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Abstract: In this paper, a strongly damped semilinear integrodifferential equation
has been considered and reformulated as an abstract second order integrodifferential
equation in a Banach space. The local existence and uniqueness of a classical solution
is estabilished. The continuation of classical solution, the maximal interval of the
existence and the global existence of the classical solution have been also studied.
Finally an application of the established results is demonstrated.
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1 Introduction

Let © be a bounded domain in RY with sufficiently smooth boundary dQ and Lu =

vajzl % a;j(z) %) be a symmetric second order strongly elliptic differential operator
) 7 J
in Q2. Consider the following initial boundary value problem for the strongly damped

partial integrodifferential equation,

2u(z wlz "
% + (aL+bI) <¥) + (cL +dlu(z,t) = h(x,t,u(a:,t),%)
+ . k'(t—S)g <x,s7u(x75)7%> ds,
(2,1) € x (to,T), 0<T < oo, O
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with initial conditions
ou(zx, to)
ot

and the homogeneous Dirichlet boundary conditions, where a > 0, b, ¢, d are constants
and h and g are smooth nonlinear functions and k is a locally p-integrable function for
1 <p<oo.

Duvaut and Lions [5], Glowinski, Lions and Tremolieres [7] have studied particular
case of () in which L = —A and k = 0, in the context of the theory of viscoelastic
materials.

We may rewrite () with initial and homogeneous Dirichlet boundary conditions in
the abstract form as the following initial value problem in the Banach space H = L%(Q),

u(z, tg) = xo(x), =zi(x), x€Q,

di;gt) +A (%—?) + Bu(t)
=f <t,u(t), d?;—it)) + /tt k(t—s)g <s,u(s), dTZZ—iS)> ds, t>to,
u(to) = zo, u'(ty) = xl.o (2)

where operator A with domain D(A) = H?(Q) (" H(Q) is given by
Au = alLu, ue D(A),

and the operator B is such that D(A) = D(B) with B = (¢L + dI) for some constants
¢ and d. The function f is defined from Ry x H x H into H given by f(t,u,v) =
h(t,u,v) — bv. We assume that —A generates an analytic semigroup T'(¢) in X. The
nonlinear maps f and g satisfy the assumptions (F) and (G), respectively, and the kernel
k satisfies (K) stated in the next section.

In this paper, we concentrate on the study of the abstract second order semilinear
integrodifferential equation

u(t) + Au'(t) = f(t,u(t),u'(t)) —|—/ k(t —s)g(s,u(s),u'(s)) ds,

u(to) = wo, u'(to) = 1, D (3)

as we can merge the term Bu in the function f so that the modified function f still
satisfies the assumption (F).
Sandefur [I0] has studied the second order semilinear differential equation

u”(t) + Au/(t) + Bu(t) = f(t, u(t)),
u(0) = ¢, u'(0) =1, (4)

in a Banach space X under the assumptions that the linear operators A and B can be
decomposed as —A = A; + A; and B = A3 A;, where each Ay generates a Cy-semigroup
Ti(t), k = 1,2 ; and the function f satisfies a locally Lipschitz condition. He has
established the local existence and uniqueness of a mild solution to (@), i.e., there exists
a continuous function u on [0, ¢] for some ¢ > 0 such that u satisfies the integral equation,

u(t) = Ti(t)p + /OTl(t—T)Tg(T)(g/J—Aqu)dT

+/0 /0 To(t — 7)To(t — ) f(s, u(s))dsdr,
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where ¢ € D(A;). Aviles and Sandefur [I] have studied the well-posedness of (@) under
the similar conditions.

In [3] Bahuguna, Shukla and Singh have considered initial value problem (2] with the
kernel £k =0 and tg = 0 i.e.

dut) 4 <d“(t)> + Bu(t) = f (t,u(t), du(t)) , >0,

dt? dt dt
w(0) = zg, «'(0) = ;.

in real Banach space and used the method of semidiscretization in time to prove the
existence, uniqueness and continuous dependence on initial data of a solution to this
initial value problem and discussed their application to the viscoelastic models involving
short and long memory effects.

Bahuguna [2] has considered the following special case of ([B]) with the kernel k = 0,

u'(t)+ AU (t) = ftu(t),d(t)),
u(to) = wo, u'(t) = o1, (5)

and established the existence, uniqueness, continuation of a solution to the maximal
interval of existence, and the global existence of a strong solution and a classical solution
for this special case. He has assumed that —A generates an analytic semigroup T'(¢) in
X and the nonlinear map f satisfies an assumption similar to the assumption (F).

Engler, Neubrander and Sandefur [6] have proved the local existence and uniqueness
of a mild solution to (Bl) under the assumptions that — A generates an analytic semigroup
T(t) in X and f satisfies a condition similar to the assumption (F), where a mild solution
on [to,t1), for some t1 > tg, to (B is the first component of a solution (u(t),v(t)) of the
integral equations

u(t) = o+ (T(t—to) —I)(—A) 'ay

+/t(T(t —5) — I)(—A)*lf(s,u(s),v(s))ds, to <t <tq,

to

v(t) = Tt —to)x: —|—/ T(t—s)f(s,u(s),v(s))ds, to<t<t.

to

Bahuguna [2] has improved the results of [6] by showing that (&) has a unique local
classical solution, i.e., there exists a unique u € C([to,t1); X) N C?((to,t1); X) and
satisfies (@) on [to, 1) for some t; > to. Further, he has established the continuation of
this solution, the maximal interval of existence and the global existence.

In [4] Bahuguna and Shukla studied the Faedo-Galerkin approximation of solutions to
the initial value problem (@) in a Hilbert space. Pandey, Ujlayan and Bahuguna considerd
an abstract semilinear hyperbolic integrodifferential equation in [9] and used the theory
of resolvent operators to establish the existence and uniqueness of a mild solution under
local Lipschitz conditions on the nonlinear maps and an integrability condition on the
kernel. Under some additional conditions on the nonlinear maps they also proved the
existence of a classical solution.

In this paper we show that (@) has a unique local classical solution, i.e., there exists
a unique u € C*([to,t1); X) N C?((to,t1); X) satisfying (@) on [t,t1) for some t; > to.
Further, we discuss the continuation of this solution, the maximal interval of existence and
the global existence. We achieve these objectives by extending the ideas and techniques
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used in the proofs of Theorems 6.3.1 and 6.3.3 in Pazy [§], concerning a semilinear
equation of the first order, to [B). For the global existence, we require a modified version
of Lemma 4.1, stated and proved at the end of the fourth section in [2]. Finally in the
last section we demonstrate an application of the results established in earlier sections.

2 Preliminaries and Assumptions

Let X be a Banach space and let —A generate the analytic semigroup T'(¢t) in X. we
note that if —A is the infinitesimal generator of an analytic semigroup then —(A + o)
is invertible and generates a bounded analytic semigroup for a > 0 large enough. This
allows us to reduce the general case, in which —A is the infinitesimal generator of an
analytic semigroup, to the case where the semigroup is bounded and the generator is
invertible. Hence, for convenience, without loss of generality, we assume that T'(¢) is
bounded, that is ||T'(t)|| < M for t > 0 and 0 € p(—A), i.e., — A is invertible. Here p(—A)
is the resolvent set of —A. It follows that, for 0 < o < 1, A% can be defined as a closed
linear invertible operator with its domain D(A®) being dense in X. We denote by X,
the Banach space D(A%) equipped with the norm

€]l = [A%],

which is equivalent to the graph norm of A%*. For 0 < a < 3, we have Xg — X, and
the embedding is continuous.
We consider the problem

u’ (t) + Au'(t) = f(t,u(t),u'(t)) +/ k(t — s)g(t,u(t),u'(t))ds, t> to,

u(to) = 2o, u/(to) =T1. (6)

On the kernel k£ we assume the following condition.
(K) The kernel k € L7 (0,00) for some 1 < p < oo is locally Hélder continuous on
(0,00) i.e.,

|k(t) — k(s)| < Lg|t — s|* for s,t€(0,00) and 0<p<]l.

The nonlinear functions f and ¢ satisfy the following assumptions on an open subset U
of Ry x X3 x X,.

Assumption (F): A function f is said to satisfy the assumption (F) if for every
(t,x, &) € U there exists a neighborhood V' C U and constant Ly > 0, 0 < ¢ < 1, such
that

1F (8,21, 20) = f(t w2, T2) | < Lylltn — to|” + [lo1 — 22]l1 + |21 — Z2la], (7)

for all (t;,x;,2;) € V.

Assumption (G): A function g is said to satisfy the assumption (G) if for every
(t,z,Z) € U there exists a neighborhood V' C U and a nonnegative function L, €
L1 (0,00) where 1 < g < oo, % + é =1 such that

loc

lg(t, 21, 21) — g(t, 2, Z2)|| < Lg(®)[[[x1 — 22ll + (|21 = Z2la]; (8)

for all (t,x;,%;) € V.
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Definition 2.1 By a local classical solution to (@) we mean a function u €
CL([to, t1); X) N C%((to, t1); X) satisfying (@) on [to,t1) for some t1 > t.

Definition 2.2 By a local mild solution to (@) we mean the first component of a
solution (u,v) to the pair of integral equations

u(t) = $o+(T(t—to)—f)(—A)*1$1+/ (T(t—s) = D(=A) " [f(s,u(s),v(s))

to

+ /tS k(s —1)g(r,u(r),v(1))dr]ds, to <t <t,

o(t) = T(t—to)x1+/ T(t— s)[f(s,u(s),v(s))

to

+ [ bl = ngrutr) or)drlds, o<t <, o)
to
on [to,t1) for some t1 > to.

3 Local Existence of Solution

As we have already pointed out, without loss of generality, the semigroup generated by
—A, can be assumed to be bounded and A is invertible. Under these conditions imposed
on A we prove the following local existence and uniqueness theorem.

Theorem 3.1 Suppose that —A generates the analytic semigroup T'(t) such that
1T < M and 0 € p(—A). If the maps f and g satisfy assumptions (F) and (G),
respectively, and the kernel k satisfies (K) then (@) has a unique local classical solution.

Proof Fix (to,zo,x1) in U and choose t] > to and 6 > 0 such that (), with some
fixed constant Ly > 0, 0 < ¥ < 1 and () with the nonnegative function L,4(¢) hold on
the set

V= {(t,x,i) eU | to <t < tll, ||{E - {E()Hl + ||f - {E1||a < 5}

Let
Bf = t
f torgffxt/l Hf( 7x07x1)||7
B, = t
g tgrg?gxt’l ”g( 7x07x1)||
and

1
C(6) = [Ly + Ikl Loto.e) | LgllLageo,e)]0 + By + Byllkl| Lo (so,41) () — o).

Choose t1 > tg such that

HT(t — to)l‘l — 33‘1” + ||T(t — tQ)Aal‘l — Aal‘ln <

Wl >

and

b to <min {#, — 10, SO + )7 CO) 561 - @)C0) ] |
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where C,, is a positive constant depending on « and satisfying
[A“T(#)|| < Cot™ for t>0. (10)

Let Y = C([to,t1]; X X X). Then y € Y is of the form y = (y1,42), yi € C([to,t1]; X),
1 =1,2. Y, endowed with the supremum norm,

1y g2)lly = sup [yl + ly=(E)ll]

to<

is a Banach space. We define a map F on' Y by Fy = F(y1,y2) := (91, 92) with

Qi) = Azo— (T(t—to) — Dar — / (T(t — ) — I)F) (s)ds,

to

Bo(t) = T(t—ty) A% + / Tt — ) A (5)ds, (11)

to

where
Fy(t) = f(t, A"y (1), A= %ya(t)) +/t k(t —1)g(m, A" ya (1), A~ “ya(7))dr,

for t € [to, 1].

For every y € Y, Fy(to) = (Azo, A%21), and the assumptions (F) and (G) on f and
g, respectively, and (K) on the kernel k£ imply that F': Y — Y. Let S be a nonempty
closed and bounded set given by

S={yeY ly=(y1,92),y1(to) = Azo, y2(to) = A%x1, |ly1(t)—Azol|+ly2(t) —A%z1 || < 6}
Let y = (y1,y2) be any element of S. We have from (I
[91(t) — Azol| + [|F2(t) — A% ]|

< II(T(t—to)—I)$1II+/t 1T (¢ = s) = I[l[|F(s)l|ds
(Tt = to) — DA% +/t [AST (& = s)[l[|F7 (s)l|ds. (12)

To find the estimate for Fy(s), we add and subtract f(s,zo,21) and g(s, o, 1) and using
(F), (G) and (K), we get

IFy ()l < 11 (s, A ya(s), A™%2(s)) — f(s, 20, 21) || + By
+/ k(s = 7)l[llg(r. A yu(7), A %ya (7)) — g(7, 20, 21)|| + Byldr

to

1

[y + 1kl Letor) 1 Lgll Lato,e)]0 + By + Bgllkll Lo t,e) (ty — to)
C(6). (13)

Using the estimate ([3]) and the fact that ||T(¢)|] < M together with (I0) and ([I2)), we
get

IN N

CoC(6)(t —to)t—@

192 () — Aol + [|92(t) — A%a || < I~ o

+ (M +1)CO)(t—to) +

IN
S Wl
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Hence, F : S — S. Now, we show that F' is a contraction on S. Let (y1,y2) and (21, 22)
be any two points of S. From ([I]) we have

19:() = 2@ + [l92() — 2@ < /tIIT(t—S)—IIIIIFy(S)—Fz(S)IIdS

+/t 1T(t = s)A% ||| Fy(s) — F=(s)l|ds. (14)
Using (F), (G) and (K), we get

[1Ey(s) = F=(s)]|
< |1f (s, A yn(s), A™%2(s)) — f(s, A7 21(s), A% 22(s)) |

S

+ [ la(s = 7llg(r, Ahyi (), A= ya(7) — g(r, A7 21 (1), A= 2o (7)) | dr

to
< [Lg 4 Rl Loco,e) [ Lol Lageoep ]l (W15 y2) = (21, 22) [y
c(6
< 1, m) — 1,2l (15)

Using ([I3) in ([Id)), we get

() =A@+ [lg2(t) — 20)|
< (M + 1)05(5)@ —t0) N Oac(di(t — o)t

[(y1,y2) — (21, 22) ||y

2
31 W1,92) = (1, 22) Iy

IN

Taking supremum over [tg,t1], we have

A A 2
|1, 92) — (21, 22)|ly < =ll(y1,92) — (21, 22)|lv-

Thus, F' is a contraction on S. Therefore, it has a unique fixed point in S. Let § =
(y1,92) € S be that fixed point of F'. Then

nt) = Axg— (T(t—to) —I)xy — / (T(t—s) —I)Fy(s)ds,
B(l) = T(t—1ty) A% + / "t — ) Ay (5)ds, (16)

where

Fy(t) = f(t, A7 (1), A= 2(t) + [ k(t = 7)g(r, A7'gu (), A= ga(7))dr.

to

We note that (u,v) = (A~1y1, A=%yp) is the unique solution of the integral equations
@) on [to,t1]. We can easily check that the assumption (F) and the continuity of 3
and g on [to,t;] imply that the map ¢ — Fj(t) is continuous and hence bounded on
[to,t1]. Let ||[F5(t)|| < N for tg <t < ¢1. We will now show that ¢t — Fj(t) is locally
Holder continuous on (tg,t1]. For this we first show that 7 and g2 are locally Hélder
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continuous on (tg,t1]. From Theorem 2.6.13 in Pazy [§], for every 0 < 8 < 1 — o and
every 0 < h < 1, we have

I(T(h) = AT (t = s)|| < Cph?|ATPT(t — s)[| < ORP (¢ — 5) =+ (17)

Now

G2t +h) =g < [[(T(h) = AT (t — to)x: | +/t||(T(h) — AT (t—5)Fy(s)||ds

t+h
—|—/ |AYT (t + h — s)Fy(s)||ds := I + Iz + I3 (respectively).
t

We use ([I7) to get
L < Ct—to) @Pnf < MAP,
t NChB(t — t,)1—(a+8)
< NCh'B/ (t—s)" (@A ds = ChE(t — to)
to 1= (a+p)
~ NC,h'™®
 1l-a

A

I < MyhP,

t+h
I3 < NCa/ (t+h—s)@ < Msh”.
t

Here M; depends on t and increases to infinity as t | to, while My and M3 can be
chosen independent of ¢. From the above estimates, it follows that there exists a positive
constant C' such that for every t{, > to,

|72(t) — Ga(s)|| < Clt —s|?, for ty <ty <t s<t.

Similar result holds for g (if we take o = 0 in the above consideration). For s,t € (to, t1]
with ¢ > s we have

1F5(t) = Fy(s)ll - < (8, A7 (), A=92(t) — f(s, A7 g (s), A=52(s)) |

o [k(t —7) = a(s = 7)lllg(r, A= (), A= (7)) | dr

to
t
+ [ b= )llgtr. A7 (7). A () ar
Since k is Holder continuous with the exponent p, we have
/ lk(t —7) — k(s = 7)lllg(r, A" g1(7), A= 3 (7)) |dT < N(t1 —to)|t — s, (18)
to
and
t
/ [k(t = 7)lllg(m, A= (1), A= %ga(m)) ld7 < Nko(ts — to)*[t — s|' %, (19)

where ky = max <i<¢, |k(t)]. The local Holder continuity of Fj(t) on (to,t1] follows
from the assumption (F), and the local Holder continuity of g7 and g2 on (fo,t1] and
from estimates (I8)) and ([I9]).

Consider the inhomogeneous initial value problem

do(t)
dt

+ Av(t) = Fy(t),  v(te) = 21 (20)
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By the corollary 4.3.3 in [§], (20) has a unique solution v € C1((to,t1]; X) given by

o(t) = Tt — to)ar + / T(t — 5)Fy(s)ds, (21)

to

for t > tg. Each term on the right hand side belongs to D(A) and hence belongs to
D(A%) since D(A) C D(A%), 0 < o < 1. Operating on both sides of ([2I]) with A%, we
find that

t

A%(t) = T(t — to) A%y + / T(t — 5)AFy (s)ds. (22)
to

By (I6), the right hand side of ([22]) equals to g2(¢) and therefore A*v(t) = ya(t), i.e.,

v(t) = A= %a(t). Let u(t) = A~ 1y1(¢), then we have u(t) = o + ftz v(s)ds which yields

u(t) € C1([to,t1); X) N C%((to,t1); X). Thus, u satisfies (@) on [to,t1). O

4 Global Existence of Solutions

In this section we will prove, under additional growth conditions on the nonlinear map
f and g, the following global existence result.

Theorem 4.1 Let 0 € D(—A) and —A be the infinitesimal generator of an analytic
semigroup T(t) such that |T(t)|] < M fort > 0. Let f,g : [0,00) x X1 X Xoq — X
satisfy the assumptions (F) and (G) respectively and let k satisfy (K). If there exist a
nondecreasing function ay : [tg,00) — Ry and a nonnegative function ag € Li (0, 00),
where q is the same as before, such that

”f(tvxvj)” < af(t)[l + ||$||1 + Hj”(l]v fO’l“ t > 1o, (x,:f) € X1 x Xa,
gtz 2)| < ag®)[1+|zlr+|Zlla], for t=to,(2,7) € X1 X Xa,

then for each (xg,x1) € X1 X X4, [@) has a unique classical solution u which exists for
allt > tg.

Proof Let [tg,T) be the maximal interval of existence for the solution u to (Gl
guaranteed by Theorem [B]). It suffices to prove that [||u(¢)|[1 + |[|[v(¢)||e] < C on [to, T)
for some fixed constant C' > 0 independent of .

Now, since u(t) is a solution of (@) on [to, T), it is also a mild solution to (6l therefore
from (I6]), we have

Au(t) = Axg — (T(t —to) — a1 — /t(T(t —5) — I)F(s)ds,

to

AU (1) = Tt — 1) Aay + / “T(t ) A F(s)ds, (23)

to

where

F(t) = f(t,u(t),u(t)) —|—/ k(t —1)g(r,u(r),u (7))dr.

to
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From (23)), we have

L+ fumll + ' (lla) = [+ [[Au(m)] + A% ()]
L+ [|Azo|| + (M + Dl ]| + (M + 1)/t 17 (s)llds

IN

n _
Moo+ [ Calty = 9) 1B (s)ds. (24)
to
The assumptions on f, g and k imply that

IFI < 1fEu), ' @)l +/tsIk(s—T)IIIQ(T,U(T),U’(T))IIdT

sup [LfJu(m) 1+ f[u'(7)]lo]- (25)

IN

(af(T) + |kl Lo (to, 1) llagll Lacto,T))
Using (28) in (24), we get

[+ fumll + ' ()lla] - < C71+C2/t77 sup [1+ [Ju(r)ll1 + [u'(7)[la)ds

o to<T<s

CB/tn(ﬁ—S)_o‘ sup [1+ [Ju(r)ll1 + |u'(7)la]ds.

to<T<s

Hence, we have

sup [1+ [lu(m)ll + [['(n)lla] < Ci +C2/t sup [1+ [lu(7)ll1 + [[o'(7)]la)ds

to<n<t 0 to<T<s

Cs/t (t—=s)" sup [L+[lu(m)]x +[lv'(7)]alds.

to<7t<s

Using Lemma 4.1 in [2], we obtain sup, <, <,[1+ [lu(n)[|1 + [« (n)[lo] < C. O

5 Example

Let Q = (0,1) and H = L?*(Q). Consider the following initial boundary value problem

0?u(x,t) Pu(x,t) 0?u(z,t) Ou(x,t)
a2~ oo T (x’t’“(x’t)’ 02 ' ot )
t
+ k(t—s)G <m, s, u(z, s), 8u(x,s)) ds,
to 38
(2,t) € Q x (to,T), 0<T <0 (26)
with the initial conditions
Ou(z,tg)

u(%,to) = Z‘O(J)), = $1(3)), T €,

ot

and the boundary conditions

u(0,t) =u(l,t) =0, te€(t,T), 0<T <o
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F and G are sufficiently smooth nonlinear functions and £ is a locally p-integrable func-
tion for 1 < p < oo.
We define the operator A with domain D(A) = H?(2) (" H} () as follows

0%u
0x?’
Here clearly the operator A is self-adjoint with the compact resolvent and is the in-

finitesimal generator of an analytic semigroup 7'(t). Now we take o = 1/2, D(A'/?) is
the Banach space endowed with the norm

Au = u € D(A).

l2llr/2 = |AY22], = € D(AY?).

Using the above definition of the operator A the equation (28] can be reformulated
as the following abstract equation in H

u'(t) + Au'(t) = f(t,u(t),u'(t)) —|—/ k(t —s)g(s,u(s),u'(s)) ds,

to

u(to) = wo, u'(to) = 1, (27)

where u(t)(z) = u(z,t), the function f is defined from [to, T] x D(A) x D(AY?) into H
such that

F(tu(t), o' ()(2) = F (m uz,t), Lelet) Qula t>>

and g is defined from [ty,T] x D(A) x D(A'?) into H such that

g(t,u(t),v' () (z) =G <x,t,u(m,t), ot

It can be varified that the assumptions in earlier sections for (27 are satisfied and hence
the existence of a unique classical solution is guarenteed.
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