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1 Introduction

Given a time scale T, a collection of measurable real functions X = {X(¢) : ¢t € T},
defined on a measurable space (€2, F), will be referred to as a stochastic process indexed
by T [I5L19,[30]. We consider the It6—Volterra dynamic equation of the form

AX = (ax X)()At + (bx X)(t)AV, X(tg) = Xo, (1.1)
where a,b : T — R, a * X is the convolution of a and X defined in Definition 22 V is

the solution of
AV = VulAW,  V(t) = Vo, (1.2)

and X = {X(¢) : t € T} is a stochastic process indexed by an isolated time scale T,
and p(t) = o(t) —t with o(t) = inf{s € T : s > t}. In (LL2), W is one-dimensional
Brownian motion indexed by a time scale T which is defined as an adapted stochastic
process W = {W(t),F(t) : t € T} on a probability space (2, F,P), with the following
properties: (a) W(tg) = 0 a.s.; (b) if ¢ < s < t and s,t € T, then the increment
AW (t) = W(o(t)) — W(t) is independent of F(s) and is normally distributed with mean
zero and variance pu(t).
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Since VA(t) = AV (t)/At = AW (t)/+/(t), we observe that {VA(t) : t € T} are i.i.d.

random variables which generate a natural filtration {F(¢) : ¢ € T} on some probability
2

space (2, F,P) with E[VA(£)] = 0 and E [(VA(t)) }
with respect to the probability measure P. Throughout the paper we assume that X (1)
is independent of V() for 7 € [to, ).

For time scale calculus we refer to [I4]; for integral equations of Volterra type we
refer to [I623L24]. Stability and convergence of solutions of Volterra equations, likewise,
has been discussed in [2H6L 17,18 20H22,25H29]. For improper integrals and multiple
integration on time scales we refer to [IL[7L8LI0LITLI3], and for partial differentiation on
time scales we refer to [9].

The organization of the paper is as follows. Section ] presents core definitions and
concept of convolution on a time scale. In Section Bl we derive new conditions that
guarantee the mean square stability of (LI) on an isolated time scale. Our attempt is
to make the mathematical discussion that follows as self contained as is practical.

= 1, where E is the expectation

2 Convolution

Convolution on time scales was introduced by Bohner and Guseinov in [I2]. In this
section we present a brief survey. Let sup T = oo and fix —oo < tg € T.

Definition 2.1 For b: T — R, the shift (or delay) b of b is the function b : Tx T — R
given by

VA (to(s) = b2 (t,s), tseT, t>s>to, )
b(t,to) = b(t), teT, t>to, '

where A; is the partial A-derivative with respect to ¢.
Example 2.1 For the forward difference operator, the problem (Z1]) takes the form

H(S)Atl;(ta U(S)) = _:u(t)ASB(ta S)a ta s € T, t>s> tOv

? (2.2)
b(t,to) = b(t), teT,t>t.
Example 2.2 For T = R, the problem [2I]) takes the form
abng 5) _ —‘%gs’ Bt t) = b(), (2.3)
and its unique solution is b(t, s) = b(t — s + to).
Example 2.3 For T = Z, the problem (Z1]) takes the form
bt +1,s+1)—b(t,s+1) = —b(t,s+ 1) + b(t,s), bt to) = b(t), (2.4)

and its unique solution is again b(t, s) = b(t — s + to).

Lemma 2.1 If b is the shift of b, then b(t,t) = b(ty) for all t € T.
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Definition 2.2 The convolution of two functions b,7 : T — R, b * r is defined as
t ~
(b r)(t) = / B(t,o(s))r(s)As, tET, (2.5)
to

where b is given by ZI)).

Example 2.4 For T = Ny and n € Ny, 23] reduces to

n—1

(bxr)(n) =Y bn—i—1)r(i). (2.6)

i=0

Theorem 2.1 The shift of a convolution is given by the formula

—_—— t ~
brr)(ts) = / B(t, o (1)7(L, 5) AL (2.7)
Example 2.5 For T = Ny and m,n € Ny, (7)) reduces to
o n—1
(bsr)(n,m) =Y b(n—i—1)r(i —m). (2.8)

Theorem 2.2 The convolution is associative, that is,
(ax fyxr=ax(fx*r). (2.9)

Proof We use Theorem 211 Then
((ax f)*r)(t) = / (ax f)(t,0(s))r(s)As

= / . a(t,o(u)) f(u,o(s))r(s)Auls

t

- / /:a(t,a(u»f(u,o(s))r(s)mAu

= / a(t,o(w)(f *7)(u)Au
to
= (ax(fxr))®),
where on the second equality we have used (27). Hence, the associative property holds.
Theorem 2.3 If r is delta differentiable, then
(r+ )2 =r2xf4+r(to)f (2.10)
and if f is delta differentiable, then

(r+ )2 =71 f2 +1rf(to). (2.11)
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Proof First note that
¢
(rxf)2(t) = /t 2 (t,o(8))f(5)As + 7 (o (1), o(t))f(2).
From here, since 7(o(t),o(t)) = r(top) by Lemma 1] and since

ri(t,s) = (L, 5),

the first equal sign of the statement follows. For the second equal sign, we use the
definition of 7 and integration by parts:

(e A0 = - / 51, 5)f(5)As + r(to) (1)

- - / () ) — (. 0(5) 2 (5)) As + r(t0) £ (1)

= —r*(t,t)f(t)+f(t,t0)f(t0)+/t 7(t,0(5)) 2 (s)As +r(to) f(¢)
= (1 f2)(t) +r(t)f(to)-

This completes the proof.

3 Mean-Square Stability
In this section we study the mean-square stability of (LI]).

Definition 3.1 A stochastic process indexed by a time scale X = {X(¢) : t € T} and
defined on some probability space (€2, F,P) is mean square stable if E [X?] € L (T),
i.e.,

/IE [(X?(1)] AT < o0,
T
where E is the expectation with respect to the probability measure P.

In the definition above and henceforth, L (T) for p > 0 would represent the space of
all functions f : T — R, such that [ |f"(7)AT < oco.

Theorem 3.1 If X (t) is represented as

X(t)=rt)Xo + (r= f)(t), (3.1)
where
rA(t) = (axr)(t), r(to)=1, (3.2)
and
F(t) = (b X)(B)VA(®). (3.3)

then X is a solution of the Ito—Volterra dynamic equation

AX = (ax X)(O)AL+ (b+ X)(HAV, X (to) = Xo. (3.4)
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Proof From (B3I we have
AX(t) ()Xo At + (r* )2 (t)At

axr)(t)XoAt 4+ (12 x f) ()AL + f(t)At
% (rXo)) ()AL + (1 x f)(t) At + f(t)At

# (X —rx )AL+ (r® x f)()AL + f(t)At
*« X)(O)At — (ax* (r= f))E)At 4+ ((a *7) * f)(E)At + f(t)At
« X) ()AL + f(£)At
ax X)(H)At + (b* X)(H)AV(2),

a
a
a

(
(
(a
(
(
(

where on the second equality we have used (ZI0) and on the sixth equality we have used
Theorem

Lemma 3.1 If [ is given by B3), then E[f(t)] =0 and

/ / t g tl t g tg )E [X(tl)X(tg)] AtlAtg =: ¢(t) ZfS =t
0" if s #t.
Proof We first note that

E[f(1)] = [/ b1, o (1) X (VA (1) Ar
= /tb(t J(T))E[X(T)VA(t)]AT

_ /t b(t, o(r))E [X (1) E[VA () Ar
= 0,

by the assumption that X (7) is independent of V2(t) for 7 € [to,t) and E [VA(¢)] = 0.
Next, we consider

E[f(t)f(s)]
— E[/ b(t,o(t) X (t1)V ()Atl/ b(s, U(tg))X(tg)VA(s)Atg]

- E [/t SB t,0(t1))b(s, O'(tg))X(tl)X(tQ)VA(t)VA(S)AtlAtQ]
_ / / (t, o (12))b(s, 0 (t2))E [X (1) X (t2)VA () VA (5)] Aty Al
_ / / (1,0 (t2))b(s, 0 (t2))E [X (6) X (12)] E [VA (VA (5)] Aty Aty

B { / bt,o(t1))b(t,o(t2))E [X (£1) X (t2)] At Aty if s =1t
oo if s # ¢,

where on the fourth equation we have used the assumption that X (7) is independent of
VA(t) for T € [to,t) and on fifth equation we have used E[VA ()] = 0 and E[(V2(1))?] =
1>0.



88 S. SANYAL

Lemma 3.2 If X(t) = r(t)Xo + (r * f)(t), then

IAm
E[X ()X (m)] = r()r(m) X3 +/t 7(l,0(s))7(m,a(s))p(s)As,
where ¢ is as in Lemma[3d] and | A'm = min(l, m).
Proof From ([BI) we have,
EX()X(m)] = E[{r)Xo+ (rx f)()Hr(m)Xo+ (r* f)(m)}]

= r(Dr(m)X?

()r(m) X3
l m
4 / / F(1, 0(52))7(m, 0(52))E [ (51)  (2)] Asy Asy

IAMm
r(1)r(m) X2 + /t 71,0 ())7(m, o())E [ £2(s)] As

IAMm
— rOrm)X2 + /t 7L, ()7 (m, ()6 (5) As,

where on the second equality we have used the fact that E[f(¢)] = 0 and on the third
equality we have used Lemma B3]

Lemma 3.3 The function ¢ defined in Lemmal3l is given by

t

o(t) = (b= T)Q(t)Xg + / (b = r)g(t, o(s))o(s)As.

to

Proof Using Lemma B} Lemma B2 and (@), we have
o) — / b(t, o (1)b(t, o(m)E [X ()X (m)] AlAm
= /t: t:B(t,a(l))l;(t,a(m))r(l)r(m)XgAlAm
+ / /t:B(t,ou»B(t,o(m)) /t:mm,o(s»f(m,o<s>>¢<s>AsAzAm
= /tt /tt b(t, o (1)b(t, o(m))r(l)r(m)X2AlAm
" / /t:“”z;(t,au))z;(t,g<m>>f<z,a<s>>f<m,g<s))¢<smsmm
= </t:13(t,a(z))r(zmz>2xg
N . / ) 13<t,a(zm(t,a(m))f(l,o(s))f(m;a<s>>¢<s>AmA1As
— (brR)X2+ /t ( /a . B(t,a(Z))f(z,a(s))Az> 6(5)As

= (ber)P()XE 4 / (b*r)2(t,0(s))(s)As,
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where on the last equality we have used Theorem 211

Theorem 3.2 If X is a solution of B4, then

E[X?()] = r*(H) X —|—/ 72 (t,0(s))p(s)As.

to
Proof Squaring both sides of [B31l), we have
X2(t) = r*(t)X5+2r)Xo(r = f)(t)

t

+/ f(t,a(sl))f(sl)Asl/ f(t,O'(SQ))f(Sg)ASQ

to to

= () XE +2r(t)Xo (r f)(t)

+ /t /t 7(t, 0/(1))F(t, 0(52)) f(51) f (52) As1 Asy.

Now taking the expectation on both sides of the above expression, we have

IE[X2(L‘)] = Tg(t)X§+2r(t)X0/ 7(t,0(s))E[f(s)]As

to

+/t: /t:f(t,0(81))f(t,0(82))E[f(51)f(SZ)]AslAsz

_ )X+ / 2(t,0(5))6(s) As,

to

where on the second equality we have used Lemma 3.1l

89

Theorem 3.3 Suppose X is a solution of BA) and r is a solution of B2). Then

r, 7(-,8), and bxr € LA (T)

and

/ (bxr)2(t,o(s))At <k <1 forall seT,
o(s)

imply that E [X?] € LY (T).

Proof From Lemma [3.3] we have

/:é(t)At = Xg/tom(b*r)Q(t)At+/tom /t:(m)Q(tvU(S))MS)ASAt

to

= X? /m(b w1)2(t) At + /tOO /?0) (m)Q(t,a(s)W(s)AtAs

IN

X2 / Tosr2mat+k [ os)As.

to tO
Simplifying and using the fact that b*r € L3 (T), we have

0o X2
< 0
/to o)At < T

/Oo(b x7)% (1) At < oo,

to

(3.5)

(3.6)

(3.7)
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which implies that ¢ € L4 (T). Then from Theorem B2 we have

/ TE[X20] At = X2 /:ﬂ(t)AH /too /t:fz(t,a(s))qﬁ(s)AsAt

to

< a—i—/t:o /;:) 72 (t,0(s))p(s)AtAs

< a+ﬁ/m¢(8)A8
to
00,

where «, 8 € R such that
Xg/ r(t)At < «

to
and

/00 72(t,0(s))At < B,
o(s)

and this concludes the proof.

Example 3.1 For T = Ny, equation (B3] reduces (with redundancy) to

Zr2(n) < 00,
n=0
Z r?(n —m) < oo, for all m € Ny,
n=m-+1

and

00 n—1 2
> <Z b(n —i— 1)7«(@')) < oo0.

n=1 \i=0
Similarly, equation ([B.6]) reduces to

00 n—1 2
Z <Z b(n—i—l)r(i—m—l)) <k<1 forallmeN.

n=m+1 \i=m-+1

Remark 3.1 For T =R, ¢ty = 0, and sup T = oo, equations ([33) and (3.0) reduce to
/ r?(r)dr < oo,
0

/ r?(r —s)dr < oo forall s €T,

I ( |- s)r(s)ds) Cir < oo

00 t 2
/ </ b(t—T)r(T—s)dT) dt <k<1 forallseT.

and
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