Volume 10, Number 4, 2010 ISSN 1562-8353

NONLINEAR DYNAMICS AND SYSTEMS THEORY

An International Journal of Research and Surveys

Volume 10 Number 4 2010

CONTENTS

Functional Differential Equations with Nonlocal Conditions
N Banach ..o e 317
D. Bahuguna, R.K. Shukla and S. Saxena

Liapunov Functionals, Convex Kemels, and Strategy .........c.ccccoveeeeirernnens 325
T.A. Burton

Homoclinic Orbits for Superquadratic Hamiltonian Systems with

SMAIL FOTCING ...cvviiiiiiiiiiieieit e 339
A. Daouas

Painleve Test to a Reduced System of Six Coupled Nonlinear ODEs ......... 349

B. S. Desale and K. D. Patil

Design of Decoupling Nonlinear Controllers for Fuzzy Systems ................ 363
J.-Y. Dieulot and N. Elfelly

Existence of the Unique Solution to Abstract Second Order
Semilinear Integrodifferential EQUations ...........ccccevvienieeiienieniieiiecieenee. 375
Reeta S. Dubey

Synchronization of Chaotic Systems by the Generalized

Hamiltonian Systems Approach ..........ccccoeviiiiiiiiniiiinieeeeeeeeee e 387
S.H. Fu and L.J. Pei

On Stability of Hopfield Neural Network on Time Scales ...........c.cccoeeueeee. 397
A.A. Martynyuk, T.A. Lukyanova and S.N. Rasshyvalova

Equilibrium States for Pre-image Pressure ..........ccccceeevveviienieeciieneenieeneene, 409
Kesong Yan, Fanping Zeng and Gengrong Zhang

Contents of Volume 10, 2010 ...oooovumiiiiiiiiiieiiiiiieeeeeeeeeeeeee e eeneeeeee e 417

AJO3FHL SINFLSAS R SOINVNAQ dVINITNON

‘b "ON ‘O] dwINjoA

010¢

Nonlinear Dynamics
and
Systems Theory

An International Journal of Research and Surveys

EDITOR-IN-CHIEF A.AMARTYNYUK
S.P.Timoshenko Institute of Mechanics
National Academy of Sciences of Ukraine, Kiev, Ukraine

REGIONAL EDITORS

P.BORNE, Lille, France
Europe

C.CORDUNEANU, Arlington, TX, USA
C.CRUZ-HERNANDEZ, Ensenada, Mexico
USA, Central and South America

PENG SHI, Pontypridd, United Kingdom
China and South East Asia

K.L.TEO, Perth, Australia
Australia and New Zealand

H.ILFREEDMAN, Edmonton, Canada
North America and Canada

© 2010, InforMath Publishing Group ISSN 1562-8353 Printed in Ukraine
To receive contents and abstracts by e-mail, visit our Website at: http://www.e-ndst.kiev.ua

InforMath Publishing Group

http://www.e-ndst.Kiev.ua




Nonlinear Dynamics and Systems Theory
An International Journal of Research and Surveys

EDITOR-IN-CHIEF A.A.MARTYNYUK
The S.P.Timoshenko Institute of Mechanics, National Academy of Sciences of Ukraine,
Nesterov Str. 3, 03680 MSP, Kiev-57, UKRAINE / e-mail: anmart@stability.kiev.ua
e-mail: amartynyuk@voliacable.com

HONORARY EDITORS
V.LAKSHMIKANTHAM, Melbourne, FL,USA
E.F.MISCHENKO, Moscow, Russia

MANAGING EDITOR [.P.STAVROULAKIS
Department of Mathematics, University of loannina
451 10 Ioannina, HELLAS (GREECE) / e-mail: ipstav@cc.uoi.gr

REGIONAL EDITORS
P.BORNE (France), e-mail: Pierre.Borne@ec-lille.fr
C.CORDUNEANU (USA), e-mail: concord@uta.edu
C. CRUZ-HERNANDEZ (Mexico), e-mail: ccruz@cicese.mx
P.SHI (United Kingdom), e-mail: pshi@glam.ac.uk
K.L.TEO (Australia), e-mail: K.L.Teo@curtin.edu.au
H.ILFREEDMAN (Canada), e-mail: hfreedma@math.ualberta.ca

EDITORIAL BOARD
Artstein, Z. (Israel) Leitmann, G. (USA)
Bajodah, A.H. (Saudi Arabia) Leonov, G.A. (Russia)
Bohner, M. (USA) Limarchenko, O.S. (Ukraine)
Burton, T.A. (USA) Loccufier, M. (Belgium)
Chen Ye-Hwa (USA) Lopes-Gutieres, R.M. (Mexico)
D'Anna, A. (Italy) Mawhin, J. (Belgium)
Dauphin-Tanguy, G. (France) Michel, A.N. (USA)
Dshalalow, J.H. (USA) Nguang Sing Kiong (New Zealand)
Eke, F.O. (USA) Prado, A .F.B.A. (Brazil)
Fabrizio, M. (Italy) Rasmussen, M. (United Kingdom)
Georgiou, G. (Cyprus) Shi Yan (Japan)

Giesl, P. (Germany)
Guang-Ren Duan (China)
Izobov, N.A. (Belarussia)
Khusainov, D.Ya. (Ukraine)
Kloeden, P. (Germany)
Larin, V.B. (Ukraine)

Siafarikas, P.D. (Greece)
Siljak, D.D. (USA)

Sree Hari Rao, V. (India)
Stavrakakis, N.M. (Greece)
Vassilyev, S.N. (Russia)
Vatsala, A. (USA)

Leela, S. (USA) Wuyi Yue (Japan)

ADVISORY EDITOR
A.G.MAZKO, Kiev, Ukraine
e-mail: mazko@imath kiev.ua

ADVISORY COMPUTER SCIENCE EDITORS
AN.CHERNIENKO and L.N.CHERNETSKAYA, Kiev, Ukraine

ADVISORY LINGUISTIC EDITOR
S.N.RASSHYVALOVA, Kiev, Ukraine

© 2010, InforMath Publishing Group, ISSN 1562-8353 print, ISSN 1813-7385 online, Printed in Ukraine
No part of this Journal may be reproduced or transmitted in any form or by any means without
permission from InforMath Publishing Group.

INSTRUCTIONS FOR CONTRIBUTORS

(1) General. Nonlinear Dynamics and Systems Theory (ND&ST) is an international journal
devoted to publishing peer-refereed, high quality, original papers, brief notes and review
articles focusing on nonlinear dynamics and systems theory and their practical applications in
engineering, physical and life sciences. Submission of a manuscript is a representation that the
submission has been approved by all of the authors and by the institution where the work was
carried out. It also represents that the manuscript has not been previously published, has not
been copyrighted, is not being submitted for publication elsewhere, and that the authors have
agreed that the copyright in the article shall be assigned exclusively to InforMath Publishing
Group by signing a transfer of copyright form. Before submission, the authors should visit the
website:
http://www .e-ndst.kiev.ua
for information on the preparation of accepted manuscripts. Please download the archive
Sample NDST.zip  containing example of article file (you can edit only the file
Samplefilename.tex).
(2) Manuscript and Correspondence. Manuscripts should be in English and must meet
common standards of usage and grammar. To submit a paper, send by e-mail a file in PDF
format directly to
Professor A.A. Martynyuk, Institute of Mechanics,
Nesterov str.3, 03057, MSP 680, Kiev-57, Ukraine
e-mail: anmart@stability.kiev.ua; center@inmech.kiev.ua
or to one of the Regional Editors or to a member of the Editorial Board. Final version of the
manuscript must typeset using LaTex program which is prepared in accordance with the style
file of the Journal. Manuscript texts should contain the title of the article, name(s) of the
author(s) and complete affiliations. Each article requires an abstract not exceeding 150 words.
Formulas and citations should not be included in the abstract. AMS subject classifications and
key words must be included in all accepted papers. Each article requires a running head
(abbreviated form of the title) of no more than 30 characters. The sizes for regular papers,
survey articles, brief notes, letters to editors and book reviews are: (i) 10-14 pages for regular
papers, (ii) up to 24 pages for survey articles, and (iii) 2-3 pages for brief notes, letters to the
editor and book reviews.
(3) Tables, Graphs and Illustrations. Each figure must be of a quality suitable for direct
reproduction and must include a caption. Drawings should include all relevant details and
should be drawn professionally in black ink on plain white drawing paper. In addition to a
hard copy of the artwork, it is necessary to attach the electronic file of the artwork (preferably
in PCX format).
(4) References. References should be listed alphabetically and numbered, typed and
punctuated according to the following examples. Each entry must be cited in the text in form
of author(s) together with the number of the referred article or in the form of the number of
the referred article alone.
Journal: [1] Poincare, H. Title of the article. Title of the Journal Vol. 1
(No.l), Year, Pages. [Language]
Book: [2] Liapunov, A M. Title of the book. Name of the Publishers,
Town, Year.
Proceeding: [3] Bellman, R. Title of the article. In: Title of the book. (Eds.).

Name of the Publishers, Town, Y ear, Pages. [Language]
(5) Proofs and Sample Copy. Proofs sent to authors should be returned to the Editorial
Office with corrections within three days after receipt. The corresponding author will receive
a sample copy of the issue of the Journal for which his/her paper is published.
(6) Editorial Policy. Every submission will undergo a stringent peer review process. An
editor will be assigned to handle the review process of the paper. He/she will secure at least
two reviewers’ reports. The decision on acceptance, rejection or acceptance subject to revision
will be made based on these reviewers’ reports and the editor’s own reading of the paper.




NONLINEAR DYNAMICS AND SYSTEMS THEORY
An International Journal of Research and Surveys
Published by InforMath Publishing Group since 2001

Volume 10 Number 4 2010

CONTENTS

Functional Differential Equations with Nonlocal Conditions
in Banach Spaces ...... ... 317
D. Bahuguna, R.K. Shukla and S. Sazena

Liapunov Functionals, Convex Kernels, and Strategy ................. 325
T.A. Burton

Homoclinic Orbits for Superquadratic Hamiltonian Systems with

Small Forcing Terms ... 339
A. Daouas

Painlevé Test to a Reduced System of Six Coupled Nonlinear ODEs .. 349
B. S. Desale and K. D. Patil

Design of Decoupling Nonlinear Controllers for Fuzzy Systems ....... 363
J.-Y. Dieulot and N. Elfelly

Existence of the Unique Solution to Abstract Second Order
Semilinear Integrodifferential Equations .............................. 375
Reeta S. Dubey

Synchronization of Chaotic Systems by the Generalized
Hamiltonian Systems Approach ........... ... ... .. .. ... .. ... ..... 387
S.H. Fu and L.J. Pei

On Stability of Hopfield Neural Network on Time Scales ............. 397
A.A. Martynyuk, T.A. Lukyanova and S.N. Rasshyvalova

Equilibrium States for Pre-image Pressure ............................ 409
Kesong Yan, Fanping Zeng and Gengrong Zhang

Contents of Volume 10, 2010 ... ... 417

Founded by A.A. Martynyuk in 2001.
Registered in Ukraine Number: KB 5267 / 04.07.2001.



NONLINEAR DYNAMICS AND SYSTEMS THEORY

An International Journal of Research and Surveys

Nonlinear Dynamics and Systems Theory (ISSN 1562-8353 (Print), ISSN 1813-
7385 (Online)) is an international journal published under the auspices of the S.P. Timo-
shenko Institute of Mechanics of National Academy of Sciences of Ukraine and Curtin
University of Technology (Perth, Australia). It aims to publish high quality original
scientific papers and surveys in areas of nonlinear dynamics and systems theory and
their real world applications.

AIMS AND SCOPE

Nonlinear Dynamics and Systems Theory is a multidisciplinary journal. It pub-
lishes papers focusing on proofs of important theorems as well as papers presenting new
ideas and new theory, conjectures, numerical algorithms and physical experiments in
areas related to nonlinear dynamics and systems theory. Papers that deal with theo-
retical aspects of nonlinear dynamics and/or systems theory should contain significant
mathematical results with an indication of their possible applications. Papers that em-
phasize applications should contain new mathematical models of real world phenomena
and/or description of engineering problems. They should include rigorous analysis of
data used and results obtained. Papers that integrate and interrelate ideas and methods
of nonlinear dynamics and systems theory will be particularly welcomed. This journal
and the individual contributions published therein are protected under the copyright by
International InforMath Publishing Group.

PUBLICATION AND SUBSCRIPTION INFORMATION

Nonlinear Dynamics and Systems Theory will have 4 issues in 2010,
printed in hard copy (ISSN 1562-8353) and available online (ISSN 1813-7385),
by InforMath Publishing Group, Nesterov str., 3, Institute of Mechanics, Kiev,
MSP 680, Ukraine, 03057. Subscription prices are available upon request from
the Publisher (mailto:anmart@stability.kiev.ua), SWETS Information Services
B.V. (mailto:Operation-Academic@nl.swets.com), EBSCO Information Services
(mailto:journals@ebsco.com), or website of the Journal: http://e-ndst.kiev.ua.
Subscriptions are accepted on a calendar year basis. Issues are sent by airmail to all
countries of the world. Claims for missing issues should be made within six months of
the date of dispatch.

ABSTRACTING AND INDEXING SERVICES

Papers published in this journal are indexed or abstracted in: Mathematical Reviews /
MathSciNet, Zentralblatt MATH / Mathematics Abstracts, PASCAL database (INIST—
CNRS) and SCOPUS.


mailto:anmart@stability.kiev.ua
mailto:Operation-Academic@nl.swets.com
mailto:journals@ebsco.com
http://e-ndst.kiev.ua

Nonlinear Dynamics and Systems Theory, 10 (4) (2010) 3174323 @ymon'e%'
M

Publishing
Group

Functional Differential Equations with Nonlocal
Conditions in Banach Spaces

D. Bahuguna *, R.K. Shukla? and S. Saxena ?

1. Department of Mathematics € Statistics,
LILT. Kanpur - 208 016, INDIA
2. Invertis Group of Institutions,
Invertis Village, Bareilly-Lucknow National Highway-24,
Bareilly (U.P.) - 248123

Received: August 4, 2009; Revised: October 25, 2010

Abstract: In this paper we consider a nonlocal initial boundary value problem for
a parabolic integro-differential equation. We reformulate this problem as an abstract
functional differential equation in a Banach space with a nonlocal history condition.
We establish the existence, uniqueness and continuation of mild, strong and classical
solutions of the abstract functional differential equation under different conditions.

Keywords: functional differential equation; mild solution; classical solution; con-

tinuation of solution; semigroup of operator; nonlocal condition.

Mathematics Subject Classification (2000): 34G20, 47D06, 47H10, 34KO06.

1 Introduction

Consider the following parabolic integro-differential equation in a bounded domain
Q C R™ with sufficiently smooth boundary 0€:

Qew(t, ) + 3|0 <om da (@) Dw(t, x) = fi(t, x)

+ ([ fo(w(t, ))dz) [} k(t = s)fa(s,w(s,x))ds, 0 <t <T, 7>0, z€Q,
Dw(t,x) =0, t>0,z€dQ, |a] <m—1,

g(wo)(z) = ¢(x), =€,

* Corresponding author: mailto:dhiren®@iitk.ac.in

(1.1)
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where the sought-for real-valued function w is defined on [—7, T x §2, wy is the restriction
of w on [—7,0] x Q, for all multi-indices «, with |a| < 2m, the functions a,(x) are
sufficiently smooth and are such that the corresponding partial differential operator is
strongly elliptic in Q, f;, 4 = 1,2, 3, are smooth real-valued functions defined on [0, T] x 2,
R, [-7,T] x R, respectively, for ¢t € [0,T], k € L?(0,7), 1 < p < oo, ¢ is a map from
C([—,0]; LP(£2)) into LP(Q2) and ¢ € LP(Q).

A few choices of the function g, for instance, are the following;:

0

gW)(x) = | ki(=s)¢(s)(x)ds, x€Q, ¢ e C([=7,0]; L’(?)),

-7

where k1 € L1(0,7) with fo ki(s)ds # 0;

=S et (@), v e veC(l-r.0: L),
=1

where —7 <t; <ty << <0,C:=>_ ¢ #0; and

OB / Cp()(@)ds, €9, e (-0} LP(R),

where r and c; are as above and ¢; > 0,1 =1,2,...,7.

Let X := LP(Q), 1 < p < co. Let the linear operator A : D(A) C X — X be defined by

D(A) = W2™P(Q)nW"P(Q), Au= Z ao(z)D%, u € D(A).

jal<2m

Then —A is the infinitesimal generator of an analytic semigroup S(t), t > 0, of bounded
linear operators in X (cf. Theorem 7.3.5 in [14]).

For ¢t > 0, let C, := C([—,]; X) be the Banach space of all continuous functions from
[—7,t] into X endowed with the supremum norm

19l := sup ||¢( Mx, weds,

—7<n<

where ||.||x is the norm in X. Define the nonlinear map F : [0,7] x X x Cp — X by
F(t,u,¢)(x) = fi(t, x)
0
+ ([ ntateyte) [ K-+ 0,000, te0.7) e X ven 12

For u € Cp, let u; € Cy be defined by ui(0) = u(t +0), 6 € [-7,0]. Then (I can
be reformulated as the following functional differential equation with a nonlocal history
condition in the Banach space X = LP(Q):

W)+ Ault) = F(tult),u), 0<tST7} (13)

g(uo) = ¢.

If we define ® € Cy given by ®(0) = ¢ for all § € [-7,0] and H : C; — Cy given
by H(x)(0) = g(x) for all € [—7,0] and all x € Cp, then the condition g(x) = ¢ is
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equivalent to the condition H(y) = ®. Thus we may consider the following functional
differential equation with a more general nonlocal history condition:

u'(t) + Au(t) = F(tu(t),u), 0<t<T, (1.4)
H(ug) = @, ’
which also includes the functional differential equation:
w(t)+ Au(t) = F(u(t),w), 0<t<T,
(1.5)
ug = (I’,

as a particular case.

The functional differential equation (LA has been extensively studied in literature.
We refer to Kartsatos [10, [11], Kartsatos and Liu [9], Kartsatos and Parrott [12] [13].

Amraoui and Rhali [3] have used integrated semigroups to study the existence and
uniqueness of integral solutions and other forms of solutions of the abstract Cauchy
problem /() = Bu(t) + Luy, t > 0, where B is a nondensely defined linear operator in
a Banach space X and L is a bounded linear operator on X.

Recently, Bahuguna [4], Bahuguna, Dabas and Shukla [5], Bahuguna and Dabas [6],
Bahuguna and Muslim [7, [§], Agarwal and Bahuguna [I] 2] have linear as well as nonlinear
nonlocal history-valued evolution equations using the theory of semigroups and the theory
of accretive operators.

Let ¢ € Co such that H (1) = ®. The function u € Cz, 0 < T < T, such that

= { te[-r0]

S()(0) + [1S(t — $)F(s,u(s),us)ds, te 0,7, (1.6)

is called a mild solution of (L4) on [—, T). If a mild solution u of (C4) on [~7,T] is
such that u(t) € D(A) for a.e. t € [0,T], u is differentiable a.e. on [0,7] and

u'(t) + Au(t) = F(t,u(t),us), a.e. on [0,T],

it is called a strong solution of (L4) on [, T). If a mild solution u of (L4) on [—7,T] is
such that u € C*((0,T); X), u(t) € D(A) for t € (0,7] and satisfies

ul (t) + Au(t) = F(t,u(t),u;), te(0,T],

then it is called a classical solution of (L4) on [, T).

We first establish the existence of a mild solution u € C; of (L)) for some 0 < T<T
and its continuation to either on the whole of [—7,T] or show that there exists the
maximal interval [—7,tmaz), 0 < tmaxz < T such that u is a mild solution of (4] on
every subinterval [—7, T], 0<T< tmaz, under the assumptions that there exists a
¥ € Cy such that H(¢)) = ® and —A is the infinitesimal generator of a Cp-semigroup
S(t), t > 0, of bounded linear operators in X. In the later case, since tyq, < T < 00,
we obtain that

Jm (o) = oc.
Under the additional assumption of Lipschitz continuity on ¢ on [—7, 0], we show that the
mild solution u is a strong solution of (4] on the interval of existence and it is Lipschitz
continuous. Under further additional assumption that S(t) is analytic, we show that u
is a classical solution of (I4]) on the interval of existence. We also show that u is unique
if and only if ¢ satisfying H(¢)) = ® is unique.
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2 Local Existence of Mild Solutions

We first prove the following result establishing the local existence and uniqueness of a
mild solution of (4.

Theorem 2.1 Suppose that —A is the infinitesimal generator of a Cy-semigroup
S(t), t > 0 of bounded linear operators in X. Let H : Co — Co be such that there
exists a function ¢ € Cy such that H(1p) = ®. Let F : [0,T] x X x Co — X satisfy a
Lipschitz-like condition

[1E(tr; ur, ¢1) = Fta, uz, ¢2)llx < Lr(r){ltn = tof + lur — uallx + |61 — d2lleo],

for all t; € [0,T], u; € B-(X,9(0)), ¢ € B.(Co,v) i = 1,2, where Ly : RT — RT is a
nondecreasing function. Then there exists a mild solution u of (I.4) on [—7,To] for some
0<Ty<T. Here B.(Z,zp) :={2€ Z : ||z — z0|lz < r} for any Banach space (Z,||.||z),
zo € Z and r > 0. Moreover, the mild solution u is unique if and only if ¥ is unique.

Proof Let R > 0 be fixed. Let M > 1 and w > 0 be such that ||S(t)|| p(x) < Me*" for
t > 0. Here B(X) is the space of all bounded linear operators on X. Choose 0 < Ty < T'
be such that

ToLr(R) < 3/8,

sup [[(S(t) - Dy(0)Ix < R/2,
0<t<T,

ToMy < R/2,

where
My =T +2|[¢|o + 2M RLr(R)e*T + ||F(0,%(0), ¥)]| x.

Define a map F : Cr, — Cp, by

_ Q/J(t% te [_T7 0]7
Fult) _{ SO + [ 5(t - $)F(s,w(s)wn)ds, tefo,p, ¢ &0

Let ¢ € Cr be defined by

{ U(t) =v(t), tel-r0],

Then from the choice of Tj it follows that F maps BiR(CTDJL) into itself. Here and
subsequently, any function in Cr is also in Cf, 0 < T < T, as its restriction on the

subinterval. Also, for w; € Br(Cr,, %), i = 1,2, we have
[Fwi(t) — Fws(t)|| x < 2T0Lp(R)||wi — wellz,.

Since ToLp(R) < 3/8, F is a strict contraction on Br(Cr,, ) and hence has a unique
fixed point u € Br(Cr,, ). Clearly u is a mild solution of (I4) on [—7,Tp]. It can be
shown that if ¢ € Cy satisfying H (1)) = ® is unique then the mild solution v € Cr, is
unique. If there are two different 11 and 9 in Cy satisfying H(v1) = H(¢2) = ®, then
the corresponding mild solutions differ on [—7,0]. This completes the proof of Theorem

21 o
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3 Continuation of Solutions

Theorem 3.1 Assume the hypotheses of Theorem[21. Then the local mild solution u of
(IF) on [—7,Tp], 0 < Ty < T, can be continued either on the whole interval [—7,T] or on
the mazimal interval [—7, tmaz) of existence and since in the later case tmax < T < 00,
we have

Jmu®)]x = oo,

Proof Assume that Ty < T. Consider the functional differential equation
V'(t) +Av(t) = G(to(t),v), 0<t<T—Tp, }

H(Uo) = @,

where G : [0,T — Tp] x X x C([—7,0]; X) — X is defined by G(t,u, x) = F(t + To,u, X),
H :Cy — Cy given by Hy = x for x € Cy and ®(0) = u(Tp + 6) for 6 € [—7,0]. Since all
the hypotheses of Theorem [ZT] are satisfied for problem (B8], we have the existence of a
mild solution w € Cr,, 0 < T} < T — Tp of (38). This mild solution w is unique as H in
B8) is the identity map on Cy. We define

a(t) = 4 4t te -7, Ty,
we) = { w(t —Tp), te [TO,TOO+ 1. (3.9)

(3.8)

Then @ is a mild solution of () on [—7, Ty + T1]. Continuing this way, we get the exis-
tence of a mild solution u either on the whole interval [—7, T or on the maximal interval
[—7, tmaz) Of existence. In the later case we may use the arguments similar to those in the
proof of Theorem 6.2.2 in [14] (pp. 193-194) to conclude that lim;_,, .. — |Ju(t)]|x = oo.
This completes the proof of Theorem 3.1l O

4 Regularity of Solutions

Theorem 4.1 Assume the hypotheses of Theorem 2. If, in addition, v is Lipschitz
continuous on [—,0] and ¥ (0) € D(A), then u is Lipschitz continuous on every compact
subinterval of existence. If, in addition, X is reflerive, then u is a strong solution of
(I-4) on the interval of existence and this strong solution is a classical solution of (1))
provided S(t) is an analytic semigroup.

Proof We shall prove the result for the first case when the mild solution u exists on
the whole interval. The proof can be modified easily for the second case.

We need to show the Lipschitz continuity of u only on [0,7]. In what follows, C;’s
are positive constants depending only on R, T and ||¢||o. Let ¢t € [0,7] and h > 0. Then

[u(t+h) —u@®)llx < [[(S(h)=1)S(H)P(0)]x

0
+ / 1S(t — $)7(5 + (s + 1), ) | xds
h

+ / I5(t — $)[F (s + By (s + B, uayn) — £(s, uls),us)] | x ds
0

IN

& [h + /Ot[IU(S +h) —u(s)llx + [lusin — uslcold%

IN

t
2C, [h—|—/ sup Ju(s+h+0) —u(s+9)||x} ds, (4.10)
0 —7<0<0
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For the case when —7 <t < 0 and 0 < ¢+ h (clearly, t + h < h in this case), we have
[u(t+h) —u@®)llx < [[(S(E+h)=DPO)x + [[vE) —90)]x

h
+ / 1S(t + B — 5)F(s, u(s), us) | x ds
0
< Csh. (4.11)
Combining inequalities (@I0) and ([@IT]), we have for —7 < < t,

t

[[u(t+h) —u(t)||x < Cs [h—|—/ sup |lu(s+h+0) —u(s—|—0)||de} . (412)
0 —7<6<0

Putting f =t +6, —t — 7 < <0, in [EI2), and taking supremum over § on [—7,0], we

get

sup Ju(t+h+6) —u(t+0)||x
I

t
< 2C;5 [h—i— / sup |u(s+h+0) —u(s+9)||de} . (4.13)
0 —7<6<0

Applying Gronwall’s inequality in (£I3]), we obtain

lu(t+h) —u@®llx < sup_fult+h+0)—ult+0)lx < Cah.
Thus, u is Lipschitz continuous on [—7, T].

The function F : [0,7] — X given by F(t) = F(t,u(t),u), is Lipschitz continuous
and therefore differentiable a.e. on [0,7] and F ' is in L'((0,7); X). Consider the Cauchy
problem

V'(t) + Av(t) = F(t), t € (0,71,
{ 0(0) = u(0),

By Corollary 2.10 on page 109 in Pazy [14], there exists a unique strong solution v of
#I4) on [0,T]. Clearly, v defined by

oy u), te[-70],
o(t) _{ o), telo,T),

(4.14)

is a strong solution of (4 on [—7,T]. But this strong solution is also a mild solution
of (T4) and v € W(%,T) := {¥ € Cr : ¥ =1 on [—7,0]}. By the uniqueness of such a
function in W(,T), we get 9(t) = u(t) on [—7,T]. Thus u is a strong solution of (LA4).
If S(t) is analytic semigroup in X then we may use Corollary 3.3 on page 113 in Pazy
[14] to obtain that u is a classical solution of (IL4]). Clearly, if ¢ € Cr satistying h(¢)) = ®
on [—7,0] is unique on [~7, 0], then v is unique. If there are two 1 and ¥ in Cr satisfying
h(y) = h(¢) = ® on [—7,0], with ¢ # ¢ on [—7,0], then W(,T) " W(¢,T) = () and
hence the corresponding solutions u and @ of (IL4) belonging to W (1, T) and W(%, T),
respectively, are different. This completes the proof of Theorem [l O
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Abstract: We study an integral equation of the form z(t) = a(t)—fot C(t,s)g(z(s))ds
where C is convex and g has the sign of z. In earlier work we treated the case of
sup f; C?(u, s)du =: T’ < co. Here, we study the case of I' = co by looking at a new
equation formed from z’ 4+ kx with k a positive constant. This enables us to define
a Liapunov functional which will give a bound on fot g*(z(s))ds and a parallel bound
on one of the resolvents in the linear case. Equations of this type have been used
since the early work of Volterra in a number of real-world problems.

Keywords: integral equations; Liapunov functionals; resolvents.

Mathematics Subject Classification (2000): 47G05, 34D20.

1 Introduction

We are concerned here with an integral equation

£(t) = aft) - / C(t, 5)g(x(s))ds, (1)

where @ : [0,00) — R is continuous, while C' is continuous for 0 < s < t < oo, and
g : R} — RN is continuous with zg(x) > 0 if z # 0. Continuity of a,C, g will ensure the
existence of a solution. If the solution remains bounded, then it can be continued on
[0,00). See [5; pp. 178-180], for example.

It is always assumed that the kernel, C(t,s), is convex in the sense that

C(t,s) >0, Cs(t,s) >0, Cgu(t,s) <0, Cit,s)<D0. (2)

Convolution problems of this type are seen in Levin [10] and Londen [11], for example.
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In the classical theory of integral equations we generally need to ask that the kernel
be very small in order to obtain global stability results. In 1928, Volterra [13] noticed
that a great many real world problems were being modeled by integral and integro-
differential equations with convex kernels which inherently suggested a fading memory.
He conjectured that there is a Liapunov functional for such kernels which would yield
much qualitative information about solutions and which would allow very large kernels.
Today we see problems in biology, nuclear reactors, viscoelasticity, and neural networks
being modeled using convex kernels.

In 1963, Levin followed Volterra’s idea and constructed such a Liapunov functional
for a convolution form of the integro-differential equation

= —/0 C(t, s)g(z(s))ds

with C convex and in 1992 [2] we constructed one for integral equations in the form of
(1). For the linear integral equation there is also a Liapunov functional for the resolvent
equation and we discussed this in some detail in [6] when supg<,<;oo fst C?(u, s)du =:
I' < co. This paper seeks to extend some of that work to the case I' = co. In the nonlinear
integral equation there is a severe technical problem in dealing with the derivative of the
Liapunov functional and the investigator must make some undesirable assumptions about
the nonlinearity. This paper offers an alternative to those assumptions. Here is some
detail concerning the two difficulties which we study.
Our Liapunov functional

mm=AQum(LEuwm03wuwm(AE@wm@

for (1) has a derivative satisfying
Vi) < 2g(2)]a(t) — =(t)].

Owing to the absence of a chain rule, that differentiation is not simple so we want to
give the details. It would be a distraction to give them here, so we offer them in the
appendix.

In order to relate g(x) to a(t) we need to be able to separate that relation into

Vi(t) < |p(a(t))] — lg(x(t)]

for some functions p and ¢ with ¢ positive definite with respect to x or g(x) and p positive
definite with respect to a(t) so that

2

osmwsmw+lmwwm—4mm@w&

That separation has proved to be very cumbersome and investigators ([5; pp. 190-191],
[4], [14]) have resorted to ad hoc assumptions, as well as stringent conditions on ¢ in
order to use Young’s inequality. A definite example will show the need for the theory
which is to follow.

Example 1.1 Consider the scalar equation

m(t):a(t)—/o [+t — s Vig(a(s))ds
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where ¢ is an arbitrary continuous function satisfying xg(x) > 0 if z # 0. For a €
L?[0,00) if z is a solution on [0,00) then we know of no result or technique in the
literature that will yield g(z) € L”[0, 00). The Liapunov functional mentioned above will
yield the indicated derivative and we find no way to perform the required separation. The
difficulty will vanish using Theorem 3.1, (14). We will immediately find g(z) € L?[0,c0)
without further restriction on g.

In the linear case, g(x) = z, we have

Vi(t) < a®(t) — 2*(t)

/ 2 (s)ds < / " (s)ds,

a very useful relation. Moreover, it extends to the resolvent equation ([5; pp. 130-131])

so that

Rt,s) = C(t,s) — / Ot u)R(u, 5)du

Va(t) = / t C’U(t,v)< / "R, s)du)de+O(t, s)( / "R, s)du)

with a derivative satisfying

as
2

Vi(t) < —R*(t,s) + C*(t, 5)

as may be seen following the details in the appendix. This yields

t t
/RQ(u,s)dug/ C?(u, s)du

which is so useful in the variation of parameters formula
t
2(t) = alt) / R(t, 5)a(s)ds.
0

But we have a difficulty here also. If supp<<;<oo fst C?(u, s)du =: T < oo then we have
a very useful parallel property for R. On the other hand, if I' = oo then the property
is lost and we are left with the obvious fact that if @ € L? then € L? so by default
fg R(t,s)a(s)ds € L? and x — a € L%, but we can not extract from that any essential
properties of R itself.

Example 1.2 We can continue Example 1.1 with g(z) = z and study z(t) =
a(t) — fg[l +t — s]7Y4z(s)ds. The Liapunov functional of the appendix will yield
fg 22(s)ds < fot a*(s)ds and fg R(t,s)a(s)ds € L?[0,00) when a € L? without any in-
dependent property of R. Our second goal is to obtain basic properties of a resolvent

independent of a(t). That resolvent will not be R but it will serve in a parallel way to
R.
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Thus, we encounter fundamental problems in both the nonlinear and linear cases.
These two unsolved problems will drive this paper.

In an effort to avoid the difficulties just mentioned we consider the old technique of
differentiating (1) to obtain

2 (1) = (1) — Ot a(t) — /O Co(t, 5)2(s)ds

which seems promising since for C(¢,t) > « > 0 we have a perturbation of the uniformly
asymptotically stable equation
¥+ C(t, t)r = 0.

However, that gain pales in comparison to our great loss in that Ci(¢,s) is no longer
convex; hence, we would require some restrictions on the magnitude of Cy(¢, s) in order
to use standard results on qualitative properties. To avoid all of those problems we
develop a strategy which yields very good results.

Moreover, there is an added benefit, uncommon in the theory of convex kernels. If
we can find a function f : [0,00) — [0, 00) with fot f%i) continuous for ¢ > 0,

l9(2)] < f( / wg(s)ds), reR feN 3)

and © 4
s
w7 =%, (4)
o f(s)
then we prove that the solution has certain integral properties.
The work is based on four Liapunov functionals, a differential inequality, and a strat-

egy for finding a strongly stable equation which has a solution of (1) as one of its solutions.

2 The Strategy

We will now employ a very simple device which seems to have been totally overlooked in
the literature until recently. It was introduced in Burton [5], further developed in Burton-
Haddock [7], and has significant applications in the existence of periodic solutions, a
project to be presented later.

A classic strategy is to differentiate (1), turning it into a differential equation

a'(t) = a'(t) = C(t,t)g(x) —/O Ci(t, 5)g(x(s))ds. ()

Among other techniques, we can then apply Liapunov’s direct method, as discussed in
Miller [12; p. 337]. While it sometimes is effective, it is usually a disaster since differen-
tiation tends to have a very non-smoothing effect. But under some general conditions, if
C(t,s) is convex and if k is a sufficiently large positive constant, then it is true that

D(t,s) :=kC(t,s) + Ci(t, s) (6)

is convex. For example, it is readily verified that if r is a positive constant, then k = r+3
is a suitable constant for C'(t,s) = [1 + ¢ — s]~" (this pertains to Example 1.1), while
k =7+ 1 is suitable for C(t,s) = e "(t=%),
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If we form 2’ + kx then we have

2 (t)=d (t) + ka(t) — [kx + C(t, t)g(x)] — /0 D(t,s)g(z(s))ds. (7)

This is a one-parameter family of totally different equations having exactly one property
in common: a solution of (1) satisfies every one of those equations. If all solutions of (7)
satisfy a certain property, so does a solution of (1). Two things have happened. Since C'is
convex, C(t,t) > 0 and, hence, o’ +kx+C(t, t)g(x) = 0 is uniformly asymptotically stable.
If a’(t) + ka(t) € L?[0,00) and C(¢,t) > a > 0, then Levin’s original Liapunov functional
will yield g(z(t)) € L?[0,00). In addition, if (3) and (4) hold and if @’ + ka € L[0, 00),
then we will obtain an L? result for x.

We have used (5) to introduce a differential equation, but we have overwhelmed it
with the integral equation by taking k large. In the parallel work with Haddock [7]
the technique was different in that a very careful selection of an exact value for k was
made. An entirely different selection is made in the aforementioned work with periodic
solutions. But all three projects stem from the same idea.

What is, perhaps, more interesting is the fact that when g(x) = x, then Becker’s [1]
resolvent equation for (7) is

t
Zi(t,s) = =k + C(t,t))Z(t,s) — / D(t,u)Z(u, s)du (8)
and a slight modification of Levin’s [9] Liapunov functional will yield
t
sup / Z*(u, s)du < . 9)
0<s<t<oo J s

This is a critical result in the variation of parameters formula
z(t) = Z(¢,0)x(0) + /Ot Z(t,s)]a'(s) + ka(s)]ds (10)
where z solves (1) if 2(0) = a(0). These ideas will be developed in the coming sections.
3 The Nonlinear Problem
In 1963, Levin [9] considered a convolution form of
¥ =— /Ot D(t,s)g(z(s))ds (11)

with zg(z) > 0 for « # 0 and D convex. He constructed the Liapunov functional

) = [ a3 [ t p.s)( | tg(x(u))du)gds
1

2

+ 300, o>( / t g(x(u))du) (12)

and found that Vi (t) < 0 along a solution of (11). This means that

x(t) =(0)
/ g(s)ds < Va(t) < Va(0) = / g(s)ds
0 0
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so that if fo g(s)ds = oo, then every solution of (11) is bounded.
We are gomg to use the same Liapunov functional on (7). In (16) below recall that
xg(x) > 0 if x # 0 and that C(¢,t) > 0.

Theorem 3.1 Suppose that D is conver,
D(t,s) >0, Dg(t,s) >0, Dg(t,s) <0, Dyt,s) <0, (13)
that xg(z) > 0 if x # 0, and that Vs is defined in (12). Then along a solution of (7) we

have
V5(t) < g(a)[d'(t) + ka(t)] — g(z)[kz + CO(t, t)g(x)]. (14)

If, in addition, |kz + C(t,t)g(z)| > plg(z)|, for some p > 0, then a’ + ka € L?[0, )
implies g(z(t)) € L2[0 00). In particular, any solution x in Example 1.1 satisfies g(x) €
L2[0, 00).

If (14) and (3) hold then along a solution of (7) we have

Vi (t) < f(Va(t))la'(t) + ka(t)]. (15)

If, in addition, (4) holds, Oioo g(s)ds = 0o, and a’ + ka € L'[0,00), then every solution
of (7) is bounded and

/0OO g(x(s))[kx(s) + C(s, s)g(x(s))]ds < oo. (16)
Proof Along a solution of (7) we have
V(1) < g(@)la' (1) + ka(t)] — g(@)fkz + C(t. ()] — gl / D(t,s)g
—l—g(ac)D(t,O)/0 g(z(u))du + g(x / D,(t, s)/S g(x(u))duds.

Integrating the last term by parts yields

9(@)[D(t, ) / du

/Dts s))ds]
— g(2) (tO)/ du+/Dts 5))ds]

so that
[a' () + ka(t)] — g(z)[kz + C(t, t)g(2)].

Vi (t) < g(x)
| > plg(@)| then

Now, if |kx + C(t,t)g(x)
V3(t) < ald'(t) + ka(t)]* — Bg*(x)
for some positive a and 3, from which a’ + ka € L? implies g(x) € L.

Remark 3.1 The obvious and usual condition is that C(¢,t) be greater than a pos-
itive constant, entirely consistent with the convexity. Indeed, in the convolution case
C(t) > 0and C’'(t) < 0so if C(0) =0 then C(t) = 0. Even if this fails, in the next step
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we get  bounded. None of the ad hoc assumptions on g needed in Young’s inequality
found in earlier work (e.g., [4]) are needed.

Next, if (14) and (3) hold, then

Vﬂﬂ<f(ZfM$®)W@%+mﬁﬂ<f0@Mﬁ%+m@ﬂ

SO

Vs (t) du f /
/Va(o) m S/O |a’(s) + ka(s)|ds.

If (4) holds and a’ + ka € L', then V3(t) is bounded and, hence, x(t) is bounded. This
means that g(x)[a’ + ka] € L' so from (14) we see that (16) follows. The proof is
complete.

These results raise questions for the linear case. For we then see that o’ + ka € L*
yields x € L?, but @’ +ka € L? also yields x € L?. Linear theory shows that x € L]0, 00)
is intimately related to uniform asymptotic stability. The next result shows that for
certain choices of g we approximate z € L[0, c0).

1/n

Theorem 3.2 Suppose that D is conver and that g(x) = x where n is an odd

positive integer. If a’ + ka € L*[0,00), then [)° l2(s)| 5 ds < oc.

Proof Note that there is a positive number p with

o - o
o)l =17 = (o 100) 7 = p(([atinas)
0

Hence f(r) = p(r)n%l. We then have
Vi (t) < p(V(t)) 77 ]a’ (1) + ka(t)]

and
Va(t)

1/V3<t> ds 1, 1
- il = —8 n+1
P Jvz0) sntT p

V3(0)
SO

1 W1 n K
—V5(t) 71 < =V3(0) 7+t +/ ld'(s) + ka(s)|ds.
p p 0
Hence, V3(t) is bounded so z(t) is bounded and z(t)[a’(t) + ka(t)] € L'[0,00). But
Vi(t) < lg(@)lld’ (t) + ka(t)] — kzg ()

with zg(z) = 2!/ = 2% so I |lz(s)| " ds < oc.

Notice that Vi(t) < —Bg*(x) + a(d'(t) + ka(t))? with o’ + ka € L? would yield
fooo x2/"(s)ds < oo, an entirely different property. Suppose now that n > 2 and that
C(t,t) > a > 0 so that both of our integral relations hold. Note that if |z(t)] > 1
then |z(t)] < |a|**%. If |2(t)] < 1 then |z(¢)] < |o(t)]>/. Hence, we conclude that
J57 z(s)|ds < oo.
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4 The Linear Case

If g(x) = = then (7) becomes
2'(t) =d'(t) + ka(t) — [k + C(t,t)]z(t) — /0 D(t, s)xz(s)ds (17)

and Becker’s [1] resolvent equation is

Zi(t,s) = —[k+ C(t,t)]|Z(t,s) — /t D(t,u)Z(u,s)du, Z(s,s) =1, (18)
(where Z; = %—f) with variation of parameters formula
x(t) = Z(t,0)z(0) +/0 Z(t,s)a’(s) + ka(s)]ds. (19)

The Grossman-Miller [8] resolvent equation is
t
Ho(t,5) = Ht )b+ Ol o)) + [ Htu)Du,s)du, Ht) =1, (20)

and it is true that
H(t,s) = Z(t,s). (21)
With D convex, a Liapunov functional for (18) is

2

Va(t) = Z3(t, s) + /St Du(t,u)</ut Z (v, s)dv) 2du + D(t,s)(/st Z (v, s)dv) . (22)

Theorem 4.1 If D is convex and k > 0 then the derivative of Vy along a solution of
(18) satisfies

¢
Vi(t) < =2[k + C(t,1)]Z*(t,s), and  sup / Z2(u, s)du < oo. (24)
0<s<t<oo Js
Proof We have
¢
Vi(t) < ~2lk+ C(t. 0122 (t.5) ~ 22(t,5) [ Dltu) 2w, s)du
¢ ’ ¢ ¢
+2Z(t,s)D(t, s)/ Z(v, s)dv + 2Z(t, s)/ D, (t, u)/ Z (v, s)dvdu.
An integration of the last term by parts yields

27Z(t,s) [D(t,u) /ut Z (v, s)dv : + /St D(t,u)Z(u, s)du}

—27(t, 5) { _ D, ) /: Z(v, 5)dv + /: D(t,u)Z(u, s)du].

Cancellation of terms yields the required conclusion.
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We then see that
Z2(t,s) < Vi(t) < Va(s) — 2k /t Z2(u, s)du
with Z2(s,s) = 1 yielding
Z%(t,s) + Zk/t Z%(u, s)du < 1. (25)

This is a significant difference from the integral equation resolvent which requires
fst C?(u, s)du bounded in order to get the parallel conclusion for the resolvent. Notice

that fg Z%(u,0)du < 1/(2k); as k — oo, the integral tends to zero.
It is most direct to obtain @ € L?[0, 00) in the linear case from (1) with the Liapunov
functional

2

Vi(t) = /O t C’S(t,s)< / tx(u)du>d8+0(t,0)< /0 tx(u)du) ,

Vi(t) < —a?(t) + a*().

yielding

We are coming to one of our central issues. From a € L? we obtain z € L? and,
hence, from (29) we have by default that

¢
/ R(t,s)a(s)ds € L? and  —a € L.
0

However, we have no independent property of R which can be used without a(t). We
seek integral properties on R alone and the following is a typical way in which we would
use them. Recall that in Section 1 we found that for C' convex, then

¢ ¢
/ R*(u, s)ds g/ C?%(u, s)du < T < +o0.

We just noted that a € L? yields z — a € L? by default. But I' < oo yields z —a € L?
by direct computation, not by default, and that is such a desirable property in other
contexts.

Proposition 4.1 IfI' < co then a € L'[0, 00) implies x — a € L?[0, 00).

We will give a proof of a parallel result below, but it is sketched as follows.

() - ato)? = (- | Rt Sya(s)ds) 2

so integration, followed by the Schwarz inequality and interchange of the order of inte-
gration will yield the result.

Our focus here is on the case of I' = 400 and we attempt to obtain an integrability
property of a resolvent. The first step is to note that (25) did not require I' < co.

Proposition 4.2 If (25) holds, then o’ + ka € L'[0,00) implies x € L*0,00) and
x — Z(t,0)z(0) € L2[0,0).
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Proof Let o' (t) + ka(t) =: p(t) and from (19) we have

2

(1/2)2(t) < Z2(t,0)2*(0) + (/0 Z(t, s)p(s)ds) .

The last term is in L', not by default, but by the nonconvolution extension of the classical
theorem that the convolution of an L' —function with an L?—function is an L?—function.
Here are the details. We have

2

(1/2) /O " (uydu < /O 22 (u, 0)22 (0)du + /O t ( /O "2, S)p(s)ds) du
</ 20,002 O)du + / t / " Ip(s)lds / " 22w, () dsdu
</ 220,002 (O)du 1 / " p(s)lds / t / ' 2, s)dulp(s)ds

<[ 220,002 (0)du + ([ wtoias) /e,

We will now see how this applies to R(t, s).

5 Relations Between Resolvents

If we begin with C' convex and

t
x(t) = a(t) —/ C(t, s)x(s)ds, (26)
0
we have the resolvent equation
t
R(t,s) = C(t,s) —/ C(t,u)R(u, s)du (27)
and the variation of parameters formula

2(t) = aft) - /O R(t, 5)a(s)ds. (28)

For (26) there is the Liapunov functional

Vi(t) = /Ot i, s)(/sta:(u)du)zds+O(t,O)(/Ota:(u)du)Q (29)

and a calculation given in the appendix yields

VI (t) < —22(t) + a?(t) (30)

and

/ 2 (a)ds < / 2 (s)ds. (31)
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In a parallel manner we have a Liapunov functional for the resolvent equation given by

Va(t) = /St Ca(t, u)(/j R(v, s)dv)2du +C(t,s) /St R(u, s)du)2 (32)

and a calculation will yield

Va(t) < —R*(t,s) + C*(t, 5) (33)
with
t t
/ R*(u, s)du < / C?(u, s)du. (34)
We explored consequences of these relations in [6] for the case
t
sup / C?(u, s)du < oo. (35)
0<s<t<oo J s

Here, we look at the case where

t
sup / C?(u, s)du = 0o (36)

0<s<t<0

so that V5 yields nothing about R. We find a substitute for

¢
sup / R*(u, s)du < oo (37)

0<s<t<o0
when (36) holds.
Theorem 5.1 If D is defined in (6), D convez, and if +C(s, s) is continuous, then
R(t,s) = Zs(t,s) — kZ(t,s). (38)

Proof From (17), (18), and (24) we see that for (1)

x(t) = a(t) —/0 R(t, s)a(s)ds

and

z(t) = Z(¢,0)a(0) +/O Z(t,s)[a'(s) + ka(s)]ds

t

= Z(t,0)a(0) + Z(t, s)a(s) —/0 Zs(t,s)a(s)ds + k/o Z(t,s)a(s)ds

0

= Z(t,0)a(0) + a(t) — Z(t,0)a(0) — /0 (Zs(t, ) + kZ(t, s)]a(s)ds

() — /O [Z4(t, ) — kZ(t, 5)|a(s)ds.



336 T.A. BURTON

This means that for any a(t) with o’(¢) continuous then

/ R(t,s)a(s)ds = / (Zs(t,s) — kZ(t, s)]a(s)ds. (39)

Looking back at the Grossman-Miller resolvent (20) and noting that H(t,s) = Z(t,s)
we see that if C(s,s) has a continuous derivative, then H,s = Zss is continuous. We
should also note from (27) that R, is continuous. Thus, for any fixed ¢ we can pick
a(s) = Zs(t,s) — kZ(t,s) — R(t,s) and have from (39) with ¢ fixed that

/t[Zs(t, s) —kZ(t,s) — R(t,s)]*ds = 0. (40)
0

Thus, the integrand is identically zero and (38) holds. This completes the proof.
The variation of parameters formula for (1) now becomes

(1) = aft) — /O [Z4(t, ) — Z(t, s)]a(s)ds. (41)

We have independent properties of Z, as well as Zs through (20) and through integration
by parts.

6 Appendix

In Section 1, we mentioned that our Liapunov functional

_ /Ot Cs(t,5)</:g(x(“))du)2ds+ C@’O)(/Otg(x(”))du)?

has a derivative along a solution of (1) satisfying

Vi (t) < 2g(x)al(t) — x(t)]-
Owing to the absence of a chain rule, that differentiation is not simple so we want to
give the details. Using Leibnitz’s rule we have

-/ Cult,s) (/ t g(x(u»du)gds +29(0) [ Cuts) / *gla(w)duds

+C(1,0) ( / tg(x(s))ds)Q 2000 [ " glas))ds.

We now integrate the third-to-last term by parts to obtain

29(0)[Clt.5) [ t ol 4 / o, SJg(e(e))ds|

:29()[ C(tO)/ du+/Cts (s))d }

Cancel terms, use the sign conditions, and use (1) in the last step of the process to unite
the Liapunov functional and the equation obtaining

/ Canlts s (/ (m(u))du)2d8+C’t(t,O)(/Otg(m(s))ds)

+29(x)[a(t) — x(t)] < 29(2)[a(t) — x(t)].

2
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Abstract: In this paper, we prove the existence of homoclinic orbits for the se-
cond order Hamiltonian system: §(t) + VV(t,q(t)) = f(t), where V € C'(R x
R™ R),V(t,q) = —K(t,q) + W(t,q) is T-periodic in t, K satisfies the ”pinching”
condition b;|¢|*> < K(t,q) < b2|g|? and W is superquadratic at the infinity and needs
not satisfy the global Ambrosetti-Rabinowitz condition. A homoclinic orbit is ob-
tained as the limit of 2kT-periodic solutions of a certain sequence of second order
differential equations.

Keywords: homoclinic orbit; Hamiltonian system; Mountain Pass Theorem.

Mathematics Subject Classification (2000): 34C37, 37J45, 7T0HO5.

1 Introduction

Let us consider the second order Hamiltonian system

G(t) + VV(t,q(t)) = f(1), (HS)

where V(t,z) = —K(t,z) + W(t,x),VV(t,x) = (0V/0x)(t,z), K, W : RxR" = R
are C''-maps, T-periodic with respect to t, T > 0 and f : R — R™ is continuous and
bounded. We will say that a solution ¢ of (HS) is homoclinic (to 0) if ¢q(t) — 0 as
t — +o00. In addition, if ¢ #Z 0 then ¢ is called a nontrivial homoclinic solution.

The problem of finding subharmonic and homoclinic solutions for Hamiltonian sys-
tems has been the object of many works under different assumptions on the growth
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of W at infinity, see [1,3-5,8,12,13] and references therein. Most of them treat the su-
1
perquadratic case. They usually suppose K (t,z) = §(L(t)x, x) with L(t) is a symmetric

matrix valued function and W satisfies the global Ambrosetti-Rabinowitz condition, that
is, there exists p > 2 such that

0 < uWi(t,z) < (VW (t,z),z), V (t,z)€ R xR"\{0}.

Especially, in [13], Rabinowitz established the existence of homoclinic orbits for the
Hamiltonian system (H.S) under the above assumptions and f = 0. Recently, the authors
in [7] consider a more general case where K is assumed to satisfy the ”pinching” condition
bi|z|> < K(t,2) < by|z|? and the function f may be nonzero.

In this paper, we shall study the existence of homoclinic orbits for (HS) when W
satisfies the following superquadratic condition:

W(t,z)/|z|> — +o0 as | x |— co uniformly in t € R, (1)

and needs not satisfy the global Ambrosetti-Rabinowitz condition.

The superquadratic condition (1) was used in many recent works to study the exis-
tence of periodic and subharmonic solutions for Hamiltonian systems (see for example
[6,12]). Subsequently, this condition was applied among other conditions in [9,11] to look
for homoclinic orbits. Our approach is different from the last ones, in fact, similarly
to [13], a homoclinic orbit will be obtained as a limit, as k¥ — oo, of sequence g of
subharmonics for second order differential equations. The sequence ¢ is obtained via
a standard version of the Mountain Pass Theorem (Theorem 2.2 in [14]). Part of the
difficulty in applying this theorem is in verifying the Palais-Smale condition. However,
as it’s shown in [2], a deformation lemma can be proved with the (C) condition, replacing
the usual Palais-Smale condition, and it turns out that the Mountain Pass Theorem still
holds true.

We make the following assumptions :

(Hy) there exist ay,as > 0 such that

arlz|® < K(t,x) < aglz?, V (t,z) € R x R,

(Hy) K(t,z) < (z,VK(t,z)) <2K(t,x),V (t,x) €e R x R,
(H3) W(,0)=0 and VW(t,x)=o(|x|) as x — 0 uniformly in t,
(Hy) there exist constants di > 0 and r > 2 such that

W(t,z) <di|z|", ¥ (t,z) € R x R",

(Hs) there exist constants do > 0, > 1,0 >7—2 and f € LY(R,R,) such that

(VW (t,x),x2) — 2W (t,x) > do|z|" — B(t), V (t,z) € R x R".

Here (.,.) denotes the standard inner product in R” and | . | is the induced norm.
For each k € N, let E, = W21k2T (R,R™), the Hilbert space of 2kT-periodic functions
on R with values in R™ under the norm

1

lalle, = ( " a0 + P

—kT
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Furthermore, let L35 (R, R™) denote the space of 2kT-periodic essentially bounded (mea-
surable) functions from R into R™ equipped with the norm

lgllzs;, = ess sup{lq(t)[;t € [-KT, KTT}.
The following result was proved by Rabinowitz in [13].

Proposition 1.1 There is a positive constant C' such that for each k € N, and q € E},
the following inequality holds:

lallzg;, < Cllalle, - (2)
Set by := min{1,2a1}, be := max{1,2as} and suppose that
(Hg) 2dy < by, feL*R,R")NLY(R,R") and ||f]|r> < %, where %—i— % = 1.
Our main result is the following :
Theorem 1.1 Suppose (H1) — (Hg) and (1) are satisfied then the system (HS)

possesses a nontrivial homoclinic solution ¢ € W12(R,R™) such that ¢(t) — 0 as
t — £oo.

Remark 1.1 Consider the functions
1
1+ 22

K(t,z)=(1+ ye2, W(t,z) = h(t)|z[* In(1 + |z|?),

where h is positive, continuous and T-periodic function. A straightforward computation
shows that W satisfies the assumptions (Hs3) — (H5) of Theorem 1.1 but does not satisfy
the global Ambrosetti-Rabinowitz condition essentially. Moreover, K (t,x) satisfies the
assumptions (H;) and (Hz) but can not be written in the form 1/2(L(¢)x,z). Hence,
Theorem 1.1 extends the results in [7,13] mainly. Furthermore, contrary to [7,13], the
conditions of our result permit to W to change sign near the origin. Theorem 1.1 is also
related to those in [9,11,15], where K (¢, ) has the form 1/2(L(¢)z, z) without periodicity
assumption on V and f = 0.

2 Proof of Theorem 1.1
For each k € N, let L2, (R,R™) denote the Hilbert space of 2kT-periodic functions on
R with values in R™ under the norm ||q|[z2 = (ffZT lq(t)|2dt)'/2. Let fr : R — R™

be the 2kT-periodic extension of the restriction of f to the interval [—kT, kT] and ny, :
E, — [0, +00[ given by

nk(q) = (/kT [|q(t)|2 + 2K(t,q(t))} dt)l/z.

—kT

By (Hp) we get

billal3, < n2(a) < bolal 3, 3)
Let I : Ex, — R, be defined by
kT 1 ) kT
o= [ (508 - vieao]das [ g
1 kT kT
~git@— [ Wieawis [ (flo.aw)i (@)
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Then I}, € C'(Ex,R) and it’s easy to show that

kT kT
o= [ [0.50) - 9V o) o@]dr [ (o
By (H2), we get
kT kT
et~ [ (OWitao)a®t+ [ 50.a0) (5)

Moreover, it is well known that critical points of I are classical 2kT-periodic solutions
of the second order Hamiltonian system

G(t) + VV(t,q(t)) = fi(t). (HSk)

Lemma 2.1 If V and f satisfy (H1) — (Hg) and (1), then for all k € N the system
(HSy) possesses a 2kT -periodic solution.

Proof 1t suffices to prove that the functional Ij satisfies all the assumptions of the
Mountain Pass Theorem (Theorem 2.2 in [14]) with the (C) condition replacing the usual
Palais-Smale condition. This will be done by a sequence of lemmas. O

Lemma 2.2 [}, satisfies the (C) condition, i.e., for every constant ¢ and sequence
{un} C Eg,{un} has a convergent subsequence if I;(u,) — ¢ and (1+||un|) I} (un) — 0
as n — oo.

Proof Assume that {u,} C Ej is a (C) sequence of Ij, that is, It(u,) is bounded
and (1 + ||un||)|| 1} (un)|| — 0 as n — oo. Then there exists My > 0 such that
Mk Z 2Ik(un) — I,;(un)un
kT

kT
> [ (W0 ua0) ~ 2W )] dt+ [ (50 un0)a

—kT —kT
So, by (Hs), we get
kT kT kT
Mizdy [ o= [ s [ (0w
—kT —kT —kT
Then, by Hoélder inequality

kT
do |y, |4 < My, + t)dt + n )
allunllpy <Mt [ B0+ el ol

where v is the conjugate exponent of p. Since p > 1, there exists a constant Cj such
that

. < Cy. 6
lanll < Ci (©
On the other hand, by (3), (4) and (Hy), one has
kT kT
bullunll, < 21k(un) + 2d1/ |un (2)|"dt — 2/ (fi(t), un(t))dt
—kT —kT

kT
< 2Ik(un)+2d1/ |un(t)|rdt+20k||fk||L’y . (7)
—kT 2T
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If > r, by Holder inequality

kT

kT . :
/kT lun (1)|dt < (2kT)T(/_kT (1)) "

Combining the above with (6) and (7), we obtain that [|u,||g, is bounded.
If uw <7, by (2), we have

kT kT
/ fun(B)]" dt = / O et

—kT

kT
<llullit, [ ol
kT
< Oy [ / o (£) . (8)
—kT

Hence, by (6) and (8) there exists a constant Cj, such that

ballunl s, < 20x(n) + Chllunll3" +2 Cullfell g,

Since r — p < 2 and I (uy,) is bounded, then ||u,||g, will be bounded too.
In a similar way to Proposition B.35 in [14], we can prove that {u,} has a convergent
subsequence. Hence I}, satisfies the (C) condition. O

Lemma 2.3 The functional Ij; satisfies the condition (I) of the Mountain Pass
Theorem.

Proof Let g € Ej, such that 0 < ||¢||r.. < 1. By (H4) we have

2T —

kT

kT
W (t,q(t))dt < dy / lg(t)2dt < dullal|%, 9)
—kT —kT

Then, by (3), (4), (9) and (Hp) it follows that

llgllzz

2kT 2T

by
Ii(q) > §||Q||125k — dillgl|%, — I fxll 2

by
> §||Q||125k — dillgl|%, — 11 f1z2llqlle,

1 |lql| 2.
> (b1 — 201 — 20|12 lall, + Ol fllas (lal, — 2522,
Set
_ 1 =20 -2 e
P=c ° 2C? '

By (2), if [|g]|z, = p, then 0 </[g|[z~ <1 and Ix(q) = a. O

Lemma 2.4 Under the assumption (1), I, satisfies the condition (Is) of the Moun-
tain Pass Theorem.
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b 2
Proof Let q € E1,q # 0 such that ¢(T) = ¢(—T) = 0 and A > % By (1),
Lir
there exists B > 0 such that for all z € R” and t € R, W(t,z) > Alz|*> — B.
Hence, for all ¢ € R the following inequality holds :
bo
(o) < 2¢lally, — AN, + 1l Aillzg, lallg, +2TB. (10)

Then by (10) and the choice of A there exists ¢ € R satisfying ||(q||g, > p and I1({q) < 0.
For k > 1, set e1(t) = (q(t) and

_J e(t) for [t <T,
ex(t) = { 0 for T<lt|<kT. (11)

Then ey, € Ex, |lex||g, = |le1l|lg, > p and Ix(ex) = Ii(e1) < 0 for every k € N. O
For our setting, clearly I (0) = 0, so, by applying the Mountain Pass Theorem, I,
possesses a critical value ¢ > «. Hence, for every k € N, there is g € Ej such that

In(qe) = ek, Ii(ax) = 0. (12)
This completes the proof of Lemma 2.4.

Lemma 2.5 Let (qi)ren be the sequence given by (12). Then there exists a subse-
quence (qx,)jen convergent to a certain function qo in Ct . (R,R™).

Proof First of all we show that the sequences {ci }ren and {||qx|| g, }ren are bounded.
For every k € N, let g, : [0,1] — E}, be a curve given by gr(s) = sey, where ey, is defined
by (11). Then gi € T'y, and I;(gr(s)) = I1(g1(s)) for all k£ € N and s € [0, 1]. Therefore,
by the Mountain Pass Theorem,

e < max I1(g1(s)) = My (13)
s€[0,1]

independent of k € N. As I} (q;) = 0, we receive from (4), (5) and (Hs) that

2¢k = 20 (qr) — i (qw)an

kT kT
> [ [OWa)ao) -2 aw)]d+ [ (oo
—kT —kT
kT kT kT
>do [ apar- [ swart [ io.aae (14)
—kT —kT —kT

By Hélder inequality, (13) and (14) we get

dollar|| < 2Mo+ Bo + collgrllzy

2kT’

—+o0
where ag = |[f||zy and Bo = / B(t)dt. Since > 1 and all the constants in the above

—o00
inequality are independent of k, then there exists a constant L such that

llakllzy,, < L. (15)

2kT T
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On the other hand, by (3), (4) and (Hy), one has

kT kT
mmmas2Mﬁam/ kmmwwa/"<nmaamm. (16)
kT —kT

If r > u, by (1), (15) and Holder inequality we obtain

kT kT
bullarllE, < 2Mo + 2dilgx |75 /w lqi ()| dt — Z/kT(fk(t)7Qk(t))dt
< 2Mo + 2¢L||gr||, " + 20 L. (17)

Since r — p < 2 and all coefficients of (17) are independent of k, we see that there is
M > 0 independent of £ such that

llgk||E, < M. (18)

If r < p, we have

kT
/ mmWﬁ=/ mmWﬁ+/ ge ()"t
—kT {te[—kT,kT);|qr (t)|<1} {te[—kT,kT);|qr (t)|>1}

0P+ [ )
{te[=kTETT;|ar (£)[>1}

<

/{te[kTJcT];IQk (t)I<1}

kT kT
g/ MWWM+/ i ()|t (19)
kT kT

By (16) and (19) we get
billgel|E, < 2Mo + 2d1||qxl|E, + 2d1L" + 200 L.
Hence
(b1 — 2d1)||qr||B, < 2Mo+ 2d1L* + 2a0L.

Since by > 2d;, (18) remains true.
Now, we observe that the sequences {qi}ren, {Gr}tren and {gx}ren are uniformly
bounded. By (2) and (18),
lallegs, < CM; = M (20)

2T —

for every k € N. Since ¢y, satisfies (HSy), if t € [—kT, kT] we have

|Gk ()] < [fe(@O] + [VV (£, qr(t))] < ig}glf(t)l +[VV (2, qi (1)1,

so0, by (20), there exists M3 > 0 independent of k such that

lldrllLg, < Ms. (21)

2kT —

From the Mean Value Theorem it follows that for every k € N and ¢t € R there exists
T, € [t — 1,t] such that

) = [ dn(s)ds = au(t) — ault = 1),



346 A. DAOUAS

Combining the above with (20) and (21) we obtain
t
] =1 [ u(s)ds + d(m)
Tk

t
s/ G (5)]ds + |k (t) — qu(t — 1)] < My + 2My = M,
t—1
and hence for every k € N
< My. (22)

To finish the proof it is sufficient to note that the sequences {q; treny and {gx}ren are
equicontinuous. Indeed, for every k € N and ¢1,t2 € R, we have by (22)

kg,

ta

to
ge(t1) — ae(t2)| = | [ qu(s)ds| < / |qi(s)|ds < Malty — tof,

t1 tl

and similarly, by (21), we have

lgr (t1) — Gr(t2)| < M|ty — taf.
Applying now the Arzela-Ascoli theorem, we receive the claim. O

Lemma 2.6 Let qo : R — R"™ be the function given by Lemma 2.5. Then qq is the
desired homoclinic solution of (HS).

Proof The proof of this lemma is based on the two following facts.
Fact 1 Let g : R — R"” be a continuous map. If ¢ : R — R™ is continuous at ty then

L alD —qlto)

t—>to t— tO

= q(to).

Fact 2 Let ¢ : R — R™ be a continuous map such that ¢ is locally square integrable.
Then, for allt € R, we have

t+3

la() < v3( / (la(s)? + ld(s)[*)ds ) (23)

1
t—3

The proofs of these facts are elementary and can be found in [7, p 385].

First, we show that go is a solution of (HS). By Lemma 2.1 and Lemma 2.5, we have
arx, — qo in CL (R, R"), as j —» oo, and
Gry (8) + VV(t,qx, (1) = fr, (1)

for every j € N, and t € [—k;T, k;T]. Take a,b € R with a < b. There exists jo € N such
that for all j > jo and ¢ € [a,b], we have

G; () = =VV(t,qx,; (1)) + f(1).

Hence, Gy, is continuous in [a,b] and gk, (t) — —VV(t,qo(t)) + f(t) uniformly on [a, b].
Fact 1 implies that Gy, is a classical derivative of i, in (a,b) for all j > jo. Moreover,
since gy, — go uniformly on [a, b], we obtain

Go(t) = =VV(t,q0(t)) + f (1)
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for every t € (a,b). Since a and b are arbitrary, we conclude that gy satisfies (HS).

Now we prove that ¢o(t) — 0, as |[t| — oo. First of all remark that for all [ € N
there exists jo € N such that for all j > jy, we have

T
[ a0 + b OF )it < llaw, I, < M2

By Lemma 2.5, we get

T
| @) + (o)) < 212

Letting | — oo, we obtain [ (|qo(t)|® + |do(¢)|*)dt < MZ, and so

— 0o

/u (P + o))t — 0 (24)

as r — oo. Combining (23) and (24), we receive our claim.
In the next step we show that ¢o(t) — 0, as |[t| — oo. To do this, applying (23),

we obtain
t+3

(ldo(s)|2 + Iijo(s)|2)ds)

(o) < V3( [

1
2
From (24), we get
t+3
[ lin(s)Pds — o,
t 1

2

as |t| — oo. Hence, it suffices to prove that

t+3
[ lin(s)Pds —o. (25)
t

1
2

as |t| — oo. Since qp is a solution of (HS), we obtain

t+1 t+3 t+3
/ lo(s) [2ds = / YV (s, ao(s))|2ds + / F(s)|2ds
= } =

t+3
=2 [ (O (sl £

1
2

and then

t+1 t+3 t+3
/ ()| 2ds < / YV (s, ao(s))|Pds + / F(s)]2ds
1 1 t,l

2 t 2 2

t+1 1

eo [ v aoras) ([ eopa) (26)

By (Hg), we have
t+3

/ F(3)2ds — 0, (27)
t—1

2
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as [t| — oo. On the other hand, since VV(¢,0) = 0 for all ¢ € R and ¢o(t) — 0, as
[t| — oo, (25) follows from (26) and (27).

Finally, it remains to show that gy is nontrivial. Obviously, this will be the case when
f # 0, otherwise, using (H3), the proof is the same as in [13]. O
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Abstract: In this paper we investigate the complete integrability of the system of
six coupled nonlinear ODEs, which arises in the ODE reduction of rotating stratified
Boussinesq equations. We use Painlevé test to investigate the complete integrability
of the system. And we conclude that the system is completely integrable only if the
Rayleigh number Ra = 0. The singular solution of the system admits the movable
pole type singularity in complex domain.
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1 Introduction

We undertake the Painlevé analysis of the system of six coupled nonlinear ODEs arising as
a reduction of rotating stratified Boussinesq equations. The rotating stratified Boussinesq
equations form a system of partial differential equations modelling the movement of
planetary atmosphere. In their study of instability in stratified fluids at large Richardson
number, Majda and Shefter [I] analyzed certain system of ODE reduction of stratified
Boussinesq equations. Srinivasan et al [2] gave the complete analysis of reduced system
of ODEs and discussed the stability of degenerate critical point. In their paper Desale
and Srinivasan [3] examine the same system in the light of the ARS (Ablowitz, Ramani
and Segur [4]) conjecture. Ablowitz, Ramani and Segur have conjectured that a system
of PDEs is completely integrable if all its ODE reductions are of Painlevé type. The
conjecture has been tested on large class of differential equations and has since been
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employed as a popular test of integrability. Whereas in the basin scale dynamics Maas
[5], has considered the flow of fluid contained in rectangular basin of dimension L x L x H,
which is temperature stratified with the fixed zeroth order moments of mass and heat.
The container is assumed to be steady, uniformly rotating on an f-plane. With this
assumption Maas [B] reduces the rotating stratified Boussinesq equations to an interesting
six coupled system of ODEs. Further, Desale [6] has given the complete analysis of the
system and also tested the system for complete integrability by determining the four first
integrals and uses the Jacobi’s theorem. In their recent paper Desale and Sharma [7] have
reduced the rotating stratified Boussinesq equations into the system of six coupled ODEs
that are also in similar nature with the system which we are looking in this paper.

In this paper we have tested the system of six coupled nonlinear ODEs for its complete
integrability via Painlevé analysis. Here we state that our analysis follows similar kind of
techniques as used by Desale and Srinivasan in their paper [3]. But our system includes
additional terms due to the effects of rotation so that in calculations we are far apart
from Desale and Srinivasan [3].

This paper is organized as follows. Section 2 gives the ODE reduction of rotating
stratified Boussinesq equations. We implement the Painlevé test to determine the singu-
lar solution of the system in Section 3. In Section 4, we illustrate two systems that also
exhibit the similar kind of solutions. Finally, we conclude the results in Section 5.

2 Reduced System of Nonlinear ODEs

We now begin by describing the rotating stratified Boussinesq equations (see Majda [§],
p. 1)

D R D ..
F‘t[ + fesxv) = —-Vp+v(Av)— %63,
b
divv = 0, (1)
Dp i
P kA
Dt RApP,

where v denotes the velocity field, p is the density of fluid which is the sum of constant
reference density pp, and perturb density p, p is the pressure, g is the acceleration due
to gravity that points in —ej3 direction, f is the rotation frequency of earth, v is the
coefficient of viscosity, x the coefficient of heat conduction and % = % +(v-V)isa
convective derivative. For more about rotating stratified Boussinesq equations one may
consult with Majda [g].

In the frame of reference of an uniformly stratified fluid contained in rotating rect-
angular box of dimension L x L x H, which is temperature stratified with fixed zeroth
order moments of mass and heat (so that there is no net evaporation or precipitation,
nor any net river input or output, and neither a heating nor cooling). The container is
assumed to be in steady uniform rotation on an f-plane. Maas [5] reduces the system of
equations () into the following system of six coupled ODEs:

d .
Prfld_"tv + flésxw = €3 xb—(w,ws, rws)+1TT, @
db
E—FbXW = —(bl, bQ, ,ubg)—FRaF.

In these equations, b = (by, ba, b3) is the center of mass, w = (wy, wa, ws) is the basin’s
averaged angular momentum vector, T is the differential momentum, F are buoyancy
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fluxes, f' = f/2ry is the earth’s rotation, r = r,/ry, is the friction (r, 5 are the Rayleigh
damping coeflicients), Ra is the Rayleigh number, Pr is the Prandtl number, p the
diffusion coefficient and 7" is the magnitude of the wind stress torque.

Neglecting diffusive and viscous terms, Maas [5] consider the dynamics of an ideal
rotating, uniformly stratified fluid in response to forcing. He assumes this to be due
solely to differential heating in the meridional (y) direction F = (0, 1, 0); the wind effect
is neglected i.e. T = 0. For Prandtl number, Pr, equal to one the system of equations (2]
reduces to the following ideal rotating, uniformly stratified system of six coupled ODEs

d

w = —f’e}, X W + €3 X b,

dt (3)
db

E = —b X W + RaF

In his paper Desale [6] has demonstrated the complete integrability of the system (8] for
Ra = 0. Our approach to discuss the integrability of above system is quite different than
Desale has used in his paper [6]. In the following section we deploy the Painlevé test for
complete integrability of the system (3]).

3 Singular Solution of the System
We can write the system of six coupled ODEs () component-wise as:

wy = flwy —by, Wy =—fwi+b, w3=0,
bl = w2b3 — U}3b2, bg = w3b1 — w1b3 + Ra, b3 = U}lbg — ’wgbl.

(4)
Since w3 = 0, hence we get w3 = constant = k; say and consequently we have the system
of five ODEs

wy = flwy —by, Wy = —f'w +by,

b.l = w2b3 — klbg, bg = klbl — w1b3 + Ra, b.3 = U}lbg — ’wgbl. (5)

We are looking for the solution of system () in the form of power series as given below

wy(t) = ZwlejJF"h’ wa(t) = Zw2j7-j+m2’

S S .~ ©)

bi(t) = Z bleJ+nla ba(t) = Z szTH_nQ, bs(t) = Z bngj+"3,
Jj=0 7=0 =0

where 7 = t — ty and to is the arbitrary position of singularity. As per the Painlevé
algorithm there are three main steps in determination of singular solution. These steps
are:

1. Determination of dominant behavior.
2. Determination of resonances.
3. Examining the compatibility conditions at the resonances.

It is natural that the algorithm may stop at the first step, second step or third step.
For more details about this algorithm one may consult with Ablowitz et al [4]. The
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convergence of the series solution by use of this algorithm is guaranteed by Kichenassamy
and Littman [9] [10].

Now we proceed for implementation of algorithm so in the first step we determine
dominant behavior of the system (B]). There are the several possible cases for dominant
balance but the system of ODEs () admits the singular solution only in the following
case of principle dominant balance

Wy = —by, Wy =by, by =wsbs, by=—wibs, bz =wiby — wabi. (7)

In the following subsection we determine exponents and leading order coefficients.

3.1 Determination of exponents

To determine the singular exponents mjy, ma, ny, n2 & ng, which appear in (@), it is
sufficient to truncate the expansions up to the leading order and then substituting these
truncated expansions into (7)) we obtain the following system of equations

miwioT™ "1 = —booT"2,  MmowgnT™2 ! = byoT™,
n1b1oT™ T = wopbsoT™2 T, moboT™2 ! = —wigbgeT™ T, (8)
nabgor™ 7! = (w1obooT™ T2 — wagbyoTM2 M),

Equating the powers of 7 so that equations (&) get satisfied we have the following linear
equations
mi—1=mno, mo—1=ny, ni—1=mg+ng,
no—1=mq+n3, ng—1=my+ne=mso+n.

(9)

From equations (@) the exponents can be uniquely determined as given below.
miy=mo=—1, ny=ng =n3=—2. (10)

Substituting the values of my, ma, n1, na & ng into equations ([B) and then equating the

coefficients of like powers of 7 on both sides of each equation, we get the following system
of equations to determine the leading order coefficients

wig = bag, w20 = —bio,
1 1

big = —5wa0b30, b2o = 5w10b30, (11)
1

b3o = —5(w10b20 — wa0b10)-

Solving these equations we find that there are two possible branches of leading order
involving one leading order coefficient to be an arbitrary constant. Suppose that weg = ko
is an arbitrary constant. The possible branches of leading order are as given below

w10 = :t\/ —4 — k%, Wo20 = kg, blO = —kg, bgo = :t\/ —4 — k%, b30 = 2. (12)

Here we notice that there are two possible branches of leading order. Hence, we will get
two different singular solutions in complex domain. The next step of Painlevé algorithm
is to determine the resonances. In the following section we proceed to determine the
resonances.
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3.2 Determination of resonances

As per the Painlevé algorithm this is the second step. Here we determine the resonances.
So we rewrite the equations (Bl by substituting the values of exponents

o0 o]
wy(t) = wier ' + Zwlﬂj’l, wo(t) = woor ! + ngﬂj’l,

j=1 j=1

bl(t) = b107'_2 + Zblej_z, bg(t) = bQQT_2 + ZijTj_Q, (13)
j=1 J=1

b3(t) = b307‘72 + Zbg,jTj_z.
j=1

Substituting the above equations into the system (&) we obtained the following recursion
relations for determining the coefficients of different powers of 7 in the equations (I3)),
which are valid for j > 2,

j -1 0 0 1 0 Wij Aj
0 j -1 -1 0 0 w2 Bj
0 —b30 j -2 0 — W20 blj = Cj s (14)
b3o 0 0 j—2 w10 b?j Dj
—by bio w2 —wi j—2 bs; E;
where
j—1
Aj = flusoy, Bi=—flungoy, €5 = —kibyny + Y wabs(op,
j-1 j—1 . (15)
Dj = kibyj_1) — Zwlka(jfk)a E; = Zwlka(jfk) - Z'LUkal(jfk)-
k=1 k=1 k=1
Now we denote by M(j) the matrix
-1 0 0 1 0
0 j—-1 -1 0 0
M(]) = 0 —b30 ] -2 0 — W20 . (16)
b3o 0 0 j—2 w10
—by bio  wyp —wip j—2

The above recursion relations (I4]) determine the unknown expansion coefficients uniquely
unless the determinant of matrix M (j) is zero. Those values of j at which the determinant
det(M (7)) vanishes are called resonances. Here we see that for both possible branches
of leading orders given in equations (I2)) the determinant of matrix M (j) is

det(M(5)) = (7 +1)j(G —2)(G =3)(F —4). (17)

Hence, the resonances are
j=-1,0,2, 3, 4. (18)

Here j = —1 is a usual resonance and j = 0 is corresponding to the arbitrariness of wsg
in leading order behavior.

For the next step in the algorithm we check the compatibility conditions at non
negative resonances given in equation (I8]).
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3.3 Compatibility conditions

In this section we check whether the compatibility conditions hold at positive resonances
which are determined in previous section. The recursion relations (I4]) will be valid if and
only if the vector appearing on the right hand side of ([4]) must be annihilated by every left
null vector of M (j) (when j is a resonance) resulting in a set of compatibility conditions
to be satisfied by the previously determined coefficients. When these conditions hold, the
j-th coefficient vector enters as an arbitrary coeflicient vector in the expansion (I3)). On
the other hand if the compatibility condition fails at a resonant level, logarithms need
to be introduced in the expansion (see [9] [10] for details). We investigate this in each
case of possible branches of leading order coefficients given by (I2]) and we determine the
expansion coefficients in each case up to the last resonant level.

e Case 1: Consider the leading order coefficients

wip = /—4 — k%, wap = ks (arbitrary constant), (19)

bio = —ka, boo=+/—4—ki, bgo=2.

e Compatibility condition at j = 1. Since the recursion relations ([I4) come into
force when j > 2, hence, we have directly substituted equations (19) into (I3) and then
into the equations (B). After simplifying we equate the like powers of 7 on both sides
of the resulting expansion thereby obtaining the following system of linear equations for
w11, Wat, bi1, ba1 and b3y

0 0 0 1 0 Wiy ks
0 0 -1 0 0 way By
0 2 1 0 ks b | = |~k TR
2 0 0 -1 \/—4—]€% bo1 —k1ko
AR ke ke AR -1 ba 0
(20)

The system of linear equations (20) has a unique solution, hence w11, wa1, b11, ba; and
bs1 are uniquely determined and these are given below

w1y = 5(f'k2 — k1ka), wor = 3(—f + k1)/—4 — k2, (21)
bin = f'\/—4—k3, bor=[f'ks, b3 =0.
e Compatibility condition at the resonance j = 2. Now substituting the values of
w;j and b;; for ¢ =1,2,3 and j = 0,1 into the recursion relations ([[d)) for j = 2, we get
the following set of linear equations

1 0 0 1 0 w12 Az

0 1 -1 0 0 W92 By

0 -2 0 0 —k2 bio | = Co |, (22)

2 0 0 0 V—4—k3 bas D
—/—4—k} —ko ke —\/—4-k3 0 ba Es

where

Ay = fj,(]ﬂ — [ —4 k3, B/? = _%(fl — k1), Co=—["kiks, (23)
Dgzklflx/—él_k% E2:(f;2k1)(f/k§_k§_4)

Since j = 2 is a resonance, the coefficient matrix to the left hand side of equation (22])
vanishes. Hence, we have infinitely many solutions to above system of linear equations
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with one arbitrary constant say bza = k3. Solving the system ([22]) with the help of (23)
we get the following set of values of w2, waz, b2, bag and bss.

wig = 3(f'k1 — ks)/—4 — k3, wap = %(f/kl — ks), (24)
biz = [(f)? = ks, boo=5[ks = (f)°] V-4 k3, bs2=ks.

e Compatibility condition at the resonance j = 3. Now we check the compatibility
condition at the resonant level j = 3. At this resonance level we observe that recurrence
relations fail to collect the additional term Ra, which is one of the terms involved in the
equations ([B]) due to the effects of rotation. So we substitute the equations (I3)) into the
system of differential equations (f), then equating the like powers of 7 with j = 3 we get
the following system of nonhomogeneous linear equations

2 0 0 1 0 w13 Az

0 2 -1 0 0 W Bs

0 -2 1 0 —k2 bis | =1 Cs |, (25)

2 0 0 1 "I R2 | | bos Dy
—/—4—k3 —ky ke —/—4—k2 1 bss Es

where

Az = flwae, Bz = —f'wiz, Cy=waibzs — kiba,

26
Dy = k1big —wii1bsa + Ra, Ez = wi1baa + wizbar — wo1biz — wagbis. (26)

After substituting the values of w;; and b;; for ¢ = 1,2,3andj = 0, 1,2 in above equation
and simplifying we see that the rank of coefficient matrix is 4, whereas the rank of
augmented matrix is 5. This shows the inconsistency of the system (25). This is because
of the term Ra, the Rayleigh number. Hence, we reduce the augmented matrix to its
triangular form by use of elementary row transformation, which is given below

2 0 0 1 0 Lk (Cht k)

0 1 0 —gh/=4=’ & Lk~ fha)/-4- K
00 1 —Zy—4-k 2 0

00 0 0 1 0

00 0 0 0 Ra

From the above triangular matrix we notice that the system (28]) is consistent if and only
if Ra = 0. Hence, the compatibility condition at resonance level j = 3 will hold only if
Ra = 0. Now we assume that Ra = 0 (Note that with this assumption we have one more
term in equations ([3) due to the effect of rotation), so that the linear equations (25)
can be solved and we see that there are infinitely many solutions with one independent
variable. We found that the variable bes to be independent. We assign the arbitrary
value k4 to beg that is to say bag = k4. The solutions of system (2H) are given below

wis = —"% + %(—k:; + f'k1), w3 = (2% + f,f3 - (f’)zkl) /=4 — k3,
b13=£—§\/—4—/€§, baz = kg, b33 =0.

e Compatibility condition at the resonance j = 4. At the resonant level j = 3
we notice that compatibility conditions hold only if Ra = 0 and there we assume that

(27)
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Ra = 0. Now we proceed to check the compatibility conditions at the resonance j = 4.
We substitute the equations ([27)), 24]), 1) and ([IJ) into the recurrence relations given
by ([[4) for j = 4; and then equating the like powers of 7 with j = 3 we get the following
system of linear equations

3 0 0 1 0 W14 Ay
0 3 -1 0 0 Way By
0 2 2 0 —ko bu | =1Cs |, (28)

2 0 0 2 V=4 —k3 bos Dy
=4k —ky ky —\/—4—k2 2 by E,

where

Ar = (ke Shalks — fla)) V=1 R,

By = —L(=2ky— fhoks + (f))?kiks),

Cy = —kikg+ 522 (—ks + f'ky),

Dy = 55z (2kika + ok} — f'kikoks)\/—4 — K3,

Ei = Lka(f'ks — kiks) — 263((F)2 — ks) (— ks + f'hy) (29)
f

ke (— 2k — flhaks + (f')kik2)
LA+ ) [Ra(f" + k) = [ + ksl (s + f'ka)
L (s + flhaks — [f’]?kle)]

+ o+

We see that the linear system (28)) is consistent and admits infinitely many solutions with
one independent variable. Reducing the augmented matrix to its upper triangular form
we found the variable boy to be an independent variable. Let by = k5 be an arbitrary
constant. Solving the system (28) with this independent variable we get the following
solutions

wig =~k = YR 2k ke — 9Py + (F)hiks],

12k
o kaks (f')*haks + 2f ks = (f')*kiks
24 3\/_47_% 12 ’
by — koks bos — k
14 4 + k%a 24 55
4ks (f')?koks — 3kak3 +2f"ka — (f')*kiko + 3 kikoks — kiky

bss = — -
T s/ A k2 61 I

e Compatibility condition for j > 5. From the equation (I8) we observe that the
matrix M(j) for j > 5 is nonsingular matrix in this case of leading order coefficients
as given by equations [IJ). So the system (I4]) with (1) in this case of leading order
coeflicients possesses unique solution. For the calculations of w;; and b;; for i = 1,2,3
and j > 5, we substitute @0), @7), @4), @I) into the recursion relations (I4]) and
(IH) for passing successively j = 5,6, .... In this fashion we find all the coefficients are
uniquely determined for j > 5.

As we notice the compatibility conditions hold provided that Ra = 0. Hence, the
system (@) passes the Painlevé test implying the complete integrability of the system.
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So we can write the general solution of the system (). In that respect we substitute
all these coefficients into the Laurent’s series expansions as given in equations ([[3]). The
general solution of system (@) in this case of leading order coefficients consists of five
arbitrary constants k1, ko, k3, k4, k5 and an arbitrary position of ¢y singularity and the
required solution is as given below

v/ —4 — k%Til + %(flkg - klkg) + [%(f/kl — k3)\/ —4 — k%}T

+[— 12—4 + %(—k;;-f—f’kl)bj

w1 (t)

*‘["%?““f%iﬁé(“(fUkaks-21"k44-(f93k1k2)]73

—I—Zwlej_l,
=5
’wg(t) = kgTil + [%(—f’ + kl)\/T—k%} + [g—Q(f/kl — ]€3)}T
(g + L - (k) VA= R

kaks n (f')?koks + 2f ks — (f')*k1ks
3/ —4— k3 12
+Z ’ngTj71 ,
j=5
ws(t) = ki (arbitrary constant),
b (t) —kot 2+ [f'/ A= R3] T 4+ 2 ()2 — ks + [/ -4 — k3]

+[ kaoks ]72+Zb1ﬂj72,
j=5

+[ - ]

(31)

4+ k3

bg(t) = /—4- k%Tﬁ2 +7f/]€2’7'71 + [% ((k3 — (fl)g) v/ -4 — k%} + kaT

+k‘57’2 + Z ijTjig,
Jj=5

balt) = 2kt |- A

_ (fl)2k2k3 — 3k2k§ + 2f/]€4 — (f/)3]€1k2 + 3f/k1k2]€3 — ]€1]€4:|T2

6k1
+Z b3j7'j72.
j=1

Equations [3I]) contain five arbitrary constants ki, ko, ks, k4, k5 and arbitrary position
of to; these equations satisfy the system of differential equations (3] for Ra = 0. Hence, in
the present case of leading order coefficient, equations (31l represent the general solution
of @B). The convergence of such series solutions is guaranteed by Kichenassamy and
Littman [9,[T0]. And it seems that the solution contains the movable pole type singularity.
Similar kind of steps are involved for another branch of leading order coefficients. In the
following subparagraphs we listed these calculations.
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e Case 2: Consider the leading order coefficients
wip = —\/—4 — k3, wag = ko (arbitrary constant),

bio = —ka, bao=—/—4—k3, bz =2

Using the same approach as in the previous case we have determined the expansion
coefficients of (I3) for j = 1,57 = 2,7 = 3, and j = 4 which are listed below.

(32)

e Leading order coefficients at j =1:
As we notice already j = 1 is not a resonance and hence, in this branch of leading order
coefficients for j = 1 we can determine w;; and b;; uniquely for i = 1,2,3 j =1 as

given below.
fka — kiko [ =k
w11 2 ) w21 2 29 (33)
bin =—f'\/—4—k3, bo = fks, b3 =0.

e At the resonance j = 2 : At this resonant level j = 2, we find that one of the
coeflicients is independent. Let b3y be independent. Assign the value to b3o = k3 and
consequently other expansion coeflicients for j = 2 are given below

ks — 'k k
wlzz%fl\/—‘l—k%, w22=72(/€1f/—k3),

N2 _
b12:%[(f/)2_k.3], b22:w1/_4—k§7 bso = k3.

e At the resonance j = 3 : As we noticed in previous case at this resonant level j = 3
is that system of linear equations (25 is inconsistent unless Ra = 0. Similarly in this
case we also notice that a system of linear equations is inconsistent unless Ra = 0. Again
assuming that Ra = 0, we determine the expansion coefficients with one independent
variable. Let bos be independent. Assign bys = k4 and other expansion coefficients for
J = 3 are given below

(34)

—4 — k3 —2k
2 4 _f/kg_’_(f/)leL

w1z = %[—2k4 + [ ko (f'hy — ks)l, was = 4 [ ko (35)

—kyr/—4 — k2
%, baz = ka, b33 =0.
2
At the resonance j = 4 : Also, at this resonant level j = 4 we found that one of the

expansion coefficients is independent. Let boy be independent and assign the arbitrary
value say boy = k5. Other expansion coefficients are as listed below

b1z =

e VAR ek g 2k — (k).

e T DTS

Woy = L + —I[2k4 + fhoks — (f')*k1ka),
3v/—4—k2 12

bia = _kabs
V—4—kZ

bay = ks,

ik 1 [kaoks ((f')? — 3ks) + 2ka(f' — 3k1) + f'kika(3ks — f"%)].

hay — ——0
T3/ 1k 6k
(36)
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For j > 5: Plugging the equations (30), (35), (1), B3) and B2) into the recursion
relations (I4]), we can uniquely determine the expansion coefficients w;; and b;; for j > 5.

The general solution of system (@) in this case of leading order is as given below

! _ /_4_ 2
wni(t) = —yf—d— gt g LRl %2 (ks — f'ho)r

2 2
k "k
—+ __4_|_f 2[—k3—|—f/k] 7_2
2 4
k ' —4 — k2
—_ _5+£[f k2k3+2]€4—(f/)2]€2]{,‘1}
3 12k
+ D ey
j=5
—4 =k —kaks + 'k
wy(t) = kot '+ (#[f’ —kﬂ) + %MT
a2/
+ \/7]% 2k4 _ k3f/+ (f/)le 7_2
4 ko
kaks f . B
+ (3\/Tk2 [f k2k3+2k4_(f/)2k2k1]>T3+Zw1j7_j 1
wy(t) = ki,
(N2 —
bit) = ket Tt - <f’ —4—k§) 1 haks = (f)’ke ka4 K3
2 ko
koks
t R +§Fw47
452
ba(t) = _\/ﬂ _2+f/k27_1+f2(_k3+(f/)2)+/€47+/€572
+ ZijTjiz,
j=5
- Aks
bs(t) = 27 24 ks+ | ———ex
3(t) : [3\/T—k§

(f")koks — 3kok3 + 2f 'k — (f')% K1k + 3 kikoks — kika 2
6k
+Z b3j7’j72.
Jj=1
(37)

4 Examples

In this section we present two systems of ODEs that are in similar analog with our system
@) for Ra = 0. Hence, these systems will have the singular solutions and these solutions
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will be in similar nature as we have obtained so far.
Now consider the equations for the motion under gravity of a rigid body about a fixed
point

dl
— = Ixw+cxg,
dt
(38)
dg g X 1=1
— = w; = Iw.
dt

In the above equations, 1 and w are respectively the angular momentum and angular
velocity of the body, g is the gravitational acceleration with respective the moving frame.
The vector c is the center of mass and inertia tensor I are both constants. The explicit
details about the system (B8] have been discussed by Andrew Hone [I1]. This system
will be as similar to our system (B]) for Ra = 0 and assigning the value f’ = 0. So that
the singular solutions of a system (B8] will be obtained in similar fashion as we discussed
above.

In their paper Julien et al [12] employ a multiscale expansion in both time and space.
Specifically, they define the Ekman number E = v/2Qd?, where v is kinematic viscosity,
d is typical length scale, and © = Q2 (which is equivalent to f€3 in our equations () is
the rotation vector, and treat E as a small parameter. With these assumptions and in
the absence of stratification the incompressible Navier-Stokes equations then become

“—4+Qxu = —Vr+EViu+f,
Dt " (39)

V-u = 0,

where f is an unspecified body force and 7 is the pressure. Further Julien et all [12]
present their results for the specific case of rotating convection for which they took
f = (Ra/0)E?Tz and (B3) were supplemented with the energy equation
DT 9
T EV-T. (40)
In equation [@Q), T is the temperature, Ra is the Rayleigh number, and ¢ = v/k is the
Prandt]l number; x is the thermal diffusivity.

Here we observe that if we take £ = 0 and unspecified body forces to be equal to
zero, and going through the local analysis as Desale and Sharma [7] deploy it to a similar
equations. We can have a system of ODEs which is equivalent to system (B]). Hence for
Ra = 0 the singular solutions in this case will be in similar nature with the solutions
which we have investigated in Section 3.

5 Conclusion

Now we conclude that the system of ODE reduction of rotating Stratified Boussinesq
Equations (@) is completely integrable (in the light of ARS conjecture). There are several
possible cases of principle dominant balance cases among these the system of ODEs (3]
admits the singular solution only in the case of (). There are two possible branches of
leading orders and in both cases of leading orders system (B]) passes the strong Painlevé
test only if the Rayleigh number Ra = 0. The general solutions are given by(31]) and
(@1). We found that these solutions are in complex domain and contain the movable
pole type singularity at t = tg. In Section 4 we illustrate the systems which also exhibit
similar kind of solutions so far we obtained in Section 3.
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Abstract: The use of linear matrix inequalities and Lyapunov functions is a pow-
erful and commonplace tool for Takagi—Sugeno fuzzy controlled system analysis and
synthesis. This paper shows how to split and handle the coupling terms arising from
the existence of different input matrices in the subsystems. Then, a method is pro-
posed which allows to synthesize, for a sufficient number of subsystems, the local
gains of a nonlinear parallel distributed controller. It is shown that the controller
gains depend on the values of the input matrices and of the membership functions,
and are thus able to relax classical stability conditions by embedding information on
the fuzzy premises.

Keywords: fuzzy control; stability; nonlinear control; linear matrixz inequalities.

Mathematics Subject Classification (2000): 93D42, 93D15, 93D21.

1 Introduction

The Takagi—Sugeno fuzzy state-space model allows to describe a nonlinear system using a
set of fuzzy rules for which the consequents are a set of linear models, which are smoothly
connected by fuzzy membership functions [I]. An intuitive approach to the control of
T-S fuzzy systems consists of designing a fuzzy controller which shares the same fuzzy
sets with the fuzzy model in the premise parts. In this parallel distributed compensation
method (PDC), each control rule is distributively designed for the corresponding rule of
a T-S fuzzy model [2].
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Most works considering the design of controlled Takagi—-Sugeno fuzzy systems lead
to express stability conditions and gain synthesis as a set of linear matrix inequalities
(LMIs) which can be solved via efficient semi-definite programming optimization software
[3]. These works can be extended for very complex systems such as time-delay nonlinear
systems modelling and control [6]. However, very few works will consider the relevance
of a nonlinear PDC controller. Original results dealing with the search for a common
quadratic Lyapunov functions (CQLF) are known to be quite conservative, and, as a
result, a number of methods have been proposed to relax standard stability conditions
[4, 7, 8l @], and new tools such as piecewise quadratic Lyapunov functions or fuzzy
Lyapunov functions have been introduced (e.g. [I0]). Extended results have allowed to
consider bounds and/or shapes of the premises’” membership functions considering PDC
[11, 12] or non PDC [13| 14, 15] controllers (see [24] for a summary of conservativeness
issues). An extension of these results to fuzzy nonlinear systems can be done using vector
norm approaches [5] with the drawback of adding more conservatism.

A main difficulty to the synthesis of fuzzy controlled systems lies in the combination of
closed-loop subsystems which does not result into a parallel distribution of the individual
closed-loop subsystems, because of additional coupling terms. These coupling terms
result from the linkage of the local subsystems to the other subsystems’ local controllers,
in particular when input matrices are not identical. Some works, e.g. [22] 23] allow to
handle subsystems with different matrices, and a descriptor formulation along with a non
quadratic Lyapunov function has been proposed [2I] to decouple input and gain matrices.
The whole coupling term has also been represented explicitly by a product of matrices
involving a single uncertain matrix with a norm smaller than one, leading to a global
Riccati equation (e.g. [2]). Finding a global bounding matrix for the coupling term is
often not easy to work out, because these terms depend on the membership functions
and on the control gains themselves, which prevent the use of the method for control
synthesis. The exact cancelation of coupling terms has been tackled explicitly only for
large-scale systems [17].

In this paper, it is shown that the closed-loop T-S fuzzy system under PDC control is
the sum of distributed closed-loop fuzzy systems and of a coupling term. This coupling
term is rewritten as a sum of pairwise products involving input matrices and control gains.
A first method is proposed to design fuzzy control gains which attenuate the coupling
effect for any of the closed-loop subsystems, considering a common CQLF. This is done
by considering bounds on the coupling term, and, when a priori limitations are given
for control gains, the stability conditions are resumed to a set of independent Lyapunov
equations. As this method still presents high degrees of conservatism, it is shown that
when the number of subsystems is large enough, the coupling terms can be canceled by
proposing nonlinear control gains for the PDC control structure.

2 Analysis of Fuzzy Systems Under PDC Control

2.1 Closed-loop T-S fuzzy systems decomposition

The fuzzy model proposed by Takagi and Sugeno consists of a set of r fuzzy IF... THEN
rules for which the consequents are linear state-space models:

Plant Rule R;: IF 21 IS M;; AND --- AND 2z, IS M;;, THEN & = A;z + B;u;
where z(t), u(t) are respectively the state and input vectors, z;(t), M;; are the premise
variables and the corresponding fuzzy models.
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The final output of the fuzzy system is inferred as follows:

T = Z Mi(Aix + Bz‘u), (1)

=1

where u; = ZT% and w; is the grade of membership function of the rule R;.

=1 Wi

For every subsystem .S;, a local controller can be defined as u = K;x, where K; is
a control gain. The rules which describe the fuzzy controller share the same premises
as the fuzzy models, hence distributing the local controllers into the global controllers
according to their systems’ weights. In general, the controllers are supposed to be linear,
but, in this study, it will be shown that nonlinear consequents might be preferred.

Controller C;: IF z1 IS M;; AND --- AND 2z, IS M;, THEN u = K;z, yielding:
U = Z il (2)
i=1

Lemma 2.1 Let the system & = .._, pi(Ajx + Byu) with PDC control v =
Soi_y wiKx such that A; + BiK; = Gy and > i < 1, p; > 0. The closed-loop
system is:

[ZZMMG +ZM1 z( _Zﬂj)+ > Mz‘ﬂj(Bi—Bj)(Kj—Ki)]x- (3)

i=1 j=1 Jj=1 1,j=1,j#1
Proof One has

= Z;Mi (Aix + B; z;MjKjx> = Z/M (Ai + i BiK; + B; Z quj)x.
i= j=

i=1 j=Li#i

&= Z [N?Gi + i A (1 — i) + i By Z s K

i=1 j=Li#i

Moreover,

ZmB Z K = Z Z pati (Gi — Ay)

Jj=1,j#i =1 j= 17#%
DIITED SRTICES DD ST
J=1,j#i i=1 j=1,j#i

In this equation, one can rearrange the two last sums into a sum of pairwise terms:

T

> wBiKi + B Ky — pap; B — B K
i,7=1,7#1

= > pp(Bi— By (K; — K).
i,7=1,j#1
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Hence,

T

ZmB Z piKj = Z Z pini(Gi— A+ Y (B — By)(K; — K3).

Jj=1,j#i i=1j=1,j7#i i,5=1,j7#1

One has now:

T = [ Z (M?Gi + 1A (1 — Mi)) + Z Z it (Gi — Ag)

i=1 i=1 j=1,j%#i

+ > Niﬂj(Bi_Bj)(Kj_Ki)]x

4,j=1,j7#1

ZM%G"‘Z Z pip; Gy = ZZMZMJGMand

=1 j=1,j7#i =1 j=1
ZNiAi(l Z Z NzNJA ZMZ 1( - Zuj)v
i=1 i=1 j=1,j#1¢ Jj=1

we demonstrate the final result:

T

ZZMHJG +Zﬂz (1—Zﬂj)+ > Hiuj(Bi—Bj)(Kj—Ki)]x

=1 j=1 j=1 i,j=1,j#1

2.2 Specific cases

Note that in the Lemma, the formula could also be valid for _;_; u; < 1. One can derive
more specific cases.
Polytopic systems: When ., p; = 1, formula (@) is reduced to:

= [ dowGi+ D (B — By)(K; — Ki)] T
i=1 i,j=1,j7#i
Two-subsystems: The coupling term is now pqu2(B1 — B2)(K2 — K7). In this case,
the deviation from the polytopic closed-loop system only depends on the difference

between gains Ko and K;, and this only degree of freedom is a limitation to the
cancellation of the coupling term and of the choice of the local controllers.

Common input matriz: Suppose that Vi, B; = B, and >_._, p1; = 1, then formula (3]

is reduced to: ,
T = [ Z uiGi] T
i=1

As a remark, one can say that, when the system exhibits a common input matrix, the
closed-loop system behavior is a polytope of closed-loop local systems, and, thus, the cou-
pling terms vanishes. The analysis of the whole closed-loop system can be handled easily.
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Proportional input matrices: Suppose that Vi, B; = «; B, where a; € R, then the
closed-loop subsystem is

T = [ZulGl—’_B Z uiuj(ai—aj)(Kj—Ki)]x.
i=1

6,j=1,571

This case arises often in Takagi-Sugeno modelling, and it can be seen that the coupling
term is strongly dependent of the membership functions and the gains amplitude.

2.3 Global stability verification

Theorem 2.1 [2] The system & = .., ui(Aixz + Bju), under PDC control u =
Z;Zl wilKx, such that A; + B;K; = Gy and Ay + B;K; = Gjj, is stable if there exists a
common positive definite matrix P such that:

Vi=1,---,r,PG;+GIP <0,

4
Vi<j,P(G¢j+Gji)+(Gij+Gji)TP-<0. @
Remark 2.1 Theorem (ZI)) allows the determination of both the Lyapunov matrix
and the controller gain, using a change of variable N; = K;P~!, when being replaced
in the stability conditions, leads to a set of LMIs in IV; and in P, the PDC controller
being provided by K; = N;P. The existence of a common quadratic Lyapunov function
is only a sufficient stability condition, and, moreover, the conditions of Theorem (2T
are independent of the membership functions, leading to conservative results. Coupling
terms are not accounted for, since any of local subsystems ¢ under any local controller
u = Kz, where j # i, should be performing, whereas it cannot be expected that a
system with a controller designed for another plant has necessarily a ”good” behavior.
Hence, the PDC controller is designed according to the ”"worst” case among the pairs
{Plant ¢, Controller j}.

Corollary 2.1 Suppose that Vi, j, B; # B; iff pip; = 0, then the closed-loop system
in Theorem (Z1)) is stable if there exists a common positive definite matriz P such that:

Vi=1,---,r,PG;+GIP<0.

This corollary shows that, when there exists a common input matrix, the closed-loop
systems are uncoupled. What is more interesting is that, within the coupling term, the
contributions involving different input matrices can be canceled when their corresponding
membership functions do not overlap, i.e. their product is identically zero.

3 Coupling Terms Attenuation

Theorem 3.1 [16] First, we consider the linear uncertain system for which & =
A+3"1_  Di6E;, ||6;|| <1, and the elements of the time-varying matrices &; are Lebesgue
measurable. Then the positive-definite matrix P is a common Lyapunov matrix for this
system if there exists r positive scalars n; such that:

PA+ATP+Y nPD;DI' P+ EE; <0,
=1
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or, as a specific case:

PA+A"P+Y PD,DI P+ E'E; <0. (5)
i=1

Remark 3.1 This Theorem was applied first by Tanaka et al. [2] and then by nu-
merous authors to the whole coupling term. Note that some authors [I9] 18] introduce a
DOE component within the consequent part. Whereas this method provides for a rather
non-conservative solution, it is clear that finding individual uncertain matrices might be
a tedious task, because the rate of variation and thus the bounds of the uncertain matrix
depend on the control gains themselves. It can thus be applied to analyze an existing
solution (when the gains are fixed a priori) but not for gain synthesis considering mod-
els/controllers coupling. The following theorem proposes a different application of this
method to every individual component of the coupling term.

Theorem 3.2 Consider the system & =Y ._, pi(A;x + Bju), under PDC controller:

T

T = ZMGZ' + Z piptj (B — By) (K — K;) | .
i=1 i j=T.jti

Let us suppose that: Vi, there exists b; such that:
Z ,uj(Bj — Bi) = bztsz, where H(SZH S 1.
Bi;ﬁBj

The matrices 0; thus depend on membership functions j; and other input matrices p;
and Bj; as p; may vary with time, 6; is a matriz which may vary with time or with the
state space x.

The closed-loop system is quadratically stable if:

Vi=1,---,r,PG;+ G P+ Pbb] P+ K] K; < 0. (6)
This can be turned into:

PG;+GTP Pb; KT
Vi=1,---,r vI'p -1 0 |=<o. (7)
K; 0 I

Proof

T = ZU1G1+ Z ,LL@ILLj(Bi—Bj)(Kj —Kl)] x
=1

h,j=1,37#1

i=1 J=1,5#1

One has now: Z (G; + pj(B; — Bj)K;) = Gi + b;6,K;, and one can apply the
Jj=1,j#i
Theorem [3.11
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Remark 3.2 Results involving a CQLF are known to be conservative. However,
other Lyapunov functions can be searched for the TS system represented with an explicit
coupling term, e.g. piecewise or fuzzy Lyapunov functions. However, this theorem wants
to show that, taking explicitly the coupling term into account, one may relax standard
or existing conditions for a given method.

Uncertain matrices §; do not depend anymore on the control gains but only on input
matrices and membership functions which are supposed to be known as a part of the
fuzzy model representation. Their determination is thus quite easy and the membership
functions are indeed embedded in the control synthesis. Of course, it is assumed that
such matrices exist. Note also that the corresponding ¢ Riccati equations in (6) are
decoupled, i.e. the i*" equation only depends on the i*” control gain, the influence of the
other subsystems are merged into the matrix b;6;. The following corollary is a simplified
condition of equation ().

Corollary 3.1 Let us suppose that:
Vi=1,---,r, 3Q; = 0, K] K; — Q; < 0.
Then, condition (7) can be expressed as:
IP<0Vi=1,---,7,PG;+GI'P+Q} <0, (8)
where Q} = PbiblTP + Q;, with KiTKi — @Q; <0, which can be turned into:

v P 7 )=

K?Ki—Qi-<0.

Vi=1,---,m

The Corollary simply reduces the search for a common Lyapunov matrix to a series of
r Lyapunov equations and thus r» LMIs. This is really an improvement to other methods
because, now, control gains can nearly be selected independently without the need of
taking care of coupling terms, at the expense of gain limitation. The synthesis gains are
now completely uncoupled, the interdependence being lumped into the matrices b;; in
general, matrices b; can be obtained from simple membership functions analysis. The
following corollary focuses on the specific (and commonly encountered) case for which
input matrices are proportional, and shows that the computation of matrices b; is quite
direct.

Corollary 3.2 Suppose that the input matrices are proportional, i.e. Vi, B; = o; B,
where a; € R, then the bounding matrices in Theorem [3.2 are given by:

b; = Bmax [ Z pitt; (g —ozlv)] .
=15

4 Coupling Terms Exact Compensation

In the previous section, a method has been proposed to choose control gains by balancing
the effect of coupling terms resulting from other subcontrollers. The problem is that a
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CQLF is still needed and that the coupling still exixsts, still yielding conservative solu-
tions. Of course, a high number of subsystems increases the size of the set of Lyapunov
equations but offers more degrees of freedom. It will be shown that, when these degrees of
freedom are numerous enough, they can be used to cancel explicitly the coupling terms.

Proposition 4.1 Let the system:

i=1 i,j=1,j#1

and let n = dim(x). Let us suppose also that rank[By --- B,] = n and p;p; # 0. There

exists a nonlinear PDC controller K (p;), such that Z wipt; (B —Bj)(K;—K;) =0
ij=1,ji
and 3i,j, K; # K, only if r >n+ 1.

Proof There exists of course a trivial solution K; = K, Vi. The system has a solution
different from this trivial solution, i.e. a true nonlinear PDC iff the system

D winy(Bi = Bj)(K; — Ki) =0
ij=1,j7i
is compatible. The weight corresponding to control gain K is:

T

wi= Y wipi(Bi— Bj).
j=1g

One can notice that >_._; w; = 0. Hence, there is a solution K; # 0 only if r > n + 1.

In this case, the nonlinear PDC gain is membership-function dependent and non
linear; one has to check that all the subsystems share a CQLF — or some other common
Lyapunov function — which can however be more complicated. The workout will be
shown in the example section.

5 Examples

5.1 Example 1

Let us take the following 3 systems:

-1 2 2
(3 ) (2)
-1 -1 0
we () (1)
-2 1 1
(7 ) ()
along with local gains: K1 =(2 1 ),Ko=( -2 1),Ks5=(2 0)
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In these examples, gains were fixed a priori. The grades of membership corresponding
to systems 1, 2 and 3 are: wy; = 2z, wy = 1 — z and w3 = z where z € [-1---1].
For every subsystem ¢, it is quite easy to compute the matrices b; such that

> wi(Bj — Bi) = bid;

Bi;ﬁBj

since the upper bound depends on the fuzzy variable z.  Omne finds: T
(1 025), b7 =(075 025),bs7=(1 1).

The application of Theorem allows to find a common positive definite matrix
P= _102??7 _008?;7 ) whereas it is impossible to find one by the classical method; it is
easy to check that the gain K is unable to stabilize matrix A; and the converse for K7 and
As. Tt is quite interesting to note that the result is quite tied to the value of the matrices
b;. When all other variables keep the same values, but b = ( 1 1 ), then Theorem 3.2
is no more applicable because a positive definite CQLF cannot be found. Thus, Theorem
is able to relax stability conditions, depending strongly on the membership functions
and input matrices values. Yet, results may remain conservative with respect to other
methods, but, such methods as piecewise Lyapunov or fuzzy functions can also be applied
(with further insight) to the TS fuzzy system with coupling terms.

Suppose that, now, we add the following subsystem

() ()

along with the grade of membership wy = (1 — 2)/2. It is possible, in this case, to find a
nonlinear PDC controller such that

T

Y wany(Bi— By)(K; - K;) = 0.
ij=1,j7#i

Indeed, the solution of this system of equations is:
T
Ki=(ksi+ (1 —2)kss ksa+ (1—2)ksz ), Ky = Ky,

ng(kgl k39 )T,K4=(k41 ka2 )T-

In this case, one only has to ensure that the local closed-loop controlled systems share
a CQLF. If A; + B;K;(z) = Gi(z), one has to check that there exists a common positive
definite matrix P such that Vi = 1---7r, PG;(z) + G;(2)T P < 0, which is easy to solve
since the closed-loop matrices are affine in z.

5.2 Example 2
Consider the model of a stirred tank reactor:

Cia =§(0Af — C4) — koCae™ #r,

AHkg C’Ae*% n chpC
pC, pCpV

__ha
T =d(1; - 1)~ Ge(1 — € 770 ) (T = T),

<=
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where ¢,q. are the process and coolant flowrates, C'4 and Cay are the ouput and feed
concentrations, T, Ty, T are the reactor, feed and coolant temperatures. V is the reactor
volume, h, a heat transfer coefficient, F/R an energy activation term, AH the heat of
reaction, p., p the liquid and coolant densities, and Cj,., C}, their specific heats. All values
can be found in [20]. The coolant flowrate g, is the control, C4 is the measured variable,
and one supposes that Cy € [0.06---0.13], the operating points for C} = 0.06,C% =
0.1,C% = 0.13 have the following linear models:

0 1 0 0
Ar=| 0 —1667 —0.047 |.,B; = 0 ,
0 3133.33 7.42 —0.99
0 1 0 0
Ay=| 0 —-10 -0047 | ,By = 0 ,
0 1800 7.33 —0.88
0 1 0 0
A;=| 0 -769 —0.046 |,B;= 0
0 133846 7.19 —0.82

T! = 449.47, ¢} = 89.03,T2 = 438.54, ¢> = 103.41, T3 = 432.92, ¢3 = 110.03.

For Gaussian validity functions, the nominal T-S model is given by:

[Cat)dt 3 Calt) ,
Calt) = wi(Ca) | A | Calt) = Ch | + Bilge(t) —ql) |,
T(t) i=1 T(t)—T"

where i = wi(Ca)/ S0_, (@;(Ca)), wi = exp(—2(C4ZE4)2) and o; = 0.01,i = 1,2,3

g;

is a reasonable choice to represent with a good accuracy the nonlinear model (see [20]
for full details).

The state space is ¢ = ([ cadt, ca, T)T, and the control gains have been chosen to
place the poles at A\ = (—3.4205 + 1.87014, —3.4205 — 1.87014, —5)7.

In this case the products pipe and psus are bounded by 0.25 and pyps is bounded
by 107°. Thus, it is easy to find bounds for by, by, b3. It is impossible to find a common
Lyapunov matrix P for the T-S system using Theorem (Z1I), but it is possible to find
one using Theorem ([3.2)) with

10 —0.72 —0.23
P=10°| —-0.72 271 0.014
—0.23 0.014 0.0001

The magnitude of elements of P is still important because of the small overlapping
between membership functions. Of course, this result only guaranties the convergence of
the Takagi—Sugeno fuzzy system and not that of the corresponding nonlinear system, for
which uncertainties should be lumped into the T-S fuzzy model as for example in [19].
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6 Conclusion

In this paper, the stability of a Takagi-Sugeno fuzzy system under the Parallel Dis-
tributed Compensation controller has been studied. This control strategy allocates the
same weight to a local controller as the one in the fuzzy combination of local submod-
els. The influence of the coupling between any local subsystem and any local controller
(different from the corresponding local controller designed from the local subsystem con-
sidered) in the closed-loop response has been highlighted, and it has been shown to be
effective when the input matrices of the subsystems are different. It has been subse-
quently shown that a controller synthesis based on an analysis of each local subsystem
controlled by any local compensator, would lead to conservative results. A new approach
has been proposed which, for every local subsystem, takes the coupling term coming from
other subsystems into account, and proposes to choose the gain in order to cope with the
effect of the coupling terms. This strategy allows to minimize the number of linear matrix
inequalities to be solved for controller synthesis and to take into account the shape of the
membership functions. Moreover, an exact compensation using a nonlinear PDC con-
troller has been proposed, which is tractable only if the number of subsystems is greater
than the model order plus one. Further investigation will be undertaken to generalize
the results for Lyapunov functions leading to less conservative results, i.e. piecewise and
fuzzy Lyapunov functions.
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Abstract: In this paper, a strongly damped semilinear integrodifferential equation
has been considered and reformulated as an abstract second order integrodifferential
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is estabilished. The continuation of classical solution, the maximal interval of the
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1 Introduction

Let © be a bounded domain in RY with sufficiently smooth boundary Q and Lu =

vajzl % a;j(x) %) be a symmetric second order strongly elliptic differential operator
B 7 J
in Q2. Consider the following initial boundary value problem for the strongly damped

partial integrodifferential equation,

2u(z wlz "
% + (aL+bI) <¥) + (cL+dlu(z,t) = h(x,t,u(a:,t),%)
+ . k'(t—S)g <x,s7u(x75)7%> ds,
(x,t) € x (to,T), 0<T < oo, O
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with initial conditions
ou(zx, to)
ot

and the homogeneous Dirichlet boundary conditions, where a > 0, b, ¢, d are constants
and h and g are smooth nonlinear functions and k is a locally p-integrable function for
1 <p<oo.

Duvaut and Lions [5], Glowinski, Lions and Tremolieres [7] have studied particular
case of () in which L = —A and k = 0, in the context of the theory of viscoelastic
materials.

We may rewrite () with initial and homogeneous Dirichlet boundary conditions in
the abstract form as the following initial value problem in the Banach space H = L%(Q),

u(z, tg) = xo(x), =zi(x), x€Q,

di;:gt) +A (%—?) + Bu(t)
=f <t,u(t), dl:l—it)) + /tt k(t—s)g <s,u(s), dTZZ—iS)> ds, t>to,
u(to) = xo, u'(ty) = xl.o (2)

where operator A with domain D(A) = H%(Q) () H(Q) is given by
Au = alu, ue D(A),

and the operator B is such that D(A) = D(B) with B = (¢L + dI) for some constants
¢ and d. The function f is defined from Ry x H x H into H given by f(t,u,v) =
h(t,u,v) — bv. We assume that —A generates an analytic semigroup T'(¢) in X. The
nonlinear maps f and g satisfy the assumptions (F) and (G), respectively, and the kernel
k satisfies (K) stated in the next section.

In this paper, we concentrate on the study of the abstract second order semilinear
integrodifferential equation

u’'(t) + Au'(t) = f(t,u(t),u'(t)) —|—/ k(t —s)g(s,u(s),u'(s)) ds,

u(to) = wo, u'(to) = 1, D (3)

as we can merge the term Bu in the function f so that the modified function f still
satisfies the assumption (F).
Sandefur [I0] has studied the second order semilinear differential equation

u”(t) + Au/(t) + Bu(t) = f(t, u(t)),
u(0) = ¢, u'(0) =1, (4)

in a Banach space X under the assumptions that the linear operators A and B can be
decomposed as —A = A; + A; and B = A3 Ap, where each Ay generates a Cy-semigroup
Ti(t), & = 1,2 ; and the function f satisfies a locally Lipschitz condition. He has
established the local existence and uniqueness of a mild solution to (@), i.e., there exists
a continuous function u on [0, ¢] for some ¢ > 0 such that u satisfies the integral equation,

u(t) = Ti(t)p + /OTl(t—T)Tg(T)(z/J—Aqu)dT

+/0 /0 To(t — 7)VTo(t — ) f(s, u(s))dsdr,



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 10 (4) (2010) 375-386] 377

where ¢ € D(A;). Aviles and Sandefur [I] have studied the well-posedness of (@) under
the similar conditions.

In [3] Bahuguna, Shukla and Singh have considered initial value problem (2] with the
kernel £k =0 and tg = 0 i.e.

dut) 4 <d”(t)> + Bu(t) = f (t,u(t), du(t)) , >0,

dt? dt dt
w(0) = zg, ' (0) = ;.

in real Banach space and used the method of semidiscretization in time to prove the
existence, uniqueness and continuous dependence on initial data of a solution to this
initial value problem and discussed their application to the viscoelastic models involving
short and long memory effects.

Bahuguna [2] has considered the following special case of ([B]) with the kernel k = 0,

u'(t)+ Au(t) = f(tu(t),d(t)),
u(to) = xo, u'(t) = 1, (5)

and established the existence, uniqueness, continuation of a solution to the maximal
interval of existence, and the global existence of a strong solution and a classical solution
for this special case. He has assumed that —A generates an analytic semigroup T'(¢) in
X and the nonlinear map f satisfies an assumption similar to the assumption (F).

Engler, Neubrander and Sandefur [6] have proved the local existence and uniqueness
of a mild solution to (Bl under the assumptions that —A generates an analytic semigroup
T(t) in X and f satisfies a condition similar to the assumption (F), where a mild solution
on [to,t1), for some t1 > tg, to (B is the first component of a solution (u(t),v(t)) of the
integral equations

ult) = zo+ (T(t—1to) —I)(—A)

+/t(T(t —5) — I)(—A)*lf(s,u(s),v(s))ds, to <t <tq,

to

v(t) = T —to)xy —|—/ T(t—s)f(s,u(s),v(s))ds, to<t<t.

to
Bahuguna [2] has improved the results of [6] by showing that (&) has a unique local
classical solution, i.e., there exists a unique u € C([to,t1); X) N C?((to,t1); X) and
satisfies (@) on [to, 1) for some t; > to. Further, he has established the continuation of
this solution, the maximal interval of existence and the global existence.

In [4] Bahuguna and Shukla studied the Faedo-Galerkin approximation of solutions to
the initial value problem (@) in a Hilbert space. Pandey, Ujlayan and Bahuguna considerd
an abstract semilinear hyperbolic integrodifferential equation in [9] and used the theory
of resolvent operators to establish the existence and uniqueness of a mild solution under
local Lipschitz conditions on the nonlinear maps and an integrability condition on the
kernel. Under some additional conditions on the nonlinear maps they also proved the
existence of a classical solution.

In this paper we show that (B)) has a unique local classical solution, i.e., there exists
a unique u € C*([to,t1); X) N C?((to,t1); X) satisfying @) on [tg,t1) for some t; > tg.
Further, we discuss the continuation of this solution, the maximal interval of existence and
the global existence. We achieve these objectives by extending the ideas and techniques
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used in the proofs of Theorems 6.3.1 and 6.3.3 in Pazy [§], concerning a semilinear
equation of the first order, to [@). For the global existence, we require a modified version
of Lemma 4.1, stated and proved at the end of the fourth section in [2]. Finally in the
last section we demonstrate an application of the results established in earlier sections.

2 Preliminaries and Assumptions

Let X be a Banach space and let —A generate the analytic semigroup T'(¢) in X. we
note that if —A is the infinitesimal generator of an analytic semigroup then —(A + o)
is invertible and generates a bounded analytic semigroup for a > 0 large enough. This
allows us to reduce the general case, in which —A is the infinitesimal generator of an
analytic semigroup, to the case where the semigroup is bounded and the generator is
invertible. Hence, for convenience, without loss of generality, we assume that T'(¢) is
bounded, that is ||T'(t)|| < M for t > 0 and 0 € p(—A), i.e., — A is invertible. Here p(—A)
is the resolvent set of —A. It follows that, for 0 < o < 1, A% can be defined as a closed
linear invertible operator with its domain D(A®) being dense in X. We denote by X,
the Banach space D(A%) equipped with the norm

[#]la = [A%],

which is equivalent to the graph norm of A%*. For 0 < a < 3, we have Xg — X, and
the embedding is continuous.
We consider the problem

u’ (t) + Au'(t) = f(t,u(t),u/'(t)) +/ k(t — s)g(t,u(t),u (t))ds, t> to,

to

u(to) = 2o, u/(to) =T. (6)

On the kernel k£ we assume the following condition.
(K) The kernel k € L7 (0,00) for some 1 < p < oo is locally Hélder continuous on
(0,00) i.e.,

|k(t) — k(s)| < Lg|t — s|* for s,t€(0,00) and 0<p<l.

The nonlinear functions f and ¢ satisfy the following assumptions on an open subset U
of Ry x X7 x X,.

Assumption (F): A function f is said to satisfy the assumption (F) if for every
(t,x, &) € U there exists a neighborhood V' C U and constant Ly > 0, 0 < ¢ < 1, such
that

1F(t, 21, 20) = f(t w2, T2) | < Lylltn — to|” + [|lo1 — 22]l1 + |21 — Z2la], (7)

for all (t;,z;,2;) € V.

Assumption (G): A function g is said to satisfy the assumption (G) if for every
(t,z,) € U there exists a neighborhood V' C U and a nonnegative function L, €
L1 (0,00) where 1 < g < oo, % + é =1 such that

loc

lg(t, 21, &1) — g(t, 2, Z2)|| < Lg(®)[[lx1 — 22[l + (|21 = Z2la]; (8)

for all (t,x;,%;) € V.
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Definition 2.1 By a local classical solution to (@) we mean a function u €
CL([to, t1); X) N C%((to, t1); X) satisfying (@) on [to,t1) for some t1 > to.

Definition 2.2 By a local mild solution to (@) we mean the first component of a
solution (u,v) to the pair of integral equations

u(t) = $o+(T(t—to)—f)(—A)*1$1+/t (T(t—s) = D(=A) " [f(s,u(s),v(s))

+ /t: k(s —1)g(r,u(r),v(1))dr]ds, to <t <t,
o(t) = T(t—to)a +/t: T(t = s)[f(s,u(s),v(s))
+ /t: k(s —1)g(r,u(r),v(1))dr]ds, to <t <t, 9)
on [to, t1) for some t1 > to.

3 Local Existence of Solution

As we have already pointed out, without loss of generality, the semigroup generated by
—A, can be assumed to be bounded and A is invertible. Under these conditions imposed
on A we prove the following local existence and uniqueness theorem.

Theorem 3.1 Suppose that —A generates the analytic semigroup T'(t) such that
1T < M and 0 € p(—A). If the maps f and g satisfy assumptions (F) and (G),
respectively, and the kernel k satisfies (K) then (@) has a unique local classical solution.

Proof Fix (to,zo,x1) in U and choose tj > to and 6 > 0 such that (), with some
fixed constant Ly > 0, 0 < ¥ < 1 and () with the nonnegative function L,4(¢) hold on
the set

V= {(t,x,i) eU | to <t < tll, ||{E —{E()Hl + Hj —{E1||a < 5}

Let
Bf = t
f tolgf’;/l Hf( 7x07x1)||7
B, = t
g t:élf‘gxt,l ”g( 7x07x1)”
and

1
C(6) = [Ly + Ikl Loto.e) | LgllLageo,e)]0 + By + Byllkl| Lo (so,¢1) () — o).

Choose t1 > tg such that

||T(t — to)l‘l — 33‘1” + ||T(t — tQ)Aal‘l — Aal‘ln <

Wl >

and

t—to <min {#, — 10, SO + )7 CO) 361 - @)C0) ]
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where C, is a positive constant depending on « and satisfying
[A“T(#)|| < Cout™ for t>0. (10)

Let Y = C([to,t1]; X X X). Then y € Y is of the form y = (y1,42), yi € C([to,t1]; X),
1 =1,2. Y, endowed with the supremum norm,

1y, g2)lly = sup [yl + ly=(E)ll]

to<

is a Banach space. We define a map F on' Y by Fy = F(y1,y2) := (91, 92) with

Qi) = Azo— (T(t—to) — Dar — / (T(t — ) — I)F) (s)ds,

to

Bo(t) = T(t—tg) A% + / Pt — ) A, (5)ds, (11)

to

where
Fy(t) = f(t, A"y (1), A= %ya(t)) +/t k(t —1)g(m, A" ya (1), A~ “ya(7))dr,

for t € [to, 1].

For every y € Y, Fy(to) = (Azo, A%21), and the assumptions (F) and (G) on f and
g, respectively, and (K) on the kernel k imply that F': Y — Y. Let S be a nonempty
closed and bounded set given by

S={yeY [y=(y1,92),y1(to) = Azo, y2(to) = A%y, ly1(¢)—Azol|+[|ly2(t) - A%z || < 6}
Let y = (y1,y2) be any element of S. We have from (]
[91(t) — Azol|  + [|F2(t) — A% ]|

< H(T(t—to)—f)mlIH/t IT(t = s) = I[l[|Fy(s)l|ds
+||(T(t—to)—I)A“x1H+/t [AST (& = s)[l[|F (s)l|ds.  (12)

To find the estimate for Fy(s), we add and subtract f(s,zo,21) and g(s, o, 1) and using
(F), (G) and (K), we get

Iy ()l < 11F (s, A7 ya(s), A™%2(s)) — f(s, 20, 21)|| + By
+/ k(s = 7)l[llg(r, A yu(7), A %ya (7)) — g(7, 20, 21)|| + Byldr

to

1

[Ly + 1kl zetor) 1 Lgll Lato,e)]0 + By + Bgllkll Lo t,e) (ty — to)
C(6). (13)

Using the estimate (3] and the fact that ||T(¢)|] < M together with (I0) and ([I2)), we
get

VANVAN

CoC(6)(t —to)t—@

192 () — Azol| + [|92(t) — A%a || < I~ o

+ (M +1)C0O)(t—to) +

INA
S Wl
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Hence, F: S — S. Now, we show that F' is a contraction on S. Let (y1,y2) and (21, 22)
be any two points of S. From (II]) we have

19:() = 2O + [l92() — 2@ < /tIIT(t—S)—IIIIIFy(S)—Fz(S)IIdS

+/t 1T(t = s)A% ||| Fy(s) — F=(s)l|ds. (14)
Using (F), (G) and (K), we get

[1Fy(s) = F=(s)]]
< [1f (s, A yn(s), A™%2(s)) — f(s, A7 21 (s), A% 22(s)) |

S

+ [ la(s = 7llg(r, A i (), A= ya(7) — g(r, A7 21 (1), A= 2o (7)) | dr

to
< Lg 4 Rl Logoep) [ Dol Lageo.ep) ]l (15 y2) = (21, 22) [y
c(6
< 1, m) — 1,22l (15)

Using ([I3) in ([Id)), we get

() =A@+ [lg2(t) — 20)|
< (M + 1)05(5)@ —t9) N Oac(di(t — o)t

[(y1,y2) — (21, 22) ||y

2
31 W1,92) = (1, 22) Iy

IN

Taking supremum over [tg,t1], we have

A A 2
| (Y1, 92) — (21, 22)|ly < =ll(y1,92) — (21, 22) |y

Thus, F' is a contraction on S. Therefore, it has a unique fixed point in S. Let § =
(y1,92) € S be that fixed point of F'. Then

nt) = Axg— (T(t—to) —I)xy — / (T(t—s) — I)Fy(s)ds,
B(l) = T(t—1ty) A% + / Tt — ) Ay (5)ds, (16)

where

Fy(t) = f(t, A7 (1), A= (t) + [ k(t = 7)g(r, 7' (), A= ga(7))dr.

to

We note that (u,v) = (A~1y1, A=) is the unique solution of the integral equations
@) on [to,t1]. We can easily check that the assumption (F) and the continuity of 3
and g on [to,t;] imply that the map ¢ — Fj(t) is continuous and hence bounded on
[to,t1]. Let ||[F5(t)|| < N for tg <t < t1. We will now show that ¢t — Fj(t) is locally
Holder continuous on (tg,t1]. For this we first show that 7 and g2 are locally Holder
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continuous on (tg,t1]. From Theorem 2.6.13 in Pazy [§], for every 0 < § < 1 — o and
every 0 < h < 1, we have

I(T(h) = AT (t = s)|| < Csh?|ATPT(t — s)[| < ORP (¢ — 5) =+ (17)

Now

G20t +h) =g < [[(T(h) = AT (t — to)x: | +/t||(T(h) — AT (t—5)Fy(s)||ds

t+h
—|—/ |AYT (t + h — s)Fy(s)||ds := I + I + I3 (respectively).
t

We use ([I7) to get
L < Ct—to) @Anf < MAP,
t NChB(t — t,)1—(a+8)
< NCh'B/ (t—s)" (@A ds = ChE(t — to)
to 1= (a+p)
_ NC,h'™®
 1l-a

N

I < MyhP,

t+h
I3 < NCa/ (t+h—s)@ < Msh”.
t

Here M; depends on t and increases to infinity as t | to, while My and M3 can be
chosen independent of ¢t. From the above estimates, it follows that there exists a positive
constant C' such that for every t{, > to,

|72(t) — Ga(s)|| < Clt —s|?, for ty <ty <t s<t.

Similar result holds for g (if we take o = 0 in the above consideration). For s,t € (to, t1]
with ¢ > s we have

1F5(t) = Fy(s)ll - < (8, A7 (), A=52(t) — f(s, A7 9 (s), A=52(s)) |

o [k(t —7) = a(s = 7)lllg(r, A= (), A= (7)) | dr

to
t
+ [ b= )llgtr. A7 (7). A () ar
Since k is Holder continuous with the exponent p, we have
/ lk(t —7) — k(s = )lllg(r, A" g1(7), A3 (7))[dr < N(t1 —to)|t — s, (18)
to
and
t
/ [k(t = 7)lllg(r, A= (1), A=%ga(r)) ldm < Nko(ty — to)*[t — s|' %, (19)

where ky = max <<, |k(t)]. The local Holder continuity of Fj(t) on (to,t1] follows
from the assumption (F), and the local Holder continuity of ¢ and g2 on (fo,t1] and
from estimates (I8)) and (I9]).

Consider the inhomogeneous initial value problem

do(t)
dt

+ Av(t) = Fy(t), v(te) = 21 (20)
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By the corollary 4.3.3 in [§], (20) has a unique solution v € C1((to,t1]; X) given by

o(t) = Tt — to)ar + / T(t — 5)Fy(s)ds, (21)

to

for t > tg. Each term on the right hand side belongs to D(A) and hence belongs to
D(A%) since D(A) C D(A%), 0 < a < 1. Operating on both sides of ([2I)) with A%, we
find that

t

A%(t) = T(t — to) A%y + / T(t — 5)A*Fy (s)ds. (22)
to

By (I6), the right hand side of ([22]) equals to g2(¢t) and therefore A*v(t) = ya(t), i.e.,

v(t) = A=%a(t). Let u(t) = A~ 1y1(¢), then we have u(t) = zo + ftz v(s)ds which yields

u(t) € C1([to,t1); X) N C?((to,t1); X). Thus, u satisfies (@) on [to,t1). O

4 Global Existence of Solutions

In this section we will prove, under additional growth conditions on the nonlinear map
f and g, the following global existence result.

Theorem 4.1 Let 0 € D(—A) and —A be the infinitesimal generator of an analytic
semigroup T(t) such that |T(t)|] < M for t > 0. Let f,g : [0,00) x X1 X Xoq — X
satisfy the assumptions (F) and (G) respectively and let k satisfy (K). If there exist a
nondecreasing function ay : [tg,00) — Ry and a nonnegative function ag € Li (0, 00),
where q is the same as before, such that

”f(tvxvj)” < af(t)[l + ”le + Hjna]v fO’l“ t > 1o, (x,:f) € X1 x Xa,
gtz 2)| < ag®)[1+|zls+|Zlla], for t=to,(2,7) € X1 X Xa,

then for each (xg,x1) € X1 X Xo, (@) has a unique classical solution u which exists for
allt > tg.

Proof Let [tg,T) be the maximal interval of existence for the solution u to (Gl
guaranteed by Theorem [B]). It suffices to prove that [||u(¢)|[1 + ||[v(¢)||a] < C on [to, T)
for some fixed constant C' > 0 independent of .

Now, since u(t) is a solution of (@) on [to, T), it is also a mild solution to (6l therefore
from (I6l), we have

Au(t) = Axg — (T(t — to) — a1 — /t(T(t —5) — I)F(s)ds,

to

AU (1) = Tt — 1) A%ay + / Tl ) A F(s)ds, (23)

to

where

F(t) = f(t,u(t), v (t)) —|—/ k(t —71)g(7,u(r),u (7))dr.

to
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From (23)), we have

L+ fumll + ' (lla) = [+ [[Aulm)] + A% ()]
L+ [|Azo|| + (M + Dl ]| + (M + 1)/t 17 (s)llds

IN

n _
Moo+ [ Caly - 5) SIF()ds. (24)
to
The assumptions on f, g and k imply that

IF(s)Il < If(t,U(t),u’(t))l+/tsIk(s—T)Ilg(T,U(T),U’(T))IdT

sup {1 flu(r) 1+ f[u'(7)]lo]- (25)

IN

(af(T) + |kl Lo(to, 1) llagl Lacto,T))
Using (28) in (24), we get

[+ fuml + ' ()lla] - < Cl+02/tn sup [1+ [[u(r)l1 + |u'(7)]la)ds

o to<T<s

03/tn(77—8)_“ sup [1+ [Ju(r)ll1 + |u'(7)la]ds.

to<7T<s

Hence, we have

sup [+ [lu()ll + [['(n)]la] < 01+C2/t sup [1+ [lu(7)ll1 + [[w'(7)]la)ds

to<n<t 0 to<T<s

Cs/t (t—=s)" sup [L+[lu(r)]x +[lv/(7)]a]ds.

to<7<s

Using Lemma 4.1 in [2], we obtain sup, <, <,[1+ [lu(n)[|1 + [[v'(n)[lo] < C. O

5 Example

Let Q = (0,1) and H = L?*(Q). Consider the following initial boundary value problem

0?u(x,t) PPu(x,t) 0?u(z,t) Ou(x,t)
a2 oo T (x’t’“(x’t)’ 052 ' ot )
t
+ k(t—s)G <m, s, u(z, s), 8u(x,s)) ds,
to 38
(x,t) € Q% (t,T), 0<T <0 (26)
with the initial conditions
Ou(z,to)

u(%,to) = Z‘O(J)), = $1(3)), T €,

ot

and the boundary conditions

u(0,t) =u(l,t) =0, te€(t,T), 0<T <0
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F and G are sufficiently smooth nonlinear functions and £ is a locally p-integrable func-
tion for 1 < p < co.
We define the operator A with domain D(A) = H?(2) (" H}(2) as follows

0%u
0x2’
Here clearly the operator A is self-adjoint with the compact resolvent and is the in-

finitesimal generator of an analytic semigroup 7'(t). Now we take o = 1/2, D(A'/?) is
the Banach space endowed with the norm

Au = u € D(A).

l2ll/2 = |AY?2], = € D(AY?).

Using the above definition of the operator A the equation (28] can be reformulated
as the following abstract equation in H

u'(t) + Au'(t) = f(t,u(t),u'(t)) —|—/ k(t —s)g(s,u(s),u'(s)) ds,

to

u(to) = wo, u'(to) = 1, (27)

where u(t)(z) = u(z,t), the function f is defined from [to, T] x D(A) x D(AY?) into H
such that

F(tu(t), o' ()(2) = F <x,t, ), Llet) Qula t>>

and g is defined from [ty, T] x D(A) x D(A'?) into H such that

g(t,u(t), v (t)(z) =G <x,t,u(m,t), ot

It can be varified that the assumptions in earlier sections for (27 are satisfied and hence
the existence of a unique classical solution is guarenteed.
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Abstract: In this paper, the generalized Hamiltonian system approach was applied
to the synchronization of chaotic systems. The synchronization is between the trans-
mitter and the receiver dynamics. The synchronization of several chaotic systems is
studied by the method, respectively. The numerical results are in very good agree-
ment with the theoretical analysis.
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1 Introduction

In the 17th century, the analysis of synchronization phenomena in the evolution of dy-
namical systems was a subject of active investigation [I]. Recently, the search for syn-
chronization has moved to chaotic systems. Synchronization of chaos refers to a process
wherein two (or many) chaotic systems adjust a given property of their motion to a
common behavior due to a coupling or to a forcing.

The first thing to be highlighted is that there is a great difference in the process
leading to synchronized states, depending upon the particular coupling configuration [IJ.
Namely, one should distinguish two main cases: unidirectional coupling and bidirectional
coupling. In the former case, one subsystem evolves freely and drives the evolution of
the other; in the latter case, both subsystems are coupled with each other.
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In the context of coupled chaotic elements, many different synchronization states have
been studied in the past 10 years: namely complete or identical synchronization [2]-[4],
phase [0, [6] and lag synchronization [7], generalized synchronization [§ 9], intermittent
lag synchronization [7, [10], imperfect phase synchronization [I1], and almost synchro-
nization [I2]. Complete synchronization was the first discovered and is the simplest form
of synchronization in chaotic systems. It consists in a perfect hooking of the chaotic
trajectories of two systems which is achieved by means of a coupling signal, in such a
way that they remain in step with each other in the course of time.

The phenomena of chaotic synchronization exists widely in laboratory experiments
and natural systems [I3]-[22]. The natural continuation of the pioneering works was
to investigate synchronization phenomena in spatially extended or infinite dimensional
systems [I3]-[I6], to test synchronization in experiments or natural systems [I7]-[22].
The synchronization has also been applied to encoding or masking where the chaotic
system is called the “transmitter”. Correspondingly for the decoding or unmasking,
the second chaotic system is called the “receiver”. The synchronization between the
“transmitter” and the “receiver” means that, under the assumption of no masked signal
transmission, the receiver state trajectory asymptotically tracks that of the transmitter.
In [23], the authors have studied the synchronization of two chaotic systems by the
generalized Hamiltonian system and observer approach. Furthermore, the method is
extended to the time-delay Chua’s oscillator [24].

The objective of this paper is to apply the generalized Hamiltonian system and ob-
server approach developed in [23] to the complete synchronization of two identical chaotic
systems coupled unidirectionally. The organization of the paper is as follows: In Section
2, we obtain the synchronization of chaotic systems by the generalized Hamiltonian sys-
tem and observer approach. In Section 3, we present several chaotic systems and study
their synchronization by this method, respectively. In Section 4, the conclusion is given.

2 The Synchronization of Chaotic Systems
A smooth system is given as follows:
i=f(z,t), x=(z1,29...2,)F € R, (1)

where f € R™ is smooth.
Equation ({l) may be written in the generalized Hamiltonian system:

. OH OH
where H(x) denotes a smooth energy function and is globally positive definite in R™, and

the column gradient vector %—Ij of H(z) is assumed to exist everywhere; if the form of

quadratic energy function is H = %xTM 2 (M is a constant symmetric positive definite
matrix), 2€ = M. Ji(z)+J{ (z) = 0, S(z) = ST (). The vector field J(z)ZE exhibits
the conservative part of the system and it is also referred to as the workless part; and
S(z) depicts the working part of the system. Fj(z,t) is a locally destabilizing vector
field. According to the form of H(z) and the different expression of Ji (z), S(x), Fi(x,t),
the form of the Generalized Hamiltonian system (2)) is not unique.

In the context of observer design, we consider a special class of Generalized Hamilto-
nian system with liner output map y:
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{ j::é(g/_gl%—g+(1+8)%—f+}?(y,t), 3)

where J(z)+JT (x) = 0, I is a constant skew symmetric matrix, S is a constant symmetric
matrix, and F'(z,t) is a locally destabilizing vector field. The vector variable y is referred
to as the system output, and the matrix C' is a constant matrix. Equation (B]) is called
the transmitter.

Let £ and p be the estimates of the state vector x and output y, respectively; and
%—Ig = M¢ is naturally the gradient of the Hamiltonian energy function H(£)). A dynamic
nonlinear state observer for () is obtained as:

{ E=JW) 5 + T+ 95 + Fy.t) + K(y —n), (@)
n=C%,

where K is a constant matrix, known as the observer gain. Equation(d) is called the
receiver.

In this paper, we study mainly the synchronization of the transmitter (3] and the re-
ceiver ({]). Practically, it is the complete synchronization of two identical chaotic systems
coupled unidirectionally.

Let e(t) = x(t) — £(t), ey = y — 1, then the state estimation error [23] are governed
by

{ ¢=(Jly) +1-3(KC-CTKT) G + (S - 3(KC+CTKD) 57, (5
ey =C %—Ig ey € R™
where %—g = %—5—%—? =Mz —-§) = Me.

In [I], the authors point out that the transmitter ([B]) synchronizes with the receiver

@), it tlgf)lo lz(t) — &£(t)|] = 0 no matter which initial conditions z(0) and £(0) have. The

state estimation error e(t) = z(t) — £(¢)represents the synchronization error. So we will
study the system (B for the synchronization. In the following, two theorems about (&)
give the condition under which their synchronization happens. Let W =1 + S.

Theorem 2.1 [23] The state x(t)of the nonlinear system @) can be globally expo-
nentially asymptotically estimated by the state £of the nonlinear observer @), if the pair
of matrices (C,W)or the pair (C,S), is either observable or, at least, detectable.

An observability condition on either of the pairs (C, W) or (C,S), is clearly a suffi-
cient but not necessary condition for asymptotic state reconstruction. A necessary and
sufficient condition for global asymptotic stability to zero of the estimation error is given
by the following theorem.

Theorem 2.2 [23] The state x(t)of the nonlinear system Bl can be globally expo-
nentially asymptotically estimated by the state of the nonlinear observer [@), if and only
if there exists a constant matriz K such that the symmetric matriz

W — KC|+ W — KC]" =[S — KC| + S — KC)" =2 |5 — %(KO+CTKT) (6)

is negative definite.
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3 Numerical Application

3.1 The forced Brusselator

The equation of this system is given as follows [25]:

{ i =A— (B 42— 1)z1 + 2222 + acos(wt), )

jJQ = Bﬂ?l — T{T2.

After taking as a Hamiltonian energy function the scalar function H(z) = (2% + z3),
we obtain:

=B — B 2
J(x):{g 8},[:[% (2) ],S:{ (B§+l) (2)]7F(x):{A+xlx_gx—|21—xc;cos(wt)
2 2

We choose y = il ], then C' = [ ] The system is in
2

0 1
generalized Hamiltonian canonical form:

O0H OH
and the receiver is
. OH oOH
§=J(x)a—f+(I+S)8—6+F(x,t)+K(x—§), (9)

The synchronization error, corresponding to this receiver, is
é=(J(@)+1-3(KC-CTET)) 2L + (S - L(KC+CTK")) 22

~(B+1) - K, EEER ),
B*(K2+K3) 0 De
2

0 —B-K3+K>
— OH

2 9H
= | _—B—K3+K> 0 } 9e T Oe *
2

(10)
The pair (C, S) is observable, and hence detectable. We could prescribe K7,K,K3

and Ky, in order to ensure asymptotic stability of equation(8) and equation(@) to zero of
the synchronization error. By applying Theorem 2.2, we obtain

2

—(B+1)- K, w
B*(K22+K3) 0
is negative definite, i.e. K1 > —(B + 1);4K,[(B + 1)+ K1] > (B — K2 — K3)?.
In Figure 1, the synchronization of two chaotic systems (8) and (@) is presented. The
parameters were taken as: A=0.4,B=1.2,w0=0.8,a=0.05K; =08,K;=0.2,K3 =
1L,Ky=1.

3.2 The forced pendulum

The equation of this system is given as follows [26]:

{ 1 =, (11)

o = —axy — bsinxy + pcos(wt).
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Figure 1: The synchronization of the forced Brusselator systems (8) and (@J).

After taking as a Hamiltonian energy function the scalar function H(z) = 3 (23 +23),
we obtain:

(ool ,_[o & _[o 3 _ 0
J(x)—[o 0}’1_{—71 0}’5_[% —a  Flz) = —bsinz + pcos(wt) |-

Ky

We choose y = [z1], then C=[ 1 0 |, thus K = [
Ky

} . The system is in generalized

Hamiltonian canonical form:

. OH oOH
x:J(x)%—i—(I—FS)%—i—F(x,t), (12)
and the receiver is
S:J(I)%—ZI+(I+S)%—§+F(a:,t)+K(x1—51). (13)

The synchronization error, corresponding to this receiver, is

e=(J(x)+1-3(KC-CTKT)) G 4 (S - J(KC + CTK™)) 4

Oe
O 1+ K> - K 1-K> ;
=1 14K, (2) e _2a & (14)
2 2
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The pair (C, S) is observable, and hence detectable. We could prescribe K; and Ks, in
order to ensure asymptotic stability of equation (I2)) and equation ([I3]) to zero of the
synchronization error. By applying Theorem 2.2, we obtain
—-K; 1-Ko
2 [ K 2,
2
is negative definite, i.e. K; > 0;4aK; — (1 — K3)? > 0.
In Figure 2, the synchronization of two chaotic systems ([2) and (I3]) is presented.
The parameters were taken as: a =0.2,0=1,p=15,w=04,K; =2, Ky = 2.

3.3 The 3D model

The model is described by the equation as follows [27]:

'jjl = T2,
&y = x3, (15)
i3 = —x9 — 1.203 — pwy + 23 — 1.42522 + 0.22123 — 0.012223.
After taking as a Hamiltonian energy function the scalar function H(z) = 1 (23 +23+23),
we obtain:

000 0 3 4 0o i -t
Jxy=|100 0|, I=|-3% 0 1],8S=| 4+ 0 o0 |,
0 0 O - —1 0 - 0 —1.2
0
F(z) = 0
22 — 1.42523 + 0.27123 — 0.0123x23
T 100 K, Ks Ky
We choose y = | 22 |, then C=1| 0 1 0 |,thus K=| Ky K5 Kg
T3 0 0 1 Kg K@ Kg
The system is in generalized Hamiltonian canonical form:
OH OH
t=J(x)— + ([ —+F 1
i = J@) 5+ (T 4+ 8) 5+ Fla, 1), (16)
and the receiver is
: OH OH

The synchronization error, corresponding to this receiver, is

¢=(J(@)+1-3(KC—CTKT)) % + (S~ §(KC+CTKT)) 91

0 1+ Ko —Ky ptKs—Kr
2 2
1+ Ks—Ky 0 1 — Bs—Ks %_H
2 2
_pkKioKr g | Ks—Ko 0 ‘
2 2 (18)
K, 1-Ko—Kis _ ptKs+Kr
2 2
4 1-Ky—Ky —-K; —Ks—Ks 9H

2 Oe *
_#+%;+K7 7K327K6 _12 _ Kg
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Figure 2: The synchronization of the forced pendulum systems (I2)) and (I3]).

The pair (C, S) is observable, and hence detectable. We could prescribe K7, Ko,
K3, K4, K5, K¢, K7, Kg, Kg in order to ensure asymptotic stability of equation (I6) and
equation ([IT) to zero of the synchronization error. By applying Theorem 2.2, we obtain

_Kl 1-Ks—Ky4 _M+K3+K7
2 2
2 1—K§—K4 _K5 —KSQ_KG
_N+KS+K7 —ng—K6 —-1.2 - Ky

is negative definite, i.e.

Ky >0,

UK Ks > (1 — Ko — Ki)2,

(1.2 + Ky) [4K1K5 —(1-Ky— K4)2} — K1(K¢ + K8)2

—(1 — Ky — K4)([L + K3 + K7)(K6 + Kg) - K5(,LL + K3 + K7)2 > 0.

In Figure 3, the synchronization of two chaotic systems (I8) and (7)) is presented.
The parameters were taken as: p =16, K1 = Ky = K5 =1,Ks =0,K3 = K¢ = Kg =
1 Kog=3,K7=0.

4 Conclusion

In this paper, we apply the generalized Hamiltonian system and observer approach and
obtain two chaotic systems: the “transmitter” and the “receiver” dynamics. Practically,
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Figure 3: The synchronization of the 3D model ([I6)) and (I7).



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 10 (4) (2010) 387-396] 395

two chaotic systems are the systems coupled unidirectionally. We study mainly the
condition with which the coupling coefficient matrix K is satisfied when the complete
synchronization of two coupled chaotic systems happens.
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1 Introduction

The theory of time scale was introduced by Stefan Hilger [10] in order to unify continuous
and discrete cases and was intensively developed in many papers (see [I, 4] and references
therein). Recently the theory of dynamic systems on time scale have received special
attention from many authors, some of them focused their interest on the stability theory
for such systems [2, [3] [13].

Proposed in [I1] the Hopfield-type neural networks and their generalizations [7, [§] is
a special but important case of general differential systems. It derives from biological
models in practical investigations and has extensive applications in many different fields
such as parallel computation, signal processing, pattern recognition, optimization and
associative memories (see [5] [8] [14]).

However, as the theory of dynamic systems on time scale is widely studied the
corresponding theory of neural systems is still at an initial stage of its development.
In [6], the authors got some stability results for delayed bidirectional associative memory
neural networks on time scales. Also in [I2], some criteria of stability and existence
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of periodic solutions for delayed bidirectional associative memory neural networks with
impulses on time scales were obtained.

Motivated by the above we consider a neural network on time scale the dynamics of
which is described by the equation of the type

2 (t) = —Bx(t) + Ts(x(t)) +u, teT,, (1)
whose solution z(¢;tg,xzg) for ¢ =ty takes the value zg, i.e.
x(to;to, x0) = x0, to € Tr, x9€R", (2)

where T is an arbitrary time scale, supT = 400, T, = {t € T: ¢t > 7}, 7 € T. In
system () x2(t) is a A-derivative on time scale T, = = (x1,%2,...,2,)T € R?, z; is
the activation of the 4-th neuron, T = {t;;} € R™*"™, the components t;; describe the
interaction between the i-th and j-th neurons, s: R" — R", s(z) = (s1(x1), s2(x2), .. .,
sn(7,))T, the activation function s; describes response of the i-th neuron, B € R"*",
B = diag{b;}, b; > 0 represents the rate with which the i-th neuron shell resets its
potential to the resting state in isolation when it is disconnected from the network and
the external inputs, ¢ = 1,2,...,n, n corresponds to the number of neurons in layers,
u € R™ is a constant external input vector. All needed notations on time scales according
to [4] will be given in Section 2.

System (I]) is general and unifies two well known neural models. If T = R then
r® = d/dt and the initial problem (), () is equivalent to the initial problem for a
continuous Hopfield type neural network [11]

dx(t)

dt
$(t0;t0,$0) = X, to > T, X € R™.

— —Ba(t) + Ts(z(t)) +u, t>r, (3)

If T=N then 22(k) = 2(k+1) —2(k) = Az(k), T, = {r,7+1,7+2,...} and the
initial problem ([{)—(2)) is equivalent to the initial problem for a discrete Hopfield type
neural network [9]

Ax(k) = —Bx(k) + Ts(x(k)) +u, keT,, (4)
.T(ko;ko,l’o) =x9, ko€T, xo e R™.

Dynamics of continuous system (B]) and discrete systems [l and their generalizations
are widely studied by many authors [7, 8, [, [T, (15, [I7], but there are no stability results
for system () on time scales. Our purpose in the paper is by using the direct Lyapunov
method to study the stability of equilibrium of ().

The outline of the paper is as follows. In Section 2 we shall give some notations and
basic definitions concerning the calculus on time scale and some required assertions. In
Section 3 we shall present some new sufficient conditions ensuring the asymptotic and
exponential stability of the equilibrium of system (). Also we shall offer the criteria of
regressivity of function f(x) = —Bx+T's(x)+ u. In Section 4 we shall give one example
to illustrate our results obtained in the previous sections.

2 Notations and Preliminaries

In this section all facts concerning time scale calculus are given according to book [4].
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Definition 2.1 An arbitrary nonempty closed subset of the set of real numbers R
with the topology and ordering inherited from R is referred to as a time scale and denoted
by T.

Definition 2.2

e The forward and backward jump operators ¢ : T — T and p: T — T are respec-
tively defined by o(t) =inf{s € T:s >t} and p(t) =sup{s € T : s < t}.

o If o(t) =t, p(t) =t, o(t) > t, and p(t) < t, then the element ¢ € T is called
right-dense, left-dense, right-scattered, and left-scattered, respectively. Here it is
assumed that inf @ =supT (i.e. o(t) =¢, if T contains the maximal elements t)
and supg =inf T (i.e. p(t) =, if T contains the minimal elements t).

e In addition to the set T, the set T* is defined as follows

T

T — T\ (p(sup T), sup T, if supT < oo,
B , if supT = oc.

e The distance from an arbitrary element ¢ € T to its follower is called the graininess
of the time scale T and is given by the formula

w(t) =o(t) —t.

If T=TR,then o(t) = p(t) =t and p(t) =0,if T =7Z, then o(t) =t+1, pt) =t—1
and p(t) = 1.

Definition 2.3

e The function f:T — R is called A-differentiable at a point ¢ € T* if there exists
v € R such that for any € > 0 there exists a W-neighborhood of t satisfying

[[f(a(®)) = F(s)] = ~lo(t) = s]| <ela(t) = s|
for all s € W. In this case we shall write f2(t) = 7.

e if the function f : T — R is A-differentiable for any ¢t € T*, then f is called
A-differentiable on T*.

Theorem 2.1 Assume that the functions f,g: T — R are A-differentiable at t € T*.
Then the following assertions are valid:

(1) the sum f + g is A-differentiable at t and (f + g)>(t) = f2(t) + g2 (t);
(2) for any a € R, the function af (t) is A-differentiable at t and af®(t) = af>(t);
(3) the product fg is A-differentiable at t and

(f9)2(t) = F2(D)g(t) + F(o(t)g™ () = f(£)g™(t) + f2()g(o(t));

(4) fla(t) = f(t) + ut)f2(®).

Note that, if T =R, then f& = f’, which is the Euler derivative of f, and if T = Z,
then f2(t) = Af(t) = f(t+1) — f(t), which is the forward difference of f(t).
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Definition 2.4

o A function f: T — R is called rd-continuous provided it is continuous at right-
dence points in T and its left-sided limit exists (finite) at left-dence points in T.
The set of all rd-continuous functions f : T — R is denoted by C,q = Crq(T) =
Cra(T,R).

e A function f:T — R is called regressive, if 1+ u(t)f(t) # 0 for all t € T* and
positive regressive, if 1+ u(t)f(t) >0 for all t € T*.

e A function f:T x R™ — R"™ is called regressive, if the mapping I + p(¢)f(t,-) is
invertible at each t € T*. Here I : R® — R" is identity mapping.

e The set of all regressive and rd-continuous functions f : T — R is denoted by R.
We define the function

_ et () log |1+ u(t)k(t)], it p(t) >0,
Bult) = {k(t), it u(t) = 0,

where k € R, t € [tg,+00)r. Here and bellow [a,4+o00)r = {t € T: a <t < 400},
aeT.

Definition 2.5 We recall that the function ¢ : R — R belongs to the class K, if
it is continuous, strictly increasing on Ry and (0) = 0.

Definition 2.6 We recall that the matrix A € R™*"™ is called M-matriz if its all
non-diagonal elements are non-positive and all principle minors are positive.

Definition 2.7 We recall that the mapping H : R® — R™ is called a homeomor-
phism of R™ onto itself, if H is continuous, bijective, H is onto itself and the inverse
mapping H~! is also continuous.

For convenience, we introduce some notations. We denote by ||z| a vector norm of
vector x € R™ defined by ||z| = (31—, 22)1/2, ||A| denotes a matrix norm of matrix
A = {a;;} € R™™ defined by ||A| = (A (ATA))Y2, A\n(A), A\y(A) are minimal and
maximal eigenvalues of matrix A respectively. In addition A~! denotes the inverse of A,
|A| denotes absolute-value matrix given by |A| = {]ai;|}.

We assume on system () as follows.
S1. The vector-function f(z) = —Bx + T's(z) + u is regressive.

Sa. There exist positive constants M; > 0, ¢ = 1,2,...,n, such that |s;(r)| < M; for
all r e R.

S3. There exist positive constants I; > 0, ¢ = 1,2,...,n, such that |s;(r) — s;(v)| <
Iilr —v| for all r,v e R.

S4. 0 < p(t) € M for all ¢ € T,, where M C R is a compact set.
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Note that under conditions S;—Ss there exists a unique solution of problem (I, (2)
on [tg,+oo)r for all initial data (tg,z¢) € T, x R™ [4].
1/2
We denote by 79 = (2?21(23‘1:1 M;|T;;| + |u1|)2/b12) and A = diag{l;} € R™*".
Similar to Theorem 3.1 from [16] and Theorem 1 from [I7] we can easily obtain the
following assertion.

Theorem 2.2 If for system ([{l) conditions S1-S3 are satisfied then there exists an
equilibrium state x = x* of system ([{l) and moreover, ||z*| < ro. Besides, if the matriz
BA~Y —|T| is an M-matriz, this equilibrium state is unique.

Definition 2.8 The equilibrium state 2 = 2* of the system (IJ) is:

(1) uniformly stable if for all € > 0 there exists § = §(¢) > 0, such that ||zg—z*| <6
implies ||z(t;to, zo) — z*|| < e for all ¢ € [tg, +o0)T, to € Tr;

(2) uniformly asymptotically stable if it is uniformly stable and there exists A > 0 such
that ||zo — 2| < A implies limy— 4o ||2(t;t0, xo) — 2*|| = 0 for all ¢o € T;

(3) exponentially stable if there exist 8 > 0 and A > 0 such that for all t; € T,
there exists N = N(tg) > 0 such that ||xg—z*|| < S implies ||z(t;to, zo) — x*|| <
Ne Mt=to) |2y — z*|| for all ¢ € T,;

(4) uniformly exponentially stable if it is exponentially stable and N does not depend
on tg.
Let * be the equilibrium state of system (). We perform the change of variables
y(t) = x(t) — 2* and rewrite the initial problem (), () as
y2(t) = =By(t) + Tg(y(t)), te T, (5)
y(tO;thyo) = Yo, tO S T‘ra Yo S Rna (6)
where y € R, g: R" = R", g(y) = (91(51), 92(2), - - -, g ()", 9(y) = s(y + 2*) —
s(z*).
If for system (Il assumptions S;—S3 are valid, then for system (B]) the following as-
sertions hold true.

G1. The vector-function §1(y) = —By + Tg(y) is regressive.
Gq. Forall r e R |g;(r)] <2M;, i=1,2,...,n.
Gs. For all r,v € R |g;(r) — gi(v)| < L]r —v|, i=1,2,...,n.

Note that under conditions G1—Gg3 there exists a unique solution of problem (&), (@)
on [tg,+oo)r for all initial data (to,x0) € T, x R™ [4].

Futher we shall need the following result.

Lemma 2.1 Assume that g; € C*(R), ¢;(0) =0, i = 1,2,...,n, and constants
K; >0, i =1,2,...,n, exist so that |g/(u)] < K; for all w € R. Then the vector-
function g(y) can be represented as g(y) = Hy + §2(y), where H = diag{g;(0)} € R"*",
go: R™ — R™ and the estimate

132l < Klyll?, (7)
holds true, where K = max;{K;}/2.

Proof Decomposing the functions g¢;(y;) by the Maclaurin formula we easily prove
the Lemma.
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3 Main Results

In this section we consider stability of a neural network on time scale. Let x* be the
equilibrium state of system (). Designate by b = min{b;}, b = max{b;}, L = max{l;}.

Theorem 3.1 For system ([Il) assume that assumptions S1-Sy are valid and there
exists a constant p* € M such that p(t) < p* for all t € T,. If the inequality

20— 2L||T|| — p* (b + L[ T[})?
is satisfied, the equilibrium state x = x* of system () is uniformly asymptotically stable.

Proof Tt is clear that the behavior of solution x(t) of system (1) in the neighborhood
of the equilibrium state z* is equivalent to the behavior of solution y(t) of system
@) in the neighborhood of zero. For the proof we shall apply the Lyapunov function
V(y) = yTy. If y(t) is A-differentiable in the point ¢ € T¥, for the derivative of function
V(y(t)) we have the expression

VA®) = T y))* =y )y () + T ()] y(o(t)
=y" () y> (1) + " (O] () + pt)y> ().

For the derivative of function V along solutions of system (&) we get

V)@ =2y (0 y> () + p®y> O] y2 (1)
—2y (O)[=By(t) + Tg(y(t)] + u(®)| — By(t) + Tg(y(n)|
=2X e B)ly 117 + 2llyO 1T g E)I -+ 1B Ty @1 + 1T gy ()12
= —QQHy( P+ 20Ty @y O+ = @y @+ 171 gy E)ID?.

Using obvious estimation ||g(y(t))|| < L||y(¢)|| as a result we have

N

VAWO) -1y < =20 [y®I + 2L T| ly@) 2 + w* G ly@) | + ZIT] lyo)ll)’
— (20— 2L|T|| = p* (b + LITID?) [l (D)]]*.

Hence it follows that all conditions of Corollary 4.2 from the paper [3] are satisfied.
Therefore, the equilibrium state y = 0 of system (&) is uniformly asymptotically stable.
This is equivalent to the uniform asymptotic stability of the equilibrium state = = z* of

system ().
Theorem 3.2 Let the following conditions be satisfied:

(1) for system () on time scale T assumptions S1-S4 are valid;

(2) functions s; € C*(R) and there exist constants K; > 0 such that |s!(r)| < K; for
all reR, 1=1,2,...,n;

(3) there exists a constant p* € M such that p(t) < p* for all t € T,;

(4) there exists a positive definite symmetric matric P € R™*™ such that the inequality
A (PBy + BYP) + p*||P||||B1]|> < O holds true, where By = —B +TH, H =
diag{s}(0)} € R"*".
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Then the equilibrium state x = x* of system () is uniformly asymptotically stable.

Proof We apply the function V(y) = yT Py. For the derivative of function V along
solutions of system (B we have

VAW = v OPY (1) + " O1* Py(o(t) = y (0P (1) + [y" ()] Py ()
+py> O Py (1) = y () P[Biy(t) + Taa(y(1))] + [Bly )+ Taa(y(t)] Pylt)
+ u(t) [Bry(t) + Ta(y()] " P[Buy(t) + Taa(y(t)] < y" (1) [PBy + BI Ply(t)

+ 25" () PTGa(y(t)) + () | P | Buy(t) + Taa(y(0)|* < (AM<P31 +BI'P)
+ @ IP B Iy @2 + 2 PIHITI 52O Ty @+ p@IP] 152 @)IZ1 T2
+ 20(8) [P BT 32w Ty

Using inequality (7)) and condition (3) of Theorem [B.2] we get
A T x 2 2 3
VEy)lg) < (A (PBy+ By P) + | PHIBL®) [y + 2K 1P| | T [y (2) ]
+ 20" K| PIBL Ty NP + K21 TNy ()]

Designate

D(llyll) = allyl,

— (A (PBy+ By P) + p*|| Bu|l[|P][?) > 0
m(¥) = 2a”5K||P|| T (1 + @ (|Bo]l) % + p*a™ K| PI|| T[>y

For the derivative of function V along solutions of system (&) we obtain the inequality

VA)Ig < ¢yl +m@yl))-

Since the function ¢ € K-class, uljimo m(y) = 0, all conditions of Corollary 4.2 from
—

[3] are satisfied and therefore, the equilibrium state y = 0 of system (B is uniformly
asymptotically stable. This is equivalent to the uniform asymptotic stability of the
equilibrium state = = x* of system ().

Theorem 3.3 Let the following conditions be satisfied
(1) for system () assumptions S1-Sg hold true.

(2) functions s; € C*(R) and there exist constants K; > 0 such that |s!(r)| < K; for
allreR, +=1,2,....n

(3) there exist a positive definite symmetric matriz P € R™*"™ and a constant M > 0
such that |1 + uw(t)At)] > M for all t € T,, where By = —B+ TH, H =
diag{sj(0)} € R™", A(t) = An(PB1 + Bi P) + u(t)||P|| | B

Then, if

(a) limsupfa(t) = g <0, the equilibrium state x = x* of system () is exponentially

t—o00

stable;
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(b) sup{Ba(t) : t € T;} =G < 0, the equilibrium state x = x* of system (@) is
uniformly exponentially stable.

Proof We shall apply function V(y) = yT Py and for the derivative of function V
along solutions of system (Bl we shall use the expression obtained in the previous theorem

VAy)@) < (ar(PBy+ BEP) + P 1B:]%) ly ()]
+ 2 PIHITI g2y O Ny O + 20@I PN IBUHIT g2y ED Ty @
+u@IPIHIg2O)NPITI < (Aar (PBy + BY P) + p(®)[1PI| [|B]|*) |y (1)
+ CEIPITIHy @ + 20O K P I BT @)
+ ) K2 PIITIPy@)1) Iy = AB [y @) + (8, V (y)),

where @(t,V) = [2K| P |T|(1+ u(t)| BdDVV + () K>| P |T|?V]V.

Consider the set T = {t € T, : u(t) # 0}. If there exists sup7 < +oo then there
exists ¢1 € T, such that p(t) =0 for all ¢ € [t1,+00)r. If the set T is not bounded, the
condition limsup B4(t) = ¢ < 0 implies that there exists a sufficiently large t; € T, NT

t—o00

such that for all ¢ € [t2, +00)rNT inequality Ba(t) < 0 holds true. This yields that for
all t € [ta,+00)r NT the inequality

log|1 + u(t)(Aar (PBy + BT P) + ()| P Ba]|*)] < 0
is true. Then

W) O (PB1 + BEP) + ()| P IBaf) — 1 < 1,
|P|| | B1]|*?(t) + Aar (PB1 + B P)u(t) — 2 < 0.

Since D = Ay (PBy+ BEP)? +8||P||||B1||* > 0, we obtain the estimate u(t) < u; for all
t € [ta, +00) N'T, where pu; = (=Ap;(PBy + BY P) ++/D)/2||P||||B1||> > 0. Hence, one
can conclude that p(t) < py for all ¢ € [ts, +00)r, t3 = max{ti,t2}. If t € [1,p(t3)]NT
then pu(t) < ts. This implies the estimate p(t) < p* = max{u1,t3} for all ¢t € T,. Since

B(t, V)
%

= 2K || P| |71+ n(OI BLDVV + () K2||P|| | 7]V
< 2K||P|||T)|(1+ w* | BUDWVV + @ K2||P|| | TV,

we get ®(t,V)/V — 0 for V — 0 uniformly in ¢. According to Theorem 2 from the
paper [13] we conclude that the equilibrium state y = 0 of system (&) is exponentially
stable. This is equivalent to the exponential stability of the equilibrium state z = x* of

system ().
Now we shall prove the second part of the theorem. Condition sup{f4: t € T,;} =
g < 0for t € T implies

log|1 + u(t)(Aae (PB1 + By P) + u(®)| PIl| Bu||*)| < u(t)g < 0
for all ¢t € 7. Hence, we get

~Am(PBy + BfP)++VD

pu(t) <
2||P[[[| B>

=p", pr=0, teT.
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That is that p(t) < p* for all t € T,. Then, similar to the above, we have ®(¢,V)/V — 0
for V' — 0 uniformly in ¢.

Therefore, all conditions of Theorem 2 from the paper [I3] are satisfied and the
equilibrium state y = 0 of system (@) is uniformly exponentially stable. This is equivalent
to the uniform exponential stability of the equilibrium state x = z* of system (IJ).

Remark 3.1 Consider the scale T = N (u(¢) = 1). In this case system of equa-
tions () is equivalent to system (@) and the condition of uniform asymptotic stability
of the equilibrium state of system () established in Theorem Bl for p* =1 becomes

20— 2L||T| — (b + L|T[)* > 0
This result coincides completely with the below result for discrete system (@).

Theorem 3.4 For neural discrete system (@) let assumptions Sa, S3 be satisfied.
Then the equilibrium state © = x* of system (@) is uniformly asymptotically stable,
provided that

2b = 2L|T| - (b + L|T])* > 0
Proof Consider function y(k) = z(k) — 2* and rewrite equations (] as
y(k+1) = (=B + Dy(k) + Tyg(x(k)), keT,, (8)

where I is an identity n x n-matrix and for the first difference of function V(y) = yTy
we get, the estimate

AV(y(R)lgy =y (k+ Dy(k +1) —y* (k)y(k)
= [(=B+ Dy(k) + Tg(y(k)]"[(—=B + Dy(k) + Tg(y(k))] — y" (k)y(k)
=y (k)BT By(k) — 2y" (k) By (k) — 2y(k)" BT g(y(k))
+2y" (k)T g(y(k) + G (y(k) T Tg(y(k))
< |IBIIPly(k)[I> = 2Am (B) |y (k) [I> + 2L\ BI| | T|| [y (k)[|?
+2L||T | [y ()1 + 1T 112 (lg(y (k)P
< [0° =20+ 2LB||T || + 2L|| 7| + 1T I2L2] | (y (k)2
—[20 = 2L||T|| = (0 + LT )]l (y(k))[I*.

This yields the assertion of the theorem.

The regressivity of function f(x) = —Bx+T's(z)+u is one of conditions for existence
of solution of problem (), [2)). Here we give some sufficient regressivity conditions for
the function f(z).

Theorem 3.5 Let assumption S3 be fulfilled. If for every fizted t € T the matriz
(I — p(t)B)A=Y — u(t)|T| is an M-matriz, the function f(xr) = —Bz + Ts(x) + u is
regressive.

Proof We fix t € T and consider the mapping R: R™ — R"” given by the formula

R(x) =2+ pt) f(t,x) = (I — p(t)B)z + p(t)T's(x) + p(t)u.
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Designate by B = (I — u(t)B), T = pu(t)T and @ = p(t)u. Then we get
R(z) = Bx + Ts(x) + @.

Since the matrix BA~1 — |T| is an M-matrix, the mapping R: R™ — R” is a homeo-
morphism [I7]. Hence follows the reversibility of the mapping R(z) which is equivalent
to the reversibility of the operator I+ pu(t)f(¢,-): R™ — R™.

4 Example

On the time scale Py, = U?’;O[j(l +7),71 +~)+1], ~ > 0, we consider a neural
network

2 (t) = —bia 118(z2 125(22 ur,
(t) (t) + t1s( 1(t) + t12s(xa(t)) + (9)

) (
$2A(t) = —boxq (t) + tgls(l’ (t)) + t228($2(ﬁ)) + usg,

where z1,22 € R, ui,uz €R, by =by =1, T = (5 0.1), s(u) = tanhu.

(0.1 —0.5
For the time scale Py  the granularity function

p(t) = 0, teU;iO[j(l""V)aj(l'i"Y)'i'l)a
v teUio il +y)+1}.

We take matrix P = diag{0.5,0.5} and write out all the functions and constants men-
tioned in the conditions of Theorem

M1:M2:L1:L2:1, A(t):—09+053’7,

24V _24v3\3
(5 e )
v~ tlog |1 +~(-0.9+ 0.537)], te U {j(1+~v)+1},
i=0

Ba(t) = Y0
—0.9+0.53 7, te U iQ+7v),51+7)+1).
=0

243 _24v3
2

K1:K2:8€ 2 —e

The regressivity condition has the form of the inequalities

1-1.1v>0,
(1—1.19)* = 0.25+% > 0,

which yields v < 0.625. Since 1+ 7(—0.9 + 0.53v) > 1 4 v(—=0.9 + 0.5370), Y0 =
0.9/(2 - 0.53) for any 7, we can take for the constant M the following value: M =
14 70(=0.9 +0.53 ) = 0.61.

For v < 1.69 the system of inequalities

M < |1+~(-0.940.537)| < 1,
—09+0.537<0

is satisfied. This implies that sup, B4(t) = max{y~'log|1 + v(—0.9 + 0.53~)|, —0.9 +

0.53} < 0. Since the matrix BA™!—|T| = ( _{:) 703) is an M-matrix, for 0 < v < 0.625

system ([@) possesses a unique equilibrium state for any wu1,us € R and this equilibrium

state is uniformly exponentially stable.
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Figure 1: Dependence of the function z(t) on time ¢ obtained by numerical solution of system
of equations ([@).

We shall consider a model example for this problem. We take the following values
of the constants: u; = 2, ug = —1, v = 0.5. The result of numerical solution of system
@) is shown in Figure [l It is seen from the figure, for arbitrary chosen initial con-
ditions (1,—0.5), (1.5, —1.5), (2.5, —1.5), (3,—-0.5), (2.5,0.5), (1.5,0.5) the function x(¢)
approaches asymptotically with time ¢ to the equilibrium state (23, 23)T = (2.35, —0.56) ™.
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Abstract: In this paper equilibrium states for pre-image pressure are considered.
We study the ergodic decomposition of Cheng—Newhouse metric pre-image entropy.
Moreover, for a topological dynamical system (X, T) with finite topological pre-image
entropy and upper semi-continuous metric pre-image entropy function hyp,e o3 (1'), we
obtain a way to describe a kind of continuous dependence of equilibrium states, and
show that all functions with unique equilibrium state is dense in C'(X). Last, we also
discuss the uniformity of equilibrium states for pre-image pressure.
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1 Introduction

Entropies are fundamental to our current understanding of dynamical systems, and topo-
logical pressure is a generalization to topological entropy for a dynamical system (see [I]
and [2]). Recently, the pre-image structure of maps has become deeply characterized via
entropies and pressures, and several important pre-image entropy and pressure invariants
have been introduced (see [3, [4, [5, [6] [7]).

In [3], F. Zeng, K. Yan and G. Zhang studied the topological pre-image pressure of
topological dynamical systems, and proved a variational principle for it. They considered
a compact metric space X and a continuous map 7 : X — X. The pre-image pressure
is defined as a real-valued continuous convex function P,..(T,e) on C(X), where C(X)

* Corresponding author: mailto:ykshhz@163.com

(© 2010 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online) /http://e-ndst.kiev.ual409
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denotes the Banach space of all real-valued continuous functions on X with the supremum
norm. They showed that Pp.e(T), f) = sup,e mx, 1) (hpreu(T) + p(f)), where M(X,T)
denotes the collection of all T-invariant probability measures on X, u(f) = [y fdu
and hpre, . (T') the pre-image entropy of p with respect to T' (see [3| 4] for definition).
An p e M(X,T) such that hppe (T) + p(f) attains its supremum is called equilibrium
state. For each f € C(X), there exist tangent functionals to Py, (T, ) at f, whereas there
may be no equilibrium states for f. If 7¢(X,T) denotes the set of tangent functionals to
Ppre(T, o) at f and M (X, T) the set of equilibrium states for f then one has M (X, T) C
T;(X,T) ¢ M(X,T) and T;(X,T) = My(X,T) if and only if the pre-image entropy
function hyy,..} (1) is upper semi-continuous at the members of T;(X,T)(see § 2 for
definitions and [3] for some results).

The purpose of this note is to consider equilibrium states for pre-image pressure of
the topological dynamical system (X,7T) with finite pre-image entropy. In Section 2,
we concentrate on the ergodic decomposition of measure pre-image entropy, and review
some definitions and some basic properties.

In Section 3, we consider a kind of continuous dependence of the equilibrium states
M¢(X,T) on the function f.

In Section 4, we discuss uniqueness and uniformity of equilibrium states for pre-
image pressure. We obtained the collection of continuous functions which has unique
equilibrium state relative to pre-image pressure and is a dense Gs-set of C'(X). We also
show that for any finite collection of ergodic measures, we can find some continuous
function such that they contain its equilibrium states set.

2 Preliminaries

In this section, we will recall some definitions and give some useful lemmas.

For a given topological dynamical system (X, T) (where X is a compact metric space
and T is a continuous map from X to itself), denote by B(X) the collection of all Borel
subsets. A partition of X is a finite disjoint collection of Borel subsets of X whose
union is X. For finite partitions a, 3, we set a V3 = {ANB: A € oa,B € 8} and
T 'a={T""(A): Aea}. If 0 < j < n are positive integers, we let o/} = Vi, T o
and o” = ay . Set B~ = (22,7 "B(X), then B~ is a T-invariant sub-o algebra. We
call B~ the infinite past o-algebra related to B(X).

Denote by M(X) the set of all Borel probability measures on X, M(X,T) C M(X) is
the set of T-invariant measures, and M¢(X,T) C M(X,T) is the set of ergodic measures.
Then both M(X) and M(X,T) are convex, compact metric spaces endowed with the
weak*-topology (see Chapter 6 in [1]).

Given partitions «, 8 of X, u € M(X) and a o-algebra A C B(X), define

Hulal4)i= 3 [ ~B(1L414)log (14 Ay

H,(a|gVA):=H,(aV B|A) — H,(B|A),

where E(14].A) is the expectation of 14 with respect to A. It is well-known that H,,(a|A)
increases with respect to o and decreases with respect to A.

When p € M(X,T) and A is a T-invariant measurable sub-o-algebra of X, it is not
hard to see that a, = H,(a"|A) is a non-negative sub-additive sequence for a given
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partition «, i.e. anim < ay + ay, for all positive integers n and m. It is well known that

. an . a
lim — = inf —.
n—oo N n>1n

The conditional entropy of a with respect to A is then defined by
hu(T, 0l A) = lim L H,("|4) = inf ~H,(a"]4)
u(T, o = lim —H,(a —ir%ln wlo .

Moreover, the metric conditional entropy of (X,T) with respect to A is defined by

hu (T, X|A) = sup h, (T, | A).

Note that if N is a trivial o-algebra, we recover the metric entropy, and we write
hu (T, a|N') and h, (T, X|N) simple as h,(T,«) and h,(T).

Particularly, if A is the infinite past o-algebra B, we define the measure-theoretic
(or metric) pre-image entropy of a with respect to (X,T) by

1
hpre,u(T, ) == h, (T, a|B™) = ILm ;H“(a”m*).

Moreover, we define the metric pre-image entropy of (X,T) by

hpre,u(T') := sup hpre,u (T, ).

In [4], Cheng-Newhouse have shown that the quantity hpye . (T) satisfied power and
product rules analogous to the standard metric entropy, that the map 1 — hppe . (T) was
affine, and that there was an analog of the Shannon-Breiman-McMillan theorem for the
metric pre-image entropy. In [5], Wen-Chiao Cheng obtained a method for calculating
the metric pre-image entropy, which is similar to the Kolmogorov-Sinai theorem for the
metric entropy.

Now we discuss the ergodic decomposition of metric pre-image entropy. Given a
partition o of X, put a~ = \/°°, 7"« and o’ = /> T "a. The following lemma

n=—oo

is a classical result in ergodic theory (see for example [g]).
Lemma 2.1 (Pinsker formula) Let v, B be two partitions of X. Then
h(T,aV B) = hu(T, B) + Hu(a|T Vv ar).

Lemma 2.2 (Ergodic decomposition of metric entropy, [1, Theorem 8.4]) Let (X,T)
be a topological dynamical system and « be a partition of X. If p € M(X,T) and
= ch(X ) mdr(m) is the ergodic decomposition of u, then we have:

ho(T) 0) = /Me@m hon (T, ) ().

Lemma 2.3 ([5, Lemma 4.13]) Let (X,T) be a topological dynamical system, p €
M(X,T) and « be a partition of X. Then

hpre, (T, o) = H, (a]a™ V B7).
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Theorem 2.1 (Ergodic decomposition of metric pre-image entropy). Let (X,T)
be a topological dynamical system, p € M(X,T) and « be a partition of X. If
W= fMe(X 7) mdr(m) is the ergodic decomposition of u, then

%mA1®=/ Bre (T, )dr(m),
Me(X,T)

and
hmuﬂz/ v (T)dr (m).
Me(X,T)

Proof Take an increasing sequence of finite Borel partitions 5; of X with diam(8;) —
0. Then using the Pinsker formula, the ergodic decomposition of metric entropy, Lemma
2.3 and dominated convergence theorem, we have

hpre (T, o) = H,(ala™ VBT) = khjgo H,(ala™ VT *B(X))

= lim lim H,(olo~ vV (T7%8;)7)

k—00 j—00

= lim lim [h, (T, VT *8;) — b, (T, T7%5;)]

k—00 j—00

= lim lim [P (T, a0V T7FB;) — b (T, T~ B;)]dr(m)
k— o0 j—00 Me(X,T)

= lim lim Hy(ala™ vV (T7%3;)T)dr(m)
k—o00 j—0o0 MQ(X,T)

:/ lim lim H,,(ala™ vV (T7F6;)T)dr(m)
M

e(X,T) k—o00 j—00

= / hp're,m (T7 a)dT(m)
Me(X,T)

Moreover, we can get

hpre, (T) = Im hpre (T, ;) = lim hpre,m (T, B;)dT(m)
j—o0 j—o0 Me(X,T)

:/ hm hpre,m(T7 ﬁ])dT(m)
Me(X,T) =00

_ / hpre.m(T)dr(m).
Me(X,T)

Theorem 2.1 is proved. O

Following the idea of topological pressure (see [1]), F.Zeng etc. defined a new notion
of pre-image pressure, which extends Cheng-Newhouse pre-image entropy [4]. For a given
topological dynamical system (X,T'), the pre-image pressure of T' is a map Ppre(T,®) :
C(X) — R which is convex, Lipschitz continuous, increasing, with Ppyre(T,0) = hpre(T)
(see [3] for definition).



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 10 (4) (2010) 409-{416] 413

Given f € C(X). A member p € M(X,T) is called an equilibrium state for f if
Ppre(T, f) = hpre.u(T) + p(f). By the variational principle (Theorem 3.1 in [3])this is
equivalent to requiring

Dpreu(T) + p(f) = sup{hpre,m(T) +m(f) : m € M(X,T)}.

Let M¢(X,T) denote the collection of all equilibrium states for f. Note that this set
could be empty (see Example 5.1 in [3]).

A tangent functional to Pyre(T,e) at f is a finite signed Borel measure p on X such
that

Ppre(T7f+g) - PPTE(T7 f) 2 M(g)v V g € C(X)

Let 7;(X,T) denote the collection of all tangent functionals to P,..(T,e) at f. An
application of the Hahn-Banach theorem gives T¢(X,T) # . It is easy to see that
€ T¢(X,T) if and only if

Pore(T, f) = p(f) = mf{ Ppre (T, 1) — pu(f) + h € C(X)}.
Also we have T¢(X,T) C M(X,T) (see [3] for details).

Proposition 2.1 The following holds.
(1) M#(X,T) is convex;
(2) if the pre-image entropy map hpreo(T) is upper semi-continuous then Mz (X, T)
is compact and non-empty;
(8) the extreme points of M (X, T) are precisely the ergodic members of M (X, T);
4) If p € My(X,T) and pp = . mdr(m) is the ergodic decomposition of w,
f Me(X,T)
then for T-a.e. m € M°(X,T), m € My(X,T).

Proof (1)-(3) can see Theorem 5.1 in [3].

(4) This follows from the following two facts: (1) hpre.m(T) + m(f) < Ppre(T, f)
for each m € ME(X,T); () [ygeqr)lrpre.n (L) + m(DIdr(m) = hyreou(T) + (F) =
Ppyre(T, f) by Theorem 2.1. O

Proposition 2.2 Let (X,T) be a topological dynamical system with hpre(T) < o0
and f € C(X). Then the following holds.

(1) Mp(X,T) C T4(X,T) C M(X,T);

(2) TH(X,T) = ey {nt € M(X,T) 2 hpre o (T) + 1(f) > Bpre(T, f) = 1/n};

(8) M¢(X,T) = T¢(X,T) tf and only if hpre,o(T') is upper semi-continuous at the
members of T¢(X,T).

Proof Theorem 5.2 in [3]. O

3 Continuous Dependence of Equilibrium State

Let (X,T) be a topological dynamical system. Throughout the following sections, we
assume the topological pre-image entropy hpre(T") < 00, and the metric pre-image entropy
function hyyee1 (1) : M(X,T) — R is upper semi-continuous.

In this section, we prove a theorem to describe a kind of continuous dependence of
the set M (X, T) on the function f € C(X).
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Theorem 3.1 Consider f,g, € C(X) and t, € (—1,1) such that t, — 0 and
[|gnlloo = 0. Let pin € M144,)f4¢,(X,T)),n > 0. Then the following holds.

(1) If {pn}n>1 converges weakly to some p € M(X,T) (i.e. pn(h) — p(h) for all
heC(X)), then p € Msp(X,T);

(2) If M#(X,T) = {p}, then limy, o0 fin = p.

Proof (1) Observe that
Pore(T, (1 +tn)f + gn)

= sup (hpreu(T) + (L +tn)f +gn))

HEM(X,T)

= sup (1 +t) (hpreu(D) + () = tulipreo(T) + p1(gn)) 1)
HEM(X,T)

> (L4 t) Pore (T, f) = [tnlhpre(T) = [|gn||oo

Since the metric pre-image entropy function A, o(T") is upper semi-continuous,

> limsup Apre,pu, (T) + limsup e (f)

n—oo n— 00

> limsup(hpre,p, (T) + pin (L + ) f + gn) — tin(tnf + gn))

> hflrisolip(PpTE(Ta (1 + tn)f + gn) - |tn.un(f)| - ||gn||00)
> hgl_)solip((l + tn)Ppre(Ta f) - |tn|hpre(T) - |tn,UJn(f)| - 2||gn||oo) (by (1))

2 Ppre(T7 f) - hmﬁsup |tn/14n(f)|
2 Pp're(T7 f) - ].IIILSHp |t7’b|/1’7’b(|f|)
= Ppre(T, f) (Since limjupunﬂfl) = p(|f]) < o0).

Therefore, p € M(X,T).
(2) If w is a limit point of {ftn}n>1, then w = p by (1). It follows that p, — p as
n — o0. O

4 Uniqueness and Uniformity of Equilibrium State

In this section, we study uniqueness and uniformity of equilibrium state for pre-image
pressure. First, we have the following lemma.

Lemma 4.1 For a given topological dynamical system (X, T), there is a dense subset
C(X) such that each function in this set has a unique equilibrium state for pre-image
pressure.

Proof Tt follows directly from (3) in Proposition 2.2 and the fact that a convex
continuous function on a separable Banach space has a unique tangent functional at a
dense set of points (can see [9, page 450] or [10, Appendix A.3.6]). O

Denote by 2M(XT) the hyperspace of compact metric space M(X,T). Define & :
C(X) — 2MEXT) py

O(f) = My(X,T), ¥ f € C(X).
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Lemma 4.2 ® is upper semi-continuous.

Proof 1f f, € C(X) with f, = f € C(X) and p,, € My, (X,T) with p, — p for
some p € M(X,T), then for each n we have

hPT€7Mn (T) + /jfn(fn) = Ppre (T7 fn)

Letting n — oo, then by the continuity of pre-image pressure function P,,..(7T,e) (see [3,
Lemma 4.1 (3)]) and the upper semi-continuity of Ay e(7), we have

hpreu(T) + 1u(f) = Ppre(T, f).
Using the variational principle of pre-image pressure, p € M¢(X,T). O

Theorem 4.1 Let (X,T) be a topological dynamical system. Then the following
holds.

(1) f € C(X) has a unique equilibrium state relative to pre-image pressure if and
only if ® is continuous at f;

(2) C C C(X) is a dense G set, where each f € C has unique equilibrium state for
pre-image pressure.

Proof (1) It follows directly from Lemma 4.2 that ® is continuous at f whenever
M¢(X,T) has only one element.

Now we let ® be continuous at f. By Lemma 4.1, there is a sequence f, € C(X)
such that f, — f and each My, (X,T) is a single point set. Since ® is continuous at f,
M (X, T) also has only one element.

(2) It follows directly from Lemma 4.1, Lemma 4.2 and (1) above. O

Now we discuss uniformity of equilibrium states for pre-image pressure. Set
Mpre(X,T)= | Mp(X,T),
fec(x)
which denote the set of all equilibrium states for pre-image pressure.
Lemma 4.3 Given f € C(X). Then for any p € M(X,T) and € > 0, there is
fleC(X) and ' € My (X,T) such that

[l — || = sup  |u(g) — ' (9)] <e,
geC(X),l|gll=1

and 1
ILf=rll< ~[Pore(T, ) = hpreu(T) — p(f)].

Proof The proof follows the arguments of the proof of [10, Theorem 3.16]. First we
have P,,.(T,e) : C(X) — R is convex and continuous (see [3, Lemma 4.1 (3) and (4)]).
Since u(g) < Pyre(T, g) for all g € C(X), it follows from [10, Appendix A.3.6] that there
is [/ € C(X) and p/ € Tp/(X,T) = My (X, T) such that || — /|| <€, and

1f = FI1S L PelT, £) = pf) = int{ Py (T, 9) ~ plg) - g € C(X))

= %[P;m’e(Tv f) - ,u(f) - hpre“u(T)] (By [3, Theorem 42])

The lemma is proved. O
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Theorem 4.2 The following holds.

(1) The set Mpre(X,T) is dense in M(X,T);

(2) For any finite collection of ergodic measures {11, i2, -+ , in }, there is a f € C(X)
such that {p1, po, -+, pn} C Mp(X,T).

Proof (1) It follows directly from Lemma 4.3.
(2) Use (1), we know that there is f € C(X) and p € M(X,T) such that

1 1
i = = (1 + ppo - )| <~
n n
Let p = fMC(X ) mdr(m) be the ergodic decomposition of 1. Then we have

1 1
S0 SRR SR l
|7 n( pr 0y o0, < o

(see [10, Appendix A.5.5]), and therefore 7({u1}) > 0,---,7({un}) > 0. Thus
{1, po, -+ s pin} C M#(X,T) by (4) in Proposition 2.1. ml
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