x,A,3) and steepest ascent for A on
L(x,A,8). We will set 8 =0, yielding the Min-Max Ascent algorithm considered in [3].
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9.1.1 Simulation results

For the Example problem in Section [§] the Min-Max Ascent equations of motion are
i1 = —400(2? — z)z1 + 2(1 — 21) + (/\ e ((x1 —2)% 4 (22 — 1))) 2 (21— 2),
da = 200(a2 — 29) + ()\ y ((331 — 2?4 (22 — 1))) : (72)
).\:—(xl—Z)Q—xQ—i—l.

The state perturbation equations 17 = An are

.
Nx 0x2 OxON | |Mx
= (73)
My 0°L oL My
OXOx %
and yield
'fh aill 400%1 — 2ﬁ (3}1 — 2) 2 (331 — 2) m
My | = 40021 — 28 (1 — 2) —200 - 3 1 ny | ,
73 —2 (21 -2) -1 0 Yk
where

an = —120022 + 4002y — 2 — 2 (6 (@;1 — 22 4 (2 — 1)) - )\) 4B (z1 —2)°.

At (x*,\*) = (1,0, —200)

i —1602 —48 400+23 =2 [n
Ny | = | 400428 —200—5 1 | |m,
15 2 -1 0 3

For 8 = 0 the eigenvalues (1) and eigenvectors (§,) of A are

w1 = —5.00 x 1073, & = [6.23x107% 5.00x 1073 1.0],
w2 = —93.90, €] = [-0256 —0.967 —4.83x107%], (74)
ps = —1708.09, £l = [-0.967 0.256 1.28x1073].

The Lyapunov exponents are (01, 02,03) = (i1, o, pt3). This is a very stiff system, with

“stiffness” ¥ = |0max — Omin| = 1, 700.

Figure @ shows Min-Max Ascent trajectories for A(0) = 0 and 8 = 0, starting from
initial x(0) at the edges of the plot region. The trajectories were generated using standard
4-th order Runge-Kutta integration with a fixed step size At = 2 x 104, The trajectories
in Figure @ rapidly approach the valley of Rosenbrock’s function then move more slowly
along the valley until they reach a region just below the unconstrained minimal point X =
(1,1). Then they move agonizingly slowly down to the constrained minimal point x* =
(1,0). For example, the trajectory from y(0) = (—2,4,0) takes approximately 0.1 sec. of
simulation time to reach the valley, approximately 3 sec. more to reach a neighborhood
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Figure 9: Min-Max Ascent (A(0) =0, 8 =0).

L

Figure 10: Min-Max Ascent (A(0) = A* = —200, 8 = 0).

of %, and then more than 1300 sec. longer to converge to y* = (1,0, —200), at ¢; ~ 1400
sec., with stopping criterion |V, L|| < 1072. All other trajectories, which are x1,zs
projections of the three-dimensional y = (z1, 22, A) trajectories, behaved similarly and
converged to y*, but for plotting purposes were terminated after ¢ = 0.1 sec., to illustrate
that they overshoot or undershoot the valley.

The extremely slow convergence is associated with A [due to pq in ([74))] and is a result
of the choice A(0) = 0. The trajectories are essentially steepest descent on ¢(x) until A(¢)
very slowly converges to A*. Figure[IUlshows trajectories from the same initial conditions
as in Figure [, except with A(0) = A*. All trajectories, with step size At = 1074, were
terminated when ||V, L|| < 1073, but only required a total of approximately 0.1 sec. of
simulation time to converge to y*.

Figure 1] shows the Lyapunov exponent time histories for Min-Max Ascent on L,
starting from (z1, 22 \) = (—2.5,0,0) with 3 = 0. The system is uniformly very stiff, with
2(t) = |omax(t) — omin(t)| varying between approximately 250 and 1, 700 and converging
to X =~ 1,700.



152 W. J. GRANTHAM

10-3 10-2 10~1 100 107 702 103 104
0. i i )
-500- H
E
g
&
8 -1000
s [
s
g /
= i
/
—1500.
I
2000

Figure 11: Lyapunov exponents for Min-Max Ascent (A(0) =0, 8 = 0).

9.1.2 Stability analysis

Lyapunov’s first method establishes that the Min-Max Ascent system (72)) is locally

asymptotically stable to y* for § = 0. Alternatively, in [4] a min-max sufficiency condi-
tion is developed using

V) =3l -y Ty -yl = g xThe—xT+ g A= XTA-X]. (1)
Along y(t)
V(y) = g—‘;k—i- g—‘;)\z —[x = x* T VxL+[A = X|TVAL. (76)
T
V(y) <0 provided y # 0 (77)

in a neighborhood of y*, then V(y) is a Lyapunov function, establishing at least local
asymptotic stability [I4) p. 217]. The function (78], with 8 = 0 so £ = L, is used in
[3] to establish local asymptotic stability of y* for Min-Max Ascent applied to finding a
saddle point of L(x, ) under the conditions that L is linear in A and H = §%L/9x? is
positive definite at (x*, A*).

Unfortunately, for our Example the function (73] does not satisfy (77) everywhere
and can not be used to establish global asymptotic stability for our Example. In fact,
for some saddle-point problems, Min-Max Ascent can produce Hamiltonian systems [g],
which can not be asymptotically stable. However, simulation experiments indicate that
Min-Max Ascent is globally asymptotically stable to y* for our Example.

9.2 Hestenes’ method of multipliers
Choosing
-l el &
in (20)) yields
X=-VyxL=-Vo+TT[A- B, (79)
A= ViL=-p, (80)
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corresponding to Hestenes’ Method of Multipliers [I3].
For our Example the equations of motion for Hestenes’ Method of Multipliers are

d1 = —400(22 — z2)z1 +2(1 — 21) + ()\ .y ((ml — 92 4 (ag — 1))) 2 (21 —2),
By = 200(23 — o) + (/\ -3 ((x1 —2)% + (x2 — 1))) ;
A=-8 [(x1—2)2+m2_1].

The state perturbation equations are

’I’]l ail 400x1 - Qﬂ ((El - 2) 2 (xl - 2) m
Ny | = 400z, — 28 (z1 — 2) —200 - 3 1 Nyl
s ~26 (21 - 2) -8 0 s

where

a1y = —120022 + 40025 — 2 — 2 (6 ((xl —2)? 4 (22 — 1)) - )\) 4B (z — 2)%.

At (x*, %)
1 —1602 - 43 400428 —2| |n
| = | 400+28 —200—-53 1| |n,
73 26 —B 0 YE

For 8 = 5 the state perturbation equations have Lyapunov exponents (01,02, 03) equal
to the eigenvalues (u1, o, p3) = (—2. 44 x 1072,-94.91, —-1732. 07). This is a very stiff
system, with stiffness ¥ = |omax — Omin| & 1, 700, which is approximately that of Min-
Max Ascent. For § = 100 the eigenvalues are (p1, p2, p3) = (—0.33, —109. 64, —2192. 03),
with stiffness ¥ = |omax — omin| & 2, 200. For very large § the state perturbation matrix

—458 28 -2
A= |28 -0 1
26 -8 0

has eigenvalues (u1, o, p3) = (0,—%6—1—%\/25@—20 ,—gﬁ—%\/2562—205) —

(0,0,—58). Thus the stiffness increases with increasing . However, as we shall show
later, even for § = 5 the convergence for the Method of Multipliers is much faster than
for Min-Max Ascent.

As with Min-Max Ascent, Lyapunov’s first method establishes local asymptotic sta-
bility of y*, but no suitable Lyapunov function is known to establish global asymptotic
stability. However, experimental simulation results indicate that Hestenes’ Method of
Multipliers is globally asymptotically stable for our Example.

Figure [[2 shows trajectories for Hestenes’ Method of Multipliers applied to the aug-
mented Lagrangian £ with A(0) = 0 and 3 = 5, using step size At = 10~% with termina-
tion when ||V, £L|| < 1073. The behavior is similar to Min-Max Ascent, except for faster
convergence to the constrained minimum point, at approximately ¢y = 300 sec.

Figure [[3] shows the Lyapunov exponent time histories for Hestenes Method of Mul-
tipliers applied to £, starting from (z1,z2A) = (—2.5,0,0) with § = 5. The stiffness
is similar to Min-Max Ascent, with X(¢) varying between approximately 100 and 1,700
and converging to ¥ ~ 1, 700.
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Figure 12: Method of Multipliers (A(0) =0, 8 = 5).
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Figure 13: Method of Multipliers Lyapunov exponents (A(0) = 0, 8 = 5).

9.3 Newton’s method

Choosing
9°L -
—1 e _I‘T
Pxx Px)\ -1 82£ o0x2
|:P)\x P)\)\:| H |:ay2 ’ ( )
-r 0

in (20)), where I' = 0v/0x, yields Newton’s method

x| VL] VL

R Ml EE o o (52)
At the constrained minimal point the state perturbation equations ([B0) and ([B2) have
A(y*) = —1I, with eigenvalues p = —1, yielding a non stiff system.

For our Example problem,

Hll —4001‘1 + 26 (2121 — 2) —2 (Z‘l — 2)
H = | —400x1 + 2 (1‘1 — 2) 200+ 8 —1
~2(z1 — 2) -1 0
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where
2 2 2
Hi1 = 120022 — 40022 + 2 + 2 (ﬁ ((/J;1 — 2?4 (22 — 1)) - /\) 4B (21 — 2)°.
Then

1

P=H'=_——
K|

adj(H), (83)
where
|H| = — (3600 + 27) x% + (6400 + 803) 1 + (400 — 23) x2 — 3202 — 65 + 2\ (84)

and the adjugate matrix is

-1 2(z1—2)  800(z; — 1)
adj(H) = | 2(x1 —2) —4(z1 —2) €23 (85)
800(z1 — 1) c32 33

with

o3 = C32 = (2B +2000) % — (883 + 1600) 2 + (28 — 400) 2 +2 + 68 — 2,
cs3 = (267 + 40008 + 80000) 5 — 83 (1000 + 3) a1
+ (26% — 80000) w2 + 63> + 44023 — A (400 + 213) + 400.

At points where |H| = 0 the inverse H ! fails to exist. As a result, Newton’s method
is not globally asymptotically stable to the solution point (z7,z3, A*) = (1,0, —200) for
our Example problem. Specifically, we have |H| = 0 on the parabola

(400 — 28) x5 = (3600 + 28) 22 — (6400 + 88) z1 + 3202 — 2\ + 63.
At the optimal point y* = (1,0, —200) with 8 =10
|H| = —360022 + 640021 + 40022 — 3402 = —602.

Furthermore,
OPL(x*, ) {802 —400]

Hax = 0x2 T |—400 200

has |Hj.| = 400 and is positive definite. However, L(x*,A) = L(x*,A*)V A, since
P(x*) = 0. Thus (x*,\") is not a proper saddle point, since Hyy = §*°L/0N? = 0
instead of Hy) < 0. However, at y* with 8 =0

9L 9*L _ oy
(9_12%_ (9:21812 (9:21 802 —400 2
* — 2°L 2°L Lok . —
Hiloo= |2k 25 —22|  =|-400 200 -1
oW 0 0 . 2 -1 0

Oxq Oxo Yy
p=0
is indefinite, with [H*|;_, = —2 # 0. Thus x* is a “nonsingular” point [I3], so there

exists 3 > 0 such that Hi, = 902L(x*,X")/0x? is positive definite. In our case § = 0
suffices, since Hy, is already positive definite.
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Figure 14: Newton’s method (A(0) =0, 8 =0).
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Figure 15: Lyapunov exponents for Newton’s method on L.

Figure [[4] shows trajectories for Newton’s method for A(0) = 0 and S = 0. All of the
solid trajectories, generated with standard 4-th order Runge-Kutta with fixed step size
At = 2x 1073, rapidly converge to (x}, x5, \*) = (1,0, —200). The dashed trajectories all
reach points where |H| = 0 and do not converge to the constrained minimal point. These
trajectories were generated using Branin’s method [5], [6], in which |H| = 0 problems
are avoided by replacing H~! in (83) with adj(#) from (85). The resulting [x(¢), A(¢)]
trajectories are the same as for Newton’s method except for the plot speed and the
direction of motion when |H| = 0 surfaces are “crossed”.

Figure [[5] shows the Lyapunov exponent time histories for Newton’s method applied
to L, starting from (a1, 9 \) = (—2.5,0,0) with 5 = 0. The system is initially moderately
stiff but achieves X(¢) = |omax(t) — omin(t)] < 10 in approximately 1 sec., with X(¢) — 0
as all of the Lyapunov exponents converge to o = —1.
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Figure 16: Gradient Enhanced Min-Max (A(0) =0, 8 = 0).

9.4 Gradient enhanced min-max

For GEMM applied to our Example problem of Rosenbrock’s function with a parabolic
constraint, we have from (@4)

Ve [l + Hix Haz —2(z1 —2)
F = Hoi Yz [l + Haz -1 ;
—2(z1—-2) -1 = (|1l
where
Hi1 —400x1 + 28 (331 — 2) —2 (xl — 2)
H = [Hyj] = | 400z, + 28 (21 — 2) 200 + 3 -1 ,
~2(z1 — 2) ~1 0

400(22 — z)a1 — 2(1 — 1) + (5 [(ml D 1)} - /\> 2 (21 — 2)
h=V,L= 200023 — z2) + (B (21 = 2" + (22— 1)] = A)
(11 —2)7 —ap+1

with Hip = 120022 — 400z + 2 + 48 (21 — 2)> + 2 (ﬁ [(xl —2)% 4 (2 — 1)} - )\) :

From Theorem [T2 for y # y* and v5 > 0, we have |F| < 0 provided 7% > 0 is
sufficiently large so that v ||h|| I, + Hxx is positive definite for all y # y*. We choose
vx = 10 and v = 0.1. For our Example system Figure[I6lshows Gradient Enhanced Min-
Max (GEMM) trajectories applied to the Lagrangian L with step size At = 1. Figure [Tl
shows Gradient Enhanced Min-Max trajectories applied to the augmented Lagrangian
L, with 8 =5 and step size At = 1.

Figure [I8 shows the Lyapunov exponent time histories for GEMM applied to L,
starting from (x1,x2 A) = (—2.5,0,0) with 8 =0, 7« = 10, and 5 = 0.1. The system is
uniformly non stiff, with max¥(¢) < 1 and X(¢) — 0 as all of the Lyapunov exponents
converge to o, = —1.

10 Constrained Trajectory Following Performance

For each Gradient Transformation algorithm in Section [] simulation experiments were
conducted for a variety of parameter combinations, with the algorithms being applied to
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Figure 17: Gradient Enhanced Min-Max (A(0) =0, 8 = 5).
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Figure 18: Lyapunov exponents for GEMM on L.

both the Lagrangian L and the augmented Lagrangian £. Table [§] shows the parameter
values for each Gradient Transformation trajectory following method that we studied.
For comparison, all trajectories were started at a point x(0) = (—2.5,0) from which all
the algorithms converged to the constrained minimal point y* = (1,0, —200).

Table @] shows step sizes and simulation results for the methods in Table Bl For each
algorithm a trajectory y(t) was computed starting from x(0) = (—2.5,0) using standard
4-th order Runge-Kutta with fixed step size At, determined to control the approximate
initial single step displacement As = ||y(At) — y(0)||. The trajectories were terminated
when ||V, L] < 1073, For reference, we include results for Min-Max Ascent starting

with A(0) = A\*, which yields fairly fast convergence to y*. All other simulations were
started with A(0) = 0.

11 Summary

For the problem of minimizing a scalar-valued function subject to equality constraints,
the Gradient Transformation family of differential equation algorithms includes, as spe-
cial cases: Min-Max Ascent, Newton’s method, Hestenes’ Method of Multipliers, and
a Gradient Enhanced Min-Max (GEMM) algorithm extended to handle equality con-
straints. Applied to Rosenbrock’s function with a parabolic constraint, we find that
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Table 3: Gradient Transformation algorithm parameters.

Method A(0) B Y Y
Min-Max L 0 0 0 0
Min-Max L* —200 0 0 0
Hestenes £ 0 5 0 0
Hestenes Lo 0 100 0 0
Newton L 0 0 0 0
Newton L1 0 5 0 0
Newton Lo 0 100 0 0
GEMM L 0 0 10 0.1
GEMM £, 0 5 10 0.1
GEMM L 0 100 10 0.1

Table 4: Simulation results for Gradient Transformation algorithms.

Method Speed [y (0)]] At ly(At) —y(0)]] | Final ¢ # Steps | Ratio
Min-Max L 6.381 x 10° 2x 1012 0.747 1380.364 6901820 | 92024
Min-Max L* | 8.125 x 10° 1x 1071 0.590 0.095 950 13
Hestenes £ 8.060 x 10° 1x10° % 0.568 288.016 2880161 | 38402
Hestenes Lo | 4.104 x 107 2x10°° 0.630 24.965 1248253 | 16643
Newton L 3.055 x 102 2x10°° 0.610 15.670 7835 104
Newton £ 3.494 x 107 2x10°° 0.698 15.904 7952 106
Newton Lo 1.053 x 103 5x 102 0.526 17.529 35058 467
GEMM L 9.394 x 10~ 2 1 0.094 75 75 1
GEMM £, 9.303 x 10~ 2 1 0.093 75 75 1
GEMM L, 9.300 x 10~ 2 1 0.093 78 78 1

Min-Max Ascent is globally asymptotically stable but very stiff and has very slow con-
vergence. Hestenes’” Method of Multipliers is also globally asymptotically stable and has
faster convergence, but is still very slow and very stiff. Newton’s method is not stiff,
but does not yield global asymptotic stability. However, GEMM is both globally asymp-
totically stable and not stiff. The stiffness of the Gradient Transformation family is
studied in terms of Lyapunov exponent time histories. Starting from points where all the
methods in this paper do work, we show that Min-Max Ascent and Hestenes’ Method of
Multipliers are very stiff and slow to converge, but with the Method of Multipliers being
approximately 2 times as fast as Min-Max Ascent. Newton’s method, where it works,
is not stiff and is approximately 900 times as fast as Min-Max Ascent and 400 times as
fast as the Method of Multipliers. In contrast, the Gradient Enhanced Min-Max method
is globally convergent, is not stiff, and is approximately 100 times faster than Newton’s
method, 40,000 times faster than the Method of Multipliers, and 90,000 times faster
than Min-Max Ascent
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1 Introduction

Since Lasalle first introduced the concept of practical stability in [I], it attracts much
attention in control community. Many works on practical stability have been published
with broad applications in different areas. Being much different from stability in terms
of Lyapunov functions, practical stability, which stabilizes a system into a region of
phase space, is a significant performance specification from engineering point of view,
and this idea is quite satisfactory in many applications for quality analysis. In practice,
a system is actually unstable, just because the stable domain or the domain of the
desired attractor is not large enough; or sometimes, the desired state of a system may be
mathematically unstable, yet the system may oscillate sufficiently near to a state, in which
the performance is still acceptable, i.e., it is stable in practice. For example, in practical
communication or digital control systems, the signals of controller states, measurement
outputs, and control inputs are quantized and then encoded for transmission. A feedback
law, which global asymptotically stabilizes a given system without quantization, will in
general fail to guarantee global asymptotic stability of the closed-loop system, which
arises in the presence of a quantizer with a finite number of values. Instead of using the
global asymptotic stability, the practice stability can be used to analyze such systems,
where there is a region of attraction in the state and the steady state converges to a
small limit cycle [2]-[6]. On the other hand, it is well known that for more than one
hundred years, Lyapunov’s direct method has been the primary technique for dealing
with stability problems in difference equations. However, the construction of Lyapunov’s
function is much more difficult for time-delay systems than for non-delay systems. Such
difficulties can be overcome via using Lyapunov functions and Razumikhin techniques.
It should be pointed out that the Razumikhin-type method can deal with the time-delay
system effectively and is easier to apply in general, therefore such a method has been a
main technique for analyzing the stability for time-delay systems [7]—[10].

Though there are several results on the practical stability for hybrid and descriptor
systems [II]-[I7], to the best of our knowledge, the Razumikhin-type method on
practical stability for discrete time-delay systems has not been investigated. Motivated
by results in [9], we will study the Razumikhin-type theorem on practical asymptotic
stability for a class of discrete time-delay system in this paper. Also estimations of
the solution boundary and arrival time of the solution are discussed. Consequently,
the proposed theorems are used to study the practical controllability of a general class
of nonlinear discrete systems with input time delay. Some explicit criteria for the
uniform practical asymptotic stability are obtained via using the Lyapunov function
and Razumikhin technique.

This paper is organized as follows. In Section 2, some definitions and preliminaries
are introduced. In Section 3, some criteria for uniform practical asymptotic stability of
discrete-time systems with finite delay are derived via using the Lyapunov functions and
Razumikhin-technique. In Section 4, estimation of the solution boundary and arrival
time of the solution are investigated in terms of practical stability. In Section 5, the
proposed theorems are used to analyze the practical controllability for a general class
of nonlinear discrete systems with input time delay. In Section 6, a numerical example
is given to illustrate the effectiveness of main results obtained in Section 5. The last
section gives some conclusions.
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2 Preliminaries

To describe the main result of this paper, we include some preliminary knowledge on the
practical stability for the following general class of nonlinear discrete systems with finite
time delay:

ok +1) = F(k,za(k)), k€ Z*, 1)
where ZT is the set of nonnegative integers, d > 0 is an integer, z(k) € R", z4(k) =
(2T (k),2T(k —1),...,27(k — d))T, R" is the n-dimensional Euclidean space. Denote

Ip={-d,—d+1,...,—-1,0}, I} =I;U{1},

E(1a,R") = {62 = (£7(0),6"(=1),.... & ()| & - La = R,
Ep(la,R") = E(la,R") N {&a : &(5) € B, s € Ia},
where B is an open ball. Assume F : Z1 x Eg(I4,R") — R" with F(k,0) = 0 for
k € Z*, and satisfies certain conditions to guarantee the global existence and uniqueness
of solutions. Thus system () has zero solution z(-) = 0. For any ko € Z™ and any given
initial function ¢ € Zg(Iy, R™), the solution of the systems () denoted by x(k; ko, @)

satisfies ([I]) for all integers k > ko, and x(ko + s; ko, @) = ¢(s) for all s € I,.
For all £; € Z(I4,R"™), define the norm of &; as ||| = ng|£(s)|, where | - | stands
s€ly

for any norm in R™. We further assume that there exists a constant L > 0 such that for
all fd S EB(Id,Rn),

Now we introduce the following definitions.

Definition 2.1 [9] A wedge function is a continuous strictly increasing function W :
RT — RT with W(0) = 0.

Definition 2.2 System () is said to be:

Practically Stable (P.S.): For given (a, ) with 0 < a <  and some ko € Z*, if
6]l < o then |z (k; ko, §)| < B, k = ko;

Uniformly Practically Stable (U.P.S.): If P.S. holds for all kg € Z™;

: If P.S. holds, and for each ¢ € (0, 8),

Practically Asymptotically Stable (P.A.S.)
= K(ko,a,e) such that ||¢]] < « implies

there exists a positive number K
|z(k; ko, @) < &, k = ko + K;

Uniformly Practically Asymptotically Stable (U.P.A.S.): If P.A.S. holds for all
ko € AR

Definition 2.3 For a function V : Zt x R” — R™, define:

AV (k,x(k)) 2 V(k+1,2(k + 1)) — V(k, 2(k)).
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3 Razumikhin-type Theorems

In this section we will prove some Razumikhin-type theorems with the aim of analyzing
the uniform practical asymptotical stability (U.P.A.S.) for a general class of nonlinear
discrete systems with finite time delay. We first denote the balls By, B; and By as the
following forms, which will be used in main theorems:

Bo = A{x(k): V(ka(k) < Wa(a)};
By = Aa(k): V(K a(k) < Wi(B)};
By = A{a(k): V(k (k) < Wi(e)}.

Theorem 3.1 Given positive scalars o and 3. Assume that scalars w1y, wa, ws with
0 < wy < wg, ws > 0 are all arbitrary. If there exist a scalar n > 0, a Lyapunov function
V :ZT x R™ = RT, and wedge functions W;(-)(i = 1,2,3), such that

(1) Wi(jz(R)]) < V(k,2(k)) < Wa(lz(k)[);
(ii) AV (k,z(k)) < =Ws(|z(k +1)|) + ws foreo < |[zall < po,

provided eg < po, V(k + s,z(k + s)) < min{ws, V(k + 1,z(k + 1)) + n} for s € I}, and
wy < V(k+1,2(k+1)). Here g = L™, po = max{B, W; '(Wa(a))}, L is defined by
(2). Then, we have (1) By is an invariable set; (2) If Wa(a) < Wi(B), then By is an
invariable set and there exists a positive number K = K(«, 8) such that for any ko € Z,
¢ € Ep, (14, R™) implies V k > ko + K, z(k; ko, ¢) € Bo.

Proof (1) For each ¢ € Zp,(I4,R™), we have x(k; ko, ) € By for ko — d < k < ky.
Now we claim that for all k > ko, © = z(k; ko, @) € Bo.

Suppose this is not true. Then there exist some k! > k¢ such that = € By for all
ko—d <k <k!' and

V(E' + 1, 2(k" + 1)) > Wa(a), (3)
and consequently,
AV (kY 2(kY) = V(B + 1, z(k' + 1)) — V(EY, 2(kY)) > 0.

On the other hand, by condition (i), we have Wi (|z(k)|) < Wa(a) for ko —d < k < k*,
which implies ||z4(k)|| < po for kg < k < k. Tt follows from (@), @) and condition (i)
that o < |z(k? + 1)| < L||zq(k')|| < Lpo, which implies €9 < |lza(k)|| < po, 0 < po.
Let 0 < wy < Wa(a) < Wa(Lpg) < wa, and 0 < w3 < Wi(a). Then, it follows from (3]
that @y < V(k' 4+ 1,2(k' + 1)), and for n > 0, V s € I},

V(k! 4+ s,2(k' + 8)) < w2
V(' 4+ s,2(kt +8) < V(E' + 1,2k + 1))+
= V(k' + s, 2(k' +5)) < min{we, V(' + 1,z(k* +1)) +n}.
By condition (ii), we have AV (k',z(k')) < —Ws(Jz(k' + 1)|) + w3 < 0. This is a

contradiction. Thus for all k& > ko, 2(k) € By, i.e., By is an invariable set.
(2) If Wa(a) < Wi(B), we first prove that By is an invariable set. In fact, po = S,
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and g9 = L~ 'a < L'WY (W1(B)). Similar to the proof of (1), one can derive that,
¢ € EB1 (Id,Rn) implies Z‘(/ﬂ) € By for all k > kg.

Next, we will find an integer K = K(«a,3) > 0 such that for all kg € Z*, ¢ €
=B, (I4,R™) implies x(k; ko, ¢) € By for all k > ko + K.

Assume that 0 < w; < Wa(a) < Wi(B) < w2, 0 < w3 < (1/2)W3(a). Let N,, be the
first positive integer satisfying

Wl(ﬂ) < Wg(Oé) + 77N77. (4)
For each ¢ € {0,1,..., N}, let k; = ko +i(d + {W;—gm}), where [-] denotes the greatest

integer function, 7 is dependent on w; and ws. We show that for all ¢ € {0,1,..., Ny},
V(k,z(k)) < Wa(a) +n(N,, —i), Yk>k. (5)

Obviously, it follows () that (@) holds for ¢ = 0 since x(k) € By for all k > k¢. Suppose
@) holds for some i € {0,1,..., N, — 1}, we aim to show that (&) also holds for ¢ + 1,
ie.,

V(k,2(k)) < Wala) + (N, —i—1), Yk > ki1

Next we present proof in two steps for clarity.
Step 1. We show that there does exist some k' € [k; + d, k;+1] such that

V(K x(k") < Wa(a) + n(N, —i—1). (6)
Suppose this is not true, for all k € [k; + d, k; 1], we would have
V(k,z(k)) = Wa(a) +n(Ny —i—1). (7)

Noting the assumption that (G) holds for some ¢ € {0,1,...,N, — 1}, then, for all
k€ ki +d, ki1 — 1], s € I}, from (7)) we have

V(k+s,z(k+s)) < Wala) +n(N, —i) < V(k+1,2(k+1))+n.

On the other hand, for all k € [k; +d, ki+1 — 1], it follows from condition (i), ) and (@)
that Wa(a) < V(k+1,2(k+1)) < Wa(|x(k+1)|), which implies that o < |z(k+1)| < Lpo,
eo < [|lza(k)|| < po, €0 < po. Then, for all k € [k; + d, ki1 — 1], V(k + s,z(k + 5)) < wa,
s € I}, and it follows from () that V(k + 1,z(k + 1)) > w;. By condition (ii), for all
ke [kl +d, kiJr]_ — 1],

AV (k,x(k)) < =Ws(|z(k +1)|) + w3 < —ws.
Hence, we have

Vi(kiv1,2(kiy1)) < V(ki +d,2(ki +d)) — ws(kiy1 — ki — d)

1%
< Wl(ﬁ) — w3 {M} < 0.
w3
This is a contradiction to the definition of Lyapunov function V(k,z(k)). Thus, there
does exist some k' € [k; + d, ki+1] such that (6) holds.
Step 2. We need to show that

V(k,z(k)) < Wa(a) + (N, —i —1), Yk > K. (8)
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In fact, suppose this is not true, there must be some k7 > &’ such that

V(ky, x(ky)) < Wa(e) +n(Ny —i = 1),
V(ky + 1, 2(ky + 1)) > Wa(a) +n(Ny —i = 1). 9)
Hence we have AV (K}, z(k})) > 0. On the other hand, w; < Wa(a) < V (k] + 1, z(k] +

1)), V(k} + s,z(k} + s)) < ws. Noting the assumption that (&) holds for some i €
{0,1,..., N, — 1}, then, we have for s € I},

V(KL + s,x(ky +5)) < Wa(a) + (N, — i) < V(ky +1,2(k] + 1)) + 1.

From condition (i), @) and (@), we have Wa (o) < V (K} + 1, z(k] +1)) < Wa(|z(k] +1)]),
and hence, o < |z(kf +1)| < Lpo, €0 < ||za(k})]l < po, €0 < po. With condition (ii), one
can derive that

AV (K z(k) < —Wa(|lz(k) +1)|) + w3 < —w3 < 0.
This is a contradiction again to the definition of Lyapunov function V (k, z(k)). Thus (8]
holds, and consequently, (f) holds for all ¢ € {0,1,..., N,}. Therefore, we obtain that
2(k) € By for all k > ky, = ko + K, where K = N,(d + [Ww—ﬂ) is independent of kg
and ¢. O

Corollary 3.1 Given positive scalars o and 8 and assume that Py (s) € C(RT,R™T)
with Py (s) > s for s > 0. If there exist a Lyapunov function V : ZT x R* — RT, and
wedge functions W;(-)(i = 1,2,3), satisfying the conditions (i) in Theorem [Tl and the
following condition :

(i) AV (k,x(k)) < =Ws(|la(k + 1)]) for eo < [[za(k)|| < po,

provided eg < po, V(k+s,z(k+5)) < Py (V(k+1,2(k+1))) for s € I}, where g = L™ a,
po = max{B, W, '(Wa(a))}, L is defined by (@). Then, the conclusion of Theorem [31]
still holds.

Proof For any 0 < wy < wsq, and any ws > 0, choose n € (0,inf{Py(s) — s :
w1 < s < ws}). Then, if V(k+s,2(k+s)) <min{ws, V(k+1,2(k+1)+n)} for s € I},
and @y <V (k+ 1,z(k + 1)), we have

Vk+s,zk+s) <V(k+1lzk+1)+n<Pr(V(k+1,z(k+1))),
for s € I'. Hence, by condition (ii)’, we have
AV (k,z(k)) < =Ws(|lz(k+1)]) < =Ws(|z(k +1)]) + ws.

Then, the conditions (i) and (ii) in Theorem Bl are both satisfied. Therefore, the result
follows. O

By using Theorem [B1] and Corollary Bl we obtain the following Razumikhin-type
theorem for the U.P.A.S. with regard to the zero solution of systems ().

Theorem 3.2 For given scalar pair (a, B) with 0 < a < 8, € € (0,5) is arbitrary.
Assume that scalars w1, wa, ws with 0 < wy < wa, ws > 0 are all arbitrary, Py (s) €
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Figure 1: The relationship of the balls By, B1 and Ba.

C(RT,RT) with Py (s) > s for s > 0. If there exist a Lyapunov function V : Z+ x R™ —
R™, wedge functions W;(-)(i = 1,2,3), satisfying

(1) Wa(e) <Wi(B);
(i) Wi(lz(k)]) < V(k x(k)) < Wa(lz(k)]);

and either of the following conditions (#i), or (iii)y, for eo < ||lza(k)| < po, €0 < po:

(1), AV (k,z(k)) < =Ws(Jz(k + 1)|) + ws, provided
V(k+s,z(k+s)) <min{ws, V(k+1,2(k+1)) +n}
forse Iy, andw; <V(k+1,z(k+1));

(iii), AV (k,z(k)) < —Ws(Jx(k + 1)|), provided for s € I},
V(k+s,z(k+s)) < Py(V(k+1,z(k+1))),

where g = LWy {(Wi(¢)), po = B, L is defined by (@). Then the zero solution of
systems () is U.P.A.S.

Proof By condition (i), By C Bi, as shown in Fig[ll Since
e =L7'Wy '(Wa(e)) < LWy (Wa(B)),

Then, by Theorem [B.Iland Corollary[B.I], we can assert that, both By and By are invariant
sets, and there exists a positive number K = K(a,¢) such that for any kg € Z, ¢ €
=, (la, R™) implies V k > ko + K, x(k; ko, $) € Ba. By condition (ii), |z(k)| < « implies
x(k) € Bo; x(k) € By implies |z(k)| < B; (k) € By implies |z(k)| < e. Then, for any
ko € Z, ||¢]] < o implies V k > ko + K, |x(k; ko, ¢)| < e, i.e., the zero solution of the
systems () is U.P.A.S. O

Remark 3.1 In Theorem B1] and Corollary B whenever eg < L~'Wy5 (W, (B)),
po > B and AV (k,z(k)) < 0 in the conditions (ii) and (ii)’, one can obtain the result
that Bj is an invariable set. Here, the conditions of Theorem [B1] and Corollary 311
are corresponding to the case that u, v, w are wedge functions in the conditions of
Theorem 1 and Corollary 1 in [9]. Moreover, it is more convenient to apply Theorem [31]
and Corollary [3.I]in this paper to estimate relations between balls By and B in the light
of information on €9 < ||z4(k)|| < po, which are not mentioned in Theorem 1, Corollary 1
and Corollary 2 in [9].
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4 Estimation of the Solution Boundary and Arrival Time

Now let us consider Theorem [B:2] Corollary B and Theorem from previous
section without the condition Wy(a) < Wi(B). If ¢g = LW, *(Wi(B)), po =
max{3, W; }(Wa(a))}, then we can assert that B; is an invariant set. In addition,
the trajectory of the solution of system (Il starting from By, will fall into By in finite
time when By D Bj, or stay in the region of By when By C B;. On the other hand,
with the assumption of Wa(a) < Wi(8), all trajectories which exit from the ball By,
will take the ball By to be their boundary and can not get out of the region of Bj.
Thus, by the proposed theorems and Remark B1] as long as g9 < LW, *(W1(3)), and
AV (k,z(k)) < 0 in conditions (iii),~(iil)s, the system is U.P.S.. Following the above
analysis, one can observe that it is more convenient to apply Theorem [B1] and Corol-
lary [31] in this paper to estimate relations between the balls By and By by using the
information on €9 < ||z4(k)|| < po, which are not discussed in Theorem 1, Corollary 1
and Corollary 2 in [9]. We give the following theorem to estimate both the boundary of
the solution of system (II) and arrival time K.

Theorem 4.1 Given scalars o, € with 0 < € < a, o1 > 1. If there exist a Lyapunov
function V : ZT x R™ — RT, wedge functions W;(-)(i = 1,2, 3), satisfying
(1) Wilz(k)]) < V(k,x(k)) < Wa(|z(k)]);
(i1) AV (k,x(k)) < =Ws(Jz(k + 1)) for||za(k)|| < po, provided
V(k+s,2(k+s) <o (V(k+1,2(k+1))) fors €I,
then

(1) Bo = Wi (Wa(a));
(2) K = ko +mq (d + ma),

where
Wa(a)+ (o1 —2)W, Wo () — W o .
_ 2((31—(1)1W1%5)1(6)7 (‘,21(_)1)W11((5) 18 integer;
= Wa(a) = Wi (e) -
(o1 —1)Wi(e) | otherwise,
2W2(O£) 2W2(O£) . . ]
) wmaten TV o taney © integer
m2 - 2W2(OL)

m s OthCTUIZSE,

[] denotes the greatest integer function, pg = Wy *(Wa(a)), Ba is the estimation of the
solution boundary of system (1), and K is the time that the solution exists from the given
ball {¢ : ||¢]l < a} and falls into the region {z(k) : ||z(k)| < }.

Proof (1) In Theorem B.I] let Wi(B,) = Wa(a). Then, g = L™ 'a, po = Bas
and By = By = {x(k) : V < W1(Ba)}. It follows from Theorem B] that the solution
starting from Bs can not exits from By, which implies that the solution starting from set
{6 ||¢|| < a} will have a boundary B, = W, H(Wa(a)).

(2) In Theorem BT, let By = {x(k) : V(k,z(k)) < Wa(a)}, and By = {z(k) :
V(k,z(k)) < Wi(e)}. Notice that g9 = L~'W, '(Wi(e)) and po = Wi H(Wa(a)), let
Py (s) = o1, then Py (s) has the required property in Corollary Bl and there exist

two scalars 6; > 0 and d2 € (0,1/2), such that V(I;zl(fi;% 1((55)) < (:I/Z_(S)V;lvg/;)(fzsl < ma, and
2W2(OL) Wa (Ol)

A UAAG) < 52 Wa (We (W1 () < my. With the similar analysis process in the proofs
of Theorem Bl and Corollary[3.1] one can derive the conclusion of (2) for e < ||z(k)]| < «
with n= (0'1 — 1)W1(6) — 51 S (O,IDf(Pv(V) — V)) and w3 = 52W3(W2_1(W1(€))) O
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5 Practical Controllability

In this section we will use the results from previous sections to study the practical
controllability for a general class of nonlinear discrete systems with input time delay.
Consider the following system:

d
w(k+1) = f(k,x(k)) + > _ Bk — i)u(k — i), (10)
i=0
where f : ZT x R" - R", B : ZT x R* — R™™ 4§ = 1,...,d, u(k) € R™ is input,
and is supposed to guarantee the existence and uniqueness of the solution. This type of
model is generally studied in networked control systems (NCSs). We first introduce the
following definitions:

Definition 5.1 System (I0) is called to be:

Uniformly Practically Controllable (U.P.C.) with respect to (a, ), 0 < a < B, if
there exist finite time K and a control u(-) defined on [ko, K] such that all the
solutions z(k) = z(k; ko, ¢, u) that exit from {¢ € R" : ||¢|| < a} will enter into a
bounded region {z(k) € R™ : ||zq(k)| < B} at time K instant for all kg € ZT;

Uniformly Practically Asymptotically Controllable (U.P.A.C.) with respect to
(o, 8), 0 < a < B, if U.P.C. holds, and for each ¢ € (0,0), there exists a posi-
tive number K = K (ko, o, ¢) such that ||¢|| < « implies |z(k; ko, ¢, u)| < € for all
k>ko+ K.

Theorem 5.1 Assume that there exists a control law u(k) such that system ([I0) can
be expressed by the form of [d), and the conditions of Theorem [3.2 are satisfied. Then,
system (IO) is U.P.A.C.with respect to (o, §).

For system (I0), adopt the feedback control law u(k) = F(k,xz(k))z(k). Assume
fulk,z(k)) = f(k,z(k)) + B(k)u(k) and

[ fu(k, (RN < 1o (R)[[|(R)]]-

Let U;(k) = B(k—i)F(k—1i,z(k—1)), where F(k,z(k)) is the control gain matrix, g (k)
and U;(k) are of compatible dimensions. Consequently, the closed-loop system of (LTI
has the following form:

d
a(k+1) = fulk,x(k)) + > Wi(k)x(k — ). (11)

i=1

Let Amax(-) and Apin(-) be the maximum eigenvalue and the minimum eigenvalue of a
real symmetric matrix, respectively. || - ||2 stands for the Euclidean vector norm or the
2-norm of a matrix. Then, we have the following corollary.

Corollary 5.1 If there exists F'(k) such that

d
su (k)2 <1-(2)? 12
kelz);ﬂ (k)2 (ﬁ) (12)
then, the closed-loop system (1)) is U.P.A.S., and system (I0) is U.P.A.C. with respect
to (o, B) with 0 < e < 5.
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Proof In fact, by ([[2)), noting that 0 < a < 3, then, Ve € (0,a%/3?%), there exist
scalars 61 € [«?/%,1] and 2 > 1 such that

iu};H\I/O( )||2—|—5zsupZ||\IJ N5 < 61— (5 )2—|—6<51.
€

=1

B

Thus, there exists a positive definite matrix P such that Apin(P) = 01 Amax(P).
Choose V(k,z(k)) = 2T (k)Pz(k), Wi(|z(k)]) = Amin(P)zT (k)2(k), and Wa(|z(k)|) =
Amax(P)xT (k)x(k). Tt is obvious that

Wi(jz(k)]) < V(k, z(k)) < Wa(lz(k)])-
Let Py(s) = da2s for s > 0. Then Py(s) > s for s > 0. For all i € {1,...,d}, if

V(k —i,z(k—1i)) < Pv(V(k+1,z(k +1))), then, ||z(k —i)||3 < ||lz(k + 1)||302/d1, and
it follows () that

ok + 113 < Supllq’o(k)llgllx(k)llg
+supZ||\I’ Ml —a)lI3
< supII‘I’o( Mzlle(k)13
keZ

d
P SUPgez Z ||‘I’z(k)||%

+ = (ks + 113
1

Consequently,

d
02 SUPe7, ; W3 (k)5 —

x(k+1 2,
ERT [ R UL

d
S1—supyey | Wo(k)||5—62 supyey _Zl 193 (R)113
i=
SUPgez H‘I’O(k)“g
thus, e>,82 —= >0, and

Let € = . Since scalar € € (0,a?/B?) is arbitrary,

AV (k,z(k)) = 2T (k+1)Px(k+1) — 2T (k)Px(k)
2

(6%
m”x(k‘F 19][E

Then, conditions (i), (ii) and (iii), of Theorem 2] are all satisfied, and hence, the con-
clusion follows. O

S _)\max (P)

Remark 5.1 In Theorem B.1] Corollary 31l Theorem 3.2l and Theorem [Tl there is
a relation between V(k + s,z(k + s))(s € I}) and V(k + 1, z(k + 1)), namely, ”provided
RV (k+ s,x(k+9)),V(k+ 1,2(k + 1)))”, where R(-,-) defines a relation. We call
this relation as the R-relation. The conditions (ii), (i), (iii), and (iii), describe the
constraint on AV (k, z(k)) under the R-relation, but no constrain on AV (k, z(k)) without
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R-relation. Thus, the condition that the constraint on AV (k, xz(k)) holds not only with
but also without the R-relation, is more restrictive than the condition that the constraint
on AV (k,xz(k)) holds only with the R-relation. Therefore, we can obtain a class of
particular cases of Theorem with conditions (i), (ii), either (iii), or (iii)p, which in
fact are corresponding to the well-known Lyapunov-like theorems.

6 Illustrative Numerical Example

To illustrate the effectiveness of the results obtained in previous sections, we consider
the following nonlinear discrete system with input time delay:

r(k+1) = 1.44x(k) — 2*(k) + 0.069u(k) + 0.031u(k — 1), z(k) € [~1.2,1.2].(13)

Assume that o = 0.45 and 8 = 0.60. To obtain the zero solution z(k) = 0 in U.P.A.S
with (o, 8), adopt the following fuzzy control law:

Ry : IF x is about + 1.2, THEN

u= Fiz(k),
Ry : IF z is about 0, THEN
u = Frx(k).

The references on fuzzy control can be found in [I8, [19]. Then, the overall control law is
2
u(k) =Y wiFix(k), (14)
i=1

where @) = %:4 and po = 1 — py are both membership functions, as shown in Figure
The control gain matrices are designed to be F} = —0.0694 and F» = —18.9114. Then,
the closed-loop system can be expressed as follows:

w(k+1) = (144 —2°(k)+0.069>  piF)a(k) +0.031)  piFx(k —1).

i=1 i=1

Denote discriminant function by

g(a(k) = (144 — 22(k) +0.069 Y wiF)* + (0.031 i Fy)?.
=1 i=1

The profile of g(x) is illustrated in Figure We can calculate that g(z) < 0.3619 <
1—-a?/B% = 0.4375 for x € [-1.2,1.2]. By [I2)) and Corollary (.1l system (I3)) is U.P.A.C.
with respect to (o, ). The state curve with initial values z(—1) = 0.3, 2(0) = 0.4 of
system ([3) with and without fuzzy controller (I4]) are shown in Figure @l Without fuzzy
controller, i.e., u(k) = 0, the zero solution is unstable, and the nonlinear discrete system
converges to z(k) ~ 0.6633 > (; whereas, with fuzzy controller (Id]), the closed-loop
system is U.P.A.S. with («, §).
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7 Conclusions

Motivated by the idea in [9], practical asymptotic stability and controllability are studied
for a class of nonlinear discrete systems with time delay. Some explicit criteria for the
uniform practical asymptotic stability are established by means of Lyapunov function
and Razumikhin technique. Estimations of the solution boundary and arrival time of
the solution are also investigated. In addition, the proposed theorems are used to study
the practical controllability for a general class of nonlinear discrete systems with input
time delay. Finally, a numerical example is presented to illustrate the effectiveness of the
proposed results. We believe the results in this paper are useful for the study networked
control systems.
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1 Introduction

Sensors are used in various applications, including military surveillance, ground map-
ping, tracking and recognition of targets, instrumentation, air traffic control, imaging,
and robotics [I]. Information collected by the sensors is used to design activities that
evolve over time in the underlying system [2]. For example, in a defense system, surveil-
lance sensors are used to detect, identify, and localize targets, assess levels of threat,
and deduce enemy intent [3]. In some applications, such as robotics, operating several
sensors simultaneously causes interference in the system and thus affects the measure-
ment accuracy [4]. Consequently, it is impossible to operate all of the sensors at once.
Instead, we need to schedule the operation of sensors over a given time frame so that
the signal estimation error is minimized. We assume in this paper that only one sensor
may be active at any one time. The accuracy of the estimation obtained by the sensors
increases with a decrease in measurement of noise in a stochastic environment. The
work presented here was motivated by [B] and [6]. In [6], the optimal scheduling policy
is obtained by solving a quasi-variational inequality. However, the complexity of the
model in [6] makes it difficult to compute an optimal solution. On the other hand, [5]
considers open-loop policies with switches from one sensor to another. This reference
proposes a time scaling transformation, which aims to capture a large variety of possible
switching sequences. The sensor scheduling problem, which is formulated as a discrete-
valued optimal control problem, is first transformed into an optimal parameter selection
problem, and then solved using existing optimal control software. The optimal control
for the original problem is determined through a reverse transformation. However, this
approach introduces a large number of artificial switches, many of which are not utilized
in the optimal solution. As a consequence, the resulting optimization problem has many
local minima. A study similar to that considered in [5] is performed in [7], where a
combination of a branch and cut technique and a gradient-based method is applied to
solve the continuous-time sensor scheduling problem.

We consider a general optimal sensor scheduling problem, which is similar to the one
discussed in [5] and [7], and propose a transformation to convert it into an equivalent
mixed discrete optimization problem, as discussed in Section[3l Then, we propose a novel
global optimization algorithm in Section El which incorporates a discrete filled function
method and a gradient-based method, to avoid local solutions and speed up the com-
putation. To evaluate the effectiveness of our algorithm, we solve a numerical example
from the literature and compare the results with those obtained from the methods in [5]
and [7] in Section Bl

2 Problem Formulation

Consider the following system of linear stochastic differential equations on a given prob-
ability space (92, F,P):

dx(t) = A(t)x(t)dt + B(t)dK (1),  te[0,T],

with initial condition
x(0) = xp.

Here, {x(t), t € [0,T]} is a R™-valued state process representing a signal of interest. It is
assumed to be square integrable. The initial state, xg, is a R™-valued Gaussian random
vector on (€, F,P) with mean Xy and covariance matrix Py. Furthermore, A : [0,T] —
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R™™ and B : [0,T] — R™*? are continuous functions. The process {K (¢), t € [0,T]} is a
standard RP-valued Brownian motion on (2, F,P) with mean zero and given covariance
matrix @ € RP*P where @ is symmetric and positive semi-definite.

Suppose that there are M sensors for detecting the state process. Only one of these
sensors may be operated at any one time. A sensor schedule is a function ¢ : [0,7] —
{1,..., M} that returns the active sensor at time ¢. In other words, ¢(t) = ¢ means
sensor ¢ is active at time t. Let ® be the set of all measurable sensor schedules and let
y be the observation process associated with the scheduling policy ¢. For any ¢ € ®, we
have the following output equation:

M
dy(t) = Z X{to(t)=i} 0 { Ci()x(t)dt + Dy (t)dWi(t)}, t € 0,71,
i=1

and

where, for each Z C [0, T7,

1, teZ,
xa(t) = {0, otherwise,
and {W;(t), ¢t € [0,T]} is a standard R™-valued Brownian motion with mean zero and
covariance matrix R € R™*™ where R is symmetric and positive definite, C; : [0,T] —
R™*™ and D; : [0,T] — R™*™ are continuous functions.

Each sensor makes an observation of the state process that is contaminated by noise.
The history of such observation processes is denoted by {y(s),0 < s < t}. The data
collected from the M sensors are used to estimate the state x at time t. The best
estimate of x(¢) is known as x(t). Since y is corrupted by noise, the history observed
is uncertain. Let the history of such a process be denoted by the smallest o-algebra,
F? = o{y(s),0 < s < t}. Hence, the optimal mean-square estimate of the state given
F? is x(t), and the associated error covariance is P(t). Then, for a given ¢ € ®, the
optimal x(t) is given by the following theorem. The proof of this theorem may be found
in [g].

Theorem 2.1 For each sensor schedule ¢ € @, the optimal mean-square estimate of
the state x(t) is the unique solution of the following stochastic differential equation:

M
() = |40~ PO D v OCT O OC 0] oy
i=1
M —
+ (PO x0T O O]y, el )
and
%(0) = %o, (2)
where
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and the error covariance matriz P : [0,T] — R™*™ is the unique solution of the matric
Riccati differential equation

M
B(t) = AP+ POAT (04 BOQBT (1)~ P(O) D Xteo-0 (00T (DR (01CHDP()
- (4)

P(0) = B. (5)

with initial condition

Clearly, the solution of (@)-(]) depends on the sensor schedule that is chosen. Let P(:|¢)
be the solution corresponding to ¢ € ®. We formulate the following sensor scheduling
problem.

Problem (P). Choose ¢ € ® to minimize

T
0(0) = atrace{P(TI0)} + [ trace{P(6)) . )
0
subject to (@) and (@), where « is a non-negative constant.
The objective function (6] is designed to minimize the estimation error during the oper-

ation of the system. Note that Problem (P) is a discrete-valued optimal control problem.
The main challenge in solving Problem (P) is that the control ¢ is constrained to take

values in the discrete set {1, ..., M}. Each sensor schedule is completely determined by
specifying the values in {1,..., M} that it assumes and the times when it switches from
one value in {1,..., M} to another. Clearly, only a finite number of switches are able to

be implemented in practice, and hence ¢ is a piecewise constant function with a finite
number of switches. In other words, to solve Problem (P), we need to determine both
the optimal switching sequence and the optimal switching times. Thus, we transform
Problem (P) into an equivalent and solvable form in the next section.

3 Problem Transformation

Recall that only one sensor is active at each time and that only a finite number of switches
are allowed. Suppose that we allow a sensor schedule ¢ to switch N times during the
time horizon. Let V = {v = [v1,...,un41]" : v; € {1,..., M}} be the set of all possible
switching sequence vectors. Let o = [0y, ... ,O'N+1]T, where 0; >0, i =1,...,N 4+ 1,
denote the duration for which the corresponding sensor v; in the sequence is active.

Clearly,
N+1

Z 0; = T.
=1

Let X denote the set of all such o. Note that under the assumption of a finite number of
switches, N, any ¢ € ® is completely determined by an element (v,o) € V x 3, where

i—1 i
¢(t) = vi, telzcrj,zoj], i=1,...,N+L
j=1 j=1
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We introduce a new time variable 7 € [0, N + 1] and consider the fixed partition
{0,1,...,N 4+ 1}. The original time horizon [0,7] is transformed into the new time
horizon [0, N + 1] as follows:

t(1) = oy, € fi—1,i), i=1,...,N+1, (7)
with the boundary conditions
t(0) =0 (8)
and
t(N +1)=T. (9)

The original dynamics [@l)-([]) are transformed into
P(t) = o0;|A(T)P(r) + P(r)AT (1) + B(1)QB" (1)

— P(r)CL (RN 1)Cy, (T)P(T)|, T€[i—1,i), i=1,...,N+1, (10)

Vi i

and

P(0) = Py. (11)
Hence, the transformed problem is stated formally below. Let ]5(-|V, o) be the solution
of (O)-(II) corresponding to (v,o) € V x X.

Problem (R). Choose v € V and o € ¥ to minimize

N+L
go(v, o) = atrace{ P(N + 1|v, o)} + Z / trace{ P(t|v, o) }o; dr, (12)
i=1 71

subject to ([)-([@) and the dynamics ([I0)-([LIl), where « is a non-negative constant.

Problem (R), an equivalent problem to Problem (P), is a mixed discrete optimization
problem with the discrete variable v representing the switching sequence and the
continuous variable o representing the time length of each mode. We propose to solve
Problem (R) by first decomposing it into two levels. Note that for a fixed v € V,
Problem (R) reduces to the following problem.

Problem (R;). Given v € V, find a o € ¥ to minimize

N+1
go(o|v) = atrace{ P(N + 1|o,v)} + Z / trace{ P(r|o,v)}o; dr, (13)
i=1 i1

subject to ([)-([@) and dynamics (I0))-(II]), where « is a non-negative constant.

Problem (R;) is a standard optimal parameter selection problem in a canonical form
suitable for the application of a standard algorithm based on the control parameteri-
zation concept. For each given v, the optimal value of gy in ([I3) can be determined
using an optimal control software, such as MISER3.3 [9], since the switching sequence is
fixed. Note that in MISERS3.3, the optimal parameter selection problem is solved using
a sequential quadratic programming algorithm. The second problem in the proposed
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decomposition is defined as follows.

Problem (Rgz). Choose v € V' to minimize the objective function
J(v), (14)

where
J(v) =min  go(o]v).

Note that Problem (Ry2) is a purely discrete optimization problem, but computing the
value of J(v) requires solving the corresponding Problem (R;). Hence, Problem (R;) is a
subproblem of Problem (Rz). To obtain a near globally optimal solution for Problem (R),
we propose a combined algorithm where Problem (Rg) will be solved using a discrete
filled function method and, at each iteration, Problem (R;) is solved using MISER3.3.
For our numerical computations, we have been able to incorporate the discrete filled
function method within the MISERS3.3 software. The details of the discrete filled function
approach are discussed in the next section.

Remark 3.1 Note that the early time scale transformation proposed in [5] introduces
a large number of artificial switching instants, typically N x M, most of which are not
used in the final optimal solution. As a result, the transformed problem yields many local
minima, many of which have high objective values. Our method avoids this difficulty
because only N switches are needed.

4 Discrete Filled Function Method

The filled function approach is a global optimization method which was initiated by Ge
in the late 1980s [I0,11] to solve continuous global optimization problems. Zhu [I2]
appears to be the first researcher to adapt the continuous filled function approach in
solving discrete optimization problems. However, the filled function proposed by Zhu
contains an exponential term, making it difficult to determine an improved point [I3] in
practice. Since then, various discrete filled functions with improved theoretical properties
have been proposed in [I3HI7] to enhance computational efficiency.

In this paper, we employ a discrete filled function method, which was recently devel-
oped in [I3], as a part of our proposed algorithm. The basic idea of this method is as
follows. We choose an initial sequence and then perform a local search (see Algorithm [A.T]
below) to find an initial local minimizer. Then, we construct an auxiliary function, called
a filled function, at this local minimizer. By minimizing the filled function, either an im-
proved local minimizer is found or one of the vertices is reached. This process is repeated
until no improved local minimizer of the corresponding filled function can be found. The
final local minimizer is then taken as an approximation of the global minimizer.

Definition 4.1 For any v € V, the neighbourhood of v is defined by N(v) = {w €
Viw=v+e;:i=1,2,...,N+1}. Here, e; denotes the i-th standard unit basis vector
of RN*1 : its i-th component is equal to one and its other components are equal to zero.
The set of all feasible directions at v € V is defined by D(v) = {d € R¥N*! : v +d €
N(v)} Cc{xe;, i=1,...,N+1}.

Definition 4.2 The sequence v* € V is a local minimizer of J if J(v*) < J(v) for all
veN(v*). If J(v¥) < J(v) for all v.€ N(v*)\ {v*}, then v* is a strict local minimizer
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of J. The sequence v* is a global minimizer of J if J(v*) < J(v) for all v € V. If
J(v*) < J(v) for all v.€ V' \ {v*}, then v* is a strict global minimizer of J.

Definition 4.3 v is a vertex of V if for each d € D(v), v+d eV andv—-d ¢ V.
Let V denote the set of vertices of V.

Algorithm 4.1 Discrete Steepest Descent Method
1. Choose an initial switching sequence v € V.

2. If v is a local minimizer of J, then stop. Otherwise, find a discrete steepest descent
direction d* € D(v) of J.

3. Let v=v+d*. Go to Step 2.

Based on Definitions [ IH4.3] we call a function Gy~ : V — R a discrete filled function
of J at v* if it satisfies the following conditions:
(a) v* is a strict local maximizer of Gy~;
(b) Let V(v*) = {v eV :v#v* J(v) > J(v*)}. Gy- has no local minimizer in the set

VvO)\V;
(¢) v** € V'\ V is a local minimizer of J if and only if v** is a local minimizer of Gy~.
Define

Gupv+ (V) = Au(J(v) = J(V)) = p [l v —=v" |, (15)

where y
1—cp\ ¥
A =y p|(l—
u(y) yu[( C)(u—cu) +c}

w > 0 is a sufficiently small number, and 0 < ¢ < 1 is a constant. The function
G pv+ (V) is a discrete filled function when certain conditions on the parameters p and
p are satisfied. Hence, it has properties (a)-(¢) when those conditions on g and p are
met. Note that the discrete filled function is constructed based on the following theorems
found in [I3]. A detailed convergence analysis for this method has also been given in [I3].

Definition 4.4 Let K be a constant satisfying

1< max ||vi —va |[|[< K < o0,
vi,va€V
Vi#£V2

where || - || is the Euclidean norm. Let 0 < £ < oo be the Lipschitz constant such that
|J(vi) — J(v2)| < L || vi — va ||, for any distinct vi, vy € V.

Theorem 4.1 If p >0 and 0 < p < min{l, &z}, then v* is a strict local mazimizer
of G p~+. If v is a global minimizer of J, then G, p~v-(v) <0 for allv € V '\ {v*}.

Theorem 4.2 Let v** be a strict local minimizer of J with J(v**) < J(v*). If p> 0
is sufficiently small and 0 < p < 1, then v*™* is a strict local minimizer of G, pv=.

Theorem 4.3 Let v be a strict local minimizer of Gy, pv- and let d € D(¥) be a
feasible direction at v such that | v +d —v* ||>|| v —v* ||. If p > 0 is sufficiently small
and 0 < p < min{l, 52z}, then ¥ is a local minimizer of J.
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Corollary 4.1 Assume that every local minimizer of J is strict. Suppose that p >0
is sufficiently small and 0 < p < min{l, 557} Then, v** € V \'V is a local minimizer
of J with J(v**) < J(v*) if and only if v** is a local minimizer of G, p~v=.

Interested readers are referred to [I3] for proofs of Theorem Clearly, from
Corollary @1l G, , v+ must satisfy the condition (c) of the discrete filled function defi-
nition if every local minimizer of J is strict under certain conditions on p and p. If the
local minimizer of the discrete filled function G, , v~ found is an improved point, it is
also a local minimizer of the original function J. Based on the theoretical framework
described above, a discrete filled function algorithm for global optimization can be stated
as follows.

Algorithm 4.2 Discrete Filled Function Method

1. Initialize vo € V, po, po, pr. >0,0<p<1,and 0 < i < 1.
Let p := pp and p := pp.
Choose an initial sequence vo € V.

2. Starting from v, minimize J(v) using Algorithm ] to obtain a local minimizer
v* of J.

(a) List the neighbouring sequences of v* as N(v*) = {wq,wa,...,wg}. Set £ := 1.
(b) Set the current switching sequence, v, 1= wy.

4. (a) If there exists a direction d € D(v,) such that J(v. +d) < J(v*), then set
vp := v, + d and go to Step 2. Otherwise, go to (b) below.
(b) Let D1 ={d € D(v¢) : J(ve+d) < J(ve) and G, pv(ve +d) < Gy pv(ve)}
If Dy # 0, set d* := argmingep(y ) {J (Ve +d) + G pve (ve +d) .
Then, set v, := v, + d* and go to Step 4(a). Otherwise, go to (¢) below.
(c) Let Dy ={d € D(ve) : Gupv(ve+d) <G pv(ve)}
If Dy # 0, set d* := argmingep(y, ) {Gppv: (Ve +d)}
Then, set v, := v, + d* and go to Step 4(a). Otherwise, go to Step 5.

5. Let v be the obtained local minimizer of G, , v+ .
(a) If V€V, set £: =L+ 1. If £ > g, go to Step 6. Otherwise, go to Step 3(b).
(b) If v ¢ V, reduce u by setting p := fin and go to Step 4(b).

6. Reduce p by setting p := pp. If p < pr, terminate the algorithm. The current

v* is taken as a global minimizer of the problem. Otherwise, set ¢ := 1 and go to
Step 3(b).

The mechanism behind this algorithm can be illustrated as follows. Firstly, the
parameters of the discrete filled function G, , v+ in (I5]) are initialized to suitable values.
These parameters will be reduced gradually in Steps 5 and 6, to ensure that G, , v~
eventually satisfies properties (a)-(c). The reduction factor of each parameter is also
specified at Step 1.

Secondly, we choose an initial sequence v( in the feasible region and minimize the
original function J. Recall that the value of J is computed using MISER3.3 according to
the discussion in the previous section. The objective function value at each sequence in
the neighbourhood of vy is calculated. The search direction leading to the most improved
objective function value in this neighbourhood is chosen according to Algorithm [l The
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process is repeated until a local minimizer of J, namely v*, is found. Next, we identify
the neighbourhood of v* in Step 3. One of the neighbouring points of v*, denoted by
V¢, is set to be an initial point to minimize the discrete filled function G, ,++ in the
following step. Note that v* is a local maximizer of G, , v+ here.

In Step 4, we first check to see if there exists a neighbouring sequence of v, that is an
improvement over the current minimizer. If such a sequence can be found, then we use it
as a starting point to minimize the function J using Algorithm 1l Otherwise, if we can
find a direction that results in an improvement of both J and G compared with the values
at v, then we choose the direction which gives the greatest such improvement. If such
a direction does not exist, then find a steepest descent direction such that G, , v+ (ve +
d*) < G pv+(ve). If none of these directions exists, then v, must be a local minimizer
of G, pv+, SO We go to Step 5.

If the local minimizer of G, , v~ is found to be a vertex of the feasible region, choose
the next point in N(v*) as a starting point to minimize G, , v+ in Step 5(a). Note that
the minimizer of G, , v+ should be either an improved point or a vertex. Thus, u is
adjusted suitably to satisfy this criteria in Step 5(b).

If no improved sequence is found with the minimization process starting from all
neighbouring sequences ending up at the vertices, we reduce p, reset £ = 1, and minimize
G.pv+ again with the new value of p. The algorithm is repeated until the termina-
tion criteria is reached, where p reaches its lower bound, py. In other words, we have
minimized the discrete filled function from every search direction from v* and failed to
find an improved point, even the parameters are small. We repeat Algorithm twice,
reducing the value of p each time to confirm that no better solution can be found. Thus,
the final local minimizer v* found is taken to be the global solution of J.

To increase the efficiency, we construct a look-up table to store each value of the objec-
tive function J computed so far. Thus, we avoid repeated application of the subproblems
solution algorithm at the same point. This is essential because computing J(v) involves
solving a complex optimal control problem, which takes considerable computational time.

Remark 4.1 Note that a sequential quadratic programming method is employed
within MISER3.3 to solve the subproblem (R;). This is a local search method and
thus cannot guarantee the global optimality for the solution of the subproblem. In other
words, although we aim to solve the upper level problem globally, the lower level problem
may only yield a locally optimal solution. Therefore, we consider our approach to be
a heuristic global optimization method with no implied guarantee of finding the overall
global optimum. Nevertheless, numerical results demonstrate that good quality solutions
can be determined effectively compared with other methods in the literature, such as [5]
and [7].

5 Illustrative Example
Consider a sensor scheduling problem with six sensors and seven switches as discussed

inf]. Let N=7, M=6,n=2 m=1,p=2 T=8 a=0, c=0.5, o =0.1, po =
0.1, w=1, pr, =0.001, p=0.1, i =0.1 and consider the following dynamics:

015 ) o )
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where
Ab el
an =115 o po=[ f mo=| 9.
Co(t) = _1+0.50cos(2t) 1+0.50cos(2t)_ ’ Ds(t) = (1) (1) ’ Ra(t) = (1) (1) ’
Cs(t) = :1+0'508in(2t) . +0.50COS(%): . Dy(t) = (1) (1) . Rs(t) = (1) (1) :
= :1+O.50sin(2t) 1+0'5OCOS(2LL): - = (1) (1) = (1) (1) ’
Cs(t) = :1+0.50cos(2t) 1+0.5Osin(2t): o Dslt) = (1) (1) o Bt = (1) (1) )

ao-[) el no-f Y mo-fh Y

For the ease of computation, we are able to embed the filled function algorithm
into the MISER3.3 program. The algorithm is terminated when p = 1 x 107*! and
p =1 x 1073, at which stage the best local minimizer found cannot be improved. The
computation is performed using the modified version of MISER3.3 on a Windows-based
PC, with a CPU speed of 2.4GHz and 2GB RAM. We solve Problem (R), which has a
total number of 1,679,616 potential switching sequences, using vo = [6,5,2,6,5,2,6,1] "
as the initial sequence and a9 = [1,1,1,1,1,1,1,1] T as the initial guess for o. Note that
P, is initialized as a 2 x 2 identity matrix. Relevant results obtained are summarized
in Table [l The entries in the v* column indicate the optimal solutions for the local
searches. From Table [l o* = [0.23501973,0,0,7.7649803,0,0,0,0] " for the assumed
global minimum indicates that sensors 2, 3, 4, and 5 are not used in the final optimal
solution during the tenth iteration. Hence, only two out of six sensors are turned on. The
assumed global optimal switching sequence is to turn on sensor 1, followed by sensor 6,
with the objective function 14.33176. The number of original function evaluations and
filled function evaluations are 5293 and 8517, respectively. This represents 0.32% of the
total number of potential sequences. Note that the objective function evaluations do not
include those that were obtained from the look-up table.

We tested the problem with five different initial sequences. These are
[1,2,3,4,5,6,1,2] T, [6,5,4,3,2,1,6,5]T, [1,6,3,2,4,5,3,1]", [1,6,1,6,1,6,1,6]",
and [6,6,1,2,5,4,2, 1]T using the same Py and o( as in the first computation. As
many as fifty local minima are found during the searches from the various initial se-
quences. Starting at each initial sequence, the algorithm successfully identified the same
assumed discrete global minimum sequence of Problem (R) observed in the first experi-
ment, that is, sensor 1 is followed by sensor 6, with the cost function value J = 14.33176.
Again, computational results show that only up to 0.32% of the total number of potential
sequences are evaluated. The optimal operating schedule for the control and states are
depicted in Figure[[l In addition, several different choices of Py are tested in our exper-
imentation with various initial switching sequences. The optimal operating schemes for
Py =0, Py =61 Py = 101 are illustrated by Figures 2 Bl and @ respectively. From
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Table 1: Numerical Results for Py = 1

v* o” J

[1,6,1,1,6,1,6,6]  [0.24035917,0,0,0,0,0,7.7525870, 0.0070538593] T 14.649680367412879
[6,1,6,6,1,6,1,1]T  [0.17566501, 0.18470974, 0, 7.6396253, 0,0,0,0] T 14.504334985710470

(1,6,1,6,6,1,1,6]" [0.23511799, 0, 0, 7.7648820, 0,0,0,0] " 14.331763146735220
[1,6,2,6,6,2,2,6]" [0.23501894, 0, 0, 7.7649811, 0,0,0,0] " 14.331763102479558
[1,6,6,6,6,3,3,5]" [0.23502083, 0, 0, 7.7649792, 0,0,0,0] " 14.331763102474610
[1,6,6,6,6,6,5,5]" [0.23502039, 0, 0, 7.7649796, 0,0,0,0] " 14.331763102473506
[1,6,6,6,1,5,6,2]" [0.23501994, 0, 0, 7.7649801, 0,0,0,0] " 14.331763102471598
[1,1,6,6,6,6,5,1]" [0.23501894, 0, 0, 7.7649811, 0,0,0,0] " 14.331763102445281
[1,1,6,6,5,6,6,2] [0.23501979, 0, 0, 7.7649802, 0, 0,0, 0] " 14.331763102440952
[1,1,6,6,6,5,2,1]" [0.23501973, 0, 0, 7.7649803, 0, 0,0, 0] " 14.331763102437696

Diagonal elements of the covariance matrix

Time Time

Figure 1: Optimal Sensor Operating Scheme with Py = I

these graphs, only the first and sixth sensors are ever used, while the other four are not
utilized in any optimal solution.

We also compare the solutions obtained here with those obtained from the other
methods proposed in [B] and [7]. These results are summarized in Table @I Note that
the error estimation that we sought is lower than 19.6553, the optimal solution reported
in [7], which was obtained using a combination of a branch and bound technique with a
gradient-based method. To the best of our knowledge, Py = 0 is used in [7]. Note that
non-zero choices of Py lead to even higher objective values when used in conjunction with
the solution in [7].

6 Conclusions

A sensor scheduling problem is considered in this paper. It was formulated as a discrete-
valued optimal control problem and then transformed into a mixed discrete optimization
problem. Then, it was decomposed into a bi-level problem. A new heuristic approach,
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Diagonal elements of the covariance matrix

3 4

Time

Figure 2: Optimal Sensor Operating Scheme

Time

Diagonal elements of the covariance matrix

0.5

2 3 4
Time
with Pp = 0.

Time

Figure 3: Optimal Sensor Operating Scheme with Py = 61.

Diagonal elements of the covariance matrix

Time

Time

Figure 4: Optimal Sensor Operating Scheme with Py = 101.
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Table 2: A Comparison of Numerical Results with Other Methods.

Methods Objective values
Method in [7] with P, =0 19.6553
Method in [5] with Py = 107 19.2353622
Proposed method with Po = 107 16.5697177
Proposed method with Po = 61 15.8781106
Proposed method with Pp = 1 14.3317631
Proposed method with Pp = 0 12.9949699

which incorporates the discrete filled function algorithm into standard optimal control
software, is proposed for finding a global solution of this problem. Numerical results show
that the method is efficient, reliable, and robust in solving a complex discrete-valued opti-
mal control problem. The proposed method successfully identified significantly improved
solutions compared with other methods available in the literature.
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1 Introduction

Exploration of the moon, the nearest celestial body to the earth, is becoming more and
more attractive for space scientists in recent years. Satellites and probes have been sent
out to the moon for investigations. Generally speaking, there are three kinds of flight
motions, i.e., flying over, circling or landing on the moon. Those missions aiming to land
the lunar module safely on the surface of the moon are the most important ones.

The soft landing of the lunar module starts from the parking orbit of the moon,
after Hohmann transfer the module enters into an elliptical orbit with the aposelene and
perilune, which are, respectively, 110km and 15km away from the moon surface. When
the module reaches the perilune, the powered descent soft landing begins. Normally, the
lunar soft landing process from the perilune to the moon surface can mainly be divided
into three phases. The first part is the powered deceleration phase, from 15km to 2km
above the lunar surface, the module velocity is reduced to Om/s by the propellant of
the main thruster. The second part, from 2km to 100m above the lunar surface, is the
attitude adjustment phase, and the module attitude is adjusted so that it is vertical to
the moon surface. The last part is the vertical descent phase, a set of small thrusters
is employed to cancel the moon gravity to ensure the module soft landing on the lunar
surface vertically. In view of the fact that the surrounding circumstance of the moon
is vacuum, lunar soft landing can not be performed in the same way as landing on the
earth or mars. This is because the module can not depend on the lunar atmosphere for
deceleration. One way of realizing soft landing is to use the reverse force thruster which
will, however, consume much of the fuel that the lunar module is carrying. Clearly, if
the fuel consumption can be reduced, then more payloads can be equipped. Thus, the
optimal control strategy that guarantees the soft landing with least fuel consumption is
highly in demand. Consequently, there are now many papers devoted to this area in the
literature [1-6]. Meditch [7] discussed the problem of vertical lunar soft landing, where
the thruster is operated at its maximum force. In this way, the mission is equivalent to
a time optimal control problem and hence can be solved by existing theory. Wang [8]
proposed a control scheme for achieving lunar soft landing, where the optimal control
theory is used in combination with nonlinear neuro-control. Xi [9] presented an optimal
control law obtained by utilizing Pontryagin Maximum Principle for the soft landing of
a lunar module. Here, it is assumed that some of the control variables are not bounded.
Liu [10] designed an optimal control strategy for the soft landing of a lunar module
with a pre-specified terminal time by using the control parameterization technique and
a time scaling transform. [1-3] and [7] studied the vertical descent phase of the lunar
landing. In [4-6] and [8-10], the soft landing from the perilune to the moon surface is
taken as a continuously powered descent process. However, none of these papers take into
consideration the terminal angle constraint between the longitudinal axis of the module
and the moon surface. In fact, among these research articles, the terminal angle of the
module between its longitudinal axis and the plumb line is about fifty degree, which
means that the module can not maintain a vertical attitude when it touches down on the
ground. Furthermore, the dynamical system considered in most of these articles is in the
two-dimensional polar coordinate system. The descent trajectory of the lunar module
is assumed to remain in a vertical plane without consideration of the lateral movement.
Neither the influence of the moon rotation is taken into account. However the lunar
module, in practice, does not descend along such a vertical plane. To be realistic, the
motion of the lunar module, which takes into consideration moon rotation, should be
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described in a three-dimensional coordinate system [11].

The problem of the soft landing of a lunar module at the minimum time with the
least fuel consumption can be formulated as an optimal control problem with constraints
on the control and the terminal states. However, it is much too complex to be solved
by using Pontryagin Maximum Principle. In this paper, we calculate the optimal de-
scent trajectory of the lunar module by using the control parameterization technique in
conjunction with a time scaling transform [12]. The lunar soft landing is treated as a
continuously powered descent process with a constraint on the angle of the module be-
tween its longitudinal axis and the moon surface. During the entire process of the lunar
landing, only the main reverse force thruster is needed for deceleration. Therefore, the
design complexity of the guidance control law is reduced substantially. By applying the
control parameterization technique and the time scaling transform, the optimal control
problem is approximated by a sequence of optimal parameter selection problems. Each
of which is basically a mathematical programming problem and hence can be solved by
existing gradient-based optimization methods [13-15]. A general purpose optimal control
software package, called MISER 3.3 [15], was developed based on these methods. We
make use of this optimal control software package to solve our problem in this paper. The
optimal trajectory tracking problem, where a desired trajectory is to be tracked with the
least fuel consumption in the minimum time, is also considered and the same approach to
the first optimal control problem is utilized to solve such an optimal trajectory tracking
problem.

2 Problem Formulation

For continuously powered descent soft landing, the reverse force thruster begins to work,
starting from the perilune to decelerate the initial velocity of the module. With the
cooperation of the attitude control thrusters, the module is guided to reach the landing
target vertically with a small and safe final velocity. In this paper, we study the optimal
guidance scheme for ensuring the soft landing of the lunar module from the perilune to
the moon surface.

Figure 2.1: Coordinate systems.

As the influences of other celestial bodies on the lunar module are small, compared
with the moon gravity, the lunar module soft landing can be treated in a two-body system
[16]. The motion of the lunar module soft landing is described in a three-dimensional
coordinate system (Figure 2.1). Suppose oxyz and oxpyrzy, are, respectively, the Lunar
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Central Inertial Coordinate and Lunar Fixed Coordinate with the moon equator as the
reference plane. Axiy;z; is the orbit coordinate, A is the position of the lunar module.
The three coordinates form a right handed system. « and [ represent, respectively,
the rotation angles between oxyz and Axiyi1z;. The direction of the thrust force P
in the coordinate Axi1y;1z1 can be described in terms of ¢ and . < is the rotation
angle between ozxyz and oxrpyrzr. Without lose of generality, we assume that ozyz
and oxpyrzy coincide with each other at the beginning of the soft landing. Based on
Newton’s second law, system dynamic equations can be derived to give [11]

j)L - VzL;
vy = Vyr,
i =V.r,
Vor = BQVy/m+ gor, — 2wV, (2.1)

Vyr = CQVr/m + gyL,
V.o = DQV,./m+ g.1, + 2wV,
m = _Q7

where

B = (cosacosfcosy — sinasin-y) sin v cos
—(sin acos B cosy + cos asin ) sin ¥ sin ¢ + sin § cosy cos ¥,
C = —cosasinsind cosy 4 cos S cos ) + sin asin [ sin 9 sin ¢,
D = (cosacosSsiny + sina cos~y) sin ¥ cos ¢
—(sina cos B siny — cos acosy) sin ¥ sin v + sin 5 sin y cos U.
while xr, yr, 2z, and V1, Vyr, V.1 are the positions and velocities in the Lunar Fixed
Coordinate. m is the mass of the lunar module, @ and V, represent, respectively, the
fuel consumption rate and the specific impulse of the thruster, g.r, gy, and g, denote
the components of lunar gravity in oxpyr 2y, and wy, is the angular velocity of the moon

rotation.
Introduce two new state equations

J =, (2.2)

Y =w (2.3)
and let

T = [CCL73JL72L, VwLa ‘/yLa ‘/ZL77~97w7m]T

T
= [xl,xg,xg,x4,x5,x6,x7,x8,x9] )

u = [vivw]T = [ulau2au3]T

The original system dynamics (2.1) can be rewritten in the form of an affine nonlinear
system given below.
o(t) = f(x(t)) + Blz(t))u(t), (2.4)
where
f(x) = [14, 25,26, g1, — 2WLT6, Gy, G2 + 2wrT4,0,0,0]7, (2.5)
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000 M, My Ms 0 0 —17"
Bz)=[000 0 0 0 10 0 (2.6)
0 0 0 O 0 0 01 O
while
My = [(cosacos 3 cosvy — sin asin ) sin 27 cos xg
—(sin avcos B cosy + cos asiny) sin 7 sin wg + sin 5 cosy cos 27|V, /g,
M, = [— cos asin B sin 7 cos zg + cos B cos x7 + sin asin 3 sin x7 sin zg] V. /o,
and
M3 = [(cosacos Bsiny + sin «cosy) sin 7 cos g

—(sin acos B siny — cos acos+y) sin x7 sin xg + sin Bsiny cos x7|V,. /xg.

The boundedness constraints on the control vector u = [uy, ua, U3]T are specified below:
a<u(t) <3, Vt>0, (2.7)

where o = [, a0, a3])T and B = [By, Be, B3]F, while oy, i = 1,2,3, and B;, i = 1,2,3,
are given constants. Let U be the set of all such controls. Elements from U are called
admissible controls and U is referred to as the class of admissible controls.

The initial conditions of the soft landing are determined by the state of the lunar
module in the perilune at the initial time ¢y = 0. The terminal constraints are specified
by the requirement of the soft landing, i.e., when the lunar module reaches the target at
the terminal time ¢y which is free, its velocity should be close to zero and its longitudinal
axis should be close to vertical to the moon surface. So the initial conditions and terminal
state constraints can be expressed as:

z(to) = [*10, Y10, 210> Var0s Vyro, Varo, Y0, Yo, mo) " (2.8)

and

zr(ty) — zLr

¢ = Vzi(t ) =0 =0, (2.9)
VyL(tf) -0
_VzL(tf) -0

19tf <z7(ty) <0, (2.10)

where (21, yrr, 2Lr) represents the position of the landing target in the Lunar Fixed
Coordinate, ¥¢, is the terminal separation angle of the module between its longitudinal
axis and the direction of the plumb line. Our aim is to design an optimal control strategy
to achieve the task of soft landing of the lunar module such that conditions (2.9) and
(2.10) are satisfied and the fuel consumption and the flying time are minimized. The
task of minimizing the fuel consumption and the flying time is formulated as the task of
minimizing the following cost function

J:mo—xg(tf)—f'tf. (211)

We may now formally state our optimal control problem as follows.
Problem (P): Given system (2.4), find a control ©w € U such that the cost function (2.11)
is minimized subject to the control constraint (2.7), the initial condition (2.8) and the
terminal state constraints (2.9) and (2.10).
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3 Parameterization of the Control

To solve Problem (P), we shall utilize the control parameterization technique to approx-
imate the control vector w with piecewise constant functions over the time interval [0, ¢ ]
as:

p
ui(t) = Z U]fX[Tk—lﬂ'k)(t)’ (3.1)

k=1
ug(t) = Z UéX["'k—th)(t)’ (32)

k=1
ug(t) = Z G§X[Tk—1a7k)(t)7 (3.3)

k=1

where

T0, Tl s Trpy Thel < Tk, K=1,2,...,my (3.4)

(with 70 = 0 and 7,,, = t; ) are partition points of the time interval [0,%;], and x1(t)
denotes the indicator function of I defined by

1,tel,

xi(t) = {0, elsewhere. (3.5)
Let 7 = [m,... ,TnP]T and let Y? be the set which consists of all such 7. For each
j=123andk=12,...,np, af is a constant control parameter, and 7% , k =
1,...,n, — 1, are the switching times. Let oj = [o},---,0;"]", j = 1,2,3 , and let

o =[(o1)T,(02)T,(03)T]T. Define u? = [uf,ub, ub]T.

AsuP € U , it is clear that

o < o < 5, (3.6)
for j =1,2,3,and k = 1,2,...,n,. Let ZP denote the set containing all such o.

Here, for the soft landing of a lunar module, the terminal time 7,,, =ty is unknown and
regarded as a decision variable.

We shall map all these variable time points 7, k = 1,...,n,, into fixed time points
Sk, k=1,...,np, in a new time horizon [0, 1], such that
O0=q <1< " <Gpp-1<6p, =1L (3.7)

For this, we introduce a new state equation defined on [0, 1]

dt(s) »
Al OF (3.8)
where t(0) = 0, t(1) = ty,
'up(s) = Z&CX[%_L%)(S). (39)
k=1
Here,
0, >0, k=1,...,np, (3.10)

are decision variables. pP(s) is called the time scaling control. It is a nonnegative
piecewise constant function with possible discontinuities at the pre-fixed knots ¢, k =
1,...,np — 1. Let § = [61,--- ,0,,]".
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By applying the time scaling transform (3.8), system equations (2.4) and (3.8) are
transformed into

diZ(j) _ [u”(s)[f(t(s),ﬁ:(s)L;j(t(s),ﬁ:(s))ﬂp(s)] ’ (3.11)
where & = [1,- - , &9, F10]7 = [(&)T,1]7, &(s) = x(t(s)), and P (s) = u(t(s)) given by
aP(s) = iakxm_hm(s)- (3.12)
k=1
The initial condition is
#(0) = [220,YL0s 2L0s VaLo» VyLo» Varos Yo, Y0, Mo, 0]7. (3.13)

The cost function (2.11) and the terminal constraints (2.9) and (2.10) become

J=mg — ig(l) + ilo(l) (314)
and _ _
531(1) — XLy
Zo(1) — yrr
_ 73(1) — zLr
P = Z4(1) =0 =0, (3.15)
Z5(1) =0
Z(l) =0
| Z10 1) —t5 i
Ve, < 37(1) <0, (3.16)

respectively. They can be written in canonical form as:
~ 1 ~
go(o,8) = ®o(2(1]0, ), a’,5)—|—/ lo(s, Z(s|o,d), o,8)ds (3.17)
0
and

1
Gi(o,8) = ®;(&(1]0, d), 0,6)—1—/ Ui(s, Z(s|o,8), 0,8)ds =0, i=1,..,7, (3.18)
0

1
Gi(o,8) = ®;(&(1]o, 9), 0,6)—1—/ Ui(s, Z(s|o,d), o,8)ds <0, i=S8,09, (3.19)
0

where 0; = 0, for i = 0,1,...,9,, while &, i = 0,1, ...,9, are defined by (3.14), (3.15) and
(3.16), respectively.

The original optimal control problem is now approximated by a sequence of optimal
parameter selection problems depending on p, the number of the partition points of the
time horizon [0, tf], given below.

Problem (P(p)): Given system (3.11) with the initial condition (3.13) on the time
interval s € [0, 1], find a control parameter vector o € =P and a switching time vector
d € TP such that the cost function (3.14) is minimized subject to the terminal constraints
(3.15) and (3.16).
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For each p, Problem (P(p)) can be solved as a nonlinear optimization problem where
the cost function (3.14) is minimized subject to the terminal constraints (3.15) and (3.16)
and the constraints on the decision vectors o and & given by (3.6) and (3.10), where the
dynamical system (3.11) is used to generate the values of the cost function (3.14) and the
constraint functions (3.15) and (3.16). Existing gradient-based optimization methods can
be used to solve Problem (P(p)). For this, we need the gradient formulas of the objective
function and the constraint functions. For the constraints (3.6) and (3.10), their gradient
formulas are straightforward to calculate. The gradient formulas of the objective function
(3.14) and the constraint functions (3.15) and (3.16) are given bellow.

Theorem 3.1 [12] For each i = 0,1,...,9, the gradient of the function g; with respect
to o and & are given by

~ 1 977 ~ NG
0Gi(o,6) :/ O0H;(s,&(s),0,0, A (s|a,6))ds (3.20)
80' 0 80’
and .
83:(0,8) _ [Y 0H(s,%(s),0,8,\ (s|0,8))
55 _/0 s ds, (3.21)
where

Hi(s,&,0,0,X) = li(s,&,0,8) + (AN (s, %, 0, 8) (3.22)

and, for each i = 0,1,...,9, S\l(s|0',5) is the solution of the following co-state system
corresponding to (o,9):

dA(s))  OHi(s,%(s|o,8),0,8,A(s))
= = , se[0,1) (3.23)
with o
(AT = W' (3.24)

Proof The proof of Theorem 3.1 is similar to that given for Theorem 5.2.1 of [12].

For each p, Problem (Is(p)) is an optimal parameter selection problem, which can be
viewed as a nonlinear optimization problem. The gradient formulas of the cost function
(3.17) and the constraint functions (3.18) and (3.19) are given in Theorem 3.1, while the
constraints (3.6) are just the bounds for these control parameter vectors.

Thus, any existing gradient-based optimization method, such as sequential quadratic
programming algorithm [17], can be used to solve Problem (P(p)). The optimal control
software MISER 3.3 was implemented based on these ideas. It is used in this paper to
solve our optimal control problem. Intuitively, the larger the p, the closer Problem (P(p))
is to Problem (P). This intuition is true. We shall briefly discuss the convergence issue
as follows. Let (oP*,8”*) be the optimal parameter vector of Problem (P(p)), and let

u?”* be the corresponding piecewise constant control given by

() = S gP , 3.25
CACEDIL QT (3.25)

where
a* = [ab*, b ah)T, (3.26)
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ot = (a7, (o), (ah )], (3.27)
e 1 S (3.28)

In the original time horizon [0, t¢], we have

W) =D 0P e o (1), (3.29)
k=1
where
PE= 0, =1, (3.30)
k=1

Furthermore, let u* be the optimal control of Problem (P). Then, by virtue of the

discussion presented in Section 5 on Convergence Analysis of [18], it holds that

(i) go(uP™) —= go(u®) ;

(ii) if uP* — @ almost everywhere in [0, ¢¢], then @ is an optimal control of Problem (P).
From our extensive simulation study experience, we observe that p does not need

to be chosen to be too large. In fact, the difference in the cost values between p = 20

and those with larger p is, in general, very insignificant. Thus, p = 20 is chosen in our

numerical simulation.

4 Optimal Trajectory Tracking

We now move on to consider a situation for which the spacecraft is required to track a
desired trajectory, such that the fuel consumption and the terminal time are minimized.
To realize such an optimal tracking control problem, we only need to modify the cost
function J of Problem (P) as:

J=mrmmﬂ+wféWm@—m@f+wm—m@f+mm—z@ﬁ%

(4.1)
where (Z,, ¥r, zr) denotes the desired reference trajectory. Let this optimal trajec-
tory control problem be referred to as Problem (Q). Using the control parameterization
technique and the time scaling transform as described in Section 3, Problem (Q) is trans-
formed into Problem (Q(p)) , where the transformed cost function

1
J =mo = To(1) + T10(1) + / [(Z1(s) = 20 (9))” + (F2(5) = §r(5))” + (Fa(s) — 2:())")ds
0
(4.2)
is to be minimized over (2P x YP) subject to the system dynamic (3.11) with initial
condition (3.13) and the terminal state constraints (3.15) and (3.16), where Z,(s) =
T (E(5)), G (5) = Grlt()), 24(5) = 20(¢(5)).

The gradient formulas of the cost function (4.2) and constraint functions (3.15) and
(3.16) can be derived in the same way as those of Problem (P(p)) given in Theorem
3.1. The optimal control parameter selection problem (Q(p)) is thus solved utilizing the
optimal control software MISER. 3.3.
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Figure 5.1: Module velocity Vr. Figure 5.2: Thrust force P*.

5 Numerical Simulations

The initial conditions of the lunar module are given as: xro = 8.19371 x 10°m, yro =
1.428867 x 10%m, z0 = 5.996306 x 10°m, V10 = 1115m/s, Vyro = —981.82m/s, V.0 =
816m/s, mo = 600kg. At the initial time of the soft landing, the rotation angle v(to) =
0°. Specific impulse V., = 300 x 9.8m/s and angular velocity of the moon rotation
wr, = 2.661699 x 10~ 5rad/s.

We first consider the task of achieving the soft landing of the lunar module. The
landing target is in Mare Imbrium on the moon surface, which is located at 38.628°
North latitude and 36.806° West longitude. Control variables are chosen subject to the
bounds: 0 kg/s < of < 051 kg/s, [o5] < 1 °/s, |of| < 1 °/s, k =1,2,...,n,.
Terminal separation angle of the module between its longitudinal axis and the plumb line
is ¥y, = 5°. The scaled time interval is s € [0, 1] partitioned into 20 equal subintervals.
Terminal time of the soft landing is free to vary. The corresponding optimal parameter
selection problem is then solved by using the software MISER 3.3. Terminal conditions
of the lunar module obtained are listed below.

xr(ty) = 1.0871218 x 10%m, yr,(t;) = 1.0849749 x 105m, z7(t;) = 8.134568 x 10°,

Ver(ty) =1 x107*m/s, Vyr(tf) = 0m/s, Vor(ty) =2 x 10 *m/s.

Figure 5.1 shows the time history in the original time horizon [0, tf] of the lunar
module velocity. We see that it converges smoothly to zero as the module lands on the
moon. Figures 5.2, 5.4 and 5.6 are optimal control outputs during the period of soft
landing, also in the original time horizon [0, tf]. Here, we see that the reverse force
thruster works at its maximum thrust force all the time, while the two angular velocity
controllers are operating within their bounds. Under the optimal control law, the lunar
module is guided to the target precisely, and the optimal descent trajectory is shown
in Figure 5.3. Terminal mass of the module is 319.2728kg. Figure 5.5 depicts the time
scaling control. Lunar module lands on the moon surface vertically after 550.4455s, with
the terminal separation angle between the module longitudinal axis and the plumb line
I(ty) = —4.998°.

Our next task is to investigate the mission of the optimal trajectory tracking. Suppose
the desired trajectory is the one obtained from the solution of Problem (P). Suppose
that the initial position of the lunar module is given as 279 = 8.18348 x 10°m, yro =
1.428821 x 10m, 20 = 6.01136 x 10°m, which are different from those for Problem (P).
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Let this optimal tracking problem be referred to as Problem (Q). It is solved by using the
approach detailed in Section 4, where the optimal control software MISER 3.3 is utilized.
The optimal control obtained for Problem (P) is used as the initial guess for the search
of the optimal control of Problem (Q). Let the optimal control of Problem (Q) obtained
be denoted as v*. Then, under this control, the Lunar module is guided to the target
at the terminal time ¢; = 572.8s. The terminal velocity is 6.2e-4m/s, while the terminal
mass is 315.43kg. From Figure 5.7, we see that the optimal trajectory tracks the desired
trajectory satisfactorily.

6 Conclusions

This paper studied the soft landing of the lunar module, where its system dynamics is
described in a three-dimensional coordinate system. The constraints on the control and
the terminal state are also taken into consideration. By using the control parameteriza-
tion technique and the time scaling transform, the optimal control problem is solved as
an optimal parameter selection problem by the optimal control software package MISER
3.3, yielding an optimal control law. This optimal control law steers the lunar module
to achieve the pre-specified landing target precisely such that the fuel consumption and
the terminal time are minimized. The module touches down on the moon vertically with
reference to lunar surface. The task of optimal trajectory tracking was also formulated
and solved. The proposed approach is highly effective.
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