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Abstract: For the nth order nonlinear differential equation

y(n) = f(x7 y7 y,7 MR ) y(nil))7

we consider uniqueness implies uniqueness and existence results for solutions satisfy-
ing certain (k+4j)—point boundary conditions, 1 < j <n—1and 1 <k <n—2j. We
define (j; k; j)—point unique solvability in analogy to k—point disconjugacy and we
show that (j;n — 2j; j)—point unique solvability implies (j; k; 7)—point unique solv-
ability for 1 < k < n — 2j4. This result is in analogy to n—point disconjugacy implies
k—point disconjugacy, 2 < k <n — 1.

Keywords: boundary value problem; uniqueness; existence; unique solvability; non-
linear interpolation.
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1 Introduction

In this paper, we are concerned with uniqueness and existence of solutions for a class of
boundary value problems for nth order ordinary differential equation, n > 3,

y(n) :f(‘r)yayla"'ay(n_l))’ G/<.’L'<b, (1)

subject to n — 2j conjugate boundary conditions and 2j nonlocal boundary conditions,
where 5 > 1. In particular, given 1 < k < n — 2j, positive integers my, ..., my such that
mi+---+mp =n—27,pointsa <11 < ... <ty <x1 <2< ... <Tp <81 < ... <895 < b
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real values y;, 1 < ¢ < j, yi, 1 <1 <my,1 <1<k, and real values y,_;_1), 1 <i < j, we
are concerned with uniqueness implies uniqueness and existence questions for solutions
of () satisfying the conjugate and nonlocal boundary conditions of the type

aiy(tgi_l) —biy(te;) = yi, 1 <4 < j, j nonlocal conditions,
Yy (2y) =y, 1 <i<my, 1 <1<k, k-point, n — 2 conjugate conditions, (2)
ciy(s2i—1) — diy(s2;) = Yn—(i-1)> 1 <1 < j, j nonlocal conditions,

where a;, b;, ¢;, d;, 1 <1 < j are positive real numbers. We shall refer to the boundary
conditions, (@), as (j;k;j)—point boundary conditions. The (0;k;0)—point boundary
conditions are referred to as conjugate type boundary conditions [1§].

Questions of the types with which we deal in this paper have been considered for solu-
tions of ([I]) satisfying a-point conjugate boundary conditions; in particular, for boundary
value problems for () satisfying, for 2 < a < n, conjugate boundary conditions of the
form,

YO V) =ry, 1<i<p, 1<I<a, (3)

where p1, ..., pa are positive integers such that p1 +---4+pa =n,a <t1 < -- <ty < b,
and r;; € R,1 < ¢ < pj,1 < 5 < . These questions have involved: (i) whether
uniqueness of solutions of (), [B]), for & = n, implies uniqueness of solutions of (), @),
for 2 < a<n-—1,and (ii) whether uniqueness of solutions of (), @), for a = n, implies
existence of solutions of (), [B]), for 2 < o < n. Of course, a main reason for considering
question (i) would be in resolving question (ii).

Hypothesis 1.1 With respect to equation (), we assume throughout that
(A) f(t,s1,..-,8n): (a,b) x R" = R is continuous;
(B) Solutions of initial problems for (@) are unique and extend to (a,b).

Given Hypothesis[[T], Jackson [I8] established that indeed (i) is true. In independent
works, Hartman [7[8] and Klaasen [2I] provided a positive answer to question (ii).

Several other papers have been devoted to uniqueness questions of these types as well
as uniqueness implies existence questions for boundary value problems. These works
have dealt not only with ordinary differential equations [2,[4,[9][10L19.22.23], but also
with boundary value problems for finite difference equations [11]—- [13], and recently with
dynamic equations on time scales [6][17]. Some questions of these types have also received
recent attention for nonlocal boundary value problems for (), for the cases of n = 2, 3, 4;
see [TLELT5LI6]. Recently, [3120] the case of nonlocal conditions for equations of arbitrary
order n have been addressed.

Referring to the methods employed in the papers cited above as shooting methods, the
authors shoot from one boundary point with one boundary condition. The contribution
in this article is that we shoot from two boundary points, to the left from x; and to the
right from zj;. New arguments for uniqueness of solutions implies existence of solutions
are given to allow for multiple shooting.

2 Uniqueness of Solutions

In the first result of this section, we shall obtain continuous dependence of solutions of
(@) on boundary conditions.
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Theorem 2.1 Assume that for some 1 < k < n—2j, and positive integers mq, ..., my
such that my + - - - +my = n— 27, solutions of the corresponding boundary value problem
@), @) are unique, when they exist. Given a solution y(x) of {d), an interval [c,d],
points ¢ < x1 < -+ < T < -+ < Tpqa; < d and an € > 0, there exists §(e, [c,d]) > 0
such that, if |x; —&| < 0,1 < i <k+4j,andc <& < -+ <& <+ < &pyaj < d, and if

laiy(r2i—1) — biy(2ei) — 2| < 0,1 =1,2,...,7,
Iy (w9 10) — zur| < 8,1 <i<my, 1 <1<k, and

leiy(Trt2j42i-1) — diy(Try2j+2i) — 2n—i—1)l < 6,4 =1,2,...,7,
then there exists a solution z(x) of {dl) satisfying

a;z(&2i—1) — biz(&2i)) = 2z, 1 <i < g,
V() =2y, 1<i<m,1<I<k,

¢iz(Enrajrnit) — diz(Enyajani) = 2n_(i—1), 1 <4 < 4,
and [y (z) — 20-D(z)| < € on [¢,d], 1 <i < n.
Proof Fix a point pg € (¢,d) and define the set
G = {(81,. -+, 8k14j,Cly---,Cn) | €< 81 <+ < 8pyaj <d, C1,...,cn € R}

G is an open subset of RFF47  Tet u(z) be a solution of the initial value problem
for () satisfying the initial conditions u*~")(py) = ¢;, 1 < i < n. Define a mapping
¢: G — RNV by

¢(81, ey Sk+4j7 Cly. -y Cn) = (51, ey Sk+4j7 alu(sl) — blu(Sg), ceey aju(SQj,l) — bjU(SQj),

(m

w(s2j41)s > 0™ T (s201), oy u(S2igm)s o ™ T (s9540),

Cru(Sk42j41) — A1u(Spg2j42)s o CU(Sptaj—1) — dju(Spta;s))-

The continuity of ¢ follows from Condition (B) in Hypothesis[[Il Moreover, the unique-
ness assumption on solutions of (), (), for the given k and my, ..., my, implies that ¢ is
one-one. Hence, from the Brouwer theorem on invariance of domain [25], it follows that
#(G) is an open subset of R*"*" and that ¢ is a homeomorphism from G to ¢(G).
The conclusion of the theorem follows directly from the continuity of ¢~! and the fact
that ¢(G) is open.

We now establish that for & = n—27, uniqueness of solutions of the (j; n—2j; j)—point
BVP (), (@), implies uniqueness of solutions of the (j —i;n — 2j + 14, j)—point BVP (),
@), fori=1,2,...,5.

Theorem 2.2 Let j > 1. Assume that for k = n — 2j, solutions of the (j;n —
24;4)—point BVP ), (@) are unique, when they exist. Then, for each i = 1,2,...,7,
solutions of the (j — i;n — 2j + i, j)—point BVP [dl), (@) are unique, when they exist.

Proof Assume uniqueness of solutions of the (j;n—24; 7)—point BVP (), ). Firstly,
we show that solutions of the (j—1;n—2j+1, j)—point BVP (), () are unique. Assume
the conclusion is not true and there exist points a < t; < -+ < g0 < 21 < - <
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Tp—2j+1 < §1 < --+ < 895 < b for which there exist distinct solutions y(z) and z(z) of
the (j — 1;n — 25 + 1, j)—point BVP such that

a;iy(tei—1) — biy(tei) = a;z(taiz1) — biz(tes), i=1,2,...,5 — 1,
y(w1) = 2(71),
y(zy) = 2(x)), 2 <1 <n—-25+1,

Ciy(SQifl) - diy(SQi) = Ciz(52i71) - diZ(SQi); 1=1,2,...,].
Defining w = y — 2z, we obtain

aiw(tgi,l) - bZ’LU(tQZ) = 0, 1= 1, 2, e ,j - 1,
w(zy) =0,

w(z) =0,2<1<n—2j+1,

Ci’LU(SQi,l) - dz’w(ng) = 0, 1= 1,2, e ,j.

If there exists some p; € (t2j_2, 1) such that w(p;) = 0, then we have
a;w(pr) —bjw(z1) =0, aj, b; € R.

This implies that y(z) and z(x) are distinct solutions of the (j;n — 2j;j)—point BVP
at the points ¢1,...,t25—2,p1,21,...,Tn—2;,51,- .., S2j, which is a contradiction. Hence,
w(t) 7é 0 on (tgj,Q,IL'l). Let w(t) > (0 on (tgj,Q,SCl). The case w(t) < 0on (tQj,Q,IL'l) is
dealt with similarly. Then,

max{w(t) : t € [taj—2,21]} = w(r) > 0.

Define
) a;w(t) —bjw(m), if  a; > by,
v =
bjw(t) —ajw(m), if a; <b;.

Then, v(r1) > 0 and v(z1) < 0. By the mean value theorem, there exists p’ € (1,1)
such that v(p’) = 0 which implies that a;w(p’) — bjw(m1) = 0. Hence, there are distinct
solutions of the (j;n — 2j;j)—point BVP at the points

/
fl,...,tgj_g,Tl,pl,l’g,...,(En_gj,Sl,...,SQj,

which is again a contradiction. Hence, solutions of the (j — 1;n — 2j + 1, j)—point BVP
@), @) are unique.

Now, using the uniqueness of solutions of the (j — 1;n — 25 + 1, j)—point BVP, by
the same process, we can show uniqueness of solutions of the (j — 2;n — 25 + 2, j)—point
BVP (@), (). Continuing in the same fashion, we obtain uniqueness of solution of the
(j —i;n — 2§ +1,j)—point BVP for each i =1,2,..., .

Corollary 2.1 Let j > 1. Assume that for k = n — 2j, solutions of the (j;n —
2j;4)—point BVP (), (@) are unique, when they exist. Then, solutions of the (0;n —
J;j)—point BVP (), (2) are unique, when they exist.

Theorem 2.3 Let j > 1. Assume that for k = n — 2j, solutions of the (j;n —
24;4)—point BVP ), (@) are unique, when they exist. Then, for each i = 1,2,...,7,
solutions of the (j;n — 24§ +14,j — i)—point BVP [dl), (@) are unique, when they exist.
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Proof Assume uniqueness of solutions of the (j; n—25; j)—point BVP (@), [@)). Firstly,
we show that solutions of the (j;n—2j+1,j—1)—point BVP (), (@) are unique. Assume
the conclusion is not true and there exist points

a<t1<---<t2j<$1<---<xn_2j+1<31<---<32j_2<b

for which there exist distinct solutions y(z) and z(x) the (j;n—2j+1, j —1)—point BVP
such that

aiy(tai) — biy(ta) = aiz(tzim1) — biz(ta:), i = 1,2,...,4,
y(or) = z(wp), 1 <1 <n—2j,

Y(Tn—2j4+1) = 2(Tn-2j+1),

ciy(s2i—1) — diy(s2i) = ciz(S2i-1) — diz(s2;), i =1,2,...,5 — 1.

Defining w = y — z, then we obtain

aiw(tgi_l) — bi’w(tgi) = 0, 1= 1, 2, . ,j,
w(z) =0,1<1<n—2j,

w(Tn—2j4+1) = 0,

ciw(s%,l) — dﬂu(szi) = 0, 1= 1, 2, N ,j —1.

If there exists some ¢1 € (£p—25+1, 1) such that w(g:) = 0, then we have
cow(Tn—2j+1) — dow(q1) =0, co, do € R.

This implies that y(z) and z(z) are distinct solutions of the (j;n — 2j; j)—point BVP at
the points

t1,ee b2, 15 o s 25, Tn—2j+1,q1, S1, - - 5 822,
which is a contradiction. Hence, w(t) # 0 on (zp—25+1, 51). Let w(t) > 0on (xrn—2j4+1,51).
The case w(t) < 0 on (zp—2541,51) can be dealt with similarly. Then,

max{w(t) : t € [zp_2j41,51]} = w(T) > 0.

Define
) cow(t) — dow(r), if  ¢o > dp,
v ==
dow(t) — cow(r), if  ¢o < dp.

Then, v(r) > 0 and v(zp—2j+1) < 0. By the mean value theorem, there exists ¢’ €
(xn, —2j + 1,7) such that v(¢’) = 0 which implies that cow(q’) — dow(7) = 0. Hence,
there are distinct solutions of the (j;n — 2j; j)-point BVP at the points

/
tl,...,tgj,wl,...,l'n_gj,q,T,Sl,...,ng_Q,

which is again a contradiction. Hence, solutions of the (j;n —2j + 1,j — 1)—point BVP
@), @) are unique.

Now, using the uniqueness of solutions of the (j;n — 2j + 1,5 — 1)—point BVP, by
the same process, we can show uniqueness of solutions of the (j;n —2j 4 2, j — 2)—point
BVP (), @). Continuing in the same fashion, we obtain uniqueness of solution of the
(j;n—2j+41i,j —i)—point BVP for each i =1,2,...,7.

Corollary 2.2 Let j > 1. Assume that for k = n — 2j, solutions of the (j;n —
24;4)—point BVP (), (@) are unique, when they exist. Then, solutions of the (j;n —
J;0)—point BVP (), (@) are unique, when they exist.
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Corollary 2.3 Let j > 1. Assume that for k = n — 2j, solutions of the (j;n —
24;4)—point BVP (), (@) are unique, when they exist. Then, solutions of the n-point
conjugate BVP ([l), @) (that is, the (0;n;0)—point BVP), are unique, when they exist.

In view of the uniqueness implies existence results due to Hartman [7}[§] and Klassen
[21] as discussed in regard to question (ii), we have an immediate corollary concerning
existence of solutions for k-point conjugate boundary value problems for ().

Corollary 2.4 Let j > 1. Assume that for k = n — 2j, solutions of the (j;n —
2j;4)—point BVP (), (@) are unique, when they exist. Then, solutions of the l-point
conjugate BVP (), (3) (that is, the (0;1;0)—point BVP), for 2 <1 < n, are unique,
when they exist.

We now establish that uniqueness of solutions of (), (), when k = n — 2j, implies
uniqueness of solutions of (), (), when 1 <k <n—2j— 1.

Theorem 2.4 Assume that for k = n— 23, solutions of the (j;n — 2j; j)—point BVP
@), (@) are unique, when they exist. Then, for each 1 < k < n—2j—1, solutions of the
(j; k; )—point BVP (), (@) are unique, when they exist.

Proof Assume that solutions of the (j;n — 2j;j)—point BVP (), [2) are unique.

Assume that, for some 1 < k <n—2j—1, some (j; k; j)—point BVP (), () has distinct
solutions. Let

h=max{k=1,...,n—2j— 1] (j; k;j) — point BVP has distinct solutions}.
Then, there are positive integers, my, ..., my, such that m; + --- 4+ my = n — 27, and
points a < t; < - <tyy <y < - < xp < 81 < - < 895 < b, for which there exist

distinct solutions y(z) and z(z) of the (j;h; j)—point boundary value problem (), ),
for these mq,...,my; that is,

aiy(tai—1) — biy(tai) = aiz(t2i—1) — biz(ta), i =1,2,...,j,
y(zfl)(:pl) = z(“l)(:cl), 1<i<my, 1<1<h,
Ciy(52i71) - diy(SQi) = Ciz(52i71) - diZ(S2i), t=1,2,...,].
Since h <n —2j — 1, so some m; > 2. Let
my, = max{m; | 1 <1 <h},

then m;, > 2. Since, z; is a zero of y — z of exact multiplicity m;,1 <1 < h and y and z
are distinct solutions of (), we may assume, with no loss of generality, that

y(mlo) (xlo) > Z(mlo) (xlo)'

Now fix a < 7 < 1. By the maximality of h, solutions of the (j;h + 1; j)—problems
@, @) at the points t1,...,t25, 7, %1,...,Zh, S1,...,82; are unique. Hence, it follows
from Theorem [ZT] that, for each € > 0, there is a 6 > 0 and there is a solution zs(z) of
the (j;h + 1; j)—point problem (), @), (corresponding to k = h + 1), satisfying at the
pOthS tl,...,t2j,7’,$1,...,Ih,Sl,...,SQj,

aizs(tai1) — bizs(ta;) = aiz(tai—1) — biz(ta;) = asy(tai1) — biy(ta:), i = 1,2, ..., 7,
2’5_(7') = Z(T),

A @) =200 (@) =y (), 1<i<my, 1<U<h, 1#£l,

2 (@) = 200 (@) =y D (), 1< i<y, — 2, (if my, > 2),

ZémlO_Q ($lo) = Z(mlo_2) (-Tlo) +0= y(mlo_Q) (‘Tlo) + 6’

cizs(s2i-1) — dizs(s2i) = ciz(s2i-1) — diz(s21) = ciy(s2i-1) — diy(s2:), i = 1,2,..., ],
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and |zs(x) — z(x)| < € on [t1, s2;]. For € > 0, sufficiently small, there exist points z;,—1 <
p1 < Ty, < p2 < Ty,+1 such that

a;z5(toi—1) — bizs(tai) = ajy(tai1) — biy(te:), i = 1,2,...,7,
zgi_l)(zl) = y(ifl)(zl), 1<i<my, 1<I1<y—1,

z5(p1) = y(p1),

ngiil)(‘rlo) = y(i_l)(xlo)a 1<i< my, — 2, (lf my, > 2)a
z5(p2) = y(p2),

zéiil)(:nl) = y(i_l)(:nl), 1<e<my, lg+1<I1<h,
CiZ(S(SQi_l) — diz(;(sQi) = Ciy(SQi_l) — diy(SQi), = 1, yee ,j.

Thus, zs(z) and y(x) are distinct solutions of the (j;h + 1;5)—point boundary value
problem at the points t1,...,%25, %1, ..., Z1y—1, P1, P25 Tig41s- - - » Th, S1,- - -, S25, Which is a
contradiction because of the maximality of h. The proof is complete.

In view of Theorem and Theorem [2.4] we have the following corollaries.

Corollary 2.5 Let j > 1. Assume that for k = n — 2j, solutions of the (j;n —
2j;4)—point BVP (), (@) are unique, when they exist. Then, for 1 <k <n —2j and
1 <1 <j, solutions of the (j;k +4;j — i)—point BVP are unique, when they exist.

Corollary 2.6 Let j > 1. Assume that for k = n — 2j, solutions of the (j;n —
2j;4)—point BVP (), (@) are unique, when they exist. Then, for 1 <k <n —2j and
1 < <y, solutions of the (j —i;k +i; j)—point BVP are unique, when they exist.

3 Existence of Solutions

Now we deal with uniqueness implies existence for these problems. For such existence
results, continuous dependence as in Theorem [2.]] plays a role. In addition, we shall
make use of a Schrader [24] precompactness result on bounded sequences of solutions of
() which is stated as follows:

Theorem 3.1 Assume the uniqueness of solutions for (), (), when £ = n. If
{y. ()} is a sequence of solutions of {l) which is uniformly bounded on a nondegenerate

compact subinterval [c,d] C (a,b), then there is a subsequence {y,, (x)} such that {yl(:l) ()}
converges uniformly on each compact subinterval of (a,b), for each i =0,...,n— 1.

We have as a corollary a precompactness condition in terms of (), (), when k =
n — 2j.

Corollary 3.1 Assume that for k = n — 2j, solutions of the (j;n — 2j;j)—point
BVP ), (@), are unique. If {y,(x)} is a sequence of solutions of {dl) which is uniformly
bounded on a nondegenerate compact subinterval [c,d] C (a,b), then there is a subsequence
{yu,(z)} such that {y,(;l)(x)} converges uniformly on each compact subinterval of (a,b),
for eachi=10,...,n—1.

We now present our uniqueness implies existence result for the (j; k; j)—point bound-
ary value problems.
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Theorem 3.2 Let j > 1. Assume that solutions of ), (3), when k = n — 2j,
are unique. Then, for each 1 < k < n — 2j, positive integers my, ..., my such that
my+---+mp=n—27 points a <t; <--- <tlg; <x1 <-+- < <51 <+ < 85 <D,
real values y;, 1 <1 < j, yu,1 <i<my,1 <1<k and y,_;,0 <i<j—1, there exists a

unique solution of (), ().

Proof Let 1 < k < n — 2j, positive integers myq, ..., my such that m; +--- +my =
n—2j, points a <t < - <ty <1 < -- < ap < 51 < --- < 895 < b, real values
vi, 1 <i<j,yu, 1 <t <my,1 <l <kandy,—;,0<i<j—1, be given.

Assume that for & = n — 2j, solutions of the (j;n — 2j; j)—point BVP, [), @), are
unique. For 1 < k < n — 24, in view of Corollary [Z4] solutions of the (0;[;0)—point
BVP (I-point conjugate BVP) for 2 < | < n, are also unique. Let z(x) be the unique
solution of () satisfying the (k + 2j + 2)-point conjugate boundary conditions (@) at
the points t1,p1,t2,...,t5, %1, ..., &k, S1, ..., Sj+1 if m1 > 1, my > 1 (or alternatively, if
my = 1,my = 1, z(x) satisfies the (k + 2j)-point conjugate boundary conditions and if
one of my = 1, my = 1 hold, then z(z) satisfies the (k4 2j + 1)-point conjugate boundary
conditions), that is,

=y, 1<i<my, 2<I<k-1,

From the first and the last lines, we obtain
a12(t1) — b1z(p1) = 1, ¢;2(55) — d;j2(8541) = Yn—(j-1)-
Now, define the set

S = {(u™ Y (), u™ Y (z4)) | u is a solution of () satisfying
aru(ts) — bru(pr) = y1, ulti) = 2, 2 < i < j,

0

uli~ 1)(331 )=y, 1 <i<mq — 1,
(zl)*yzlv 1<Z<ml 2§l§k715
ul 1)(30 ) = Yir, 1 <i <my — 1,

Yn—(i—1 . .
u(s;) = #, 1<i<j—1, cju(sj) — dju(sjr1) = Yn—(j-1)}-

Clearly, (20171 (21), 20m =D (x4)) € S, and so S is a nonempty subset of R?.
Next, choose (pg,09) € S. Then, there is a solution ug(z) of () satisfying
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aruo(tr) — biuo(p1) = y1, uo(ti) = 2, 2 < i < j,
ul V(@) =y, 1<i<my — 1,

Ug - (961):007

Uéifl)(iﬂz) =yu, 1<i<my, 2<I1<k-1,
Uéifl)(zk) =Yk, 1 <1 <my — 1,

ug™ = (ax) = o0,
uo(si) = y"%;ﬁl), 1<i<j—1, cjuo(sj) — djuo(sj+1) = Yn—(j—1)-

By the uniqueness of solutions of the (1;k+ 2j — 2; 1)—point BVP by Corollary 2.6, and
in view of Theorem 2] there exists a ¢ > 0 such that, for each |p— po| < 0, | — 00| < 4,
there is a solution u,,(z) of (1)) satisfying

a1Upo (t1) = D1tpe (p1) = Y1, upo (i) = £, 2 <0 < j,
U,(fgl)(m) =y, 1<i<myg—1,

ups™ V(@) = p,

uﬁia_”(:cz) =y, 1<i<my, 2<1<k—-1,

uSo (@) = yar, 1< i <my — 1,

™~ (ay) = o,

Upo (8i) = =072 1 <0 < G — 1, ¢jupe(85) = djtipo (Si11) = Yn—(j—1)

and |upe — up| < 9 on [t1, sj41], which implies that (ugzh_l)(xl),ug,?k_l)(:ck)) € S, that
is, (p,0) € S. Hence, {(p,0)| : |p — po| < 9, |0 — 00| < 6} C S. Thus, S is an open,
nonempty subset of R2.

Now, we show that S is also a closed subset of R?. To do this, assume that S is not
closed and assume there exists o = (po, qo) € S\ S. Let {r,} = {(pn,qn)} C S such that

hm Tn = hm (pn,Qn) = (p07q0) =To-

We can assume that each sequence {p,,}, {gn} is monotone. For the sake of this argument,
we shall assume that each of {p,} and {¢,} is monotone nondecreasing; the arguments
for the other three cases, {p, } nondecreasing and {¢,, } nonincreasing, {p, } nonincreasing
and {¢,} nondecreasing, and each of {p,}, {¢,} nonincreasing are analogous.

So assume p, < Ppt1 < Po, ¢n < gnt1 < @o and assume one of the inequalities,
Prt1 < Pos nt1 < qo, is strict. By the definition of S, for each term r,,n € IN, there
exists a unique solution u, (z) of (1)) satisfying

arun(ty) = brun(pr) = y1, un(t;) = £, 2 <i < j,
Ugffl)(ﬂh) =y, 1<i<m—1,

u’glmlil)(‘rl) = Pn,

ui @) =y, 1<i<my, 2<I<k-—1,
ut ™ (@r) = yin, 1 <0 < — 1,

u’glmkil)(xk) = Qn,

un(s;) = w, 1<i<j—1, cjun(sj) — djun(sj1) = Yn—(j—1)-
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Set w, = t, — Up41. Then

alwn(tl) - blwn(pl) =0, wn(ti) =0,2<1<y,

wi ™ (@) =0, 1<i<m —1,

wi™ Y (@1) = pp = pi1 <0,

wi (@) =0, 1<i<my, 2<Ii<k-1,

wi ™V (2) =0,1<i<my — 1,

wi™ D (@) = g — gui1 <0,

wn(s;) =0,1<1<j—1, cjwn(sj) — djwn(sj+1) = 0.

First assume pp4+1 < po and gp41 < qo. By the uniqueness of solutions of the (1;k +
27 — 2; 1)—point BVP, there exists €, > 0 such that

(a) un(x) < Upy1(x) on (1 — €, 21) U (21, 22), if my is odd,

(b) un(z) > upt1(z) on (21 — €n,21) and uy(x) < upi1(x) on (z1, z2), if my is even,
(©) un(z) < upg1(z) on (xg—1,zr) U (zk, Tk + €,), if my is odd,

(d) un(z) > upt1(z) on (xg_1, zx) and up(z) < upt1(z) on (xg, 2k +€,), if my is even.

For the sake of this argument, we shall assume that m; and my are odd; the other
cases are argued analogously. We also note that either u,(x) < uny1(z) on (¢;,z1)
or un(z) < Upt+1(x) on (xg,s1). If neither of these inequalities hold, then there exist
t; <t <z and 71, < § < 81 such that u, (£) — upy1(f) = 0 = u,(8) — up11(3) violating
the uniqueness of solutions of (1;k + 27; 1)—point BVPs. For the sake of this argument,
let us assume that w,(x) < un,y1(z) on (¢;,x1). The sequence {r,} converges to ro and
ro ¢ S. In view of Corollary Bl the sequence {uy(z)} is not uniformly bounded on any
compact subset of each of (¢;,x1), (1, 22), and (zx—1, T)-

Now, let w(z) be the unique solution of the (0; k+24; 0)—point conjugate BVP (), (3]

satisfying at the points t1,p1,t2,..., ¢, Z1,. .., Tk, S1,- -, S5,
w(tl) = Z_iaw(pl) =0,
W(tl):%,QSiS‘],
w D (2z1) =y, 1<i<my—1, (if my > 1),
w(™ =Y (z1) = po,

wi (@) =ya, 1<i<m, 2<I<k-1,
wi ™D (@) = yar, 1< i <my = 1, (if mye > 1)

wi™ ™ (21) = qo,
w(s;) = 201 < <j— 1

From the monotonicity and unboundedness property of the sequence {u,(x)}, it fol-
lows that, for some large ng, there exist a solution uy,, of () and points t; < 74 < z1 <

Ty < Xo, Tp—1 < p1 < Tk such that

Ung (T1) = W(T1), Ung (T2) = w(T2), Uny(p1) = w(p1).
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In particular,

ui (@) =y = w D (2y), 1<i<my—1,
u D (@) =gy = w D (), 1<i<my, 2<I<k-1,

Ung (1) = yir = 0w (zg), 1<i<my 1,
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Thus, un,(x) and w(z) are distinct solutions of the same (1;k + 25 + 1;0)—point (or if
my1 = 1 and my, = 1, the same (1; k + 2j + 2; 0)—point) BVP which contradicts Corollary

2.0l

If gnt1 = qo, (and keeping with the assumptions that mq,my odd) then

Un(2) < upy1(z), tj <z < 0.

Now w is already constructed and as before, find uy,,,t; < 71 < 21 < T2 < 22, such that

Uno (T1) = w(T1),  Une(T2) = w(T2).

Then,

and Corollary 2.5l is contradicted.

The conclusion then is that S contains all its limit points and is a closed subset of

R?; since S is open and nonempty, S = R?.

By choosing (Ym,1, Ym, k) € S, there is a corresponding solution y(z) of () such that

y () =ya, 1<i<my, 1<I1<k,

¢jy(s5) — djy(sj+1) = Yn—(j-1),

which is the desired solution of the (1;k + 25 — 2; 1)—point BVP.

Now, let z1(x) be the unique solution of the (1;k + 25 — 2;1)—point BVP satisfying
the (k + 2j — 2)-point conjugate boundary conditions (or the (k + 2j)-point conjugate

boundary conditions if m; > 1 and my > 1) at the points

tlaplatQaPQatl’n"'7tjax15- c oy TkyS1y--4385-1,491, 55, Sj4+1,



60

that is,

We have
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z1(t2) = 22, z1(p2) = 0,

z%iil)(:cl):yﬂ, 1<i<mq —1,

V@) =y, 1<i<my, 2<I<k-1,
Zgi_l)(zk):yih 1<i<my —1,

z1(s;) === 1 << j -2,

= =2 z(q) =0,

Cj—1

G (-2
) = 7=
cjz1(85) — djz1(Sj+1) = Yn—(j-1)-

11221(152) - b221(p2) = Y2, Cj7121(5j71) - dj7121(Q1) = Yn—(j-2)-

Define the set

Sy = {(u™ =V (z1), u™ V() | u is a solution of () satisfying

Clearly, (z; (x1), z%mk*l)(ack)) € Sy, and so S is a nonempty subset of R%. By
the same process as we did previously, we can show that S; = R?. Hence, (Yma1s Ymuk) €

aru(ty) — biu(pr) = y1, azu(tz) — bau(pz) = ya,
u(ty) =2, 3<i<j
o

() =y, 1 <i <my — 1,
W () =y, 1<i<my, 2<1<k—1,
Y () = yar, 1 < i <my, — 1,

_ Yn—(i-1)
(&)

u(s;) ,1<i<j—2,

cj—1u(sj—1) = dj—1u(q1) = Yn—(j-2), cju(s;) — dju(sjt) = Yn—(j-1}-

(m1-1)

S1, which implies that there is a solution y;(x) of (1)) such that

ary(t1) — bry(pr) = y1, azy(t2) — bay(p2) = yo,
y(t) = £,3<i<j,
@) =ya, 1<i<m, 1<I<F,
y(si) = == 1 <i < j -2,
cj—1y(sj—1) — dj—1y(q1) = Yn—(j—2)» ¢i¥(55) — djy(sj41) = Yn—(j—1);
which is the desired solution of the (2; k4 2j —4; 2)—point BVP. Continuing in the same
way, we obtain a unique solution of the (j; k; j)—point BVP, that is, a solution y(z) of

(@) such that at the points t1,...,t2;, &1,..., Tk, S1,. .., S2;, satisfies

aiy(tQi—l) - biy(tQi) = Yi, 1= 1325 "'aja
YO V(@) =ya, 1<i<my, 1<1<Ek,
ciy(s2i-1) — diy(52i) = Yn—(i=1), 1 =1,2,..., 7.

We restate Theorem in the terminology introduced in Introduction.

Corollary 3.2 Assume that k = n — 2j, solutions of the (j;n — 2j;j)—point BVP,
are unique. Then, for each 1 < k <n —2j, {{) is (j; k; j)—point uniquely solvable.
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