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Abstract: Suitable stabilization conditions obtained for continuous chaotic systems
are generalized, in this paper, to discrete-time chaotic systems. The proposed ap-
proach, leading to these conditions for complete synchronization, anti-synchronization
and hybrid synchronization phenomena studies, is based on the use of state feedback
and aggregation techniques for stability and stabilizability studies associated with
the Benrejeb arrow form matrix for system description. The results, easy to use, are
successfully applied for two identical 3D generalized Hénon maps.
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1 Introduction

Chaos synchronization has received a significant attention due to its potential applica-
tions [12, 27] in various fields, for instance, application to control theory, secure com-
munication, chemical reaction and encoding message [13, 24]. There exist many types
of synchronization, such as Complete Synchronization (CS) [27], Anti-Synchronization
(AS) [19], Hybrid Synchronization (HS) [21, 22], Phase Synchronization [29], Lag Syn-
chronization [30], Generalized Synchronization [31], Projective Synchronization [25] and
Q-S Synchronization [32].

Given the two following chaotic systems:
the master one:

xm(k + 1) = F (xm(k)), (1)
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the slave one:

ys(k + 1) = G(ys(k)), (2)

xm(k) = [xm1(k) . . . xmn(k)]T is the n-dimensional state vector of the master system
and ys(k) = [ys1(k) . . . ysn(k)]T is the n-dimensional state vector of the slave system.
F : Rn → Rn and G : Rn → Rn are vector functions in n-dimensional space. If the
following conditions are satisfied:

lim
k→∞

‖yi(k)− αixi(k)‖ = 0, ∀i = 1, . . . , n, (3)

then the complete synchronization is achieved when all the values of αi are equal to
1, the anti-synchronization when all αi are equal to -1 and the hybrid synchronization
[21,22] when some pairs of the state variables achieve (AS) and the other pairs of state
variables, simultaneously, achieve (CS).

In this paper, the proposed approach is based on establishing a new state feedback
stabilizing conditions for nonlinear discrete-time hierarchical systems, which constitute
an extension of previous results on synchronization studies of continuous chaotic pro-
cesses [17, 19]. This approach is based on the Borne and Gentina practical criterion
for stability study [7-9] (Appendix) associated with the Benrejeb arrow form matrix for
system description [3-6,10,11,16,18].

In fact, the main purpose in this work is to design an adaptive state feedback controller
guaranteeing the asymptotic stability followed by the complete synchronization, the anti-
synchronization and the hybrid synchronization of the nonlinear discrete-time error of
two identical hyperchaotic systems.

The paper is organized as follows. After a brief description of the third order general-
ized Hénon map in Section 2, sufficient conditions leading to conclude on the asymptotic
stability of dynamic nonlinear discrete-time processes characterized, in the state space,
by a thin arrow form matrix [11], are given in Section 3. In Section 4, the design of a
complete synchronous state feedback stabilizing controller of two identical Hénon maps
is proposed. The case of anti-synchronization of two identical Hénon maps is also con-
sidered in Section 5, and hybrid synchronization between two identical Hénon maps in
Section 6.

2 3D Generalized Hénon Map

In this section, two identical hyperchaotic discrete-time Hénon map master and slave
systems are described as follows [2, 15, 23, 26]:

the master one: 
xm1(k + 1) = µ− x2m2(k)− bxm3(k),

xm2(k + 1) = xm1(k),

xm3(k + 1) = xm2(k).

(4)

the slave one: 
xs1(k + 1) = µ− x2s2(k)− bxs3(k) + u1(k),

xs2(k + 1) = xs1(k) + u2(k),

xs3(k + 1) = xs2(k) + u3(k),

(5)
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xm(k) = [xm1(k) xm2(k) xm3(k)]T is the state vector of master system, xs(k) =
[xs1(k) xs2(k) xs3(k)]T is the state vector of slave system and u(k) = [u1(k) u2(k) u3(k)]T

the control vector to be designed later for achieving synchronization, anti-synchronization
or hybrid synchronization. The hyperchaotic attractor of system (4) characterized by:
b = 0.1 and µ = 1.76, with the initial values xm(0) = (1, 0.1, 0) [15], is shown in Figure
2.1.

Figure 2.1: Hyperchaotic attractor of system (4) in xm(k) hyperplane.

The simulation results of the two identical Hénon maps hyperchaotic systems, shown
in Figure 2.2, illustrate the systems (4) and (5) responses when the control is turned off
and for initial states xm(0) = (1, 0.1, 0), xs(0) = (−0.5, 0, 0.3)[15]. Then, the states are
not synchronized.

Figure 2.2: Responses of the master (—) and slave (−−) systems.

3 Sufficient Conditions of Asymptotic Stability of Error Dynamics for
Chaotic Discrete-time System

Let us consider the following error vector:

ei(k) = xsi(k)− αixmi(k), i = 1, 2, 3, αi ∈ {1,−1}, (6)

described in state space by:

e(k + 1) = A(k, x(k))e(k) +Bu(k). (7)
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When system (7) is stabilized by the feedback law u(k), the error converges to zero such
as:

lim
k→∞

‖ei(k)‖ = 0, i = 1, 2, 3. (8)

Then, systems (4) and (5) achieve (CS), (AS) or (HS) according to the values of {αi}.
To reach this goal, the control law u(k) is chosen such as [6,20]:

u(k) = −K(k, x(k))e(k), (9)

thus:
e(k + 1) = Aa(k, x(k))e(k) (10)

with
Aa(k, x(k)) = A(k, x(k))−BK(k, x(k)) (11)

and the Borne and Gentina criterion [7-9], associated with the particular canonical Ben-
rejeb arrow form matrix Aa(k, x(k)) [3-6,10,11,16,18], is used for the formulation of the
following theorem [6,16,18].

Theorem 3.1 The error process, described by (7) is stabilized by the control law
defined by (9), if the matrix Aa(k, x(k)), defined by (11), is in the arrow form such that:

i. the nonlinear elements are isolated in one row of the matrix Aa(k, x(k));

ii. the diagonal elements, aaii(k, x(k)), of the matrix Aa(k, x(k)) are such that:

1− |aaii
(k, x(k))| > 0, ∀i = 1, . . . , n− 1, (12)

iii. there exist ε > 0 such that:

1− |aann
(k, x(k))| −

n−1∑
i=1

(|aain
(k, x(k))aani

(k, x(k))| × (1− |aaii
(k, x(k))|)−1) > ε.

(13)

Proof The overvaluing system M(Aa(k, x(k))), associated with the vectorial norm
p(z(k)) is defined (Appendix), in this case, by the following equation

z(k + 1) = M(Aa(k, x(k)))z(k). (14)

The process, described by (7), is stabilized by the control law (9), if the matrix (I −
M(Aa(k, x(k)))) is an M matrix [28] or if, by application of the stability criterion of
Borne and Gentina [7-9], we have{

1− |aaii
(k, x(k))| > 0, ∀i = 1, . . . , n− 1,

det(I −M(Aa(k, x(k)))) > ε
(15)

The computation of the first member of the last inequality leads to the following expres-
sion

det(I −M(Aa(k, x(k)))) =

(1− |aann
(k, x(k))| −

n−1∑
i=1

(|aain
(k, x(k))aani

(k, x(k))| × (1− |aaii
(k, x(k))|)−1))

×
n−1∏
j=1

(1− |aaii
(k, x(k))|)

(16)

and achieves easily the proof of the theorem.
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4 Synchronization of Two Identical 3D Generalized Hénon Maps

In this section, we propose a systematic procedure to synchronize two identical third-
order generalized Hénon maps. This approach determines a control vector u(k) which
makes the slave system achieve synchronism with the master system [1,14].

4.1 Problem statement of synchronization of two identical Hénon maps

Let us consider the synchronization error between systems (4) and (5) described by

ei(k) = xsi(k)− xmi(k), ∀i = 1, 2, 3, (17)


e1(k + 1) = −(xs2(k) + xm2(k))e2(k)− 0.1e3(k) + u1(k),

e2(k + 1) = e1(k) + u2(k),

e3(k + 1) = e2(k) + u3(k),

(18)

or, in state space, by
e(k + 1) = As(x(k))e(k) +Bu(k) (19)

with

As(x(k)) =

[
0 −(xs2(k) + xm2(k)) −0.1
1 0 0
0 1 0

]
(20)

and
B = I3×3. (21)

Figure 4.1 shows the error states between systems (4) and (5) when the control is turned
off. It is obvious that the error grows chaotically with time.

Figure 4.1: Error dynamics for 3D generalized Hénon maps for deactivated controller.

4.2 Chaos synchronization via feedback control law

From the control theory viewpoint, the synchronization of system (18) is equivalent to
the stabilization of system (19) by the feedback control law u(k). To achieve this goal,
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let consider u(k) introduced in (9) such that:

K(x(k)) =

[
k11(x(k)) k12(x(k)) k13(x(k))
k21(x(k)) k22(x(k)) k23(x(k))
k31(x(k)) k32(x(k)) k33(x(k))

]
. (22)

Then, the error system becomes:

e(k + 1) = Asc(x(k))e(k) (23)

with
Asc(x(k)) = As(x(k))−BK(x(k)). (24)

Asc(x(k)) can be rewritten as

Asc(x(k)) =

[
−k11(x(k)) −(xs2(k) + xm2(k))− k12(x(k)) −0.1− k13(x(k))

1− k21(x(k)) −k22(x(k)) −k23(x(k))
−k31(x(k)) 1− k32(x(k)) −k33(x(k))

]
. (25)

A circular permutation on the components of state vector and the choice of correction
parameters k23 and k32 constant as follows{

1− k32 = 0,

k23 = 0,
(26)

make the matrix Asa(x(k)) in Benrejeb arrow form:

Asa(x(k)) =

 −k11(x(k)) −(xs2(k) + xm2(k))− k12(x(k)) −0.1− k13(x(k))
1− k21(x(k)) −k22(x(k)) 0
−k31(x(k)) 0 −k33(x(k))

 . (27)

The system characterized by (27) is asymptotically stable, if the control gains
kij(x(k)), i, j = 1, 2, 3, are chosen so that the following constraints are satisfied:

i. the nonlinear elements are isolated in one row of the matrix Asa(x(k));

ii. the diagonal elements of the matrix Asa(x(k)) are such that:{
1− |k33(x(k))| > 0,

1− |k22(x(k))| > 0,
(28)

iii. there exist ε > 0 such that:

1− |k11(x(k))| − |k31(x(k))(0.1 + k13(x(k)))|
1− |k33(x(k))|

−|(k12(x(k)) + xs2(k) + xm2(k))(1− k21(x(k)))|
1− |k22(x(k))|

> ε.

(29)

Then, instantaneous gains kij(x(k)), ∀i, j = 1, 2, 3, satisfying inequalities (28) and (29)
such as:

K(x(k)) =

[
0.05 0.5− xs2(k)− xm2(k) 0.1
0.5 0.5 0
0.2 1 0.8

]
(30)
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guaranty the synchronization, between systems (4) and (5), as shown in Figures 4.2 and
4.3.

Figure 4.2: Time responses of spatiotemporal chaos synchronization master (—) and slave
(−−) outputs.

Figure 4.3: Error dynamics of the the 3D generalized Hénon maps for activated controller.

Figure 4.3 shows that e1(k) converges to zero after 4 iterations and e2(k) and e3(k)
after 5 iterations.

5 Anti-synchronization of Two Identical 3D Generalized Hénon Maps

In this section, the objective is to design a controller such that the controlled third order
generalized Hénon map (5) is anti-synchronous with the third order generalized Hénon
map (4), i.e., to make the sum of the oscillating signals converge to zero, when k →∞.

5.1 Problem statement of anti-synchronization of two identical Hénon maps

Let us consider, in the present case, the error vector as

e(k + 1) = xsi(k) + xmi(k), ∀i = 1, 2, 3 (31)
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and the error system as
e1(k + 1) = −x2m2(k)− x2s2(k)− 0.1e3(k) + 3.52 + u1(k),

e2(k + 1) = e1(k) + u2(k),

e3(k + 1) = e2(k) + u3(k).

(32)

The previous equations (32) can be rewritten under the following matrix description

e(k + 1) = AAs(x(k))e(k) +Bu(k) + CAs(x(k)) (33)

with

AAs(x(k)) =

[
0 xs2(k)− xm2(k)) −0.1
1 0 0
0 1 0

]
(34)

and

CAs(x(k)) =

[
3.52− 2x2

s2(k)
0
0

]
, (35)

B = I3×3. Figure 5.1 shows the states error between systems (4) and (5) when the
control is turned off. It is obvious that the error grow chaotically with time.

Figure 5.1: Error dynamics of the 3D generalized Hénon maps for deactivated controller.

5.2 Anti-synchronization using state feedback control law

To achieve the property of anti-synchronization between the identical Hénon maps (4)
and (5) and by referring to the hypothesis mentioned in the theorem announced in Section
3, let us define the active control functions as follows:

ui(k) = −fi(x (k))−
3∑

j=1

kij(x(k))ej(k), ∀i = 1, 2, 3, (36)

u(k) = −

[
3.52− 2x2

s2(k)
0
0

]
−

[
k11(x(k)) k12(x(k)) k13(x(k))
k21(x(k)) k22(x(k)) k23(x(k))
k31(x(k)) k32(x(k)) k33(x(k))

]
e(k). (37)
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Hence, the error system (32) becomes:

e(k + 1) = AAsc(x(k))e(k) (38)

with
AAsc(x(k)) = AAs(x(k))−BK(x(k)). (39)

AAsc(x(k)) can be rewritten as

AAsc(x(k)) =

[
−k11(x(k)) xs2(k)− xm2(k)− k12(x(k)) −0.1− k13(x(k))

1− k21(x(k)) −k22(x(k)) −k23(x(k))
−k31(x(k)) 1− k32(x(k)) −k33(x(k))

]
. (40)

Proceeding as before, we make the appropriate choice of the instantaneous control gains
k23 and k32 as shown in equalities (26). Then, with the gains kij(x(k)), ∀i, j = 1, 2, 3,
satisfying inequalities (12) and (13) of the theorem announced in Section 3 such as

K(x(k)) =

[
0.05 0.5− xm2(k) + xs2(k) 0.1
0.5 0.5 0
0.2 1 0.8

]
(41)

the system (31) converges and hence, the anti-synchronization of (4) and (5) is realized
as shown in Figures 5.2, 5.3 and 5.4.

Figure 5.2: Time responses of spatiotemporal chaos anti-synchronization of master (—) and
slave (−−) outputs.

Figure 5.3: Error dynamics of the 3D generalized Hénon for activated controller.
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Figure 5.4: Hyperchaotic attractor of system (4)(o) and (5)(∗).

Figure 5.3 shows the time response of the anti-synchronization errors, one can ob-
serve that e1(k) e2(k) and e3(k) converges to zero respectively in 2, 4 and 11 itera-
tions. Figure 5.4 depicts the projection of the anti-synchronized attractors onto the
xmi(k) and xsi(k), ∀ i = 1, 2, 3 hyperplane, where the state vectors of the master and
slave systems evolve in the opposite directions.

6 Hybrid Synchronization of Two Identical 3D Generalized Hénon Maps

In this section, we focus on the problem of hybrid synchronization process of two identical
chaotic Hénon maps.

6.1 Problem statement of hybrid synchronization of two identical Hénon
maps

The error vector defined as
e1(k + 1) = xs1(k)− xm1(k),

e2(k + 1) = xs2(k) + xm2(k),

e3(k + 1) = xs3(k)− xm3(k),

(42)

leads to the following error system
e1(k + 1) = (xm2(k)− xs2(k))e2(k)− 0.1e3(k) + u1(k),

e2(k + 1) = e1(k) + 2xm1(k) + u2(k),

e3(k + 1) = e2(k)− 2xm2(k) + u3(k),

(43)

The previous equations (43) can be rewritten under the following matrix form

e(k + 1) = AHs(x(k))e(k) +Bu(k) + CHs(x(k)) (44)

with

AHs(x(k)) =

[
0 xm2(k)− xs2(k) −0.1
1 0 0
0 1 0

]
, CHs(x(k)) =

[
0

2xm1(k)
−2xm2(k)

]
, (45)
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B = I3×3. Figure 6.1 shows the error dynamics when the control is turned off. One can
observe that errors grow chaotically with time.

Figure 6.1: Error dynamics of the 3D generalized Hénon maps for deactivated controller.

6.2 Hybrid synchronization via state feedback control law

We seek, as before, for an error system stabilizing control law:

ui(k) = −f ′i(x (k))−
3∑

j=1

kij(x(k))ej(k), ∀i = 1, 2, 3, (46)

u(k) = −

[
0

2xm1(k)
−2xm2(k)

]
−

[
k11(x(k)) k12(x(k)) k13(x(k))
k21(x(k)) k22(x(k)) k23(x(k))
k31(x(k)) k32(x(k)) k33(x(k))

]
e(k). (47)

It cames to the following error dynamical system

e(k + 1) = AHsc(x(k))e(k) (48)

with:
AHsc(x(k)) = AHs(x(k))−BK(x(k)). (49)

AHsc(x(k)) can be rewritten as

AHsc(x(k)) =

[
−k11(x(k)) xm2(k)− xs2(k)− k12(x(k)) −0.1− k13(x(k))

1− k21(x(k)) −k22(x(k)) −k23(x(k))
−k31(x(k)) 1− k32(x(k)) −k33(x(k))

]
. (50)

These feedback laws stabilize system (43). e1(k), e2(k) and e3(k) converging to zero
as time tends to infinity, imply that the hybrid synchronization of the two identical
Hénon map systems (4) and (5) is obtained. To achieve this goal, the instantaneous gain
matrix kij(x(k)), ∀i, j = 1, 2, 3, have to satisfy equalities (26) for system description and
inequalities (12) and (13) of the theorem announced in Section 3 for stability study such
as

K(x(k)) =

[
0.05 0.5 + xm2(k)− xs2(k) 0.1
0.5 0.5 0
0.2 1 0.8

]
. (51)
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The guaranteed hybrid synchronization is shown in Figures 6.2 and 6.3.

Figure 6.2: Time responses of spatiotemporal chaos hybrid synchronization master (—) and
slave (−−) outputs.

Figure 6.3: Error dynamics of the 3D generalized Hénon map for activated controller.

One can observe, in Figure 6.3 that e1(k), e2(k) and e3(k) converge to zero respec-
tively after 4, 6 and 5 iterations.

7 Conclusion

Stability and stabilisability analysis of discrete-time chaotic systems approaches leading
to suitable stabilization conditions is proposed, in this paper, for synchronization studies
using the practical stability criterion of Borne and Gentina associated with the particular
matrix description, namely the Benrejeb arrow form matrix. Numerical simulations
illustrate the efficiency of above stabilization conditions for synchronization studies of
two identical Hénon maps. Obtained results can be applied to secure communication
and message encoding.
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8 Appendix

Borne-Gentina practical stability criterion [7-9] :
Let us consider the nonlinear discrete-time system described in the state space by

x(k + 1) = A(k, x(k))x(k), (52)

where A(k, x(k)) is a n × n matrix, A(k, x(k)) = {aij(k, x(k))} and x(k) =
[x1(k) . . . xn(k)]T ∈ Rn is the state vector. Consider the overvaluing matrix
M(A(k, x(k))), associated with the vectorial norm p(z(k)) = [|z1(k)| . . . |zn(k)|]T ,
z(k) = [z1(k) . . . zn(k)]T , such that

M(A(k, x(k))) : {a∗ij(k, x(k)) = |aij(k, x(k))|, ∀i, j = 1, . . . , n}. (53)

If non-constant elements are isolated in only one row of the overvaluing matrix
M(A(k, x(k))), asymptotic stability is ensured if all the successive principal minors of
the matrix (I −M(A(k, x(k)))) are positive.
Thus, the stability conditions of the initial system (53) are the following

1− a∗11 ≥ ε > 0,
∣∣∣ 1− a∗11 −a∗12

−a∗21 1− a∗22

∣∣∣ ≥ ε > 0, . . . , (54)

∣∣∣∣∣∣∣
1− a∗11 −a∗12 . . . −a∗1n
−a∗21 1− a∗22 . . . −a∗2n

...
...

...
...

−a∗n1 −a∗n2 . . . 1− a∗nn

∣∣∣∣∣∣∣ ≥ ε > 0 ∀(k, x(k)).
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à l´analyse des processus. RAIRO Aut./Sys. Analysis and Control 16 (2) (1982) 133–146.

[5] Benrejeb, M., Gasmi, M. and Borne, P., New Stability Conditions for TS Fuzzy Continuous
Nonlinear Models.Nonlinear Dynamics and Systems Theory 5 (4) (2005) 369–379.

[6] Benrejeb, M. and Hammami, S., New approach of stabilization of nonlinear continuous
monovariable processes characterized by an arrow form matrix. In: First International
Conference, Systems Engineering Design and Applications, SENDA. Monastir, 2008.

[7] Borne, P., Gentina, J.C. and Laurent, F., Sur la stabilité des systèmes échantillonnés non
linéaires. RAIRO Revue Jaune, AFCET (J2) (Mai 1972) 96–105.

[8] Borne, P., Gentina, J.C. and Laurent, F., Stability study of large scale non linear discrete
systems by use of vector norms. In: IFAC Symposium on Large Scale Systems Theory and
Applications. Udine, 1976, 187–193.

[9] Borne, P., Non linear systems stability: vector norm approach. Systems and Control Ency-
clopedia, Pergamon Press (T.5)(1987) 3402–3406.



94 R.L. FILALI, S. HAMMAMI, M. BENREJEB AND P. BORNE

[10] Borne, P., Vanheeghe, P. and Duflos, E., Automatisation des processus dans l´espace d´état.
Ed. Technip, Paris, 2007.

[11] Borne, P. and Benrejeb, M., On the representation and the stability study of large scale
systems. International Journal of Computers Communications and Control 3 (5) (2008)
55–66.

[12] Carroll, T.L. and Pecora, L.M., Synchronizing chaotic circuits. IEEE Trans. on Circuits
and Syst. 38 (4) (1991) 453–456.

[13] Chen, G. and Dong, X., From Chaos to Order: Methodologies, Perspectives and Applica-
tions. World Scientific on Nonlinear Science, Singapore, 1998.

[14] Cruz-Hernández, C., Synchronization of Time-Delay Chua’s Oscillator with Application to
Secure Communication. Nonlinear Dynamics and Systems Theory 4 (1) (2004) 1–13.

[15] Grassi, G. and Miller, D.A., Theory and experimental realization of observer-based discrete-
time hyperchaos synchronization. IEEE Transactions on CAS-I 49 (3) (2002) 373–378.

[16] Hammami, S., Benrejeb, M. and Borne, P., New nonlinear output feedback controller for
stabilizing the Colpitts oscillator. International Journal on Sciences and Techniques of
Automatic control and computer engineering, IJ-STA 3 (2) (2009) 996–1011.

[17] Hammami, S., Ben Saad, K. and Benrejeb, M., On the synchronization of identical and
non-identical 4 − D chaotic systems using arrow form matrix. Chaos, Solitons & Fractals
42 (1) (2009) 101–112.

[18] Hammami, S., Benrejeb, M. and Borne, P., On nonlinear continuous systems stabilization
using arrow form matrices. International REview of Automatic COntrol, IREACO 3 (2)
(2010) 106–114.

[19] Hammami, S., Benrejeb, M., Feki, M. and Borne, P., Feedback control design for Rössler
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