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1 Introduction

In this paper, we are concerned with the following strongly damped wave equation in-
volving nonlocal boundary conditions

2w Bw 2w
%?(x,t) - %(m,t} — g?(x,t) = g(z,t), (x,t) € (0,1) x [0,T7, (1)

with the initial conditions

w(z,0) = wo(x), %—;U(x,O) =wi(x), x€][0,1], (2)
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and the integral boundary conditions

/1mem:WWL /aw@iﬂxzﬂﬂ,(mﬂé@@)xﬂﬂ, ()
0 0

where 0 < T' < oo, the map g is defined from (0,1) x [0,7] into R. Such type of the
equations aries in the motion of mechanical systems. Our aim is to apply the method
of semi-discretization in time, also known as the method of lines or Rothe’s method, to
establish the existence, uniqueness of a weak solution.

In [I] Bahuguna studied a strongly damped wave equation as an abstract differential
equation in a Banach space and established the existence and uniqueness of a strong
solution with the help of Rothe’s method. Beilin [I3] has considered the wave equation
with an integral condition using the method of separation of variables and Fourier series.
Pulkina [I4] has dealt with a hyperbolic problem with two integral conditions and has
established the existence and uniqueness of the generalized solutions using the fixed point
arguments. Bouziani and Merazga [10] have considered the quasilinear wave equation
with the two integral boundary conditions and proved the existence and uniqueness of
a solution by Rothe’s method. The initial work on the nonlocal boundary conditions
(integral conditions) has been carried out by Cannon [12]. Subsequently, similar studies
have been carried out by Kamynin [16], Ionkin [I5] and others.

Recently, the study of an initial boundary value problem with the integral boundary
conditions has received considerable attention of researchers. For relevant references with
the consideration of the nonlocal boundary conditions we refer to the papers [2] 3] [l 8]
9, 10, IT] and the references cited in these papers. In these papers authors have used the
method of semi-discretization in time and have established the existence and uniqueness
of a weak solution. Our analysis is motivated by the works of Bahuguna [I], Bahuguna
and Dabas [2| B8] 5] and Bouziani and Merazga [9] [10]. For more references on Rothe’s
method we refer to the papers [4, [6] [7] and the references cited in these papers.

Using the transformation u(z,t) = w(zx,t) — r(z,t) we reduce the nonhomogeneous
integral boundary conditions in the problem ([I)—-(@]) into homogeneous boundary con-
ditions. We look for r(x,t) := x(t)x + £(t), where x and £ are to be chosen suitably,
with

/r@mmzmﬂam /mu@w:uw (@)
0 0

From (), we have
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Hence the linear system (B)-(@) is uniquely solvable and x(t) and £(t) are given by

X(t) = 12k(t) — 6m(t), (7)
€t) = 4ml(t) — 6k(2). (8)
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By using this transformation problem ([I)-@]) equivalently reduces to the problem

0%u ou 0%u

W(!E,t) - m(xvt) ox g(x t) f(x,t), (:E,t) € (07 1) X [O,T], (9)

u(z,0) = Up(z), %(x,O) =Ui(z), ze€]0,1], (10)

/1 u(z,t)dx =0, /1 zu(z,t)de =0, (x,t) € (0,1) x [0,T], (11)
0 0

where f(z,t) = g(x,t)—i—%, Uo(z) = wo(x)—r(x,0) and Uy (z) = wy (m)—%(m, 0). Hence
the solution of the problem ([Il)-(B]) will be directly obtained by w(z,t) = u(z,t) +7(x, ).

In the next section we define some function spaces required to establish the exis-
tence and uniqueness of weak solution to (@)—(LI). The definition of weak solution and
assumptions are also stated in this section.

2 Preliminaries

The problem ([@)—-(II) may be treated as an abstract equation in the real Hilbert space
H = L?(0,1) of square-integrable functions defined from (0,1) into R with the inner
product and the norm respectively

1 1
(u,v):/o w(@)o(z) dz,  |[ul :/O lu(2)2 dz, w,v € H.

For k € N, the Sobolev space Hk is the Hilbert space of all functions u € H such that
the distributional derivative ©(/) € H with the inner product and the norm respectively

k

k
=> @), Julf =Y PP, w0 e HE
§=0

Jj=0

We shall incorporate the integral condition (1)) with the space itself under consideration
by taking V C H defined by

{ueH / dx—/l u(x)dxz()}. (12)

V is a closed subspace of H and hence is a Hilbert space itself with the inner product
(.,.). and the corresponding norm ||.||.

For any Banach space X with the norm ||.|x and an interval I = [a,b], —00 < a <
b < oo, we shall denote C(I; X)) the space of all continuous functions v from [a, b] into
X with the norm

lulloqs) = ma [[u(®)]x.

The space L?(I; X) consists of all square-Bochner integrable functions (equivalent classes)
u such that with the norm

b
|wmwm=/nwm§w
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Similarly L°°(I; X) is the Banach space of all essentially bounded functions from I into
X with the norm
[ull o (r,x) = esssup [u(t)] x,
tel

and the Banach space Lip(I; X) is the space of all Lipschitz continuous functions from
I into X with the norm

u(t) — u(s
lull Lipr;x) = llullcx) +  sup M
t,s€l; t#s [t — s

In addition, to the spaces mentioned above, we need the space B3(0,1) introduced
by Merazga and A. Bouziani [9] being the completion of the space Cp(0,1) of all real
continuous functions having compact supports in (0,1) with the inner product

(o) = | 1 ( / $u<s>d5> ( / $u<&>d§) dr.

It is clear that v € B3(0,1) if and only if [ v(£)d¢ € L?(0,1) and the corresponding
norm HuHQB% = fol (fy u(f)dﬁ)zdx. It follows that the inequality Hv||QB% < 1{|v)|? holds
for every v € L?(0,1), and the embedding L?(0,1) — B3(0,1) is continuous.

Given a function h : (0,1) X [a,b] — R such that for each t € [a,b], h(.,1) : [a,b] = H,
we may identify it with the function h : [a,b] — H given by h(¢)(z) = h(z,t). We assume
the following conditions:

(A1) The function f:[0,T] x H — H satisfies the Lipschitz condition, i.e., there exists
a positive constant Ly such that

1£(t) = f(s)llpy < Lglt —s| for t,s€[0,T] and wu,ve€ H.

(A2) Ug(x),Us(z) € H?*(0,1) and Ug(z), U1 (x) € V, i.e.
1 1 1 1
/0 Uo(z)dz :/0 2Uy(z)dz = 0, and /0 Ui (x)dx :/0 xU;(x)dx = 0.

Definition 2.1 By a weak solution of the problem ([@)-(II) we mean a function
u : [0,T] — H such that

1. w € Lip([0,T],V),

2. whas a.e. in [0, 7] a strong derivative 24 € L°°([0,T; V)N Lip([0,T], B3(0,1)), and

4 € L=(0.7], B(0. 1))

3. u satisfying the initial boundary conditions () and the integral conditions (),

4. also the following integral identity is satisfied

(dQU(t)J)) . + <du(t) , U) + (u(t),v) = (f(t),v)p- (13)

dit? dt

for all v € L2([0,T],V) and a.e. t € [0,T].
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We have the need of the following lemma due to Sloan and Thomme [I7] for latter
use.

Lemma 2.1 Let {w;} be a sequence of nonnegative real numbers satisfying

-1
w <o+ Y Biws, 1>0,
i=0
where {ay} is a nondecreasing sequence of nonnegative real numbers and B; > 0. Then

-1

w; < o exp{z B}, 1>0.

i=0
3 Discretization Scheme and Priori Estimates

In this section we discretized the problem ([@)-(IIl) and established the estimates. We
shall prove Theorem [B.] given in the last section with the help of Lemma and
stated and proved in subsequent sections. For a positive integer n, we consider the
discretization

T
[t?—lat}l]a t?:]h’na hnzga j:071727"'7n;

of the interval [0, T]. We call u™ an approximate solution and set uf = Uy,

uy(x) = Uo(x) — hnlUi(w), (14)
n Uy d?U;

u_Q(x) = hi |:f(0)+ P + W + Uy — 2h,, Uy, (15)
for all n € N. For j = 1,2,...,n, we define u} the unique solutions of each of the
equations

2 n dgéu}‘ algu}I "
(5 'U/j - dmz - de = i T e (0, 1), (16)
1
/ uj(z)dr = 0, (17)
0
1
/ ruj(z)dr = 0, (18)
0
where N . Sun — Sun
ul —u N ult — du”_ " N
ouj = Jhinjla 6%y = ]le, fir=f(t}). (19)

The existence of unique uf € H?2 satisfying ([I6) — () is ensured similarly as estab-
lished in [§] Lemma 3.1.

Lemma 3.1 For each n € N and each j =1,...,n, the problem (10)-(I8) admits a
unique solution u; € H?(0,1).

Proof For this purpose, we introduce the following functions

q; =uj +ouj, j=1,...,n. (20)
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If we solve this for u? we have

i~ 1—|—hnqj +1+hnuj717 7=12,...,n.

And also

1 .
(q;‘ — " )’ (SQUn (5(1] (5U?,1), J = 17 sy (21)

duj = I 1+ h,

T 14 hn
Then the problem ([I8)—-(I8)) is equivalent to the following problem

d2 n n
de + hn (1+h qJ f + 1+h [&1‘3 1+ h qg 1] MAS (071)7 (22)

fo ¢} (x)dx =0, fo xq} (x)dr = 0. (23)

For solving the system ([22)-(23]) we use an idea from [8]. Details are as follows. We
first solve the equation (22) with classical Dirichlet boundary conditions

g;(0)=A, and gj(1)=up, (24)

where (A, ) is for the moment an arbitrary fixed ordered pair of real numbers. For j =1,
we have ) .
oupy + —

T3 R, 000 T 7,
the Lax-Milgram Lemma guarantees the existence and uniqueness of a strong solution
gt € H?(0,1) of the problem [22)-(24). Step by step each g; is then uniquely determined
in terms of Uy, U1, q7,...,qj_;. Let us show that the parameters A and p can be chosen
in a way such that the corresponding function q;?(., A, 1) is also a solution of the problem
([22)-(23) provided that n is large enough. The function gj (., A, 1) shall be a solution to
problem [22)—-(23)) if and only if the pair (A, u) satisfies

1
/ qj (x, A, p)dx
0

1
[ wa(wada
0

f1+ g]EHa

0, (25)

Il
e

(26)

Solving ([@H)-(20) will provide all the solutions to the problem ([22)-([23]). Let us write
q7 (-, A, p) as the sum of two functions

where ¢7(x,0,0) and @7 (z, A\, 1) are solutions to the following problems, respectively:
J J K

d2 d2
{ T+ a4 = { TF g =0 w€(01), (27)
q](o)_o_qj()7 qj(o)_)\7q]()_l'[/
The solution of the second problem is given by
1

77 (x) = a1eP” + ase™P*,  where = 28
7; (z) = a1 2 p R (28)
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using the boundary conditions, we find the constants as
w— e P w— AeP
G =—>, ag=-—"—.
epP —e P e~ P — eP

Now putting the function g;(z, A, 1) in (25)-(28]), we have

. 1
psinhp
A = - i(x,0,0)dx, 29
G coshp—l/oqj(x )y (29)
1
(p — sinh p)\ + (sinhp — p coshp)p = p? sinhp/ ¢;(x,0,0)dx. (30)
0

Determinant of the coefficient of the above system is
D(hy) = 2sinhp — pcoshp — p.

It can be shown that the real function D(h,) admits a unique real root for all h,, > 0,
hence the system (I6)-(I8) which is equivalent to (22))-([23) is uniquely solvable. This
completes the proof of the lemma. O

We first obtain the estimates for du} and difference quotients {1711} using (A1)
and (A2) which in turn imply the uniform bounds of {u?}. To derive the estimates first
we reformulate the discretized problem in the varlatlonal form. Let v be any function

from the space V and

/I(m — Ou(€)de = S0, Vo e (0,1), (31)
0
where . . .

S = d¢é, and 20 =S, (S,v) = [ d ds,

Sy /0 v(€)dE, a 2o = Sz (Spv) /0 f/o v(s)ds (32)

with z = 1 in @), for any v € V we have 3%v = 0. Now multiplying (I8) by S2v,
j=1,2,...,n, and integrating over (0,1), we get

2 n 2 n
fol 5%?@)%31} dz — 01 ddizj (2)S2vdr — 01 dd;‘g (2)S2vdx
= [ [ (@)S%vdz. (33)

Now integrating by parts for each term in (B3] we have

1 1
[Pt = [ L (@.00) S
0 0 dx

1
= Su(0®u))STli=g — /0 3, (0%u?) S, vda

= (52uj,v)B
L d26un déu”? L déu?
J 2 d _ J a2, |x=1 _ J Ox d
e (z)SZvdx e (2)S5v|5=; T (2)Spvdx
L dou™
- /0 dxﬂ (2)Spvde
= —ouj( pot O—I—/ ouf(z)v dx

= (51”’] 7U)7
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and
1 d2un ) 1 )
Gt = (o). [t de = (0
Finally, we have the following variational identity
(52u?7’U)B§ + (5U;L, U) + (U,?,’U) = (f;-l,’U)B;. (34)

Throughout, C will represent a generic constant independent of j, h,, and n and CT, Ce€”
are again replaced by C.

Lemma 3.2 Assume that the hypotheses (A1) and (A2) are satisfied. Then there
exists a positive constant C, independent of j, h,, and n such that

[ouf]l < C, (35)
[6%uf]lpy < G, (36)
n>landj=1,...,n.
Proof For 2 < j < n, putting v = 52u;-‘, in (34)) we have
(0%u} — 8%uff 4, 52u?)3% + hn (8%ulf, 6%uf) + (6uf, 6ulf — dulf ;)
— (P 7, 0% .
Using the identity
2(u,u —w) = [[uf? = wlf* + [lu - w|?,
we obtain
162 12 — 1623y + 1627 — Py [y + halo%ul 2
+ 0w = llouf_y || + [|lou] — duf_y||* = 2(f = fi1,0%u}) by (37)

We neglect the third, forth and the last terms on the left hand side of the equation (37)
to get

1663 By + 0w * < ll0%uf [y + 10uf o * +2(f] = fi1,6%u3) by
< 18l + Iouf o lI® + 207 = £y sy 167 | 3.

Repeating the above inequality, we obtain
Jj—1
8%uf By + 6ufl® < 1167t 5 + ll6ut > + 2D If7 = f7all s 6% | 3
i=2

Using the Cauchy inequality 2ab < La? + €b?, a,b € R, € > 0, with € = h,, and using
assumption (A1), we have the estimate

||52Uj ||2B; + ||5Uj ||2 < ||52U1 ||2B; + [|6uf ||2 + e E ||f(t]) - f(tj—1)||2B;
=2

j—1
T Y 1%,
=2

j—1
16%uf |51 + 1t ||* + OT + hn Y [[6%u} |- (38)
=0

IN
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From Lemma 21l we get the estimate

6% 12 + 10w} < (162 %y + 167 ]? + CT] expfG— Do}, (39)
To estimate the right hand side in ([39), we use the variational identity (34]) for j = 1
and v = §2ul} = Mlh—;Ul, to obtain
oul — U
)y + ) + (2= — (ot . (40)
Rearranging the terms, we get
162 |5y + hall8*uf||® + (0uf, duy —U1) = (f7',0%uf) gy — (Suo, 5°uf)
—(Uo, 8°ul). (41)

Again by using the equality 2(u,u — w) = ||ul|? — ||w]||? + ||u — w||?, we have

1826 1By + hnll6®uf|1* + 5{lI0uf(|* + [l0us — U * — [[U1 1%}
= (f",0%u}) gy — (U1, 6%u}) — (U, 0%u}). (42)

The second term on the right hand side of ([@2]) gives us

1
d
(Uy, 6%ul) /0 Ul(x)ﬁ(%mﬁu?)dx

2 r=1 ' dUl n
Ur(z)Sp0%ur 5=y — — () 0ulde
o dx

Yauy
= — | ——(2)S.0uldz. 4
rr (2)Sz0uyde (43)

Using S‘sr(d;gl) =41 (z) — 4h(0), for all z € (0,1), in equation ([@3) we obtain
d*U;
U ,52 ny _ _ _752 n )
W) =~ (Gotar)
Similarly, we may write
(U 521,(,”) — d2U0 52un
0 1 d$2 5 1 . .

2

From ([@2]), we obtain

2/|6%ut | 5y + lloui ||

U, d2U,
2 n 2. n
< ||U1]I" +2 ‘fl toz Y . [[0°ut| By
Lo, U | .
< W+ |+ G+ G| 1o (14)
2
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Thus, from [@4), we have

22U, U |
2 n|2 n|2 2 n _
A . | PR
Finally we estimate (39) as

162213, + e |2 < Cy exp{CT}. (46)

This completes the proof of the lemma. O

Remark 3.1 Estimates of Lemma3.2limply that for all nand j = 1,2,...,n, [[u}| <
C.

Definition 3.1 We define Rothe’s sequence {U"} and {V"™} of functions from [0, 7]
into H? NV, given by

U™t) = '+ (-t )6ut,  te[t 7], j=1,2,...,n,
VM) = ul 4 (-t )6, tet) 1], j=1,2,...,n

Furthermore, we define another set of sequences {X™}, {Y"} and {Y™} of step functions
given by

X"(t) = Uy, te (—hy,0], X"(t)—uj, te(? 1 J]
YOt) = Uy, te(—h,0), Y"(t)=dul, te ', t7,
Y(t) = 6%}, t=0, Y(t) = 6%ul, te(t] 1)

forj=1,2,....n
Remark 3.2 From Lemma it follows that

1. The functions {U™(¢t)} and {V"(t)} are Lipschitz continuous on [0, T] with uniform
Lipschitz constant C, i.e.

[U™(#) =U"(s)| < Clt =sl,  [[V™() =V"™(s)llpy < Clt = s.

2. The sequences {U"(t)},{X"(t)} are bounded in the space L?([0,7];V) and the
sequences {V™(t)}, {Y"™(¢)} are bounded in the space L?([0, T; B3(0, 1)) uniformly
for all ¢t € [0,T] and n € N. Also we have

aon
dt

avn
dt

<t>ch, H (v

3. The sequence X™(t) —U™(t), U™(t) — X" (t — hy) and Y™ (t) = Y™ (t — h,) — 0 in
L3([0,T],V) as n — oo. Also the sequence Y™ (¢) —V™(¢) — 0 in L?([0, 7], B3(0,1))
as n — 0o0. These results follow due to the following inequalities

aun

dt

o -0 <on.

B}
X0~ U@l < <, and U7 (E) - X7~ bl <

< ¢
7’L
1Y"™(t) = V" (t)llpy < Chy, and [[Y"(t) = Y"(t — hn)|| < C
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4 Convergence and Existence Result

In this section we establish the existence and uniqueness of a weak solution to (@)—(I).

Lemma 4.1 There exist two functions u € L?([0,T]; V) N L*°([0,T); V) with v’ €
L([0,7); B3(0, 1))NL>([0,T]; B3(0,1)) and w € L*([0, T]; B3(0,1))NL>([0, T]; B3(0, 1))
with w' € L*([0,T]; B4(0,1)) such that

U™ —~u in L*([0,T];V), (47)
Ve o, in L*([0,T]; B3(0,1)). (48)
Furthermore, we have that
dum» du 9 o1
dt E in L ([OaT]vBQ(Ovl))ﬂ (49)
2
Cfl—? =w on [0,T] and % = % a.e. on [0,T], (50)

where “ =7 stands for the weak convergence.

Proof Remark we know that the sequences {X"} and {Y"} are bounded in
L?([0,T]; V), while the sequence {Y™} is bounded in L*([0,T]; B3(0,1)). It follows that
subsequences { X"}, {Y"r} and {Y"*} can be found such that

X  — y in L*([0,T]; V),

Yo = w i L2(0,T); B(0,1)),

Y™ —~ @ in L*([0,T); Bi(0,1)).
Similarly as in the preceding chapters, one finds that

Um» — wu in L*([0,T);V),

dUms du o,
7 g in L°([0,T); V),

Ve~ w in L%([0,T]; B3(0,1)).
Now, we show that w = %% For all v € L?([0, 7], B3(0,1)), we have

=
dt "/ pa(jo,71:B3(0,1))
(n dums ) (dU”P du )
= (V" — U + - =,V
dt ) Laqo,1y;B30,1)) dtdt™ ) pago,7yB30,0))
o qune
< HV”— 7 vl 2(j0,11: B3 (0,1))
L2([0,T); B} (0,1))
(e ) o
dtdt’ ) paoryBy0.1))
From Remark B2 and 442 — 44 in 12([0,T]; V), we have
o du
(v - 50) < Ohalolaqommyony
L2([0,7);B2(0,1))
e d
+ ( ——”,v) . (52)
dtdt™ ) pago,myB30,1))
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Hence we conclude that as p — oo,

d
vre S i L(0,7) B3O, 1)),

Since V" — w as p — 0o, we have w = % and also w = ‘Z—lt” = %. This can also be
achieved by another way by considering the following equalities
t
U (t) — Uy = / Yoe(s)ds i L2([0,T]:V), (53)
0
t
Vir(t)—Up = / Y™ (s)ds in L*([0,T]; B(0,1)). (54)
0

The above equalities can be ensured directly from the construction of U™, V", Y™ and
Y™. It follows due to the above convergence result that

w(t) — Uy = /O w(s)ds i L2([0,T]:V), (55)

w(t)—-U; = /Ozb(s)ds in L*([0,T); B2(0,1)), (56)

which imply that v € C([0,T];V) and strongly differentiable a.e. in [0,7] with
w = % and also w = ¥ = %. Now we show that w € L°°([0,T];V) and
u',w € L([0,T); B5(0,1)). The estimate |[u}|| < C, implies that the Rothe’ sequence
{U™} is bounded in L*([0,T]; V). Hence a subsequence {U™} of {U™} can be found
converging weakly to a function z € L>°([0,7T], V), which is easily shown to be equal to
the function u. The second assertion u/,w € L>([0,T]; B(0,1)) is obtained similarly.
This completes the proof of the lemma. O
Thus, from Lemma 1] we conclude the following:

we AC(0,T);V),
u' € L*([0,T); V) N AC([0,T]; B3(0,1)),
u" € L*([0,T); B3(0,1)),
u(0)=Uy and «/'(0)=U; in C([0,7T); B3(0,1)),
where AC([0,T]; V) denotes a space of all absolutely continuous functions from [0, T]
into V.
For the notational convenience, let
f10) = fo, @) =f({}), te@j_,,t7], 1<j<n

Then (34) may be rewritten as

(dc‘l/tn <t>,v> + (Y"(1),0) + (X (= ) 0) = (F(8),0) y (57)
B}

for all v € V and a.e. t € (0,T].
Lemma 4.2 There exist u € C([0,T];V) and w € C([0,T]; B3(0,1)) such that
10" —aullcqoryvy =0 and  |[V" —wlleo,r1:8100,1)) — 0 (58)

as n — 00. Moreover w and w are Lipschitz continuous on [0, T].
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Proof For m > n > ng, we consider the Rothe functions U™ and U™ corresponding
to the step lengths h,, = L and h,, = L. From (57) taking v = Y™(t) — Y™(t), we have

d n m n m
(00— Voo o)

+ (V) = Y™(), Y™ (E) = Y™ (1))
(X = hn) = X"t = hin), Y () = Y™(2))
= (/") = "), Y™ (1) = Y™ (1)) g3 (59)

Now the first term of the left hand side in (B9]) can be written as
(F00-vroro-vo)
= (GO - VOO -V O+ VO - Y0
d n m n m
+ GOy e -ve) (60)
Similarly we may write the third term of (BJ) as
(X™(t = ) = X = b)), Y (1) = Y™ (1))
= (X"t = hn) =U"() + U™ () = X" ( = hyn), Y (t) = Y™(1))
+ (U™() =U™ (1), Y (t) = Y™ (2)). (61)
Combining the equations (B0)-(6I) and using the fact that Y"(¢) = %(t), equation

B9) becomes

LIV ) = VRO, + 5100 ~ U @I+ [ @) - YOl

GO = VIOLV 0 - Y0 + Y0 - VD)
B}

(XMt ha) = U () + U™ (1) = X" (¢ = hn), Y™(0) = Y7 (1))

ROESRON QORI O (62)

The first term on the right hand side of (G2]) is estimated as

N~

(ﬂwmxmwvmwww+wm—wm)

By

HWQU IV @) =Y @l + Y™ () = V"l
Bl By

< O + hum).- (63)

H avn(t

Similarly, we have
(X"t = hp) =U"@)+U™(t) = X™(t — hp),Y™() =Y (1))
<Xt = ha) = U@ + U™ (8) = X™(E = R [T 1Y ™ @ON + Y™ (0]
< C(hn + ). (64)
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The last term in (62]) is estimated as
(f"() = f7(@®),Y"(t) = Y™ (t)) 5y
< @) = f Ol s Y™ () = Y™ (0)] s
1 n m 1 n m
< 1) = SOl + 510 - Y @)1,
1 n m
< enm + 5[V = V" Oy, (65)
where
enm = C(hy + hm) + C(hy + him)® + C(hn + b)) [V () = V™ (1) 1.
is a sequence of real numbers tending to zero as n,m — co. Now using (63)—([@4) and
©3), [62) becomes
LIV — v,y + om0 U @)
dt By at
= €p + V(1) = V™ ()5 + 1U™E) = U™ (@)%, (66)

where €l is another sequence of numbers tending to zero as n,m — co. Integrating

the last inequality over (0,¢) and using U™(0) = U™(0) = Uy, V"(0) = V™(0) = Uy, we
have

V" (&) = V™ (@)l + 10" - U™ @)
=T+ | V) - Vs g + / ) - U Pds. (67)
Application of Gronwall’s inequality implies that
V) = V™ (O)lEy + 10" (E) = U™ O] < (eqmT) exp{T}. (68)

Taking the supremum over ¢ € [0,7] we conclude that there exist functions u €
C([0,7);V) and w € C([0,T]; B4(0,1)) such that U" — u and V" — w as n — oo.
By Remark it follows that w, and w are Lipschitz continuous functions. This com-
pletes the proof of the lemma. O

5 Main Result

In this section we conclude our main result. We summarize the result so far obtained by
previous Lemmas [£.1] and in Remark B.1] below.

Remark 5.1 By Remark and Lemma [£2] we conclude the following:
1. uwe L3([0,T); V) N Lip([0,T]; V);

2. u is strongly differentiable a.e. in [0,7] and %% € L>([0,T]; V);

3. X"(t) = u(t) in V for all t € [0,T]; and &~ — 2 in 12([0, T); V);

4. w € Lip([0,T); B4(0,1)); w is strongly differentiable a.e in [0, T] and
e L°((0,T}; BY(0,1));
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5. Y"™(t) = w(t) in V for all t € [0,T]; and &= — 2w in L£2([0, T]; B3(0,1)).

Thus, by the definition of weak solution stated in Definition 2] the function w(t)
possesses several characteristic properties. Since u € L?([0,Tp]; V') we have for almost all
t € [0,T], u € V. Hence the integral boundary conditions (IIl) are satisfied. The initial
condition is fulfilled in the sense of the equations (BH) and (B6). Now the question is in
what sense the given differential equation equation (@) is satisfied. The answer to this
question lies in the proof of the main theorem of this article.

Theorem 5.1 Suppose that the conditions (A1) and (A2) are satisfied. Then prob-
lem (@)-(L1) has a unique weak solution on [0,T]. For the sets of data (U, U}, f*), the
corresponding solutions u’, i = 1,2, satisfy the following estimate

2
2

|G-

+ ||ut () — (1)
B}

t
< (101 = U1y + 103 = G312 + [ 1770 - Plgds ) esplt) (09
which shows the continuous dependence of the solutions on the data.

Proof Now we prove the existence on [0, T]. Integrating the identity (57)) over (0,t) C
[0,T] and invoking the fact that V™(0) = Uy, we have

(V7(8) = Ur,0) gy + Jo (Y7(),0) ds + fy (X"(s),0) ds
= Jy (f"(s),0) gy ds. (70)
Since V" (t) — dv;_it) in V for all ¢t € [0,T], we have

du(t)
dt

(V™) — Ul,v)B; — < — Ul,v) , as n — oo. (71)
B;

The linear functionals (Y™(s),v) and (X" (s),v) are bounded on V|, hence by the bounded
convergence theorem as n — 0o,

/Ot(yn(s), V)ds — /Ot (dz(:)

/(X"(s),v)ds—)/ (u(s),v)ds, Vte0,T]. (73)
0 0

,v) ds, Yte|0,T], (72)

Assumption (A1) implies that [|f"(s) — f(s)l|py < € ae. in [0,7)]. Hence
I£"(s) = f($)llL2(0,71:B30,1)) — 0 as n — oo. (74)

This implies that f™(s) — f(s) in L%([0,T]; B4(0,1)) as n — oo. Now, by taking into
account the convergence result (I)—-(74) and passing to the limit as n — oo, in ([70) we

have
(C;_j@_m,v)% + t (2—1‘()) as+ [ (uls),0)ds = / (F(5),0)yds,
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for all v € V and ¢ € [0, T]. Differentiating the above identity we get the desired result,
d?u du
(o), (F0) + @0 = g0

Uniqueness: Let u; and uy be two such solutions of ([@)-(I]). Let we denote the

difference of these two solutions by w(t) = wu1(t) — ua(¢), Then from (I3), by taking
du(t)

v = —~, we have
d2u(t) dul(t) du(t) ||? du(t)
( )y e |t u(t), == ) =o. (75)
Since
2u(t) du(t) 1d |[du(t)| du(t) 1d )
( di* 7 dt ) gy 24t | dt || and - ult), =5~ ) = 3 g lu@I
Then, ([73) is written as
1d ||du() |’ du(t)|® 14d -
it |, || +aaor=o (70
Integrating over (0, s) for 0 < s <t < T and using the fact that «(0) =0 and dz(to) =0,

we get

du(t 2 t d 2
‘U() +/ o) ds + [[u(t)]|* = 0,
dt B% 0 dS
consequently
du(®) ||?
“ON 4 Ju@? <o,
dt Bl

Application of the Gronwall’s inequality implies that « = 0 on [0, 7.

Continuous dependence: let u! and u? be two weak solutions of the problem (@)-
(D), corresponding to (Us, UL, f1) and (U2, U2, f?), respectively and the initial data
satisfy the assumptions (A1) and (A2), from (I3)), putting v = & (u'(t) —u?(t)), we have

d 2

(j—;(ul(t) — (1)), () - u2(t))> . + H%(ul(t) —u*(t)

d d
+(u' () —aP(@), () —WP(t) | = (f10) = f2(), - (u'(t) — uP(t)
dt dt Bl
Similarly, as in the uniqueness we may drop the middle term, we get
2

i o+ o -l

d

<201 #) = @)l sy || 5 (' (8) = w*(#)

B;
2

<70 - PO + | F00 - 20)

B3
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Integrating over (0,s) for 0 < s < ¢t < T and using the fact that u'(0) = U¢ and

du?

0)/dt = U?, for i = 1,2, we get
1

|t |

+ Jlut(t) — w? (@)
B}

t
<UL =Vl + 108 = U1 + [ 17°() = o) s

t
/
0

d 1 2
Sl (s) = u3(s))

2 t
ds + / lut(s) — u?(s)||?ds.
B} 0

Application of the Gronwall inequality leads to the estimate

|40

+ [ut (t) — 2@
B}

t
sm@—ﬁ@+W&MW+AW%%P@@wnmm.

This completes the proof of the theorem. O

6

Application

Example 6.1 In this example we consider the following problem

0%u 03u 0%u .

w(m,t) — W(m,t) — @(m,t) =sinxzcost, (z,t) € (0,7) x [0,T], (77)

u(z,0) =0, %(w,()) =sginz, z € (0,7), (78)

/ u(z,t)dr = 2sint, / zu(x,t)dx = wsint, ¢ € [0,T]. (79)
0 0

We notice that u = sinxsint is an exact solution of the above problem. The results of
the earlier sections may be used to ensure the well-posedness of this model. We shall
be dealing with the problem involving the Neumann condition together with nonlocal
integral conditions of first kind in our subsequent study.
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