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Abstract: In this paper we deal with the problem of absolute stabilization for Lur’e
systems with time-varying delay in a range. An appropriate Lyapunov-Krasovskii
functional is proposed to investigate the delay-range-dependant stabilization prob-
lem.The time-varying delay is assumed to belong to an interval and no restriction on
its derivative is needed. Some relaxation matrices are introduced, which allow the
delay to be a fast time-varying function. Furthermore, a numerical example is given
to prove effectiveness of our main result.

Keywords: time-varying delay system; absolute stability; Lur’e system; LMI;
S-procedure; Shur complement; Lyapunov—Krasovskii functional.

Mathematics Subject Classification (2000): 93D05, 93D09, 93D15, 34D23.

1 Introduction

During the last two decades, considerable attention has been devoted to the problem of
delay-dependent stability analysis and controller design for time-delay systems. For the
recent progress, the reader is referred to [10] [111 19, 27] [33, B7]. It is well known that the
choice of an appropriate Lyapunov—Krasovskii functional (LKF) is crucial for deriving
stability criteria and for obtaining a solution to various control problems.

We shall note that studies of stability of time-delay systems have grown steadily.
Indeed, since 1940 all the results were delay independent see for examples [3, @] [15] 20,
22,129 [30]. But, the problem is that when the time-delay is small, these results are often
overly conservative, especially, they are not applicable to closed-loop systems which are
open-loop unstable and are stabilized using delayed inputs. That’s why, many efforts
were sacrificed to provide delay-dependant stability criteria.
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Since the introduction of absolute stability by Lur’e (1957), the absolute stability
problem of nonlinear control systems with a fixed matrix in the linear part of the system
and one or multiple uncertain nonlinearities satisfying the sector constraints has been
the subject of many researches see [2| [I8] [22] [25] 28], [34].

From the practical point of view and since in general the delay is not known, it is
worth considering it as time-varying [Bl [32] [35] 24]. For this object, one is interested in
conditions that constrain the upper and lower bounds of the delay and the upper bound
of the first derivative of the time-varying delay.

To the best of our knowledge, for the case where only the upper and lower bounds of
the interval time-varying delay are precisely known and the lower bound of the delay is
greater than zero, there is no result available for stability for such kinds of systems. It
should also be mentioned that even for the case where the lower bound of the time-varying
delay is zero and without considering the derivative of the time-varying delay, there
are few works available in the existing literature [7, [13, [6] using Lyapunov—Krasovskii
functional approach.

For this reason we are motivated to provide new stabilization criterion, in order to
improve those in which some useful terms are ignored, when estimating the upper bound
of the derivative of Lyapunov functional [8] [IT].

Those resulting criteria are applicable to both fast and slow time-varying delay, in
contrast with previous works in which the upper bound of the first derivative of the
time-varying delay was either restricted to one or completely neglected, see [13| 3T 36].
It is important to mention that this became possible since the free matrices M; and Mo
of the proposition provide some extra freedom in their selection.

The stabilization criterion is formulated in the form of Linear Matrix Inequality
(LMI). Moreover, we give an example to show the applicability of our main result.

Notation: Throughout this paper, R is the set of real numbers, R™ denotes the n
dimensional Euclidean space, and R™*™ is the set of all n x m real matrices. I is the
identity matrix. The set Cp r,, := C([—7am,0],R™) is the space of continuous functions
mapping the interval [—7ps, 0] to R™. The notation A > 0 is that the matrix A is positive
definite.

2 Stabilization of Nonlinear Delay System

Consider the following time-varying-delay control system

@) = Aox(t) + Ara(t — 7(t)) + Bw(t) + Gu(t),
y(t) = Cox(t) + Cra(t — 7(1)),
w(t) = =¥ y(t), (1)

where z(t) € R™ is the system state, y(t) € RP is the measured output, and the nonlinear
function ¢(.,.) : Ry x R? — RP? is assumed to be continuous and belongs to sector [0, K],
i.e ¢(.,.) satisfies

@ (t,y) [o(t,y) — Ky <0, V(t,y) € Ry x R?, (2)

where K is a positive definite matrix. The matrices Ay, A1, B, G, Cy, and C; are real
matrices with appropriate dimensions. The time delay 7(t) is a time-varying continuous
function that satisfies

0< 7y, <7(t) <7pm and 7(t) < p, (3)
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where 7,,, 7as and p are known constant reals.
Note that 7., may not be equal to 0. The initial condition of [ is given by

z(t) = o(t), t € [-Tm,0], & € Cporay-

It is assumed that the right-hand side of () is continuous and satisfies enough smoothness
conditions to ensure the existence and uniqueness of the solution through every initial
condition ¢.

The closed-loop system with the state control feedback

u(t) = Kx(t) (4)
is given by
() = (Ao + Gf{) 2(t) + Ava(t — (1)) + Bw(t). (5)
We first introduce the following definition.

Definition 2.1 The system (I is said to be absolutely stabilizable in the sector [0, K]
if there exists a control u(t) = Nz(t) such that the closed-loop system (Bl is globally
uniformly asymptotically stable for any nonlinear function (¢, y(t)) satisfying ().

The development of the work in this paper requires the following lemma which can
be found in [36].

Lemma 2.1 Let x(t) € R"™ be a vector-valued function with first-order continuous-
derivative entries. Then, the following integral inequality holds for any matrices
My, My € R™*™ and X = X T > 0, and a scalar function 7 := 7(t) > 0:

_/t_ LX< EOTED O O XD, ©)
where
= [ M+ My MY+ M, [ M ,_ x(t)
T .= [ o },rr - [ A },g(t)._ [ i ]

The following theorem gives a sufficient condition for stabilization of the system by
means a state feedback when the nonlinearity (¢, y) belongs to the sector [0, KJ.

Theorem 2.1 For given scalars 0 < Tp, < Tam, iy @iy Bi € R, @ = 1,2, if there exist
a scalar € > 0, positive definite matrices P >0, Q1 >0, Q2 >0, Q3 >0, Ry >0, R2 >
0, R3 >0, and a matrix Y € R™" such that the LMI

[ E11 Ei2 0 14 E1s Z16 Ei7 Eis 0 E110 E111
* Za2 0 0 Eas Z26 0 Eas 0 E210 211
* * 533 534 0 0 0 0 539 0 0
* * * =44 0 0 Ear 0 Z49 0 0
* * * * —25.] ‘I'MBT 0 Esg 0 T]\{BT 0

=y = * * * * * —Tm Ry 0_ 0 0 0 0 < 0, (7)

* * * * * * —71m Ry 0 0 0 0
* * * * * * Zgs 0 0 0
* * * * * * * * Zo9 0 0
* * * * * * * * * —TMR_3 0

L * * * * * * * * * * —TmR3
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where

En=PAo+ M +o))T+ (Ado+ (M +a))P+GY +YTGT + Q1 + Q2 + Qs,
12 = A1P + (a2 — a1) P,

Eu = (2= A\1)P,

=15 = B—G?CJK,

S5 =TuPA] + ™Y TG,

E17 = MTm Ry,

Ei18 = (Tar — Tm)PAS + (tsr — 7)Y TG,
Z110 = TMPA] + Y TGT,

Zi11 = a17m Rs,

Ep = —(1 - 1)Qs — 202P,

Zgs = —€PO K,

Zo6 = T PAT,

Zas = (Tar — T ) PA],

E010 = TMPA],

Z211 = azTm R,

S35 = —Q1 426, P,

Zs34 = (B2 — A1) P,

Zs9 = B1(Tar — Tm) Ra,

Eu=—-Q2—2( 2+ A)P,

Eur = Aot Ry,

E49 = B2(Tas — Tm) Ra,

Zs8 = (Tm — Tm) BT,

Zss = — (T — 7im) Ra,

E99 = —(Tm — i) Rz,

holds. Then the origin of the controlled system () is stabilized by the linear state feedback

{4), where
K=YP

Proof Let 0 < 7, < Tar, A1, A2, a1, a2, B1 and Py be fixed reals. Suppose that
there exist a scalar € > 0, positive definite matrices P > 0, Q1 > 0, Q2 > 0, Q3 >
0, Ry >0, Ry >0, Ry >0, and a matrix Y € R"*" such that the LMI ([@ is satisfied.
Let as denote by 5/2 the new matrix obtained after making these changes in the matrix
=9
P'=PP QP ' =Q.P @GP =Q P QP =Q R =
Ri, Rs ' =Ry, Rs ' =Rs, KP~' =Y, M; = \;P, N; = B;P, Si = a;P, i = 1,2.
Then the LMI () is equivalent to the feasibility of the following LMI

TTE, T=52 <0, (8)
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whereT:diag{P, P, P, P, I, Rl, Rl, RQ, Rz, Rg, Rg},

[E11 Ei2 0 Z14  E15 Z16 mME  Eis 0 Z110 ST ]
* 522 0 525 ‘I'MA’{Rl 0 Ezg 0 ‘I'MA’{Rg TMS;
* * Z33 Z34 0 0 0 0 E39 0 0
* * x  Zg O 0 T MFT 0 Eg 0 0
_ * * * x« Zs5 TmBTR; 0 Zss 0 7uBTR3 0
=1 = * * * * * —Tm R1 0 0 0 0 0 < 0,
* * * * * * —71m Ry 0 0 0 0
* * * * * * * =388 0 0 0
* * * * * * * * Zo9 0 0
* * * * * * * * * —7ym R3 0
L = * * * * * * * * * —TmR3
where
— T\ T % T T
=11 = (A0+GK) P+P(A0+GK)+Q1+Q2+Q3+M1 +M1+Sl + S,
- T
=12 = PAl _Sl +S2,
= T
=14 = _Ml + MQ,
Zi5 = PB—¢C) K
- T
S = TM(Ao-l-GK) Ry,
— (AT
Z110 = TM(Ao-l-GK) R3,
—_ T
B2 = —(1—-p)Qs— S5y — 52,
- T
=25 = —€ Ol K,
= T
sz = —Q1+N; + Ny,
= T
=34 = _Nl + Ng,
By = —Qo— M —M,— N —N.
B = —Q2 2 2 2 25
555 = —2e I,
- T
=iy = (TM —Tm)(AQ+GK) Rs,
- T
=28 (Tar — Tm) A7 Ry,
- T
Ess = (Tm —Tm)B" Ra,
Egs = —(Tm — Tm)Ra,
= T
E39 (Tar — T )NY
— T
249 (TM - TTII)NZ )
Eg9 —(Tar — ™) Ra.

Next let us consider the Lyapunov—Krasovskii functional candidate

V(t,z) = z'(t)Px(t) + / z ' (5)Qrx(s )d8—|—/ z ' (5)Qox(s)ds

t
+/ $)Qsx(s ds+/ / (s)R1&(s)dsdb
t—7(t) —7m Jt+0
—Tm t
+/ / )RQ!E( )dsd9
t+6
/ / (s)Rsi(s)dsdb.
7(t)

Recall that matrices P, Q;, R;, i = 1,2,3 are positive definite as well as the matrices

P, Q;, R;, i = 1,2,3. Then the derivative of V' along the trajectories of system () is
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given by

V(t, Jﬁt)

I.ELLOUZE, A.BEN ABDALLAH AND M.A.HAMMAMI

= 2T (t)Px(t) + 2T (1)Qua(t) — ' (t — Tw)Qua(t — i)
+2 T (#)Qax(t) — " (t — Tar) Qo (t — Tar)
" (H)Qsx(t) — (L—7(t)x " (t — 7(t)Qsa(t — 7(t))

e (8 Rad(t) — /t, T (s) Ruii(s)ds

+(Tar — Tim)i " (t)Rodi(t) — /t —Tmi | (8)Roi(s)ds

+7(t)d " (t)Rsi(t) — / @' (s)Rsi(s)ds (9)
t—7(t)

Using (@) and applying the integral inequality (@) to the right-hand side of [@]), we obtain

Vit,z) < 2&" ()Px(t)+ 2" (4)[Q1+ Q2+ Qsla(t) — 2 (t — 7n)Qua(t — )
fCT(t TM)sz(t — ) = (1= p)a " (t — 7(t)Qsz(t — 7(t))
+xT(t)[TMR1 + (7o — Tm) R + Tar Ra]2(t)
& (OT1& () + m&l (T Ry Té4 ()
+§2 (1) Y2&a(t) + (Tar — Tm )& (£)Tg Ry 'Taa(t)
+&4 (1) Ts&s(t) + aréd (T3 Ry 'Tsés(t)
with
- T T T
o= o= [4 [ 3g]
B x(t — T T T _NT
&(t) = m((f—ﬁ\n;% ]’F;: [ xj ]’T2: [ M :—Nl _%;Ti—%j ]’
. T T T
&) = m(t—(?(t)) ]’F;: [ g; ] Ts = { e _ﬁifﬁi ]

Rearranging the terms of the right-hand side yields:

where

V(t) <n'(t) In(t),

Iy, Iy 0 Il Igs x(t)
* Hgg 0 0 H25 x(t - T(t))
* * H33 H34 0 5 ’I](t) = Z‘(t - Tm)
* * x Ilyy O x(t — )
* * * x  IIs5 w(t)
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with

My = (Ag+GK) P+ P(Ay+GEK)+ Q1+ Q2+ Qs +
(Ao + GK) Ry (Ao 4+ GK) 4 (Tas — 7 ) (Ao + GK) TRy (A + GK) +
(Ao + GK) T R3(Ag + GK) 4+ M[" 4+ My + ma M R M,
+7u Sy R3Sy + 8] + 51,

Iy = PA +71a(Ao+GK) RiA, + (tar — i) (Ao + GK) TRy Ay +
m2(Ag + GK) T R3A; — S| 4 Sy + 70y S1R5 ' So,

My = —M + M+ 7y M R Mo,

s = PB+7y(Ao+GK) RiB+ (13 — ) (Ao + GK) "RyB +
(Ao + GK) T R3B,

Moy, = —(1—p)Qs— Sy — Sy +7arA] RiAy + (Tar — Tim) A} RoAy + iy A R3 Ay
+70Sy Ry 'S,

Moy = 7mA{ RiB+ (T — ) Al RoB + 1y A] R3B,

M3 = —Q1+ N, + N+ (tm — 7)) N{ Ry 'V,

M3y = —N,' + No+ (tar — 7o) Ny Ry 'NY,

My = —Qy— My — M+ 7y My Ry'Ms + (Tay — 7)) Ny Ry "Ny — Ny — Ny,

s = 7uyB R{B+ (Tm — Tm)BTRzB + 7 BT R3B.

A sufficient condition for asymptotic stability of the system () is to show that
V(t) <n' (0)Hn(t) <0 (11)

for all n(¢) # 0. Then using (8) and Shur Complement we can see that the LMI (8] is
equivalent to the following:

Y11 Y12 Y13 Yiga Xis

¥ Yoz a3z Xag Xos

Y= * ¥ YMaz X3 235 | <O
* * * 244 245
* * * *  Xss

with Zij = Hija (Z,] = 1,2,3,4), 215 = H15 — € COTK, 225 = H25 — € CFK, 235 = H35,
Y45 = Iy5, Y55 = 55 — 2¢ I. On the other hand, by using the S-procedure and (2)) we
have

nT ()T nt)=n" () Tnt) — 2w’ (Hw(t) —2ew’ (t) [KCox(t) + KCrx(t —7)] < 0 (12)
for all n(t) # 0. This completes the proof. O

Example 2.1 Consider the time delay system (I with the nonlinear function
satisfying () with

-3 0 -10 -1 0
AO:[O —3]"41:[0 1]’32{0 —1}76":[_1 -1

10 0 -1 0.005 0
CO_[O 1]’01_{—1 —2}’K_[ 0 0.005]' (13)
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Let the extra parameters be fixed to:

T = 1074 72 = 0.088, = 0.01, \; = —1, Ao = —1.2,
ay =—02, a2 =0, 81 =0, B2 =0,

then by Theorem 1, we have ¢ = 0.6809 and

Q1

Ry =

?:

[ 0.9955 0.1991 o 24678 —0.5239 1 — [ 1.1643 0.0690

~ 1 0.1991 0.9955 |’ 27 | —0.5239 2.0589 |’ “* | 0.0690 1.1153 |’
4.2714 04606 | - _ [ 13.6586 —0.0274] 5 [ 13.1236 —0.0336
0.4606 4.1847 | "2 7 | —0.0274 13.6260 |’ "* ~ | —0.0336 13.0996 |’

0.4781 —0.3380
—0.3380  0.3095

} , Y =[ 11971 1.6605 |, K = [ 27.6255 35.5345 |.

3 Conclusion

The

problem of absolute stabilization of a class of time-varying delay systems with sector-

bounded nonlinearity have been considered. New delay-dependant stabilization criterion
with sector condition has been proposed. A new result is given and illustrated by nu-
merical example, treated with Matlab, in order to show effectiveness of the main result.
This criterion has been formulated in the form of linear matrix inequalities (LMI).
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