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1 Introduction

Fractional differential equations have various applications in widespread fields of science,
such as in engineering [9], chemistry [10] 17, 18], physics [3 4} [11], and others [12] [13].
In the majority of the literature existence results for Riemann—Liouville fractional differ-
ential equations are proven by a fixed point method. Initially we will recall existence by
lower and upper solution method, which is more comparable to our main results. Despite
there being a number of existence theorems for nonlinear fractional differential equations,
much as in the integer order case, this does not necessarily imply that calculating a solu-
tion explicitly will be routine, or even possible. Therefore, it may be necessary to employ
an iterative technique to numerically approximate a solution to a needed solution. In
this paper we construct such a method.

The iterative technique we manufacture is the method of quasilinearization for non-
linear Riemann—Liouville fractional differential equations of order ¢, 0 < ¢ < 1. This
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method was first developed in [I} [2, [16], the method we construct is more closely related
to those found in [I5], that is a generalized quasilinearization method via lower and upper
solutions. This particular method is much like the monotone method in that we construct
monotone sequences from lower and upper solutions of the original equation. Further,
each iterate is the solution of the linear fractional differential equation, but unlike in the
monotone method, these iterates are not of the form with constant coefficients. In the
case of the Riemann-Liouville fractional derivative, the variable coefficient case compli-
cates our method. Therefore, we will recall existence, comparison, and inequality results
for this case, including a generalized Gronwall type inequality, which will be paramount
to our main result. Further, we will present modifications to these results where pertinent
to our work.

Further, in the construction of the quasilinearization method we require a much
stronger hypothesis than the monotone iterative technique. We still require the exis-
tence of lower and upper solutions v, w such that v < w, but specifically we require the
nonlinear function f(¢,z) to be convex (or concave) in x. Though this requirement may
initially seem superfluous, with its application we are able to prove that the sequences
we construct converge quadratically. Therefore, the sequences we construct may be more
unwieldy, and the requirements more strict, than with the monotone method, but with
this method the convergence is far faster. Further, with the assumption that f is convex
automatically ensures that our solution is unique, which is not necessarily the case with
the monotone method.

We note that this method has been studied in [§], but the authors have considered
differential equations of the Caputo case. However the Caputo derivative only exists for
C'! functions. We do not make this assumption with the Riemann-Liouville derivative.
In fact, the functions we consider generally have a singularity at the left-most endpoint,
therefore they are only C° on a half open interval, with a special C,, property we will define
below. One consequence of using the Riemann—Liouville derivative is that, in general,
the sequences we construct, {, }, {8n} do not converge uniformly to the unique solution,
but the weighted sequences {t’a, }, {t?3,} converge uniformly and quadratically to Pz,
where x is the unique solution of the original equation and p =1 —gq.

Finally, we consider the case when f is not convex (nor concave), but there exists a
function ¢ such that f + ¢ is convex. We construct the quasilinearization for this case
and note that a function ¢ will always exist, therefore extending this method to any
nonlinear fractional differential equation, provided f is C2 in . For more information on
the method of quasilinearization via lower and upper solutions as it relates to ordinary
differential equations, see [I5].

2 Preliminary Results

In this section we consider results regarding the Riemann-Liouville (R-L) differential
equations of order ¢, 0 < ¢ < 1. Specifically we recall existence and comparison results
which will be used in our main result. In the next section we will apply these preliminary
results to developing quasilinearization method for R-L fractional differential equations
of order g. Note, for simplicity we only consider results on the interval J = (0, T], where

T > 0. Further, we will let Jo = [0, T}, that is Jo = J.

Definition 2.1 Let p =1 — ¢, a function ¢(t) € C(J,R) is a C}, function if tP¢(t) €
C(Jo,R). The set of C), functions is denoted C,(J,R). Further, given a function ¢(t) €
Cp(J,R) we call the function #?¢(¢) the continuous extension of @(t).
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Remark 2.1 By the definition of C}, continuity and the properties of continuous
functions it can be shown that the uniform limit of C), functions is C), also C)(J,R) has
a completeness property in that any uniformly Cauchy sequence of C), functions converges
uniformly to a C) function. Further C,(J,R) is closed under continuous products, that
is, if z € Cp(J,R) and y € C(Jo,R) then 2y € C,(J,R).

Now we define the R-L integral and derivative of order g on the interval J.

Definition 2.2 Let ¢ € C,(J,R), then D]¢(t) is the ¢-th R-L derivative of ¢ with
respect to t € J defined as

1 d [ Y
o / (t — )"96(s)ds,

and I]¢(t) is the ¢-th R-L integral of ¢ with respect to ¢t € J defined as

Dio(t) =

1#0(0) = 75 [ (1= o(s)ds.

Note that in cases where the initial value may be different, or ambiguous, we will write
out the definition explicitly. The next definition is related to the solution of linear R-L
fractional differential equation and is also of great importance in the study of the R-L
derivative.

Definition 2.3 The Mittag-Leffler function with parameters o, 8 € R, denoted E, g,
is defined as

o0 k
z
Ea,ﬁ(z) = Z )
Pt T(ak + 5)
which is entire for o, 8 > 0.

Remark 2.2 We note that the €}, weighted Mittag-Lefller function

e )\ktkq-i-q— 1

q-1 qy —
where A is a constant, converges uniformly on J. This can be shown by using the fact
that E, , is entire and noting that there exists an N > 0 such that ng+¢ —1 > 0 for all
n > N. From here one can show that the sequence of partial sums of the above series is
uniformly Cauchy.

The next result gives us that the g-th R-L integral of a C}, continuous function is also
a () continuous function. This result will give us that the solutions of R-L differential
equations are also C) continuous.

Lemma 2.1 Let f € C,(J,R), then I} f(t) € Cp(J,R), i.e. the q-th integral of a C,
continuous function is C, continuous.

Note the proof of this theorem for ¢ € RT can be found in [7]. Now we consider
results for the nonhomogeneous linear R-L differential equation

Difx(t) = y(t)=(t) + 2(t) (1)

with initial condition F(q)tpx(t)’tzo = 20, where 2 is a constant, y € C(Jy,R), and
z € Cp(J,R).
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Theorem 2.1 If y € C(Jo,R) and z € Cu(J,R) then equation () has a unique
solution x € Cp(J,R), given explicitly by

z_: ”iq [t97Y] + TF [122(1)],

k=0

which converges uniformly on J and where Ty, is the operator defined by

Tyo(t) = Iiy(t)o(t).

Proof The proof of the homogeneous case, and that tPx(¢) converges uniformly on
Jo can be found in [6], the refinement that x(¢) converges uniformly on J can be found in
[5]. Note the nonhomogeneous case follows in exactly the same way as in [6]. Further in
[5] it was assumed that z € C},(J,R) such that Iz € C(Jy,R), here we have relaxed this
condition. The proof follows along the same hnes as in [5] with appropriate modifications.
That is, using that z € Cp, and the fact that F, 4 is entire, we can show the partial sums
of the series x are uniformly Cauchy on J. That x € C,(J,R) follows from applying
Remark 2Tl and Lemma 21l Note that if z(¢) = 0 for all ¢ € J then we get that

oo
TR

k:

In many cases we may have an explicit form of y that may prove too unwieldy to place
in a subscript. In this case we will use the following notation

=§ﬁm

and since the case where f = t7~! occurs so often we will define £ with a single parameter
to be this case. That is £(y) = E(y,t971). Therefore the solution of () can be written
as
w(t) = ==E(y) + E(y, I} 2). (2)
I'(q) '
Further, if y is identically a constant, say A, it can be shown that (2] can be expressed
as

z(t) = 2% B, (A1) + /0 (t —8)1 By (At — 8)9)z(s) ds.

This is the result discussed in [I4], hence Theorem 2.1 generalizes the constant coefficient
case, as expected.

Next we recall a comparison result we will utilize in our following results. Note this
result is similar to the well known comparison result found in literature, as in [14], but
we do not require the function to be Holder continuous of order A > q. We weaken this
requirement because in our main result we will construct sequences from the solutions
of linear R-L differential equations. As previously mentioned the solution to the linear
equation with constant coefficient can be rewritten as

/\ktqurq 1

:c(t):x—tq Ly OZ T /O(ts)qlEqﬁq(/\(ts)q)f(s)ds,
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which is not Holder continuous of any order due to the term containing t¢~!. Therefore
we utilize the following result which weakens the Holder continuity requirement, so that
we can incorporate it in our main results.

Lemma 2.2 Let m € Cp(J, R) be such that for some t1 € J we have m(t1) =0 and
m(t) <0 forte (0,t1]. Then

Dfm(t)]t:tl > 0.

The proof of this lemma can be found in [7], along with further discussion as to
why and how we weaken the Holder continuous requirement of this known comparison
result. We use this Lemma in the proof of the later main comparison result which will
be paramount in the construction of the quasilinearization method. First we recall the
nonlinear R-L fractional differential equation.

Dg:C:f(t,:L'), (3>
L(g)tPz(t)],_, = «°,

where f € C(Jy x R,R). Note that a solution x € Cp(J,R) of [B) also satisfies the
equivalent R-L integral equation

t
tt 4 ﬁ/o (t —5)7 1 f(s,2(s))ds. (4)
Thus if f € C(Jp x R,R) then (@) is equivalent to {@)). See [12] [14] for details. Now
we will recall a Peano type existence theorem for equation (3.
Theorem 2.2 Suppose f € C(Ro,R) and |f(t,z)| < M on Ry, where
Ro={(t,z) : |tPa(t) — 2°| < n,t € Jo}.
Then the solution of [3) exists on J.

This result is presented in [14], and in [7] it was proven that the solution can be
extended to all of J, and the set Ry was modified for our succeeding results regarding
existence by method of upper and lower solutions. In the direction of this result we will
consider the following comparison result, which will in turn yield a general Gronwall type
inequality.

Theorem 2.3 Let f € C(Jy x R,R) and let v,w € Cp(J,R) be lower and upper
solutions of (3), i.e.

Div < f(t,v),
L(g)tPv(t)],_, = v° < 2P,
and

Diw > f(t,w),
L(g)ttw(t)|,_, =w’ > a°.
If f satisfies the following Lipschitz condition

f(t2) — f(t,y) < Lz —y), whenz >y,

where L > 0, then v(t) < w(t) on J.
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The proof follows as in [14] with appropriate modifications, specifically we use Lemma [2.2]
and do not require local Holder continuity of order A > ¢. Next we present a Gronwall
type inequality for R-L fractional differential equations. A similar result in terms of
fractional integral equations can be found in [6].

Theorem 2.4 Let v,z € Cp(J,R) and y € C(Jo,RT), and suppose that
Div < y(t)v(t) + 2(t).

Then
0

v(t) < =——=E(y) + E(y, I 2).

The proof follows directly from Theorem 2.1l and Theorem 2.3l That is, since y > 0,
f(t,x) = yx + z satisfies the Lipschitz condition of Theorem and letting x be the
solution of (M) with 2° = v* we obtain v < z. When y is identically a constant A > 0,
then we get the following Corollary.

Corollary 2.1 Let v,z € Cp(J,R) and let A > 0 be a constant, and suppose that
Div < Mv(t) + 2(t).

Then
o(t) < 1 VE, L (M7) + / (t— )7 By g (At — 5)7)2(s) ds.
0

Now we will recall a result that gives us existence of a solution to ([B]) via lower and
upper solutions.

Theorem 2.5 Let v,w € Cp(J,R) be lower and upper solutions of ([3) such that
v(t) <w(t) on J and let f € C(Q,R), where Q is defined as

Q={(ty) : trv(t) <y < t"w(t),t € Jo}.
Then there exists a solution x € Cp(J,R) of (3) such that v(t) < z(t) < w(t) on J.

The proof of this theorem can be found in [7]. We also note a final uniqueness result
which is comparable to the analogous result for ordinary differential equations. As one
might expect, if f satisfies the Lipschitz condition found in Theorem[2.3] then the solution
x of ([B)) is unique. Further this result is proved in much the same way as in the case
of ordinary differential equations, see [14] for more details. We mention this result here
since it will be necessary in the construction of the quasilinearization method.

3 Method of Quasilinearization

In this section we develop the method of quasilinearization via lower and upper solutions.
We consider three different cases, when the forcing function f is convex, concave in x,
and can be made convex by the addition function ¢. We construct monotone sequences
such that the sequences of continuous extensions converge uniformly and monotonically
to the continuous extension of the unique solution x of [@)). Further, the rate convergence
is quadratic.
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Theorem 3.1 Assume that

(A1) ag, Bo € Cp(J,R) are lower and upper solutions of (3) respectively such that a(t) <
Bo(t) on J.

(A'Q) fe C(Q’R); fm(t,x) >0, fm(t,iﬂ) > 0 exist and are continuous on §2, where
Q={(t,y) : ao(t) <y < Bo(t),t € Jo}.

Then there exist monotone sequences {a,} and {Bn} in Cp(J,R) such that t* o, and tP B,
both converge uniformly and quadratically to tP?x on Jy, where x is the unique solution of

(3) on J.

Proof First, by (A2) we have that f and f, are nondecreasing in  on Jy, Lipschitz
with respect to x on Jy, and

ft,z) > f(t,y) + fu(t,y) (@ —y)

for any (t,y) € Q. Further the function

g(t,z,y) = f(tvy) + fz(tay)(z - y)

is linear in « on Jy. Now we will construct the sequences {a,} and {8,}. Let apny1 be
the unique solution of the Riemann—Liouville differential equation

DganJrl = f(t, an) + fx(t; an)(an+1 - Oén), (5)
F(Q)tpan-i-l(t)‘t:o = xO,

for all n > 0, and where « is the lower solution of ([B]) given in the hypothesis. Note that
the above equation is of the form (IJ), therefore it has a unique solution by Theorem [Z]
provided (¢, a,,) € Q, and therefore our sequence is well defined. Similarly, let 8,11 be
the unique solution of

DgﬂnJrl = f(tvﬂn) =+ fx(t; O‘n)(ﬂnJrl - ﬂn)ﬂ (6)
F(q)tpﬁn-l-l(t)‘t:o =

Now we will show that «,, < 8, for all n > 0. To do this first note that by hypothesis
we have that ay < By on J, so letting this be our basis step, suppose that ap < B is
true up to some k£ > 0. Then we have

Diapir = f(t, ar) + fo(t, an)(on+1 — o),
and by the consequences of (A2) we have that
DBt > f(t, o) + folt, ar)(Bes1 — an),

which by Theorem 23] gives us that ax+1 < Bg+1 on J and thus by induction proves the
claim.
Now we wish to show that that {3, } is monotone. To do so consider that

D{p1 < f(t,Bo) + f=(t, Bo)(Br — Bo) < f(t,51),
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which again, by Theorem 2.3] gives us that 81 < By on J. Now suppose B < Sr_1 up to
some k > 1, then letting w = Bry1 — Br, with w® = 0, by the consequences of (A2) and
that «,, < 3, for all n > 0, we obtain

Diw < [fu(t, Br) — fult, u—1)1(Bk — Br—1) + fu(t, ar)w < fu(t, ag)w

This implies by Theorem [2.4] that

0

Bry1 — B < Fué ] E(fu(t,ar)) =0,

thus proving, by induction, that {8,} is monotone. The proof that {c,} is monotone
follows by arguments similar to either of the previous induction proofs.
We now prove that
tPay,, — tPx  and tP5, — tPx,

uniformly on Jy, and where z is the unique solution of ([B). This result follows from an
application of the Arzela—Ascoli Theorem since for all n > 0 we have that

[tP o, | < tPla, — ag| + tP|ap| < tP|Bo — ao| + tF|apl,

implying that {t?a;,} is uniformly bounded on Jy. That this sequence is equicontinuous
is proved in a similar fashion to that found in [I9]. We can prove a similar result for
{tPB,} as well. To show that both sequences converge to tPx, suppose that tPc,, instead
converges uniformly to tPa, which gives us that «a,, converges to o pointwise on J. Now
consider the continuous extension of the integral form of a1,

tpan-l-l =

20 tP ¢ q—1
e [ 9 (o) + (s 00 — )i

Applying the convergence properties outlined above we can show that the limit « satisfies

20

a-1 L t —8)17 (s, a)ds
MR AU O

on J. Implying that o = x, since x is the unique solution of ([3). We note that {t?3,}
satisfies an analogous property.

Now we will prove that the sequences of continuous extensions {t?«a,} and {t?f,}
converge quadratically. First we note that, since f is continuous on Jy, there exists a
function F such that f(t,z) = F(t,tPz). Then we have that f..(t,7) = t?P F,.(t,tPx).
Using this result, along with the mean value theorem we obtain

Df(m —any1) = f(t,x) = f(t,an) = folt, an)(@ni1 — an)
= fz(t,«f)(x - an) - fz(taan)(an-‘rl - an)
< fu(t, @) (7 — an) — fu(t, an)(ant1 — an)
= [fz(t,:c) - fﬂc(t’ ozn)](:c - an) + fz(ta ozn)(:c - anJrl)
= faa(t,n) (2 — an)2 + fu(t, an)(T — ant1)
= Fuu(t, PP (2 — ) + fo(t, an) (2 — api1)
<NEP(x — ap)? + M(z — angr).
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Here a,, < &,m <z on J, and N and M are bounds of F,, and f, respectively. Now by
Corollary 2.1] and Remark we have that

¢
tP(x — apt1) < tp/ (t —8)1 By (M(t — 8)?)Ns®P(z — a,)*ds
0

< PN ||tP(z — an H / VI E, (M (t — 5)9)ds

MF(t — s)kata—1

tPNHtP T — H /Z gk +q) ds

0 MFtkata
:tPNHtP(x—an)||2 -
1;) I‘(qkz +q+ 1)

< B Bt o)

Here ||-]| is the uniform norm on C(Jp, R). Giving us that

1 (x — an )| < K17 = a)]

)

where K = TN E, | (MT9).
Now, letting p, = ¢ — a, and w,, = B, — x, showing that {t?8,,} converges quadrati-
cally follows with a similar argument, but in this case we get

thn-i-l < Fool(t, U)t Plwn + pnlwn + fu(t, an)(Wnt1) < (N/Q)tQp(?)w + pn) + Mwp1.

Then from Corollary 2.1l we get

p NP q 2p 2 2
o1 < SorEa1 (Mt )£ (Bwy + p7) |-

which finally implies that

3K K
[Brsr = 2l < Sl (Ba = )| + 5 176 — )|

This concludes the proof.

A natural query is whether the results of Theorem [B.1] will still hold if f is concave
as opposed to convex. The answer is affirmative, and we state the result below without
the details of the proof.

Theorem 3.2 Suppose (A1) of Theorem [31] holds. Further suppose that [ €
C(LR), fo(t,z) <0, fru(t,z) < 0 exist and are continuous on Q. Then there exist
monotone sequences {an} and {8y} in Cp(J,R) such that tPoy,, and tP 3, both converge
uniformly and quadratically to tPx on Jy, where x is the unique solution of {3) on J.

We note that the proof of this theorem follows in the same lines as that of Theorem
B.Il The next case we consider is whether it is possible to construct the quasilinearization
method when f € C%2(Q, R) is neither convex nor concave. As we will show, it is indeed
possible provided we can find a function ¢ € C%2(Q,R) such that f + ¢ is convex. We
present this case as our final theorem.
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Theorem 3.3 Assume that

(B1) ag,po € Cp(J,R) are lower and upper solutions of (3) respectively, such that oy <
Bo on J.

(B2) f,¢ € CO¥?(QUR), fiz + duw > 0 and ¢zp > 0 on Q, where Q is defined as in
Theorem [3 1.

Then there exist monotone sequences {a,} and {B,} in Cp(J,R) such that tPay, and tPB,
both converge uniformly and quadratically to tP?x on Jy, where x is the unique solution of

(3) on J.

Proof Firstly, by consequences of (B2) we have that f is Lipschitz with respect to
x. Further, since f + ¢ is convex we have that

F(t,x) = F(t,y) + Fe(t, y)(z — y), (7)

where F(t,z) = f(t,z) + ¢(t, ).
We construct the monotone sequences by letting a,,41 and 5,41 be the unique solu-
tions of the linear R-L fractional differential equations,

DganJrl = f(t; an) + (Fac(ta an) — O (t7 ﬂn))(anJrl - an)v (8)
F(q)tpan-i'l(t)’t:o = xO’

and

DgﬂnJrl = f(t; ﬂn) =+ (Fac(ta an) - d)m(tvﬂn))(ﬂrﬂrl - ﬂn)ﬂ (9)
D@t B (t)],_y = 2°,

for all n > 0 and for (¢, ), (¢, Bn) € Q. Now we wish to show that a, < apt1 < Bryr <
By for all n > 0. First we will show that ag < a1, to do so notice that

Diag < f(t, a0) + (Fu(t, a0) — ¢2(t, Bo)) (a0 — ap).

Therefore by Theorem we have that ag < oy on J since o < 20, and by a similar
argument we also have that 5, < By. Now we will show that a; < 8 on J. Note by
consequences of (B2), that is (), that ¢, is increasing in x, and by the application of
the mean value theorem we can show that

Dip1 > f(t, ap) + Fi(t,a0)(Bo — o) — [9(t, Bo) — ¢(t, o)
+ (Fu(t, a0) — ¢(t, Bo)) (81 — Bo)
= f(t, a0) + Fu(a0)(Bo — o) — ¢2(t,£)(Bo — o)
+ (Fz(t, 20) — ¢2(t, Bo)) (B1 — Bo)
> f(t,a0) + (Fu(t, a0) — ¢2(t, Bo)) (B1 — ao),

where oy < € < fBy. Therefore by Theorem 2.3 we have ag < a; < 81 < By on J. Letting
this be our basis step suppose agp_1 < ag < Bk < Bx—1 on J up to some k > 1, then by
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a similar process as when showing a; < 81 we have that,

Diogir > f(tan) + (Fo(t,on—1) — du(t, Buo1)) (arg1 — ag)
> f(t,ap—1) = [(t, ar) — d(t, ax—1)] + Fu(t, ar—1)(cx — ar-1)
+ (Fp(t, ah—1) — ¢ (t, Bro—1)) (g1 — ag)
= f(t,an—1) — ¢ (t, &) (an — a—1) + Fo(t, ap—1) (o — c—1)
+ (Fp(t, ah—1) — du(t, Bo—1)) (1 — ag)
> f(t, 1) + (Fu(t,ap—1) — ¢z (t, Be-1)) (g1 — cp—1).
Therefore by Theorem 2.3 we have that ay < agy1 on J, and by similar arguments we
can show that oy < agt1 < Br+1 < Bk, which by induction implies that {«,} and {8,}
are monotone and «,, < (3, for all n > 0. That tP«,, and t?§,, converge uniformly to t’x,
where z is the unique solution of (@), is done in the same way as in Theorem Bl Now
we will show that the sequences of continuous extensions converge quadratically on Jy.

To do so, first note, as in Theorem [B.] that there exist functions G, ® € C%2(Q, R) such
that G(t,tPz) = F(t,x), and ®(t,tPz) = ¢(t, x), thus giving us that

Fop(t,z) =t Gy (t,tPx) and  ¢pp(t, ) = t2P D, (1, tP2).
Now letting pn+1 = — ap41 and  wpy1 = Br41 — ¢, we have that

Dganrl = f(t,x) = [f(t, o) + (Fr(t’ an) — ¢u(t, ﬂn))(anJrl —ay)]
= F(t,x) = F(t,an) — (Fo(t,an) — ¢u(t, Bn)) (an41 — an)
—[o(t, ) — ¢(t, on)]
= Fx(t’gl)pn - (Fr(t’ an) - ¢x(t, ﬂn))(anJrl - O‘n)) - ¢z(t,§2)/)n
< [Fe(tz) = Fu(t, an)lpn + (Fu(t, an) — ¢u(t, ﬂn))anrl
+ [¢a(t, Bn) — da(t, om)]pn
< Fua(t,m)pp + fo(t, an)pnsr + bua(t,12) (Wi + o) pn
= Gmc(t’ tpm)t%m% + fx(t, an)anrl + q)zz(ta tp772)t2p(wn + Pn)Pn
< Nt*#pi + Mpni1 + (L/2)827 (3p7, + wi),

Where a, < &1,&,m < x, ap < 12 < x, and where N, M, and L are bounds on G,
fa, and ®,, respectively. Then by Corollary 2.T] and Remark [Z2] we have that

t
Pons <10 [ (6= 577 By (M = ) [(N +3L/2)0% + (L/2)u2 s
0
t? q P, |2 P, |2
< 7 By 1 (M19) [(N +3L/2)[[t7pa|* + (L/2)||t7wn ).
Which finally gives us that

K KL
|7 (z = ang)|| < 3(2N—|— 3L) |7 (x — an)H2 + THtp(ﬁn - :I:)||2

)

where K = TWquJ(MTq). Similarly, we can show that

K KN
12 (Bnyr — 2)|| < 3(3N +2L)|[t" (B — x)HQ T THtp(x - an)HQ’
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which finishes the proof.

This final case greatly extends the potential of the quasilinearization method. This
is because for any function f € C%2(),R) we can always find a function ¢ € C%2(Q, R)
such that fi; + ¢ze > 0, and ¢, > 0. To show why this is true, suppose that f is not
convex, then we can choose A > 0 such that

ngn {faalt,z)} = —A<0.

Then we need only choose ¢(t, ) = At?Px?, to satisfy (B2). Further, since we can always
find such a function we need not consider the case where f can be made concave by the
sum of another function.

Remark 3.1 If we use lower and upper solutions one can extend the method of
quasilinearization to forcing functions which are the sum of convex and concave functions
as in [I5]. This generalization will include all our results as special cases. However,
this involves the study of linear fractional systems with variable coefficients. We will
investigate this result elsewhere.
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