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Abstract: This paper investigates the problem of passive delayed static output
feedback control for a class of fuzzy systems. The system is described by a state-
space Takagi–Sugeno (T-S) fuzzy model with additive delays and interval parameter
uncertainties. The aim is to design a fuzzy delayed static output feedback controller
which ensures the closed-loop system is passive for all admissible uncertainties. In
terms of linear matrix inequalities, a delay-dependent condition for the solvability of
the above passive control problem is presented. A simulation example is provided to
illustrate the effectiveness of the proposed design approach.
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1 Introduction

It is known that Takagi-Sugeno (T-S) fuzzy model, which is described by IF-THEN rules,
provides an effective way to represent complex nonlinear systems in terms of fuzzy sets
linear sub-systems [1, 13]. Time delays are commonly encountered in various engineering
systems. Considerable attention has been paid to the stability analysis and synthesis
for T-S fuzzy systems with time delays [12, 16], these results can be classified into two
categories, namely, delay independent and delay dependent results. In most of these
works, the state vector has a single delay. In this paper, we consider a class of T-S
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fuzzy systems with additive time-varying delays with totally different properties. Such a
system model is suitable in the analysis of networked control systems [11].

Recently, passive control has attracted lots of attention among control community
[9, 14]. For example, some results on passive control for T-S fuzzy systems were obtained
for discrete- and continuous-time systems in [1] and [7], respectively. However, many
papers deal with state feedback controllers. In practical applications, state variables
may not be measured for many nonlinear systems. So it is meaningful to control a
system via output feedback controllers; static output feedback control strategy is simple
in controller structures, compared with dynamic output feedback control strategy. The
problem of static output feedback controller design for discrete-time T-S fuzzy systems
was considered in [2, 3], while for continuous-time T-S fuzzy systems, the static output
feedback controller design problem was investigated in [4]. It is worth mentioning that,
the delayed feedback control approach has attracted much attention over the past several
years [8]. One can get rid of the need for explicitly determining any information about
the underlying dynamics other than the period of the desired orbit, by using time delay
in the feedback loop [6, 10]. However, to the best of our knowledge, the problem of
passive delayed static output feedback control for continuous-time T-S fuzzy systems
with interval parameter uncertainties and additive delays has not been solved.

In this paper, we consider the passive delayed static output feedback control problem
for a class of fuzzy systems with uncertain parameters and delays. The purpose is to
design a full-order fuzzy delayed static output feedback controller such that the resulting
closed-loop system is passive irrespective of the parameter uncertainties. A sufficient
condition for the solvability of this problem is proposed and an explicit expression of a
desired static output feedback controller is also given.

Notation: Throughout this paper, for real symmetric matricesX and Y , the notation
X ≥ Y (respectively, X > Y ) means that the matrix X − Y is positive semidefinite
(respectively, positive definite). I and 0 denote the identity and the zero matrix with
appropriate dimensions. ∗ is used as an ellipsis for terms induced by symmetry. Matrices,
if not explicitly stated, are assumed to have compatible dimensions. Sym(X) denotes
the expression X +XT .

2 Main Results

The Takagi-Sugeno (T-S) fuzzy dynamic model is described by fuzzy IF-THEN rules,
which locally represent linear input-output relations of nonlinear systems. A continuous-
time T-S fuzzy model with additive delays and interval parameter uncertainties can be
described by
Plant Rule i: IF s1(t) is µi1 and . . . and sp(t) is µip, THEN

ẋ(t) = Aix(t) +Adix(t− τ1(t)− τ2(t)) +Biu(t) +D1iw(t), (1)

y(t) = Cix(t), (2)

z(t) = Eix(t) +D2iw(t) + E1iu(t), (3)

x(t) = φ(t) ∀t ∈ [−τ̄12, 0], i = 1, 2, . . . , r, (4)

where µij is the fuzzy set and r is the number of IF-THEN rules; s1(t), . . ., sp(t) are the
premise variables. Throughout this paper, it is assumed that the premise variables do
not depend on control variables; x(t) ∈ R

n is the state; u(t) ∈ R
m is the control input;

y(t) ∈ R
s is the measured output; z(t) ∈ R

q is the controlled output; w(t) ∈ R
p is the
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noise signal; τ(t) is the time delays in state either constant or time varying satisfying
0 ≤ τi(t) ≤ τ̄i, 0 ≤ τ̇i(t) ≤ di, i = 1, 2, where τ̄i and di are constants. For simplicity, set

τ̄12 = τ̄1 + τ̄2, d12 = d1 + d2.

For all 1 ≤ p, q ≤ n, 1 ≤ k ≤ nB with Ai = [apqi ], Ai = [apqi ], Adi = [apqdi ], Adi =

[apqdi ], Bi = [bpki ], Bi = [b
pk

i ], we define the following interval uncertain matrix sets:

Ai = {[apqi ]n×n : apqi ≤ a
pq
i ≤ a

pq
i , 1 ≤ p, q ≤ n},

Adi = {[apqdi ]n×n : apqdi ≤ a
pq
di ≤ a

pq
di , 1 ≤ p, q ≤ n},

Bi = {[bpki ]n×n : bpki ≤ b
pk
i ≤ b

pk

i , 1 ≤ p ≤ n, 1 ≤ k ≤ nB},

and let Ai ∈ Ai, Adi ∈ Adi, Bi ∈ Bi, for i = 1, 2, . . . , r.
Now, let

A0i =
1

2
(Ai +Ai), ∆Ai =

1

2
(Ai −Ai), Ad0i =

1

2
(Adi +Adi),

∆Adi =
1

2
(Adi −Adi), B0i =

1

2
(Bi +Bi), ∆Bi =

1

2
(Bi −Bi).

Then Ai, Adi and Bi in (1) can be rewritten as

Ai = A0i +

n
∑

p,q=1

ep
∣

∣gpqai

∣

∣ eTq , Adi = Ad0i +

n
∑

p,q=1

ep
∣

∣gpqadi

∣

∣ eTq ,

Bi = B0i +

n
∑

p=1

nB
∑

k=1

ep

∣

∣

∣
g
pk
bi

∣

∣

∣
eTk ,

where
∑n

p,q=1 ep
∣

∣gpqai

∣

∣ eTq ,
∑n

p,q=1 ep
∣

∣gpqadi

∣

∣ eTq , and
∑n

p=1

∑nB

k=1 ep

∣

∣

∣
g
pk
bi

∣

∣

∣
eTk denote the in-

terval parameter uncertainties; ep, eq ∈ Rn and ek ∈ RnB are the column vectors with

pth, qth, kth element to be 1 and others to be 0; gpqai
, gpqadi

, and g
pk
bi

are variant parameters

satisfying
∣

∣gpqai

∣

∣ ≤ ∆a
pq
i ,

∣

∣gpqadi

∣

∣ ≤ ∆a
pq
di , and

∣

∣

∣
g
pk
bi

∣

∣

∣
≤ ∆b

pk
i , respectively.

Then the final output of the fuzzy system is inferred as follows:

ẋ(t) =

r
∑

i=1

hi(s(t))[Aix(t) +Adix(t− τ1(t)− τ2(t)) +Biu(t) +D1iw(t)], (5)

y(t) =

r
∑

i=1

hi(s(t))[Cix(t)], (6)

z(t) =

r
∑

i=1

hi(s(t))[Eix(t) +D3iw(t) + E1iu(t)], (7)

where

hi(s(t)) =
̟i(s(t))

∑r
i=1 ̟i(s(t))

, ̟i(s(t)) =

p
∏

j=1

µij(sj(t)),

s(t) = [s1(t) s2(t) · · · sp(t)],
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in which µij(sj(t)) is the grade of membership of sj(t) in µij . Then, it can be seen that

hi(s(t)) ≥ 0, i = 1, · · · , r,
r

∑

i=1

hi(s(t)) = 1, ∀t. (8)

Now, by the parallel distributed compensation, we consider the following full-order fuzzy
delayed static output feedback controller for the fuzzy system (5)–(7):

u(t) =

r
∑

i=1

hi(s(t))[Kiy(t− τ)], (9)

where Ki is matrix to be determined later and τ is a given scalar.
From (5)–(7) and (9), the closed-loop system can be obtained as

ẋ(t) =

r
∑

i=1

r
∑

j=1

r
∑

l=1

hi(s(t))hj(s(t))hl(s(t))[Aix(t) +BiKjClx(t− τ)

+Adix(t− τ1(t)− τ2(t)) +D1iw(t)], (10)

z(t) =

r
∑

i=1

r
∑

j=1

r
∑

l=1

hi(s(t))hj(s(t))[Eix(t) + E1iKjClx(t − τ) +D3iw(t)]. (11)

As a performance measure for T-S fuzzy system (10)–(11), the definition of passivity is
as follows:

Definition 2.1 [5] The system (10)–(11) is called passive if there exists a scalar γ ≥ 0
such that

2

∫ t

0

ω(t)T z(t)dt ≥ −γ

∫ t

0

ω(s)Tω(s)ds (12)

for all t ≥ 0 and for all solutions of (10)–(11) with x0 = 0, where γ is some constant
which depends on the initial condition of the system.

2.1 Passivity analysis

We first give the following results which will be used in the proof of our main results.

Lemma 2.1 [15] Given matrices X = X T , D, Z and R = RT > 0 of appropriate
dimensions, we have

X +DFZ + ZTFTDT < 0

for all F satisfying FTF ≤ R if and only if there exists a scalar ǫ > 0 such that

X+ǫDDT + ǫ−1ZTRZ < 0.

Theorem 2.1 Consider the closed-loop fuzzy system in (5)–(7) with interval pa-
rameter uncertainties and additive delays. Suppose that the controller gain matrices
in (9) are known. Given positive scalars γ, d1, d12, τ̄1, τ̄2 and τ̄12, if there ex-
ist matrices P > 0, Q > 0, Ri > 0, Zi > 0, Mi > 0, S, and positive scalars
ε1ijpq , ε2ijpq , ε3ijpq , ε4ijpq , ε5ijpk, ε6ijpk , for p, q = 1, . . . , n and k = 1, . . . , nB, such
that the following linear matrix inequalities (LMIs) hold:
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Ψiil < 0, i, l = 1, . . . , r, (13)

Ψijl +Ψjil < 0, 1 ≤ i < j ≤ r, l = 1, . . . , r, (14)

Mk < Zk, k = 1, 2, 3, (15)

where

Ψijl =

















Ωijl Ωs Ωs ∆pq
ai
Ωe ∆pq

adi
Ωe ∆pk

bi
Ωe

∗ −Ωε1ij − Ωε2ij 0 0 0 0
∗ ∗ −Ωε5ijB 0 0 0
∗ ∗ ∗ −Ωε3ij 0 0
∗ ∗ ∗ ∗ −Ωε4ij 0
∗ ∗ ∗ ∗ ∗ −Ωε6ijB

















,

Ωijl = Φ0ijl +

n
∑

p,q=1

[

(ε1ijpq∆
pq2

ai
+ ε3ijpq)W

T
eq1Weq1 + (ε2ijpq∆

pq2

adi
+ ε4ijpq)W

T
eq2Weq2

]

+

n
∑

p=1

nB
∑

k=1

(

ε5ijpk∆
pk2

bi
+ ε6ijpk

)

WT
ek1Wek1,

Weq1 =
[

eTq 01,(m+3)n

]

, Wek1 =
[

01,n eTkKjCl 01,(m+2)n

]

,

Weq2 =
[

01,3n eTq 01,mn

]

,Ωs =
[

S̄e1 · · · S̄en
]

,

Ωe =
[

ē1S
T · · · ēnS

T
]

, ēpS =
[

01,mn eTp S
T 01,3n

]

,

S̄ep =

[

Sep
0(m+3)n,1

]

, Ωεnij =







εnij11 0 0

∗
. . . 0

∗ ∗ εnijnn






,

ΩεmijB =







εmij11 0 0

∗
. . . 0

∗ ∗ εmijnnB






,Φ0ijl =





Σ01ijl Σ02ijl Σ4

∗ Σ03i Σ5

∗ ∗ −Σ6



 ,

Σ01ijl =





QA0i SB0iKjCl + LT
12 + LT

32 L21 − L11 + LT
13 + LT

33

∗ −Q L22 − L12

∗ ∗ (d1 − 1)R1 +R2 + Sym{L23 − L13}



 ,

Σ02ijl =





SAd0i + L̂21 SD1i − ET
i + LT

15 + LT
35 P − S +AT

0iS
T + LT

16 + LT
36

−L22 − L32 −CT
l K

T
j E

T
1i CT

l K
T
j B

T
0iS

T

L̂23 LT
25 − LT

15 LT
26 − LT

16



 ,

Σ03i =









(d12 − 1)(R2 +R3)
+Sym{−L24 − L34} −LT

25 − LT
35 AT

d0iS
T − LT

26 − LT
36

∗ −D3i −DT
3i − γ DT

1iS
T

∗ ∗ Ẑs









,
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Σ4 =





τ̄1L11 τ̄2L21 τ̄12L31

τ̄1L12 τ̄2L22 τ̄12L32

τ̄1L13 τ̄2L23 τ̄12L33



 , Σ5 =





τ̄1L14 τ̄2L24 τ̄12L34

τ̄1L15 τ̄2L25 τ̄12L35

τ̄1L16 τ̄2L26 τ̄12L36



 ,

Σ6 = diag(τ̄1M1, τ̄2M2, τ̄12M3),

QA0i = SA0i +AT
0iS

T +Q+R1 +R3 + Sym{L11 + L31},

L̂21 = −L21 − L31 + LT
14 + LT

34, L̂23 = −L23 − L33 + LT
24 − LT

14,

Ẑs = τ̄1Z1 + τ̄2Z2 + τ̄12Z3 − S − ST .

Then the closed-loop system (10)–(11) is passive.

Proof For system (10)-(11), we define the following Lyapunov functional candidate:

V (t) = x(t)TPx(t) + V1(t) + V2(t) + V3(t), (16)

where

V1(t) =

∫ t

t−τ

x(s)TQx(s)ds,

V2(t) =

∫ t

t−τ1(t)

x(s)TR1x(s)ds+

∫ t−τ1(t)

t−τ1(t)−τ2(t)

x(s)TR2x(s)ds

+

∫ t

t−τ1(t)−τ2(t)

x(s)TR3x(s)ds,

V3(t) =

∫ t

t−τ̄1

dθ

∫ t

θ

ẋ(s)TZ1ẋ(s)ds+

∫ t−τ̄1

t−τ̄12

dθ

∫ t

θ

ẋ(s)TZ2ẋ(s)ds

+

∫ t

t−τ̄12

dθ

∫ t

θ

ẋ(s)TZ3ẋ(s)ds.

The time derivative of V (t) is given by

V̇ (t) = 2x(t)TP ẋ(t) + V̇1(t) + V̇2(t) + V̇3(t),

where

V̇1(t) = x(t)TQx(t)− x(t− τ)TQx(t− τ), (17)

V̇2(t) = x(t)T (R1 +R3)x(t) − (1− τ̇1(t))x(t − τ1(t))
T (R1 −R2)x(t− τ1(t))

−(1− τ̇1(t)− τ̇2(t))x(t − τ1(t)− τ2(t))
T (R2 +R3)x(t − τ1(t)− τ2(t))

≤ x(t)T (R1 +R3)x(t) − x(t− τ1(t))
T [(1− d1)R1 −R2]x(t− τ1(t))

−(1− d12)x(t− τ1(t)− τ2(t))
T (R2 +R3)x(t− τ1(t)− τ2(t)), (18)

V̇3(t) = ẋ(t)T (τ̄1Z1 + τ̄2Z2 + τ̄12Z3)ẋ(t)−

∫ t

t−τ̄1

ẋ(s)TZ1ẋ(s)ds

−

∫ t−τ̄1

t−τ̄12

ẋ(s)TZ2ẋ(s)ds−

∫ t

t−τ̄12

ẋ(s)TZ3ẋ(s)ds

≤ ẋ(t)T (τ̄1Z1 + τ̄2Z2 + τ̄12Z3)ẋ(t)−

∫ t

t−τ1(t)

ẋ(s)TZ1ẋ(s)ds

−

∫ t−τ1(t)

t−τ1(t)−τ2(t)

ẋ(s)TZ2ẋ(s)ds−

∫ t

t−τ1(t)−τ2(t)

ẋ(s)TZ3ẋ(s)ds. (19)
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By the Newton–Leibniz formula, for any appropriately dimensioned matrices Li, i =
1, 2, 3, we have the following equations

Λ1 = 2ξ(t)TL1[x(t) − x(t− τ1(t)) −

∫ t

t−τ1(t)

ẋ(s)ds] = 0, (20)

Λ2 = 2ξ(t)TL2[x(t− τ1(t))− x(t− τ1(t)− τ2(t)) −

∫ t−τ1(t)

t−τ1(t)−τ2(t)

ẋ(s)ds] = 0, (21)

Λ3 = 2ξ(t)TL3[x(t) − x(t− τ1(t)− τ2(t))−

∫ t

t−τ1(t)−τ2(t)

ẋ(s)ds] = 0, (22)

where

ξ(t) = [x(t)T x(t− τ)T x(t− τ1(t))
T x(t− τ12(t))

T w(t)T ẋ(t)T ]T ,

On the other hand, for matrices Zj = ZT
j , j = 1, 2, 3, Mi = MT

i , i = 1, 2, 3, which
satisfy

M1 < Z1, M2 < Z2, M3 < Z3,

one can get the following inequalities:

Υ1 = τ1(t)ξ(t)
TL1M

−1
1 LT

1 ξ(t)−

∫ t

t−τ1(t)

ξ(t)TL1Z
−1
1 LT

1 ξ(t)ds > 0, (23)

Υ2 = τ1(t)ξ(t)
TL1M

−1
1 LT

1 ξ(t)−

∫ t

t−τ1(t)

ξ(t)TL1Z
−1
1 LT

1 ξ(t)ds > 0, (24)

Υ3 = τ1(t)ξ(t)
TL1M

−1
1 LT

1 ξ(t)−

∫ t

t−τ1(t)

ξ(t)TL1Z
−1
1 LT

1 ξ(t)ds > 0. (25)

It then follows from (17)-(25) that

V̇ (t) ≤

r
∑

i=1

r
∑

j=1

r
∑

l=1

hi(s(t))hj(s(t))hl(s(t)){ξ
T (t)Θijlξ(t) + τ̄1ξ

T (t)L1M
−1
1 LT

1 ξ(t)

+τ̄2ξ
T (t)L2M

−1
2 LT

2 ξ(t) + τ̄12ξ
T (t)L3M

−1
3 LT

3 ξ(t)

−

∫ t

t−τ1(t)

[ξT (t)L1 + ẋ(s)TZ1]Z
−1
1 [LT

1 ξ(t) + Z1ẋ(s)]ds

−

∫ t−τ1(t)

t−τ12(t)

[ξT (t)L2 + ẋ(s)TZ2]Z
−1
2 [LT

2 ξ(t) + Z2ẋ(s)]ds

−

∫ t

t−τ12(t)

[ξT (t)L3 + ẋ(s)TZ3]Z
−1
3 [LT

3 ξ(t) + Z3ẋ(s)]ds, (26)
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where

Θijl =

[

Σ1ijl Σ2ijl

∗ Σ3i

]

, S̄ = [ST 0 · · · 0 ST ]T ,

Σ1ijl =





QAi SBiKjCl + LT
12 + LT

32 L21 − L11 + LT
13 + LT

33

∗ −Q L22 − L12

∗ ∗ (d1 − 1)R1 +R2 + Sym{L23 − L13}



 ,

Σ2ijl =





SAdi + L̂21 SD1i + LT
15 + LT

35 P − S +AT
i S

T + LT
16 + LT

36

−L22 − L32 0 CT
l K

T
j B

T
i S

T

L̂23 LT
25 − LT

15 LT
26 − LT

16



 ,

Σ3i =









(d12 − 1)(R2 +R3)
+Sym{−L24 − L34} −LT

25 − LT
35 AT

diS
T − LT

26 − LT
36

∗ 0 DT
1iS

T

∗ ∗ Ẑs









.

Since Zj > 0, j = 1, 2, 3, the last three terms in (26) are all less than 0. From this, one
can obtain

V̇ (t)− 2z(t)Tω(t)− γω(t)Tω(t)

≤

r
∑

i=1

r
∑

j=1

r
∑

l=1

hi(s(t))hj(s(t))hl(s(t)){ξ
T (t)Φijlξ(t)}, (27)

where

Φijl =





Σ1ijl Σ̂2ijl Σ4

∗ Σ̂2ijl Σ5

∗ ∗ −Σ6



 ,

Σ̂2ijl =





SAdi + L̂21 SD1i − ET
i + LT

15 + LT
35 P − S +AT

i S
T + LT

16 + LT
36

−L22 − L32 −CT
l K

T
j E

T
1i CT

l K
T
j B

T
i S

T

L̂23 LT
25 − LT

15 LT
26 − LT

16



 ,

Σ̂3i =









(d12 − 1)(R2 +R3)
+Sym{−L24 − L34} −LT

25 − LT
35 AT

diS
T − LT

26 − LT
36

∗ −D3i −DT
3i − γ DT

1iS
T

∗ ∗ +Ẑs









.

Replacing Ai, Adi, Bi, in Φijl of the inequality in (27) with Ai =
A0i +

∑n
p,q=1 ep

∣

∣gpqai

∣

∣ eTq , Adi = Ad0i +
∑n

p,q=1 ep
∣

∣gpqadi

∣

∣ eTq , and Bi = B0i +
∑n

p=1

∑nB

k=1 ep

∣

∣

∣
g
pk
bi

∣

∣

∣
eTk , respectively, we have

V̇ (t)− 2z(t)Tω(t)− γω(t)Tω(t)

≤
r

∑

i=1

r
∑

j=1

r
∑

l=1

hi(s(t))hj(s(t))hl(s(t)){ξ
T (t)Ψijlξ(t)}

=

r
∑

i=1

r
∑

l=1

h2
i (s(t))hl(s(t))ξ

T (t)Ψiilξ(t)

+2

r
∑

i=1,i<j

r
∑

l=1

hi(s(t))hj(s(t))hl(s(t))ξ(t)
T Ψijl +Ψjil

2
ξ(t).
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From (13) and (14), we can obtain that Ψiil < 0, Ψijl +Ψjil < 0. Then we can get (12).
This completes the proof. �

2.2 Delayed static output-feedback controller design

Now, we are in a position to present a solution to the passive delayed static output
feedback controller design problem.

Theorem 2.2 Consider the closed-loop fuzzy system in (5)–(7) with interval param-
eter uncertainties and additive delays. Given positive scalars d1, d12, τ̄1, τ̄2 and τ̄12, and
let γ > 0 be a prescribed constant scalar. The passive control problem is solvable if there
exist matrices P̃ > 0, Q̃ > 0, R̃i > 0, Z̃i > 0, M̃i > 0, X, and positive scalars
ε̂1ijpq , ε̂2ijpq , ε̂3ijpq , ε̂4ijpq , ε̂5ijpk, ε̂6ijpk, for p, q = 1, . . . , n and k = 1, . . . , nB, such
that the following LMIs hold:

Jiil < 0, i, l = 1, . . . , r, (28)

Jijl + Jjil < 0, 1 ≤ i < j ≤ r, l = 1, . . . r, (29)

M̃k < Z̃k, k = 1, 2, 3, (30)

where

Jijl =























Hijl Ωeq1 Ωeq2 ŴT
eq1 ŴT

eq2 Ωek1 ŴT
ek1

∗ −Ω̂ε1ij 0 0 0 0 0

∗ ∗ −Ω̂ε2ij 0 0 0 0

∗ ∗ ∗ −Ω̂ε3ij 0 0 0

∗ ∗ ∗ ∗ −Ω̂ε4ij 0 0

∗ ∗ ∗ ∗ ∗ −Ω̂ε5ijB 0

∗ ∗ ∗ ∗ ∗ ∗ −Ω̂ε6ijB























,

Hijl = F0ijl +

n
∑

p,q=1

[

(ε̂1ijpq + ε̂2ijpq)ēpē
T
p + (ε3ijpq∆

pq2

ai
+ ε4ijpq∆

pq2

adi
)êTp êp

]

+

n
∑

p=1

nB
∑

k=1

(

ε5ijpk ēpē
T
p + ε6ijpk∆

pk2

bi
êTp êp

)

,

Ŵeq1 =
[

eTq X 01,(m+3)n

]

, Ŵek1 =
[

01,n eTkNjCl 01,(m+2)n

]

,

Ŵeq2 =
[

01,3n eTq X 01,mn

]

,Ωeq1 =
[

∆11
ai
ŴT

eq1 · · · ∆nn
ai

ŴT
eq1

]

,

Ωeq2 =
[

∆11
adi

ŴT
eq2 · · · ∆nn

adi
ŴT

eq2

]

, Ωek1 =
[

∆11
bi
ŴT

ek1 · · · ∆nn
bi

ŴT
ek1

]

,

ēp =

[

ep
0(m+3)n,1

]

, êp =
[

01,mn eTp 01,3n
]

,

Ω̂εnij =







ε̂nij11 0 0

∗
. . . 0

∗ ∗ ε̂nijnn






, Ω̂εmijB =







ε̂mij11 0 0

∗
. . . 0

∗ ∗ ε̂mijnnB






,

F0ijl =





G01ijl G02ijl G4

∗ G03i G5

∗ ∗ −G6



 ,
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G01ijl =





Q̃A0i B0iNjCl + L̃T
12 + L̃T

32 L̃21 − L̃11 + L̃T
13 + L̃T

33

∗ −Q̃ L̃22 − L̃12

∗ ∗ (d1 − 1)R̃1 + R̃2 + Sym{L̃23 − L̃13}



 ,

G02ijl =





Ad0iX + ~L21 D1i −XTET
i + L̃T

15 + L̃T
35 P̃ −X +XTAT

0i + L̃T
16 + L̃T

36

−L̃22 − L̃32 −CT
l N

T
j ET

1i CT
l N

T
j BT

0i
~L23 L̃T

25 − L̃T
15 L̃T

26 − L̃T
16



 ,

G03i =









(d12 − 1)(R̃2 + R̃3)

+Sym{−L̃24 − L̃34} −L̃T
25 − L̃T

35 XTAT
d0i − L̃T

26 − L̃T
36

∗ −D3i −DT
3i − γ DT

1i

∗ ∗ ~Zx









,

G4 =





τ̄1L11 τ̄2L21 τ̄12L31

τ̄1L12 τ̄2L22 τ̄12L32

τ̄1L13 τ̄2L23 τ̄12L33



 , G5 =





τ̄1L̃14 τ̄2L̃24 τ̄12L̃34

τ̄1L̃15 τ̄2L̃25 τ̄12L̃35

τ̄1L̃16 τ̄2L̃26 τ̄12L̃36



 ,

G6 = diag(τ̄1M̃1, τ̄2M̃2, τ̄12M̃3),

Q̃A0i = A0iX +XTAT
0i + Q̃+ R̃1 + R̃3 + Sym{L̃11 + L̃31},

~L21 = −L̃21 − L̃31 + L̃T
14 + L̃T

34,

~L23 = −L̃23 − L̃33 + L̃T
24 − L̃T

14,

~Zx = τ̄1Z̃1 + τ̄2Z̃2 + τ̄12Z̃3 −X −XT ,

and the following equality constraint satisfied

MCl = ClX. (31)

Furthermore, a desired passive delayed static output feedback controller is given in the
form (9) with parameters as follows:

Ki = NiM
−1, 1 ≤ i ≤ r. (32)

Proof Suppose there exist matrices Q̃, P̃ , R̃i, Z̃j, M̃i, i, j = 1, 2, 3, andX satisfying
(28)-(31). Applying the Schur complement formula to (28) results in

F0ijl +

n
∑

p,q=1

[

(ε̂1ijpq + ε̂2ijpq)ēpē
T
p + (ε3ijpq∆

pq2

ai
+ ε4ijpq∆

pq2

adi
)êTp êp

+ŴT
eq1Ω̂

−1
ε1ij∆

pq2

ai
Ŵeq1 + ŴT

eq2Ω̂
−1
ε2ij∆

pq2

adi
Ŵeq2 + ŴT

eq1Ω̂
−1
ε3ijŴeq1 + ŴT

eq2Ω̂
−1
ε4ijŴeq2

]

+

n
∑

p=1

nB
∑

k=1

(ε5ijpk ēpē
T
p + ε6ijpk∆

pk2

bi
êTp êp + ŴT

ek1Ω̂
−1
ε5ijB∆

pk2

bi
Ŵek1

+ŴT
ek1Ω̂

−1
ε6ijBŴek1) < 0,

then, by Lemma 2.1, it is easy to have

F0ijl + sym{

n
∑

p,q=1

[ēp | fpq
Ai

| Ŵeq1 + ēp | fpq
Adi

| Ŵeq2 + ŴT
eq1 | fpq

Ai
|T êp

+ ŴT
eq2 | fpq

Adi
|T êp] +

n
∑

p=1

nB
∑

k=1

[ēp | fpk
Bi

| Ŵek1 + ŴT
ek1 | fpk

Bi
|T êp]} < 0.
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Replacing Ai = A0i +
∑n

p,q=1 ep
∣

∣gpqai

∣

∣ eTq , Adi = Ad0i +
∑n

p,q=1 ep
∣

∣gpqadi

∣

∣ eTq , and Bi =

B0i+
∑n

p=1

∑nB

k=1 ep

∣

∣

∣
g
pk
bi

∣

∣

∣
eTk , in the proceeding inequality with Ai, Adi, Bi, respectively,

we can get





G1ijl G2ijl G4

∗ G3i G5

∗ ∗ −G6



 < 0, (33)

where

G1ijl =





Q̃Ai BiNjCl + L̃T
12 + L̃T

32 L̃21 − L̃11 + L̃T
13 + L̃T

33

∗ −Q̃ L̃22 − L̃12

∗ ∗ (d1 − 1)R̃1 + R̃2 + Sym{L̃23 − L̃13}



 ,

G2ijl =





AdiX + ~L21 D1i −XTET
i + L̃T

15 + L̃T
35 P̃ −X +XTAT

i + L̃T
16 + L̃T

36

−L̃22 − L̃32 −CT
l N

T
j ET

1i CT
l N

T
j BT

0i
~L23 L̃T

25 − L̃T
15 L̃T

26 − L̃T
16



 ,

G3i =









(d12 − 1)(R̃2 + R̃3)

+Sym{−L̃24 − L̃34} −L̃T
25 − L̃T

35 XTAT
di − L̃T

26 − L̃T
36

∗ −D3i −DT
3i − γ DT

1i

∗ ∗ ~Zx









.

Suppose there exits a nonsingular matrix S satisfying

S = X−T .

Without loss of generality, we can define

L̃1j = XTL1jX, L̃2j = XTL2jX, L̃3j = XTL3jX, j = 1, 2, 3, 4, 6,

Q̃ = XTQX, P̃ = XTPX, R̃i = XTRiX, Z̃j = XTZjX, M̃i = XTMiX,

L̃i5 = Li5X, i, j = 1, 2, 3.

Now pre- and post- multiplying the LMIs in (33) by diag(S, S, S, S, I, S, · · · , S) and
diag(ST , ST , ST , ST , I, ST , · · · , ST ), respectively, then we have Φijl < 0, which, by
Schur complement can be converted to Ψijl < 0. Following the similar procedure, we can
get Ψijl + Ψjil < 0 from the inequality in (29). Pre- and post- multiplying the LMI in
(30) with S and ST , we can get (15). Thus, we obtain (13)-(15) in Theorem 2.1. Finally,
by Theorem 2.1, the closed-loop system in (10)-(11) is passive. The proof is completed.
�

Remark 2.1 It is observed from Theorem 2.2 that the static output feedback con-
troller design is the feasibility problem of LMIs (28)-(30) with equality constraint (31).
However, this kind of problem has been solved in [19] via genetic algorithms and in [18]
via the LMI-based algorithms, which can be easily implemented with polynomial running
time. Hence, in this paper, we will convert the equality constraint problem to the LMI
problem [4].

3 An Illustrative Example

In this section, we provide an example to illustrate the passive delayed static output
feedback controller design approach developed in this paper.
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The uncertain Takagi–Sugeno (T-S) fuzzy system considered in this example is with
two rules with the following parameters:

A01 =

[

−5 0.2
0 0.01

]

, Ad01 =

[

−0.1 0
0.1 −0.1

]

, B01 =

[

1 3
2 1

]

,

C1 =

[

0.2 0.1
0.1 1

]

, D11 =

[

0.3
0.3

]

, D31 = 0.2, E1 =
[

−0.4 0.1
]

,

E11 =
[

0.1 0.2
]

, A02 =

[

−6 0
0.1 0.05

]

, Ad02 =

[

−0.2 0.1
0.1 −0.2

]

,

B02 =

[

1 4
2 4

]

, C2 = C1, D12 = D11, D32 = 0.3, E2 =
[

0.1 0.4
]

,

E12 =
[

0.2 0.1
]

, ∆a
pq
i = 0.001I, ∆a

pq
di = 0.002I, ∆b

pk
i = 0.001I.

The membership functions are chosen as:

h1(x1(t)) =







1
3 ,
2
3 + 1

3x1,

1,

for x1 < −1,
for |x1| ≤ 1,
for x1 > 1.

h2(x1(t)) = 1− h1(x1(t)).

In this example, given τ = 0.1, τ̄1 = 0.4, we have the maximum of τ̄2 = 3; while given
τ = 0.1, τ̄2 = 0.1, we have the maximum of τ̄1 = 3.

In order to design a fuzzy passive static output feedback controller for the T-S model,
we first choose

τ = 0.1, τ̄1 = 0.1, τ̄2 = 0.1, d1 = 0.4, d12 = 0.8, γ = 0.5

and the initial condition is x(0) =
[

0.1 −0.8
]T

, the disturbance input w(t) is assumed
to be

w(t) =
1

t+ 0.1
, t ≥ 0.

Then, solving the LMIs in (28)–(30) and (31), we obtain the solution as follows:

N1 =

[

0.1060 −0.0538
−0.0488 0.0746

]

, N2 =

[

0.4842 −0.2166
−0.1829 0.1025

]

,

and the fuzzy delayed static output feedback controller gains are given by

K1 =

[

2.2558 −0.3342
−0.6589 0.2232

]

, K2 =

[

10.8439 −2.4939
−3.9293 0.9533

]

.

With the static output feedback fuzzy controller, the simulation result of the state re-
sponse of the nonlinear system are given in Figure 1. From the simulation result, it can
be seen the designed fuzzy output feedback controller is effective.

4 Conclusion

The problem of passive delayed static output feedback control for uncertain Takagi–
Sugeno fuzzy systems with interval parameters and additive delays has been studied. In
terms of linear matrix inequalities, a sufficient delay-dependent condition for the existence
of a full-order fuzzy delayed static output feedback controller, which guarantees the
closed-loop system is passive, has been obtained. An example has been provided to show
the effectiveness of the proposed method.
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Figure 1: State response x1(t) (—) and x2(t) (· · · ).
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