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PERSONAGE IN SCIENCE

Professor Constantin Corduneanu

to the 84th Birthday Anniversary

A.Yu. Aleksandrov!, A.A. Martynyuk 2*, N.H. Pavel?, and S.N. Vassilyev *

1 St. Petersburg State University, Universitetskij Pr. 35, Petrodvorets, St. Petersburg,
198504, Russia
2 Institute of Mechanics National Academy of Science of Ukraine,
Nesterov Str. 3, Kiev, 03057, Ukraine
3 Ohio University, Department of Mathematics, Athens, Ohio, 45701, USA
4 V.A. Trapeznikov Institute of Control Sciences of Russian Academy of Sciences,
Profsoyuznaya Str. 65, Moscow, 117997, Russia

The paper contains the biographical sketch and reviews scientific achievements of Con-
stantin Corduneanu, the outstanding researcher in Oscillations, Stability and Control
Theory of the 20th century.

1 Brief Outline of C. Corduneanu’s Life

Constantin Corduneanu was born on July 26th, 1928, in the City of Iasi, Province of
Moldova, Romania, from the parents Costache and Aglaia Corduneanu. At that time,
his parents were teachers in the village of Potangeni, Movileni commune in the District
of Tasi.

At the age of 12, in 1940, he had to move to the City of lasi for getting his secondary
education. He decided to participate in the fierce competition for a place at the Military
Lyceum of Iasi, and he was admitted there, as the 10th, from a number of 400 competitors.
Four years later, in 1944, when the capacity exam had to be taken for promotion to the
second stage of the secondary education, he was classified the 1st among his peers, with
special mention for good answers in Mathematics. In 1945 he was transferred from office
to the Nicolae Filipescu National Military College in Predeal (in the Carpathian Mts).
There he finished his secondary education in 1947.

C. Corduneanu participated in what is nowadays called ”Mathematical Olympiad”,
in the years 1946 and 1947, winning a prize in each case, the first in 1947. That success
convinced him to become a mathematician, and in the Fall of 1947 he registered as a
student at the Faculty of Science, Division Mathematics, with the University of Tasi.

* Corresponding author: mailto:center@inmech.kiev.ua
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His association with the University of Iasi had lasted until the year 1977, period in
which he held positions of Assistant, Lecturer, Associate Professor, Professor, Dean of
Mathematics, Vice-Rector for Research and Graduate Studies, as well as some research
positions with the Mathematical Institute of the Romanian Academy. C. Corduneanu
also served, on different occasions, at the Iasi Polytechnic Institute and for three years at
the newly created institution which is known today as the University of Suceava (where
he also served as Rector during the period 1966-1967).

In 1977, C. Corduneanu decided to expatriate from Romania, and to reside in the
United States of America. In January 1978, after teaching some courses at the Interna-
tional Centre for Theoretical Physics (UNESCO) in Trieste, Italy, he came from Italy
to the USA, teaching the Spring Semester of 1978 at the University of Rhode Island,
which he had visited before for two academic years and where he was familiar with the
place and colleagues. Next academic year, 1978-1979, he was a Visiting Professor at the
University of Tennessee in Knoxville. Meantime, the University of Texas at Arlington
created a new professorial position, which C. Corduneanu occupied by competition in
the Fall of 1979. Ever since, he has been associated with this school, currently holding
the title of Emeritus Professor of Mathematics (retired in September 1996, after 47 years
in higher education in Romania and the USA).

Besides his usual duties as a Professor, C. Corduneanu had many other activities, such
as participating in various national or international conferences (more than 100), paying
short visits and talking about his research work in over 60 universities or institutes, in all
continents with the exception of Australia, and in over 20 countries (including Russia,
Ukraine, Germany, England, France, Italy, China, Japan, Hungary, Poland, Portugal and
Chile). He has published during the last 60 years about 200 research papers, including
6 books in a total of 15 editions (Romanian Academy, Academic Press in NY, Springer
Verlag, Cambridge University Press, the Taylor and Francis Publishing House in London,
John Wiley & Sons in NY, Allyn & Bacon in Boston). He has organized and participated
in several conferences, in Romania and in the USA, including the Centennial Volterra
Conference on Integral Equations and Applications, 1996, at the University of Texas at
Arlington, attended by specialists from many countries.

During the last 45 years, he has been associated with at least 10 mathematical journals
from Romania, the USA, South Korea, Israel and Ukraine.

2 Basic Trends of His Scientific Work

2.1 Global Problems in the Theory of Ordinary Differential Equations

This type of problems kept his attention at the beginning of his career, including the
doctoral thesis defended in 1956 at the University of Iasi, the committee being composed
by Academicians Miron Nicolescu, at that time president of the Romanian Academy,
Grigore Moisil and Nicolae Teodorescu from Bucharest, a former student of J. Hadamard
at Sorbonne. C. Corduneanu continued research work in this field for several years,
studying global existence, stability problems, oscillation theory, with special regard to
the almost periodic behavior of solutions to various classes of nonlinear equations.
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2.2 Qualitative Theory of Differential Equations, with Special Regard to
Stability Theory

The work in this category is mainly directed to ordinary differential equations and equa-
tions with causal operators. In [11], he has made one of the first steps in applying
the so-called comparison method, and proving in a single theorem all basic results on
Liapunov stability, based on using simultaneously the Chaplyguine-Wazewski approach
to differential inequalities, and the Liapunov’s function in general form. This method
has been widely applied by the School of Academician V.M. Matrosov, Russia; and in
Ukraine by Academician A.A. Martynyuk and his followers. The result published in [11],
has been included in several monographs and treatises, by authors like V. Lakshmikan-
tham and S. Leela, W. Hahn, T. Yoshizawa, A. Halanay, G. Sansone and R. Conti and
others.

2.3 Theory of Integral Equations

In this domain he has contributed to generalizing the method due to Massera and Schaf-
fer, from differential equations to integral equations. The book [J] contains the basic
results he had obtained until 1987, which became one of most often quoted references
in the literature. Also, the book [E] contains qualitative results with application to the
stability of systems of automatic control.

2.4 Equations with Causal Operators

This category is aimed at presenting, as much as possible, a unified theory of equa-
tions with causal operators (according to Volterra—Tonelli-Tychonoff), that can cover
the classical types of ordinary differential equations, equations with delay, integrodiffer-
ential equations with Volterra type integral, some discrete equations of evolution. In
this regard he has published the book [K] covering research conducted by his group of
students, as well as his own or joint projects (Mehran Mahdavi from Tehran and Yizeng
Li from Shanghai). A second volume dedicated to this type of equations and their con-
nection with the classical types of equations is now in preparation.

2.5 Fourier Analysis (Generalized)

For over a half century, a vide range of problems have been investigated in this field.
The books [A], [B], [I] and [M] are concerned with this subject. The papers [47]-[49] are
dealing with recent developments in this field.

3 Teaching Activities

Aug 1996 — Present Emeritus Professor, University of Texas at Arlington;
1979 — 1996 Professor, University of Texas at Arlington;
1978 - 1979 Visiting Professor, University of Tennessee;
Spring 1978 Visiting Professor, University of Rhode Island;

1968 — 1977 Professor, University of Iasi;

1973 - 1974 Visiting Professor, University of Rhode Island;
1967 — 1968 Visiting Professor, University of Rhode Island;
1962 — 1967 Associate Professor, University of Iasi;

1955 — 1962 Lecturer, University of Iasi;
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1950 — 1955 Assistant, University of Iasi;
1949 - 1950 Teaching Assistant, University of Iasi.

4 Administrative

1998 — Present Emeritus President, American Romanian Academy;

1995 — 1998 President, American Romanian Academy of Arts & Sciences;

1982 — 1995 Counselor and member of the Executive Committee, American
Romanian Academy of Arts and Sciences;

1972 — 1977 Vice Rector, University of Tasi, 1972-1977 (on leave, 1973-1974).
In charge of research and graduate studies;

1968 — 1972 Dean of the Mathematics Faculty, University of Iasi;

1966 — 1967 Rector (President) of the Teachers Training College in Suceava
(today the Stefan cel Mare University of Suceava);

1964 — 1967 Head (Chairman) of the Mathematical Division at the Teachers

Training College in Suceava.

5 Memberships

American Mathematical Society, Society for Industrial and Applied Mathematics, Math-
ematical Association of America, American Romanian Academy of Arts and Sciences,
Romanian Academy (Bucharest), Phi Beta Delta (International Scholars), International
Federation of Nonlinear Analysts.

6 Editorial Activity

Editor:
1981 - Present Libertas Mathematica, the Mathematical Journal of the American
Romanian Academy of Arts and Sciences.

Associate Editor:

2001 — Present Nonlinear Dynamics and Systems Theory (Kiev, Ukraine);
2001 — Present Nonlinear Functional Analysis and Applications (Korea);
1996 — Present Annals of Ovidius Univ. (Constantza, Romania);

1995 — Present Functional Differential Equations (Israel);

1994 — Present Communications on Applied Nonlinear Analysis (U.S.A.);
1979 — 1995 Journal of Integral Equations and Applications (U.S.A.);

1988 — 1992 Differential and Integral Equation (U.S.A.);
1977 — 1985 Nonlinear Analysis - Theory, Methods and Applications (U.K.);
1973 - 1978 Revue Roumaine de Math. Pures Appl. (Romania);

1969 — 1977 and 1996 — Present Analele Stiintifice Univ. Iasi (Romania);
1967 — 1975 Mathematical Systems Theory (Germany).
7 Awards
2010 Honorary Doctor, University of Ekaterinburg, Russia;
2003 Doctor Honoris Causa, Stefan cel Mare Univ., Suceava, Romania;

2003 Best Paper Award, CASYS’03, Liege, Belgium;
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2002 ”V. Pogor” Prize of the Municipality of Iasi;

2001 Medal of Merit in Mathematics from the Union of Czech Mathematicians;

1999 Doctor Honoris Causa, Transylvania University, Brasov, Romania;

1994 Doctor Honoris Causa, University of Iasi, Romania;

1994 Doctor Honoris Causa, Ovidius University, Constantza, Romania;

1991 Distinguished Research Award, University of Texas at Arlington;

1974 Elected Correspondent Member of the Romanian Academy of Sciences in
Bucharest, Division of Mathematical Sciences;

1963 The Research Award of the Romanian Academy of Sciences, for research
work in ”Stability Theory of Automatic Control Systems”;

1961 The Research Award of the Department of Education in Bucharest, for

research conducted in connection with ”Comparison Method in Stability Theory”.

8 Invited Lectures (Colloquium Programs, Exchange Programs)

1. Belgium: The University of Louvain (1971, 1976).

2. Canada: The University of Montreal (1973); McGill University (1987); Montreal
Polytechnic (1989); University of Victoria (1993); Univ. of Waterloo (1994).

3. Czechoslovakia: The Mathematical Institutes of the Academies of Sciences, and
the Universities in Prague, Brunno and Bratislava (1962, 1966, 1971).

4. Morocco: The University of Marrakech (1994, 1995).

5. United Kingdom: The Universities of Warwick, Durham and Sussex (1971, 1973);
The University of Wales (1989); The University of Dundee (1992); Univ. of Strathclyde
(1994).

6. Italy: The Universities in Milano, Florence, Perugia, Naples, and Politecnico in
Torino (1965-1993).

7. Japan: Okayama University of Science (2004).

8. West Germany: Technical University in Aachen (1986).

9. Chile: The University of Osorno (2002).

10. U.S.A.: Arizona State, Brown, Case Western Reserve, Cornell, Drexel, Florida
State, Southern Methodist, Texas Christian, and Wichita State Universities; the Univer-
sities of Rhode Island, Florida at Gainesville, Georgia at Athens, Colorado at Boulder,
Colorado at Colorado Springs, Tennessee at Knoxville, Maryland at College Park, South
Florida, Arizona at Tucson, Southern California, Wisconsin at Madison, Texas at Ar-
lington, Dallas at Irving, New Mexico at Albuquerque, California at Los Angeles, Utah
at Salt Lake City, Miami at Coral Gables; Bishop College in Dallas, Pomona Colleges,
Rensselaer Polytechnic Institute, Georgia Institute of Technology, Virginia Polytechnic
Institute and State University; Ohio University, University of Pittsburg, University of
Houston (Downtown); Howard University, Washington, D. C.; Virginia State University,
Petersburg (1968 — Present).

9 List of Monographs and Books by C. Corduneanu

[A] Functii aproape periodice. Editura Academiei, Bucharest, 1961.

[B] Almost Periodic Functions. John Wiley & Sons, New York, 1968 (translation of [A],
enlarged: with N. Gheorghiu and V. Barbu).

[C] Principles of Differential and Integral Equations. Allyn & Bacon, Inc., Boston, 1971.

[D] Differential and Integral Equations. Univ. of Iasi Press, 1971. [Romanian]
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[E] Integral Equations and Stability of Feedback Systems. Academic Press, Inc., New York,
1973.

[F] Differential and Integral Equations. Univ. of lasi Press, 1977. (with an Appendix by N.
Pavel). [Romanian]

[G] Principles of Differential and Integral Equations. 2nd Ed., Chelsea Publ. Co., The
Bronx, New York, 1977.

[H] Principles of Differential and Integral Equations. Stereotype edition of [G]. (This edition
is currently distributed by the American Math. Society and Oxford Univ. Press).

[I] Almost Periodic Functions. Chelsea Publ. Co., The Bronx, New York, 1989. The second
English Edition, enlarged. This edition is currently distributed by the American Math. Society
and Oxford Univ. Press.

[J] Integral Equations and Applications. Cambridge Univ. Press, 1991.

[K] Functional Equations with Causal Operators. Taylor and Francis, London, 2002; (Kindle
edition, 2007, distributed by amazon.com).

[L] Integral Equations and Applications. A paperback edition at Cambridge University Press,
2008.

[M] Almost Periodic Oscillations and Waves. Springer Verlag, 2009.

[N] Special Topics in Functional Equations. (In preparation; jointly with Y. Li and M.
Mahdavi).

10 List of Corduneanu’s Selected Papers

[1] Approximation and stability of solutions of hyperbolic equations with characteristic data.
Comm. Acad R.P.R. V (1955) 21-26. [Romanian]

[2] On a boundary value problem for second order nonlinear differential equations. Analele
Stiintifice Univ. Iasi, N.S. 1 (1955) 11-16. [Romanian]

[3] Differential systems with bounded solutions. Comptes Rendus Acad. Sci. Paris 245
(1957) 21-24. [French)]

[4] Differential equations in Banach spaces; Theorems of existence and continuability. Ren-
diconti Accad. Naz. Lincei XXIII (1957) 226-230. [Italian]

[5] On the existence of bounded solutions for nonlinear differential systems. Annales Polonici
Math. 'V (1958) 103-106. [French]

[6] On conditional stability under constantly acting disturbances. Acta Scientiarum Math.
Szeged XIX (1958) 229-237. [French]

[7] On boundary value problems for differential systems. Rendiconti Mat. Napoli XXV
(1958) 98-106 [Italian]

[8] On asymptotic stability. I. Analele Stiintifice Univ. Iasi V (1959) 37-40. [French]

[9] On asymptotic stability. II. Revue Roumaine Math. V (1960) 209-213. [French]

[10] On the existence of bounded solutions to some classes of nonlinear differential systems.
Doklady Akad. Nauk SSSR 131 (1960) 735-737. [Russian]
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1 Introduction

Motivated by a recent paper by B. G. Pachpatte [I8], our purpose is to obtain time scales
versions of some Ostrowski and Griiss type inequalities including three functions, whose
second derivatives are bounded. In detail, we will prove time scales analogues of the
following three theorems presented in [18].

Theorem 1.1 [See [I8, Theorem 1]] Let f,g,h : [a,b] — R be twice differentiable
functions on (a,b) such that f”,¢" ,h" : (a,b) = R are bounded, i.e.,

1Nl = S [F"@® < oo, "l <00, [[A"]l < oo
€(a,

Moreover, let

b b b
Alf,g,h] := gh/ f(s)ds+fh/ g(s)dSJrfg/ h(s)ds
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and

B(f,g.h] = lghl | "l + [/l 9"l + [fal 1A -
Then, for allt € [a,b], we have

FOAO0) ~ 5 ALt 3 (1= 52 (a0

g%{(t“?) +(b;2a) }B[f,g,h](t)-

Theorem 1.2 [See [I8, Theorem 2]] In addition to the notation and assumptions of
Theorem [I1], let

f(a) ;L f(b) N fhg(a) + g(b)

L(f,g,h] = gh 5

Then, for all t € [a,b], we have

FO9OME) = g7 Al 9.0 = 5 (1= 52 (b () + GLIF.0.810)

< B0 [ e (s - 10 as

where p(t,s) =s —a fora<s <t andp(t,s) =s—0b fort <s<hb.

Theorem 1.3 [See [I8, Theorem 3]] In addition to the notation and assumptions of
Theorem [I1, let

R T = N

Then, for all t € [a,b], we have

FO9OM0) = g Al 010 ~ 5 (1= “52 ) Mlf..810)

b b
SWB[f’g’h](t)/a /a Ip(t, 7)p(T, s)| dsdr,

where p is defined as in Theorem [L.2.

Our time scales versions of Theorems will contain Theorems[[.THI. 3| as special
cases when the time scale is equal to the set of all real numbers, and they will yield
new discrete inequalities when the time scale is equal to the set of all integer numbers.
Special cases of our results are contained in [2H5L[12L[T5,[20] for the general time scales
case, in [HIOLI6] for the continuous case and in [IL[I7] for the discrete case. One can also
use our results for any other arbitrary time scale to obtain new inequalities, e.g., for the
quantum case. For further recent results on time scales calculus published in Nonlinear
Dynamics and Systems Theory, we refer to [111[13,[14]19].

The set up of this paper is as follows. In the next section, we give some necessary
details of the time scales calculus. Section [ contains some auxiliary results as well as
the assumptions and notation used in this paper. Finally, in Sections @HE, we prove time
scales analogues of Theorems [[IJHI.3l Each result is followed by several examples and
remarks. We would like to point out here that our results are new also for the discrete
case.
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2 Preliminaries

Now we briefly introduce some necessary time scales elements and refer the reader to the
books [6[7] for further details.

Definition 2.1 A time scale T is a nonempty closed subset of R. The mappings
o,p: T — T defined by o(t) = inf{s€T:s>t} and p(t) = sup{se€T:s <t} are
called the forward and backward jump operators, respectively. A point ¢t € T is said to
be right-dense, right-scattered, left-dense, and left-scattered provided o(t) = t, o(t) > t,
p(t) =t, and p(t) < t, respectively. The set T* is defined to be equal to the set T without
its left-scattered maximum (if it exists). A function f : T — R is called rd-continuous and
we write f € C,q(T,R) if it is continuous at all right-dense points and its left-sided limits
exist and are finite at all left-dense points, and f is called delta differentiable at t € T",
with delta derivative f>(t) € R, provided given € > 0, there exists a neighborhood U of
t such that

|f(o(t) — f(s) — A [ot) — s]| <elo(t)—s| forall seU.
If f is differentiable such that f* is rd-continuous, then we write f € C1 (T, R). The set

C2,(T,R) is defined similarly. A function F' : T — R is called a delta antiderivative of
f:T = Rif FA(t) = f(t) holds for all t € T*. Then the delta integral of f is defined by

b
/ f@)At = F(b) — F(a), where a,beT.
Example 2.1 If T =R, then o(t) =t and f2(¢) = f'(t) for all t € R and

b b
/ f(t)At :/ f®)dt for all a,be€ R,

and if T = Z, then o(t) =t + 1 and f2(t) = f(t + 1) — f(¢) for all t € Z and

n n—1
/ f(t)At:Zf(t) for all n €N.
0

t=0

Some results about integrals, that will be used in this paper, are contained in [6],
Section 1.4] and collected as follows.

Theorem 2.1 If a function is rd-continuous, then it possesses a delta antiderivative.
For f,g € Cia([a,b],R) and a,b,c € T, we have

/ L) + a(0) At = / Cpwart / g
[ rwar=- [ swa
/ far = / IO / fwa,

[ o< [Coia
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and, if additionally f,g € CLi([a,b],R),

/ Fo®)g>B)At = f()a(b) — f(a)ga) — / 2 (Bt At

We also need the time scales monomials (see [6, Section 1.6]) defined as follows.

Definition 2.2 Define for all t,s € T
t t
g2(t, 8) ::/ (o(1) —s)AT, ha(t,s) := / (1 —s)Ar,

93(t, s) ::/ g2(o(7),s)AT, hs(t,s) ::/ ha(7,s)AT.

It is known that ga(t, s), g3(t, $), ha(t, s), hs(t, s) are nonnegative for ¢ > s and that
g2(t, s) = ha(s,t) and gs(t,s) = —hs(s,t). Moreover, the following formulas are used in
this paper.

Lemma 2.1 The time scales monomials satisfy the following formulas:

92(t,a) — g2(t,b) = g2(b, a) + (¢t — b)(b — a), (1)
92(aa b) + gQ(b’ a) = (b - a)Q’ (2)
g3(t,a) — g3(t,b) = g3(b,a) + (t — b)ga2(b,a) + (b — a)g2(t, b). (3)

Proof. The function F' defined by F(t) := ga(t,a) — g2(t,b) — ga(b,a) — (t —b)(b—a)
satisfies FA(t) = o(t) —a — (o(t) —b) — (b —a) = 0 and F(b) = 0. Hence F = 0
and so () holds. Next, (@) follows by 1ett1ng t = a in (). Moreover, the function G
defined by G(t) := gs(t,a) — g3(t,b) — gs(b,a) — (t — b)ga(b,a) — (b — a)gg(t b) satlsﬁes
GA (1) = g2(0(0),a) — g2 (0(2), B)— ga(b, @) — (b— a)((£) — b) = F(o(t)) = 0 and G(b) =
Hence G = 0 and so (@) holds.

3 Auxiliary Results and Assumptions

Throughout this paper we assume that T is a time scale and that a,b € T such that
a < b. Moreover, when writing [a, b], we mean the time scales interval [a,b] N T. The
following two Montgomery-type results are used in the proofs of our three main results.

Theorem 3.1 Suppose f € Cl (T,R). Let t € [a,b] and u1,us € Cly(T,R). If

w(o(s)) = {ul(a(s)) for a<s<t, (4)

us(o(s)) for t<s<hb,

then
b
[ ulooD s = ) - ual) £0) - n(@)f(@) + walb) )
‘ : b ()
- / uB () f(s)As — / w2 (s) f(5)As.
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Proof. We use Theorem 2.1l to split the integral into two parts, each of which is
evaluated by applying the integration of parts formula, i.e.,

/ o (5)) 72 (5) s = / (o) A () + / ()5 (5) s
= u(®F0) ~w@io) - | B (5)F(5)As
+ua®)f0) ~ua(0)f6) - [ "2 ()£ (),
from which (&) follows.

Theorem 3.2 Suppose f € C%(T,R). Let t € [a,b] and u;,v; € CL (T, R) be such
that u?(s) = v;(0(s)) for all s € [a,b], where i € {1,2}. If u satisfies (), then

b
/ w(o () FA5 () A = (s (1) — ua(8)) F2 (1) — (or(8) — va() (1)
— un(@)F2(a) + v (a)£(a) + ua(B)FA () — v (D)) (6)
t b
4 / oB()f(s)As + / o (s)f(s)As.

Proof. Using (B) with f2 replaced by f2 and subsequently applying integration
by parts twice, we obtain

b
/ u(o () 22 (5)As = (ur(t) — uz(t) f2(t) — ur(a) f2(a) + uz(b) 2 (b)
‘ t b
- [ up@rrmas— [ rieas
= (w1 (t) — uz(t)) f2(8) — ur(a) f2 (@) + uz(b) f2 (D)
t b
- [ nlenrA@as = [ o)A oas
= (ur(t) = uz () f2(t) — ur(a) f(a) + ua(b) f2 (b)
{nor0 - @@ - [ @eseas)
b
- {Uz(b)f(b) — va(t) f(t) */t UQA(S)f(S)AS},
from which (@) follows.
Assumption (H) For the remaining three sections of this paper, we assume that T is
a time scale and that a,b € T such that a < b. We assume that f,g,h € C%(T,R) are
such that

538 i= s [£280] <o0. 03] <o, B3 < (7
€(a,
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and define

b b b
Alf,g,h] = gh/ f(s)As—i—fh/ g(s)As +fg/ h(s)As,

B[f.g,h] == |ghl || 22| + 1fRl g2 || + 1£gl [[R22] -
C[f. g, h] := ghf® + fhg™ + fgh®,

DIf.g.h] = (/ )(/ (s As> (/abf(s)h(s)As> (/abg@ms)
(o))

L[f.g,h] :== ghg2(b’ a)f(a) 4+ ha(b,a)f(b) +fhgg(b,a)g(a) + ha(b,a)g(b)
'y Y . (b _ a)? (b — a)2
i fggz(b, a)h(a) + ha(b,a)h(b)
(b—a)? ’
M(f,g,h] = ghw + fhw + fgw_

4 Time Scales Version of Theorem [I.1]

Theorem 4.1 Assume (H). Then, for all t € [a,b], we have

£09OM ~ g Al 0 - 3 (1= 0+ 2ED ) Clpg.0)

R R LG

<

Wl

and

1
[ ot Sl

—3(b1a)/ab(t—b+ 200 it gm0 ar

b
< ﬁ/ (h2(b,t)+ (t—b)gz(}Z) + 92(6,2)) B[f, g, h](t)AL.  (9)

Proof. Fix t € [a,b] and define u by ), where
ui(s) = ga2(s,a), wu2(s) = ha(b,s).
With the notation as in Theorem .2 using Definition 2.2, we have
vi(s)=s—a, vy(s)=s—b, v(s)=0vd(s)=1

and u(a) = vi(a) = uz(b) = v2(b) = 0. Moreover, we have

wi(t) — us@®) T (£ = b)Y — a) + ga(bya), v1(t) — valt) = b—a.
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By (@), we therefore obtain
b
/ u(o(s)) 22 (s)As = ((t —b)(b — a) + g2(b,a) f2(t) — (b—a)f / f(s

and thus

=5 [ ress s (-0 200) ) - L Cuenr s 10

Similarly, we get

o)== [ owast (1-0r 2ED) 20 - o [utonetSeas

—Qa

IR b 1P

h(t) = / h(s)As+ [t —b+ g2(b,a) A (t) — —— / u(o ()R> (s)As. (12)
b—a /, b b—a /,

Multiplying (IQ), (1) and @A) by g(t)h(t), f(t)h(t) and f(t)g(t), respectively, adding

the resulting identities and dividing by three, we have

FO9ORO - g Al 1)~ 5 (1= 0+ 20 cpp g0

a)

(=l u(o() Bl g, Mt 5)As, (13)
where
BIf, g, hl(t, 5) i= g(OR(EFA2(5) + FOR(GS(s) + FEg(th>(s)
{ so that ’B[f,g,h](t,s)} < B[f.g,h](t). "
By taking absolute values in (I3) and using (7) and
/ lu(o(s))|As = /at 92(0(s), a)As + /tb ha(b, o (s))As (15)

g3 (t’ a) — 93 (ta b)
93(b,a) + (t — b)ga(b,a) + (b — a)ha(b, 1),

we obtain ([8)). Integrating (I3) with respect to ¢ from a to b, dividing by b — a, noting
that

g |

b
[ Alf.g. 185 = DIf. g, (16)
taking absolute values and using (7)) and (IT]), we obtain ().
Example 4.1 If we let T = R in Theorem [} then, since C|[f, g, h] = (fgh)’,

ga(b,a) (b—a)? b—a a+b

A 2b—a) 2 2
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and

ha(b,t) + (t —b)gi(f’z) + gz(f’z) = % {(t— b)2 + (t—b)(b—a) + (b_ga)Q}

%{(t_b+b;a)2_ (b—4a)2+(b—3a)2}
{5,

we obtain [I8, Theorem 1], in particular, Theorem [Tl

Example 4.2 If we let T=7Z and a =0, b =n € N in Theorem 1] then, since

b_gg(b,a) o b—a)b—a+1) _p b—a+1 a+b—-1 n-1

b—a 2(b—a) B 22 2
and
ha(b,t) + (t — b) gi(f’z) + gz(f’z)
:%{(b—t)(b—t—1)+(t—b)(b—a+1)+( _““)3( _”2}
1 b—a+2\> (b—a+2? (b-—a+1)(b—a+2)
§{<tb+ 2 ) 4 + 3 }
1 a+b\> (b—a+2)(b—a—2)
:§{<t+1_ 2 ) * 12 }
1 n\2 n?—4
:i{(t+1_§) T }
we obtain

ymmmmwiAm%m@%G

and
1ot 1= n
;;ﬂmww [f.9.h] %gﬁ )[MJU
36% {(t+1g)2+n21;4} (£, 9, B)(t),
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where

Alf,g,h —thf +th +ngh

2f 24 2p
Blf.g, ]—|gh|1§gg;glm !+|fh|1;;1§331!A S+ 19l max | |4
C[f,g,h] = ghAf + fhiAg + fgAh,

DIf.g.h] = (jg@h(s)) (i f(8)> T (i f(S)h(s)> <ig<s>>
. (i f(8)9(8)> <i h<s>> |

These inequalities are new discrete Ostrowski—Griiss type inequalities.

Remark 4.1 If we let A(t) = 1 in Theorem 1] then (8) becomes

b b
|f(t>g(t) = {gm [ roas 50 [ g(s)As}
5 (= 0+ 20D st + st o))

< 5 (a0 + (- 2B SO Gy 155+ 110144

[\3|>—‘

and ([@) turns into

b b b
=7 f<t>g<t>At—%< / f(t)At> ( / g<t>At>

‘ﬁ/a (t—” = Z)) {o0 120 + g™} At

b a a
< 72(1)17 a) /a (hg(b,t) + (f— b)gi(f’a) + gz(baa)) .
{lg@I |22+ IFOg22 ] .} At

If, moreover, we let g(t) = 1, then (&) becomes

‘f( i [ s (-0 200 2

< (hz(b,t)+ (t - py2tba) | gsha > 1722 -

b—a b—a

From these inequalities, special cases such as discrete inequalities can be obtained.
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5 Time Scales Version of Theorem

Theorem 5.1 Assume (H). Then, for all t € [a,b], we have

FO9ORO - 37 A0 + FLLF, 5. A1)

3

3 (=04 2D ety i) < g Bl nOI0) (7)

and

b b
bia/a f(t)g(t)h(t)At—ﬁD[ﬁg,h]ﬁ—ﬁ/a L[f, g, h](t) At

ﬁ/f <t b+ %) C[f,g,h](t)At

1 b
< gz |, Bl OI0AL (19

where

= [ 20— 0alo(s).) ~ (016 — alga. ) B

b
. /t 2(b — a)ha(b,0(5)) — (b— 0(s))ha(b, a)| As.

Proof. Fix t € [a,b] and define u by ), where

ui(s) = 2(b — a)ga(s,a) — (s —a)ga(b,a), wua(s) = 2(b—a)ha(b,s) — (b— s)ha(b,a).

With the notation as in Theorem [B.2] using Definition 22| we have
v1(8) =2(b—a)(s—a)— ga(b,a), wv2(s) =2(b—a)(s—b)+ ha(b,a),
v (s) = v3'(s) =2(b — a)
and uq(a) = uz(b) =0, v1(a) = —ga2(b, a), v2(b) = ha(b,a). Moreover, we have
ui(t) —us(t) = 2(b—a)(g2(t,a) = ha(b, 1)) = (t — a)ga(b, a) + (b — t)ha(b, )
= 2(b—a)(g2(0, a) (t— b)(b— ))

—(t —a)ga(b,a) t) (b —a)? — g2(b, a))
(b - a)QQ(ba a‘) (t - b)(b - a‘) s
2(b—a)? — ga(b,a) — ha(b, a)
2(b—a)? — (b—a)? = (b—a)
By (@), we therefore obtain

b—
b—

li=}

U1 (t) — V2 (t)

2 |

b
[ uleo)>2 ()85 = (6= ) (g200.) + (¢ = )6~ ) 120

— (b= ) (t) — ga(b, @) f(a) — ha(b, a)(b) +2(b —a/f
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and thus

b
f(t) _ % / f(S)AS o gQ(bv a)f((‘z)j;;z(bv a)f(b>

b
4 (t—b+ M) A - (bf / w(o(s)) F25 (s)As. (19)

b—a a)?

Similarly, we get

' a)gla 2(b,a
o) = 2 [ atoyns - 220l belgl)
b
+ (t— b+ W) g2 (t) — (b—la)Q/ w(o(s))g>2 (s)As  (20)
and
b
h(t) = bza/ h(s)As — gQ(b’a)h(é)jaf;z(b,a)h(b)

b
+ (tb+ %) hA(t) — (b—la)Q/ u(o(s))RAA (s)As. (21)

Multiplying (I9), @0) and @I) by g(t)h(t), f(t)h(t) and f(t)g(t), respectively, adding
the resulting identities and dividing by three, we have

FO9OMD — 3= AL (O + 30,10
a b .
3 (-0 2D g0 = -t [ ueENET g9 (22
with B as in (I4). By taking absolute values in (22) and using () and
1 b
= [ luto(s)ias = 1o (23)

we obtain (7). Integrating ([22]) with respect to ¢ from a to b, dividing by b — a, noting
([I8), taking absolute values and using (7)) and (23]), we obtain (IS).

Example 5.1 If we let T = R in Theorem [5.1] then, since C|[f, g, h] = (fgh)’,

b_gg(b,a)_a—i—b
b—a 2
and (with p as defined in Theorem [[.2])
1 ¢ _ 2
I(t):b /(b—a)(s—a)2—(s—a)(b @) ds
—a,
b 2
+bia/t (b—a)s—b)2—(b—s)" 2“) ds

oo 5o |

p(t,s) (s - aTer) ‘ ds,

-,

o)
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we obtain [I8, Theorem 2], in particular, Theorem [[L2
Example 5.2 If we let T =7 and a =0, b =n € N in Theorem [5.1] then, since

~g2(bya) _n-—1

b b—a 2
and
f(t)bfa:Ziwa)(sHa)(Hza)(5+1a)<ba><b2a+1>‘
+%Z R e
;wla)(sﬂLgl)‘
Sferion (o)
_ <s+1><s+1”71>'+§ r1-m(se1-"50)
we have

< 3—B[fa9,h](t) {;S s— n21‘ +s;1(n—s) s— n21‘}
and
LS 1090me) ~ Dl .0
t=0
+3—;L[f,g,h](t) - %; <t 5 1> CIf. 9. h(¢)
1 : n—1 - n—1

S35 B[f,g,h](t){z s — ‘Jr > (n—s)|s— 5 ‘}

=0 s=1 s=t+1

where in addition to A, B, C, D defined in Example [4.2]

(n+Df(@) + @ -1FO) fh(n +1)g(a) + (n —1)g(b)
2n 2n

(n+1)h(a) + (n — Dh(E)
2n

L[f,g,h] = gh

+ fg

These inequalities are new discrete Ostrowski—Griiss type inequalities.
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Remark 5.1 If we let A(t) = 1 in Theorem [5.1] then (I7) becomes

b b
- {gm [ roas 50 [ g(s)As}

g2 (bv a)f(a’) + h2 (ba a)f(b) 92 (bv a)g(a) + h? (ba a)g(b)
206 —a)? I 206 —a)?
1

-3 (t —b+ w) {g®)f2() + f(t)g™ ()}

< sy Lo@I1722 ] + 50102 10

f(t)g(t) —

+g(t)

(observe ([2)) when calculating L) and (I8) turns into

b—a/ F() _2a)2 (/abf(t)At> (/abg(t)At>

g2(0,0) /(@) + ha(b,0)f(B) . ga(b,a)g(a) + halb, a)g(0)
= / {9“) 26— a)? IO e —ap jas

_ﬁ/ (t—b+ b(bz)){g(t)fA()Jrf ()} At

1 b
= O AR U0 P NERVICI] Pl IR ELONY

+

If, moreover, we let g(t) = 1, then (IT) becomes

b
ft) - / F(s)As + g2(b,a)f(a) + ha(b,a) f(b)

b—a J, (b—a)?

(-0 20D i) < o121

From these inequalities, special cases such as discrete inequalities can be obtained.

6 Time Scales Version of Theorem [1.3]

Theorem 6.1 Assume (H). Then, for all t € [a,b], we have
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and

b
= / fBg(h(t)AL = ﬁD[ﬁ g, h(t)

s [ (v 2 iy g mad <

where
b b
10)= [ [ bl asds

and
o\s)—a or a<s<t,
p(t,s) = (5) J
o(s)—b for t<s<b.

Proof. Fix t € [a,b]. We use Theorem ] three times to obtain

/a/a (t, 7)p(r, 8) fA2( )ASAT_/ o, ){/ap(’s)fAA(s)As}AT
- [ ){(b—afA - [ AS}AT

—(b—a) / Pt 5)F3(5)As + (f(a) — £(b) / p(t, 5)As

(
= /f As} f(b)){(b—a)t—/absAs}

_(b— a2 f(t) - —a/f JAs + (f ())/a(s—t)As

b—a)

=(b—a)*f(t)— (b— a)/ F(8)As + (ga(t, a) — ha(b, 1)) (f(a) — F(b))

and thus (by using ()

’ - a
-5 | f<sms+<tb+gz<f a>> 10— 1t

b—a) // (t, 7)p(T, 8) fA2(s)AsAT.  (26)

Similarly, we get

’ - a
g(t) = bia/ g(s)As + <tb+ gz(fvz)> g(bz_z( )

b b
+ﬁ/ / p(t,7)p(T, 8)g™2 () AsAT.  (27)
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b — a
ht) = = a/ h(s)As + <t— b+ gz(f’z)> h(bz_z( )

b b
+ﬁ//P(taT)P(T,S)hAA(S)ASAT. (28)

Multiplying @28), @7) and @8) by g(t)h(t), f(t)h(t) and f(t)g(t), respectively, adding
the resulting identities and dividing by three, we have

g2(b,a)

F09(0)h() - —

Alf,g,h](t) — E (t b+

: ) Ml.g.nl(0

1

3(b-a)
b b

ﬁ/ / p(t, 7)p(7, $)B[f, g, h)(t, s)AsAT  (29)

with B as in (Id). By taking absolute values in (29) and using () and the definition of
H, we obtain (24)). Integrating (29]) with respect to ¢ from a to b, dividing by b —a, noting
([I6), taking absolute values and using (7)) and the definition of H, we obtain (25]).

Example 6.1 If we let T = R in Theorem [G.I] then, by the same calculations as in
Example [£1] we obtain [I8, Theorem 3], in particular, Theorem [[.3

Example 6.2 If we let T = Z and a = 0, b = n € N in Theorem [G.I] then, by the
same calculations as in Example 1.2, we obtain

190K ~ g Alfa 10 — 5 (¢ 5 ) MlF..0l0)
< o5 Bl WO H()
and
1 1/, n-1
LY @000 - gDl - - Y (1= 2 ) Mg
t=0 t=0 -
S % — B[faga h](t)H(t)a
where in addition to A, B, D defined in Example [4.2],
Mg = 0T | g o0t 10— he)
n—1ln—1
H(t) = Z Z |p(t, T)p(T, S)| )
7=0 s=0
(1, 5) = s+ 1, if 0<s<t,
PALS) = s+1—mn, if t<s<n.

These inequalities are new discrete Ostrowski—Griiss type inequalities.
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Remark 6.1 If we let A(t) = 1 in Theorem [6.1] then (24) becomes

b b
|f(t)g(t) ﬁ{gu) [ 185+ 50 / g(s)As}

_%(t_“gzba){ f()+f()() Z(a)}

<3 2{| I3 + 1O 3 HE®

and (20 turns into

bfa/ F(B)g(t)At = bja)z </abf(t)At> (/abg(t)At>

—ﬁ/@b (1= 0+ 2O [ LOZLD g 20 =0

1 b
=30 _ap / {la®1 122 +1F O g4l } Hp)At

If, moreover, we let g(t) = 1, then ([24)) becomes

‘f(t) - ﬁ/ f(s)As — (t—b—i— ?z(b’z))) J(®) — /(a)

oo 122 H D)
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Abstract: Certain classes of essentially nonlinear switched mechanical systems with
one degree of freedom are investigated. The conditions are obtained under which, for
the families of subsystems corresponding to switched systems, there exist common
Lyapunov functions of the prescribed form. The fulfilment of these conditions provides
the asymptotic stability of equilibrium positions of switched systems for any switching
law.
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1 Introduction

Stability analysis and synthesis of switched systems are fundamental and challenging
research problems, see, for example, [4, 7, 11]. In some cases it is required to design a
control system in such a way that it remains stable for any admissible switching law [7,
11]. These cases are natural, when switching signal is either unknown, or too complicated
to be explicitly taken into account.

A general approach to the above problem is based on the computation of a common
Lyapunov function (CLF) for a family of subsystems corresponding to the switched sys-
tem. This approach has been effectively used in many papers, see [4, 7-9, 11]. However,
the conditions of the existence of a CLF are not completely investigated even for the case
of families of linear time-invariant systems [7-9].
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This problem is especially complicated for mechanical systems with switching force
fields. Motion of mechanical systems is described usually by differential equations of the
second order, that results in the appearance of some special properties. In [2], it was
mentioned that the known conditions of the existence of CLFs obtained for systems of
general form might be ineffective or even nonapplicable for switched mechanical systems.
The specific character of mechanical systems leads to the necessity of the separate inves-
tigation of such systems as a special subclass of hybrid systems. This subclass possesses
certain theoretical features and is of undoubted practical interest [3-5, 11].

In the present paper, certain types of switched nonlinear mechanical systems with
one degree of freedom are studied. The conditions of the existence of CLFs for fam-
ilies of subsystems corresponding to switched systems are obtained. The fulfilment of
these conditions provides that the equilibrium positions of the considered systems are
asymptotically stable for arbitrary switching law.

2 Statement of the Problem
First, consider the linear switched mechanical system with one degree of freedom
I+ aet + bsxr = 0. (1)

Here scalar variable x(t) is the state of the system; o = o(t) is the piecewise constant
function defining the switching law, o(t) : [0,400) = Q = {1,...,N}. In the present
paper, we assume that on every bounded time interval the switching function has a
finite number of discontinuities, which are called switching instants of time, and takes a
constant value on every interval between two consecutive switching instants. This kind
of switching law is called admissible one.

Thus, at each time instant, the behaviour of (1) is described by one of the subsystems

I+ast+bsx=0 s=1,...,N, (2)

where a, and bg are constant coefficients.

Let the inequalities as > 0, by > 0, s = 1,..., N, be fulfilled. Then, for every
subsystem from the family (2), the equilibrium position x = & = 0 is asymptotically
stable. In spite of this fact, it is well known [4, 7] that there exist parameters a; and
bs values and switching laws under which the equilibrium position z = & = 0 of the
corresponding switched system (1) is unstable. It is worthy of note that instability can
take place even in the case where family (2) consists of two subsystems (N = 2), and
switching occurs only in the positional forces (a; = ag = const > 0).

In the present paper, we consider the nonlinear switched system

4 aet+ bt =0 (3)
and the corresponding family of subsystems
F+ast+bxt =0, s=1,...,N. (4)

Here the switching function o(t) possesses the same properties as in (1); as and by
are positive constants; p is a rational number with odd numerator and denominator,
@ > 1. Thus, subsystems from the family (4) are subjected to linear dissipative forces
and essentially nonlinear potential forces. It is known [10] that the equilibrium position
x = & = 0 of each subsystem is asymptotically stable.
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We will look for the conditions providing the asymptotic stability of the equilibrium
position © = & = 0 of (3) for any admissible switching law. To solve the problem,
we consider the Lyapunov function of a special form and determine the region of the
parameters as and bg values under which CLF of the prescribed form can be constructed
for the family of subsystems (4).

Furthermore, we extend the obtained results to the case of switched mechanical sys-
tem with nonlinear dissipative and potential forces.

3 Conditions of the Existence of a CLF

Consider the Lyapunov function
%2 phtl

= Bi
5 clu+1+'y:c . (5)

Here ¢ and ~y are positive constants, and [ is a rational number with odd numerator and
denominator, 5 > 1.
Differentiating V (x, @) with respect to the sth subsystem from family (4), we obtain

V= —a.i% — Yosx®* + (¢ — by)xtd — asyz’ i + 'yﬂxﬁfls'vQ = W(z, ).

By the use of generalized homogeneous functions properties [12], one gets the following
necessary condition of the negative definiteness of functions Wy (z, &), ..., Wx(z, ©):

B=p. (6)

For such value of the parameter 3, the Lyapunov function (5) is positive definite for
any ¢ > 0 and v > 0, and functions Wi (z, &), ..., Wx(z, 2) are negative definite if and
only if the quadratic forms

ws(y1,Y2) = —asys — sy + (¢ —bs —asY)yry2, s=1,...,N, (7)

possess the same property.
Applying the Sylvester criterion, we obtain 4asbsy > (¢ — bs — asy)?, s = 1,..., N.
Hence, the inequalities

2 2
(./asv— \/bs) <c< (,/asv—i— \/bs) , s=1,...,N,
should be valid. It means that, for the existence of the required value of the parameter
¢, it is necessary and sufficient the fulfilment of the conditions
2

(\/@, bs)2<(¢%—-7+\/b’j) 5,j=1,...,N. 8)

Conditions (8) can be rewritten in the form

VIWES +a@3) > Vo = Vb VAWEG = V@) < Vb + Vb, sj=1. N

Denote
A v bs — \/E
= max ——,
5=l N \/as + \/a;



140 A.Yu. ALEKSANDROV AND IL.E. MURZINOV

B=+xifas=a; foralls,j=1,...,N, and
Vbs b;
B = min L\/T
8,Jt as>a; /Qg — VA2

otherwise.
Finally, we arrive at

Theorem 3.1 Family (4) admits a CLF of the form (5) satisfying the assumptions
of the Lyapunov asymptotic stability theorem if and only if the inequality

A<B 9)
holds.

Remark 3.1 Theorem 3.1 gives us the constructive algorithm for finding the CLF
for family (4). If inequality (9) is fulfilled, then the value of parameter g is determined
by formula (6), while v € (A, B), and, for the value of v chosen from this interval,
¢ € (c(v),¢(v)), where

Y
2
N~—

I
g
o
]
N
S
w
2
|
)
»
N—
(V]
Ql

= min (vam+VE) .

Although we have obtained the necessary and sufficient conditions of the existence
of a CLF for family (4), however only for the Lyapunov function of the special form
(5). Nevertheless, these conditions permit us to deduce the following interesting and
important conclusions about stability of the equilibrium position x = & = 0 of switched
system (3).

Corollary 3.1 Let the switching take place in the velocity forces only (bs = b =
const > 0, s = 1,...,N). Then the equilibrium position x = & = 0 of system (3) is
asymptotically stable for any admissible switching law.

Corollary 3.2 Let the switching take place in the potential forces only (as = a =
const > 0, s = 1,...,N). Then the equilibrium position x = & = 0 of system (3) is
asymptotically stable for any admissible switching law.

Corollary 3.3 Let family (4) consist of two subsystems (N = 2), and the switching
take place both in the velocity forces and in the potential forces (a1 # aa, b1 # ba).
Then the equilibrium position x = & = 0 of system (3) is asymptotically stable for any
admissible switching law.

Remark 3.2 As it was mentioned in Section 2, the statements of Corollaries 3.2 and
3.3 are not true for the linear case (@ = 1). Thus, in comparison with linear systems,
nonlinear ones are “more stable” with respect to the switching of parameters values.

4 Systems with Nonlinear Dissipative and Potential Forces
Consider now the switched system

I+ agx’x + bzt = 0. (10)
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The corresponding family of subsystems is described as follows
I+asx’t +bsaxt =0, s=1,...,N. (11)

Here as and bs are positive constants; p is a rational number with odd numerator and
denominator, 4 > 1; v is a positive rational number with even numerator and odd
denominator. In this case, considered subsystems are subjected to essentially nonlinear
dissipative and potential forces. Equations of such type are called the Lienard ones [6,
10]. It is known [10] that the equilibrium position z = & = 0 of each subsystem from
(11) is asymptotically stable.

To obtain the conditions providing the asymptotic stability of the equilibrium position
of (10) for any admissible switching law, construct a CLF for the family (11) in the form

2 ahtl

V(z,z) = 5 + CMJr 1 + vl i 4 exd?, (12)

where ¢ > 0, v > 0, ¢ < 0, while $ and A are rational numbers with odd numerators and
denominators, 5 > 1, A > 1.
Differentiating V' (x, <) with respect to the sth subsystem from (11), one gets

V =eir! —qavi? — 'ybsx’”"ﬁ + (c—bs)xta — asyr’ i

+82° 71 i? — edasa i — eXb PN = W () &),

By the use of generalized homogeneous functions properties [12] and Lemma 2 from [1],
it is easy to obtain the following necessary conditions of the negative definiteness of
functions Wi (z, &), ..., Wn(z, ):
(1) if g > 2v 41, then
B=p—uv (13)

(i) if u<2v4+1,then A=1+2(8-1)/(p+1).
It is worthy of note that, in the case where p = 2v + 1, systems

i':yv yzfaszuyfbsxu, S:].,...,]V7

corresponding to equations from (11) are generalized homogeneous.
In what follows, we consider the only case where u > 2v + 1. Under the condition
(13), we have

W(z, &) = a” (—as,icQ — ybx? V) 4 (c—bs— asv)x“_”ab) + et

+yBxt L2 — edagr TN — edbgat AT s =1 N.

Let 5 5 )
i
w—v

Then the Lyapunov function (12) is positive definite, and for the negative definiteness
of functions Wi (x, &),..., Wn(x, &) it is sufficient the negative definiteness of quadratic
forms (7).

With the numbers A and B defined in a similar way as in Section 3, we claim the
following result

A (14)



142 A.Yu. ALEKSANDROV AND IL.E. MURZINOV

Theorem 4.1 Let u > 2v + 1. If inequality (9) holds, then for family (11) there
exists a CLF of the form (12) satisfying the assumptions of the Lyapunov asymptotic
stability theorem.

Remark 4.1 In contrast to Theorem 3.1, the conditions of Theorem 4.1 are only
sufficient ones for the existence of a CLF of the given form for the considered family.

Remark 4.2 Under the conditions of Theorem 4.1, we obtain the following construc-
tive algorithm for the finding of a CLF for family (11). The Lyapunov function can be
chosen in the form (12), where £ is defined by the formula (13), A satisfies inequality (14),
¢ is an arbitrary negative number, while the values of parameters v and c¢ are defined in
a similar way as in Remark 3.1.

Corollary 4.1 Let p > 2v+1. If the switching takes place in the velocity forces only
(bs = b =const >0, s =1,...,N), then the equilibrium position x = & = 0 of system
(10) is asymptotically stable for any admissible switching law.

Corollary 4.2 Let p > 2v + 1. If the switching takes place in the potential forces
only (as = a = const > 0, s = 1,...,N), then the equilibrium position x = & = 0 of
system (10) is asymptotically stable for any admissible switching law.

Corollary 4.3 Let > 2v+1. If family (11) consists of two subsystems (N = 2), and
the switching takes place both in the velocity forces and in the potential forces (a1 # asg,
b1 # ba), then the equilibrium position x = & = 0 of system (10) is asymptotically stable
for any admissible switching law.

5 Conclusion

In the present paper, for certain classes of families of nonlinear mechanical systems
with one degree of freedom the conditions of the existence of CLFs of the given form
are obtained. The fulfilment of these conditions provides the asymptotic stability of
equilibrium positions of corresponding switched systems for any switching law. It is
proved that, for considered families of essentially nonlinear systems, we can guarantee the
existence of CLFs under weaker assumptions than for linear ones. Thus, in comparison
with linear systems, nonlinear ones are “more stable” with respect to the switching of
parameters values. Theorems 3.1 and 4.1 can be used for the design of stabilizing controls
for mechanical systems. A challenging direction for further research is the extention of
the obtained results to the switched nonlinear mechanical systems with several degrees
of freedom.
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1 Introduction

In this paper we are concerned with the study of the existence of homoclinic solutions
for second order time-dependent Hamiltonian systems of the type

B(t) + V(L x(t) = f(D), (HS)

where = (21,...,zn), V € C*(R x RN R), V'(t,x) = %—‘;(t,x) and f: R — RV is
a continuous function. Here, as usual, we say that a solution x of (HS) is homoclinic
(to 0) if z(t) — 0 as t — %oo. In addition «x is called nontrivial if z # 0.

The existence of homoclinic solutions for (HS) has been extensively investigated in
many papers via the critical point theory, see [8,11]. These results were obtained under
the fact that the potential V is of the type

V(t,z) = —%L(t)ac.ac + W(t, z),

where L € C(R,RN’) is a symmetric matrix-valued function and W € C1(R x RV R).

* Corresponding author: mailto:m_timoumi@yahoo.com
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Recently, in [2], Izydorek and Janczewska have studied the existence of such solutions
when the potential V is of the form

V(ta ZL') = 7K(t7 :C) =+ W(tv SC),
where K, W € C}(R x RV R). Precisely, they established the following result.

Theorem 1.1 Assume that V' and f satisfy the conditions
(Vi) V(t,x) = —K(t,x) + W(t,x), where K,W : R x RY — R are C'-maps, T—periodic
with respect to t, T > 0,
(Vo) there are constants by, by > 0 such that by |z|> < K(t,z) < by |x|® for all (t,z) €
R x RV,
(V3) for all (t,x) e Rx RN K(t,r) < K'(t,x).x < 2K(t,x),
(Vi) W'(t,2) = o(|z|), as |x| = 0 uniformly with respect to t,
(V) there is a constant p > 2 such that 0 < pW (t,z) < W'(t,z).x for every t € R and
x € R\ {0},
(Vo) f: R — RN is a bounded continuous function,

_ 1/2 _
(V7) by = min{1,2b1} > 2M and (fR | () dt) < %, where 0 < B < by —2M, M =
sup {W(t,z) t € [0,T],z € RN, |z| =1} and C is a positive Sobolev constant defined in
[2]. Then the system (HS) possesses a nontrivial homoclinic solution.

Here and in the following 2.y denotes the inner product of z,y € RY and |.| denotes
the associated norm.

The so-called Ambrosetti-Rabinowitz-type condition (V5) appears frequently in the
studying of existence of homoclinic solutions for (HS). The goal of this work is to prove
that Theorem 1.1 still holds if (V5) is replaced by a weaker condition. The motivation for
the paper comes mainly from a paper by An [14], in which he dealt with the existence
of periodic solutions for (HS) with a condition weaker than (V).

Definition 1.1 A vector field v defined on RY is called positive if v(z).x > 0 for
all z € RV\ {0}. We call v a normalized positive vector field if v is positive, linear and
satisfies the following condition:

v(z).z =z, VoeRY. (v1)

Consider the following assumptions:
(V4) there exists normalized positive vector field v such that for all (¢,x) € R x RY

K(t,z) < K'(t,x)v(z) < 2K(t,z),

(VZ) there exists constant p > 2 such that for every t € R and = € RV\ {0}
0 < uW(t,x) < W'(t,z).v(z).
The main result of this paper is as follows.

Theorem 1.2 Assume that V and f satisfy V1), (V2), (V5), V), (VZ), (V5), (V7)

and the following assumption:
W(t,a) < Mlal", ¥t R, Y]z <1, (Vi)

Then the system (HS) possesses a nontrivial homoclinic solution.
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It is obvious that if v(z) = x, then (VY) becomes (V3) and (V{) becomes (V5).
Consider the following examples.

Example 1.1 Let 6(z) be the argument of z = (£;,&;) € R?\ {0} defined by

arctcm(g—f), if & >0,&% >0,
%a Zf 51 = 0552 > 07
O(x) = arctan(é—f) +m, if & <O,
37777 Zf 61 :0752 < 05
arctcm(g—f) +2m, if & > 0,6 <0.

Define a function K € C'(R x R? R) as follows:

|| .
K(t, SC) = { Smp(;‘Sin4(113$‘+9(z))), fo 7é 0,
, v x=0U.

1 1

11 > x. An easy computation

Define a normalized positive vector field v by v(z) = <
shows that K satisfies (V2) and (V7).

Example 1.2 For any p > 2, define a function W € C1(R x R? R) as follows:

|| .
W(t,x) = { cap(u(2+sin 4(Infe[+0(x))))’ if x#0,

, if x=0.

A direct computation (see [14]) shows that W satisfies (V4), (V) and (Vg). Moreover, W
does not satisfy (Vs).

In order to obtain homoclinic solution of (H.S), we consider a sequence of systems of
differential equations:

B(t) + VI(t (1) = fiu(), (HSk)

where fi, : R — R¥ is a 2kT-periodic extension of f to the interval [-kT, kT[, k € N. We
will prove the existence of a homoclinic solution of (H.S) as the limit of the 2kT-periodic
solution of (HSj) as in [2,8].

2 Preliminaries

Foreach k € N, let Fy, = W21k2T (R, RY) denote the Hilbert space of 2kT-periodic functions
from R into RY under the norm

kT 1/2
ol 5, = < Rl |x<t>|2>dt> ,

and let L3, (R, RY) denote the Hilbert space of 2kT-periodic functions from R into R

under the norm
kT )
lell,, = [ lo0

1
2
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Furthermore, let L3% (R, R?Y) be the space of 2kT-periodic essentially bounded measur-
able functions from R into RY under the norm

||x||L§2T = esssup{|z(t)| : t € [-kT,kT]}.

Let ¢ : Ex — R be defined by

—kT

kT 1 )
qbk(x)z/ [5 l2()|]" + K(t,z(t)) — W(t,z(t)) + fr(t).z(t)| dt. (2.1)

It is well known that ¢, € C! (Ej,R) and for all z,y € Ej,

kT
¢%($)y:[kT [£(8)-4(8) + K'(t, x(t).y(t) — W' (t, 2(t).y (@) + fr()y()] dt.  (2.2)

Moreover, the critical points of ¢y, in Fj are exactly the classical 2kT-periodic solution of
(HSy) (see [6,9]). We will obtain a critical point of ¢, by using the following Mountain
Pass Theorem.

Theorem 2.1 [8] Let E be a real Banach space and ¢ € CY(E,R) satisfying the
Palais-Smale condition. If ¢ satisfies the following conditions:

(i) (0) =0,

(4i) there exist constants p,a > 0 such that ¢,5p,0) > «,

(i) there exist e € E\B,(0) such that ¢(e) < 0.

Then ¢ possesses a critical value ¢ > « given by ¢ = inf max ¢(g(s)), where

g€l s€(0,1]
I'={g € C([0,1], E) : 9(0) = 0,9(1) = €} .

Lemma 2.1 [2] Let x : R — RY be a continuous mapping such that & € L} (R, RN).
For every t € R the following inequality holds:

b 2 2 v
|z<t>|s\/§< / ((s)” + |(5)] >ds> ,

1
2

where L?

h lOC(R,RN) denotes the space of locally square integrable functions from R into
RY.

Lemma 2.2 [14] Denote by s the flow of the linear vector field v with property (v1),
then
lpsx| = e |z|,Vs € R, Vo € RY.

Lemma 2.3 There exist a1,as > 0 such that
W (t,z) > ay |z|" — a2, Vt € R,Vx € RY. (2.3)

Proof. Denote by SV~1 the unit sphere in R. For any x € RV\ {0}, since

d
E(Iwm?) = 2psz.0(ps(2)) >0,

(|<psx|2) is increasing in s. Hence, there exist s € R and ¢ € SV~! such that & = ¢
(see[13] for details). Since |z| = |¢@s&| = €°, by (VZ) we have
d

E[W(ta (Psg)] = Wl(tv (Psf)-’U((Psf) > /LW(ﬁ, SDSE) >0,Vs,t € R. (2-4)
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Let R > 0, integrating (2.4) over [In R, s] we obtain

/S FWt,eif)]
InR W(tv@lf)

By (V§) the quantity a1 = infyep 5= (W (t,2))R™# is strictly positive and

dl > ps — puln R.

W(t,x) > ay |z|",V|z| > R,Vt € R.

Let a2 = supyep |oj<r W(t 2), then (2.3) holds. O Let v be the normalized positive
vector field in (V4) and (V) of Theorem 1.2. Then v is an invertible linear operator from

RY to RN, Let a = ”ULH,b = ||v||, where |[v|| and Hv’lH are operator norms. For any
xz € RV, one has

alz| < |v(x)] < blz|. (2.5)
Define a vector field © on Ej by

(0(2))(t) = v(2(1)- (2.6)

Using condition (v1) and a direct computation we have the following Lemma.

Lemma 2.4 For any x € Ey, there hold

kT kT A~
/ &) dt :/ i(t). o(x) (t)dt. (2.7)
—kT —kT
allzllg, < llo@@)lg, <bllzlg, - (2.8)

Lemma 2.5 Let Y : [0, +oo[— [0, 400[ be given as follows

W'(t,x).v(z)
Y(S) = ma’Xte[OﬂT]70<‘z|SS T? s> 0;
0, s=0.

Then'Y is continuous, nondecreasing, Y (s) > 0 for s >0 and Y (s) = +00 as s = +oc.
It is easy to prove this lemma by applying (Va), (VZ), (Vs), (2.3) and (2.5).
Remark 2.1 Assumptions (V3), (VZ), (Vs) and (2.5) imply that W (¢, z) = o(|z|*) as

x — 0 uniformly for ¢ € [0,7] and W (t,0) = 0, W'(¢,0) = 0. Moreover, from (V2) and
(V) we conclude that K (¢,0) =0, K'(¢,0) = 0.

3 Proof of Theorem 1.2

Let v : Ex — [0, 400[ be given by

—kT

kT 1/2
%(x)=</ [|¢(t)|2+2K(t,x(t))}dt> . (3.1)

Let by = max {1,2bs}, by (V2) we have

7 2 7 2
b ||zll, < i) < b2zl - (3.2)
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By (2.1) and (3.1) we have:

kT kT

o) = 3Rw) ~ [ Wieao)dt+ [ gl (33)
—kT —kT

Moreover, using (V4), (2.6) and (2.7) we obtain

kT

¢;(x).a(x)g/ (|9b(t)|2+2K(t,x(t))) dt

—kT

kT kT
- W' (t,z(t)).v(z(t))dt + fe(®).v(x(t))dt
—kT —kT
kT kT

=i (z) — o W'(t, x(t)).v(z(t))dt + . Sfe(®).v(x(t))dt. (3.4)

Lemma 3.1 Assume thatV and f satisfy (V1), (V2), (V4), (Va), (VZ), and (Vs)—(Vs).
Then for every k € N the system (HSy) possesses a 2kT-periodic solution xy, € Ej.

Proof. Tt is clear that ¢;(0) = 0. We show that ¢, satisfies the Palais-Smale con-
dition. Assume that (z;)jen C Ej is a sequence such that (¢x(z;)) en is bounded and
@) (xj) = 0 as j = +oo. Then there exists a constant Cy > 0 such that

|6k (2)] < Ck, Dk ()l g < Ch, (3-5)
for every j € N. By (3.3) and (VZ) we have
9 (kT kT
il;) < 200(z5) + = W (t, (1) v(x(t))dt — 2 i (t).;(t)dt. (3.6)
wJ kT —kT
From (3.4) and (3.6) we obtain
9 9 kT o kT
(1= = )i (xy) < 200(x;) = = P (2)0 () —2 fu(t)-; (t)dt+ — fr()-v(; (t))dt.
w 1 —kT K J—kT
(3.7)
By (2.8), (3.2) and (3.7) we have
20z 2 2, o 2\
(1= =)bu [l <20m(x;) + = [0k (2))] 5o 0I5l 5, +2 / [fe@F dt | izl g,
7] 1% k —kT
NN
— d bllz; . .
+ ( ] t) 21, (39
From (3.5),(3.8) and (V7) we obtain
2 - 2C 2b
(1= 2ol = 220 oyl — 2+ )55 ol 260 0. (39)

Since p > 2, (3.9) shows that (z;);jen is bounded in Ej. In a similar way to Proposition
4.3 in [6], we can prove that (z;)jen has a convergent subsequence in Ej. Hence, ¢
satisfies the Palais-Smale condition.
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Now, let us show that there exist constants p,a > 0 independent of k£ such that ¢y
satisfies the assumption (i7) of Theorem 2.1 with these constants. Let x € Ej such that
0< ||$||L§ZT < 1. By (Vg) we have

kT kT
W(t, 2(8))dt < M/ w(t)[2dt < M |l2])%, - (3.10)
—kT —kT

From (3.2), (3.10) and (V%) we have

1- 2 2
00(2) 2 b ol — M lall%, — il el
1 2 2 8
> 2, = M ol — s Nl
1 - 2 B 2 B
> 20— - 200) el + 2 1l — L el @)

Note that (V) implies by — 3 — 2M > 0. Set
1 b —-B-2M
P=C 47 T e

(3.11) shows that [|z||, = p implies that ¢x(z) > « for k € N. Finally, it remains to
show that ¢ satisfies assumption (i47) of Theorem 2.1. By the use of (3.2),(3.3) and
(2.3), for every r € R\ {0} and = € E}\ {0}, the following inequality holds:

627’2 2 kT
or(rz) < 5 zllz, — a1 |7’|‘u/kT |z ()| dt + |r] ka”L§kT Hx”ng +2kTas. (3.12)

Take X € Ej such that X(£7T) = 0. Since g > 2 and a; > 0, (3.12) implies that there
exists 79 € R\ {0} such that ||roX ||z > p and ¢1(roX) < 0. Set e1(t) = 79X () and

_Joa®), [t T
ek(t){ 0 < | < kT (3.13)

for k > 0. Then ey, € Ek, [lex|| 5, = lle1llz, > p and ¢x(ex) = ¢1(e1) < 0 for every k € N.
By Theorem 2.1, ¢y, possesses a critical value ¢x > a given by

ok = inf Jnax or(9(s)), (3.14)

where I'y, = {g € C([0, 1], Ex) : g(0) = 0,9(1) = ex} . Hence, for every k € N, there exists
x € Ej such that
or(zr) = cr, Pp(wr) = 0. (3.15)

The function zy is a desired classical 2kT—periodic solution of (HSy) for k € N. Since
¢k > 0, zx is a nontrivial solution even if f(t) = 0.0

Lemma 3.2 Let xi, € Ey, be a solution of system (HSy) satisfying (3.15). Then there
exists a positive constant My independent of k such that

kaHLZZT < My, Vk e N. (3.16)
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Proof. For k € N, let g : [0,1] — Eji be a curve given by gi(s) = sex, where ey, is
defined by (3.13). Then gy € T'y and ¢x(gx(s)) = ¢1(g1(s)) for all k € N and s € [0,1].
Therefore, by (3.14)

e < m[%)i] #1(g1(s)) = My, Vk € N, (3.17)
se|0,

where My is independent of k. Since ¢} (z1) = 0, we get from (2.7), (3.3), (V3) and (V)

k= Ou(ex) — 30400 ()

kT kT kT

1
>E -y [ W@+ [ felan@)dt - | fult)ole®)dt,
2 —kT —kT 2 ) kr
and hence
kT 9 kT 1 kT
< . ) - ) )
. W(t, zx(t))dt < Pl fr(t).z(t)dt + =2 ) Ji(@)v(z(t))dt
(3.18)
Combining (3.18) with (2.8), (3.2), (3.17) and (V7) we obtain
by 2 Mo B +b)
— < . Nl
% ol < 220 4 2 o, (3.19)

Since by > 0 and all coefficients of (3.19) are independent of k, we see that there exist
M > 0 independent of k such that

|2kl g, < M{, Yk €N, (3.20)

which, together with [2, Proposition 1.1] impliy that (3.16) holds. O
Let C7 (R, RY), where p € N, denotes the space of CP functions from R into RY
under the topology of almost uniformly convergence of functions and all derivatives up

to the order p.

Lemma 3.3 Let x, € Ei be a solution of system (HSYy) satisfying (3.16). Then
there exists a subsequence (xy, ) of (xx)ren convergent to a certain xo € C1(R,RY) in

Clloc (R’ RN) .

Proof. By (3.16), we know that (zj)ren is a uniformly bounded sequence. Next,
we will show that (Z)reny and (Zx)ken are also uniformly bounded sequences. Since xy,
satisfies (HSy), if t € [—kT, kT| we have

iR (@) < |fe@®]+ V(8 ze (@) = [F ()] + [V (t, 2 (1))

<sup|f(t)] + sup [V'(t,z(t))], t € [-KkT,kT]. (3.21)
teR (t,2)€[0,T)x [—M1,M;]

From (3.16), (3.21), (V1) and (V) there is My > 0 independent of k such that
”ik”L?fCT < M, Vk e N. (3.22)

Let i = —k,—k+1,...,k— 1. By the continuity of & (t), we can choose ¢, € [iT’, (i +1)T],
such that

(i+1)T
mw»=%ﬂw Bi(s)ds = o (ee((i + VT) — a(0T))
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it follows that for t € [iT, (i + 1)T], i = —k,—k+1,....k—1

t (i+1)T
(0] = | [ dneds anttn)] < [l ds+ it

tk;

< MoT 4T o ((i 4+ 1)T) — 2 (iT)| < MoT +2M T~ = Ms.

Consequently,
k|l e < M3, Vk €N, (3.23)
2kT

The task is now to show that (zy)ren and (Zx)ren are equicontinuous. Of course, it
suffices to prove that both sequences satisfy the Lipschitz condition with some constants
independent of k. Let £ € N and ¢,ty € R, we have by (3.23)

/ 4 (s)ds / (i (s)] ds

Analogously, we have by (3.22) |@y(t) — @k (to)| < Mz |t —to|. For each k € N, set C} =
CY([~kT,kT),RY) with the norm defined as follows:

|z (t) — zi(to)| = < < M |t —to].

— . 1
lolley = _max, (0] + 1O, @ € CF.
lOC(R’ RN)
First, let (zx)ren be restricted to [—T,T]. It is clear that (xx) and (&) are uniformly

bounded and equicontinuous. By Arzela-Ascoli theorem, there exist a subsequence (z}.)
of (wk)ken (1}, ' € C([-T,T],RY) and y' € C([-T,T],RY) such that

Now, we will show that (z)ren possesses a convergent subsequence (z,, ) in C}

— 0, as k — +oo. (3.24)

[k — $1HC([7T,T],]RN) =0, [k — ylHC([fT,T],]RN)

Note that for ¢t € [T, T

t
zh(t) = zh(=T) +/ iy (s)ds, k € N. (3.25)
-T
Let k — oo in (3.25) and using (3.24) we obtain
t
zt(t) = 2'(=T) —|—/ y'(s)ds, forte [-T,T] (3.26)
-T

which shows that y!(t) = #!(¢) for t € [-T,T] and z! € C}. Moreover, it follows from
(3.24) that
H:I:,lC - lec; —0, as k— +oo.

Secondly, let (z}) be restricted to [—2T,2T7]. It is clear that (z}.) and (#}) are uniformly
bounded and equicontinuous. Similarly as above, by Arzela-Ascoli theorem, there exist
a subsequence (2%) of (z}) satisfying zo ¢ (z7) and 2 € CJ such that

||:L'i 7$2Hc; — 0, as k = 4o0.

By repeating this procedure for all k € N, there exist (z*) C (z}*™'), o ¢ (z7) and
™ € C}, such that

|zt — 2™ ||lcn =0, as k — +o0, m=1,2,.... (3.27)
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Moreover, we have
27 = o™ ey, < ™ = 2™ |y i = ey, + el =gy =0
as k — 400, which leads to
() = 2™(t), fort € [-mT,mT], m=1,2,.... (3.28)

Let
xo(t) = ™ (t), forte[-mT,mT], m=1,2,.... (3.29)

Then zp € CH(R,RY) and 2™ — z9 as m — +oo in CL_(R,RY). Now take a diag-
onal sequence (ry,, ) consisting of x{,z3,23, ... (see [4]). For any m € N, (z})$2, is a
subsequence of (z}")ken, so it follows from (3.27) and (3.29) that

ot = soll g, =t =™y, =0, a5 i =400, m = L.2...

That is
Ty, — Lo, as m — 400 in CL (R, RY). (3.30)

Lemma 3.4 The function xq defined in Lemma 3.3 is the desired homoclinic solution

of (HS).

Proof. Firstly we will show that x( satisfies (H.S). For every k € N, and ¢t € R we
have by Lemma 3.1:

B (1) = [, (t) = V' (t, 2, (1)) (3.31)
Take l1,l> € R such that [; < l3. There exists mg € N such that for all m > mg
iy, (t) = f(t) = V'(t, 2, (1), Vt € [l1,12]. (3.32)

Integrating (3.32) from [; to ¢ € [l1, 2], we have

G (8) — i (1) = / [F(s) = V(5,5 (5))]ds. (3.33)

U

Since (3.30) shows that xj,, — o uniformly on [l1,ls] and @k, — &o uniformly on [I1, [2]
as m — 400, then by taking m — +oo in (3.33), we get

g'co(t)—gbo(ll):/ [F(s) = V' (s, 0(s))]ds, for t € [i1, 1] (3.34)

l

Since Iy and Iy are arbitrary, (3.34) shows that xo is a solution of (HS). Secondly, we
prove that z(t) — 0, as t — toco. We have, from (3.20)

kT
/ (i ())? + |ox(t)P)dt < M2, ¥k € N. (3.35)
—kT
For every [ € N, there exists m; € N such that for m > m;

T
/_ZT(H’“’" O + [, (1)[2)dt < MP. (3.36)
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Let m — 400 in (3.36) and use (3.30), it follows that for each | € N,

T
[ (a0 + o) e < 7. (3.37)

Letting I — 400 in (3.37), we obtain

+oo
| oo + (o)) < 22, (3.39)
and so
/ (30(®)[2 + [z0(t)[2)dt — 0, as t — +oc. (3.39)
)2

Combining (3.39) with Lemma 2.3 we obtain our claim.
Now, we show that o(t) — 0, as t — £o00. To do this, observe that by Lemma 2.3

t+3 t+3
o (t)]? < 2/ (lzo(s)]” + |x'0(s)|2)ds+2/ |i0(s)|? ds. (3.40)
_1 t—1
From (3.39) and (3.40) it suffices to prove that
r+1
/ |io(s)[>ds — 0, as r — Foo. (3.41)

By (HS) we obtain

r+1 r+1 r+1
[ lPds= [ (V@) 1P -2 [ Vism().fs)ds

Since V'(t,0) =0 for allt € R, zp — 0, as t — o0 and f:“ 1£(s))* ds — 0, as r — +o0,
then (3.41) follows.

Finally, we will show that if f = 0 then zy # 0. For this purpose we will use the
properties of Y given by (2.9). The definition of Y implies that

kT
. Wt @ (t))vlen(®)dt < Y (lawl g ) llzel, - (3.42)
Since ¢}, (zx).v(zx) = 0, then (3.4) gives

kT kT

kT
Wt (t)).v(an (1)) dt = / e dt+ | K'(tan(0)o(@n(t)dt.  (3.43)
_kT —kT T

Substituting (3.43) into (3.42), and applying (V5) and (V2) we obtain

. 2
Y(llenll g, ) = min{1,b1} [lzx |5, ,

and hence
Y(”zk”Lii-T) > min{1,b:} > 0. (3.44)
If ||xk,, HL;;; . — 0,asm — +o0, we would have Y (0) > min {1,b;} > 0, a contradiction.

Passing to a subsequence of (z,, )men if necessary, there is n > 0 such that

[kl g = (3.45)

2k, T
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Moreover, for all j € N, t — wxy,, ;j(t) = xk,, (t + 7T is also a 2k, T-periodic solution
of (HSy,,). Hence, if the maximum of |z | occurs in hy,, € [—knT,knT)] then, the
maximum of |z, ;| occurs in sg,, ; = hg,, — jT. Then there exists a ji,, € Z such that
Skm.ji, € [T, T]. Consequently,

sz H = max |zk t‘.
ok LS, e te[~TT) i (1)

Suppose, contrary to our claim, that xg = 0. Then, by Lemma 3.3,

max_|zx,, j.. (t)| =0,

(L =
moJkm ;Jva te[~T.T)

L
which contradicts (3.45). O
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Abstract: This paper presents a new approach dealing with the decentralized con-
trol of non linear interconnected systems. The key of this work is, on one hand, the
description of the nonlinear systems using the Kronecker product notations which al-
low important manipulations, and on the other hand the use of the Lyapunov’s direct
method of stability analysis, associated with a quadratic function. The proposed ap-
proach is then applied to an industrial process: a three-machine-based interconnected
power system, to improve its decentralized stabilization.
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1 Introduction

In recent years, modern control methods have found their way into decentralized design
of interconnected large scale nonlinear systems, leading to a wide variety of new concepts
and results ( [2]- [4], [18], [23]).

Decentralized control aims mainly to carry out a feedback control for each subsystem
using only its local state variables.

The decentralized control law implementation is more feasible and more economical
than a centralized control being dependant on the whole state variables for each subsys-
tem local control. This kind of control is very important for the power systems which
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are generally large scale, interconnected and highly nonlinear systems. Centralized con-
trol for the large scale power system is usually impractical: first, because it requires
an intensive exchange of information between many sub-systems that are geographically
located in different and, generally distant areas; and second for lack of computing ca-
pacity. Consequently, a decentralized nonlinear controller, for which the development is
based only on local information and measurements, is often preferable in power industry
applications. A wide variety of properties for the decentralized control of power systems
are extensively studied in the literature and different design approaches are proposed
accordingly ( [2], [8], [I1], [21], [22], [24]).

It is essential to verify that the collection of these decentralized local controls should
obviously guarantee the stability of the global interconnected system.

Analysis of decentralized stability properties of large scale systems has been the mo-
tivation of many works over the past twenty years ( [3], [5], [9], [16]- [18]).

Power system stability has been recognized as an important problem for secure system
operation. Many major blackouts caused by power system instability have illustrated the
importance of this phenomenon. Historically, transient instability has been the dominant
stability problem for most systems and also the focus of much of the power industry’s
attention related to system instability ( [8], [11]- [15]). It is mainly interested in the
maintenance of synchronism between generators following a severe disturbance
In this context, we propose in this work a new decentralized control for the stability
of a class of non linear interconnected continuous systems based on polynomial mod-
eling. The description of these systems using Kronecker product [I9] and the use of a
quadratic Lyapunov function have allowed the definition of sufficient conditions for the
global asymptotic stability of the system equilibrium.

This paper is organized as follows: The next part exposes a brief summary of the
main mathematical background that has supported this work. The third part will first
present the studied systems, then expose the approach outcome of this work. The fourth
and final part aims to show the applicability of the proposed design tool, on the basis of
an illustrative example of a three-machine-based interconnected power system, followed
by the concluding section.

2 Mathematical Notations and Properties

The dimensions of the matrices used in this section are the following:

A(pxq), B(rxs), C(gxg), D(sxh), Enxp), Pnxn), X(nxl)eR"
Y(mx1)eR™, Z(gx1)eR

Throughout the paper, the following notations are used: I,, is the identity matrix of
order n, @, is the (n x m) null matrix and A7 is the transpose matrix of A.

2.1 Kronecker product
The Kronecker product of A and B denoted by A® B is the (pr x ¢s) matrix defined by:
allB e aqu

A® B = : :

ap1B ... apB



NONLINEAR DYNAMICS AND SYSTEMS THEORY, VOLUME (ISSUE) (YEAR) 159

2.2 Kronecker power of vectors
The Kronecker power of order i, X[, of the vector X is defined by

X0l= 1, 1
{X[i] Xli-llg X = Xx@ Xli-1 Xl R for i > 1. M

2.3 Permutation matrix

Let e} denote the it" vector of the canonic basis of R™, the permutation matrix denoted
by Unxm is defined by [19]:

n m
T

T
Unxm = Z (ei-ex” ) @ (e €i ). (2)
i=1 k=1

This matrix is square (nm x nm) and has precisely a single ”1” in each row and in each
column. The main useful properties of this matrix are the following:

Uni!m = ngm = Umxn, (3)

Un><1 = U1><n = Un (4)

This matrix ensures the following relations

B®A:UT><p(A®B)Uq><57 (5)
XY =Upym(Y ® X), (6)
XM = Ui XW i < K. (7)

2.4 Vec-function

The function Vec of a matrix was defined in [19] as follows:

A=A Ay ... A, vec(A) = R (8)
Aq
where Vi € {1,...,q}, A; is a vector of RP. We recall the following useful rules of this

function, given in [19]:
Vec(E.A.C) = (CT @ E)Vec(A), (9)

Vec(AT) = UpyyVec(A). (10)

2.5 Mat-function

An important matrix-valued linear function of a vector, denoted by Mat, ,,)(.) was
defined in [20] as follows. If V' is a vector of dimension p = n.m then M = Mat, ,,,)(V)
is the (n x m) matrix verifying: V = Vec(M). We recall the following useful lemma for
this function, given in [20].
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Lemma 2.1 Consider the matriz A with p=n and ¢ = n* (k € N), and let i and j
be two integers verifyingi+j=k+1 andi > 1. Then
Mat(ni,nj)(Vec(PA)) = Uni—IXn(P & Inifl).Mi,Lj (A) (].].)
with
Ma/t(ni—lﬂlj)(AlT)
Mat(ni—lynj)(Ajr)

Mi—1;(A) = :
Ma/t(ni—17nj)(AnT)
where A denotes the it" row of the matriz A. i.e.,

Al

3 The Proposed Decentralized Stabilization Approach

3.1 Description of the studied systems

We consider the class of nonlinear systems, formed by the interconnection of n subsys-
tems, and for which the r order polynomial development is composed only with the odd
Kronecker power of vectors, i.e., 7 =2s—1, s€N:

Xi = fi(Xi) + BiUi + gi(X1, Xo, ..., Xn),
. (12)
1=1,2,...,n
with
s—1
fi(Xi) = Z Ao XY (13)
k=0
and
gi( X1, Xn)=) Gy X0 0 X0 o X[, (14)
S
where X; € R™ is the state vector of the i*" subsystem, B; is the control matrix of the
k
ith subsystem, U, is the control of the i*" subsystem, A;ox11 € R7iXn] H, Gs,....s, are

matrices with appropriate dimensions.
The overall interconnected system is described by the following compact form:
X= A X+ AsXB 4 A X0 4+ A X0 4 BU
s—1
:ZA2j+1X[2j+1]+BU, r=2s—1, seN,
j=0

(15)

where X = [XT, X, XT)T X € RN, N = " nj, Apjpq € RNV
=1

B = diag(By, B, ..., By), U= (UL, UL, ... . UT)T.
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3.2 Nonlinear decentralized control stabilization

We expose in this section our approach of a decentralized control synthesis of the inter-
connected global system ([3)). The decentralized control laws of the n subsystems are
taken in the following form:

Ui = —(KaXi + Kis X" + Kis X! + .+ K X)),

16
1=1,...,n, (16)
which leads to the following global control law
v o= (i ... U)"
= —(KiX + K3XPB 4 K0 KT
s—1 (].7)
= —ZK2j+1X[2j+1], 7":28—1,
j=0
where K7 = diag(K;1), i = 1,...,n and matrices Kg;41, j = 1,...,5 — 1 are expressed
from Ki,2j+1-

Let Qi(n; x n;), ¢ = 1,...,n be symmetric positive definite matrices, and « be a
positive real. And let P; (¢ = 1,...,n) be the symmetric positive definite matrices
solution of the following Riccati equations

AL P, + Py Ay — Pi(BiRi_lBiT)Pi + Qi +2aF; =0, (18)

where A;; is the characteristic matrix of the i*” subsystem. And let the gains K241
(t=1,...,nand j=1,...,8 — 1) be given by

Kiq =R 'BTP,
{ 1 7 2 (19)

Mjjn(Kigje1) = (R BT P) @ 1.

We have then the following theorem.

Theorem 3.1 The decentralized control law (I8) (or (I7)) is globally and asymptot-
ically stabilizable for system () if there exist (n; X n;) positive definite matrices Q;,
t=1,...,n and o € R such that matrices Fy, F5, Fas_1 defined by

Fy=Q+ PBR'BTP +2aP — (PH + H'P) (20)

with Q = diag(Q;), P = diag(P;), R™! = diag(RZl), H s the interconnection linear
part, and for j > 1,

Fojy1=PBR'B'P)® Ini — (P® Ini)M; j+1(A2j41) (21)
are semi-positive definite.

Proof. The proof of the above theorem is based on Lyapunov direct method. Let V'
be the Lyapunov function defined by the following quadratic form:

V=xTpPx, (22)
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where P = diag(P;) is an (n x n) definite symmetric matrix. The global asymptotic
stability of the equilibrium state X' = 0 of system (I3 is ensured when the time derivative
V(X) of V(X) is negative definite for all X € R”. One has

V=xTPx +xTPx. (23)
Using (I3]), expression (23] leads to

s—1
V = 2Z(V€C(P.AQJ'+1 - PBK2j+1))TX[2j+2]
o (24)
= 22X[j+1]TMat(nj—17nj)(V@C(PA2j+1 _ PBKQjJ,—l))X[jJ’_l].
j=0

Using Lemma 1, we get
Mat(nj+1,nj+1) (Vec(PA2j+1 —PBK2j+1)) = Unjm (P(X) L, )Mnj7nj+l (A2j+1 —BK2j+1). (25)

The use of (25) and the following expression

Vi, j € Ny Upiyps X = ylit] (26)
yield
s—1 . . )
V = 2 Z XUJA] Mat(njfl_’nj)(Vec(PAgj_,_l - PBK2j+1))X[J+1]
7=0

s—1
= 2) XU, (P ® Ly ) My s (Asjyr — BEoj 1) XU+

J=0
s—1

= 2 Z XUH]T(P ® Ip,i )My i+ (Azjr1 — BKyjq) XU+ (27)
=0

s—1
= 2 Z X[jJrl]T(P ® Inj)(Mnj_’nj+1 (A2j+1) - Mnj,nj+1 (BK2j+1))X[j+1]
7=0

s—1
= 2) XA (P @ 1y ) (Myys it (Agjir) — BRTIBTP @ L) XU
j=0

Then we obtain the following expression:

V = -xXTMX (28)
with
x o\ P 0
X= : , M= . (29)
xb+1 o) 2(P @ I,i)Fojq1.

To ensure the asymptotic stability of system (3] with the control law (I7]), V should
be negative definite, then the matrix M should be positive definite, which is equivalent
to Fy of expression (20) is positive definite and Fy;11, for j > 1, of expression (2I]) are
semi-positive definite.
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3.2.1 Second version of decentralized stabilizability conditions
We consider system model () of the global interconnected system, and let
Agjpr = Agjiq + A5, (30)

where Aéj 41 expressed from A;ox11 (matrices of separated subsystems) and Agj 41 ex-

pressed from ijs (corresponding to interconnections).

If there exist symmetric positive definite matrices Q; j4+1 (ngJrl X nngl), j=1,...,5—1,
such that the matrices P;, solutions of Riccati equations (I8]), will be solutions of the
following equations, for i =1,...,n :

(Pi@®1,5) My j1(Ai 2540+ M1 Qi 240) @ L)~ (P Bi Ry BY P)®1,4Qi511= 0. (31)

Each of isolated decoupled subsystems, in which all the interactions are assumed to be
zero, can be stabilized with control vector U; of (I6), where the gains K, 2541, =1,...,n
and j =1,...,5s — 1 are given by

K = R;'BI'P,
{ oo (32)

M;j+1(Kigje1) = (R BT P) @ 1,5
Now the presence of interconnections will influence the stability, and it is necessary to

obtain sufficient conditions to guarantee the stability of the overall system. This is given
by the following theorem.

Theorem 3.2 The decentralized control law (I8) (or (I7)) is globally and asymptot-
ically stabilizable for system (I3) if there exist (n; x n;) positive definite matrices Q;,
i=1,....,n, « € R, and (nf"'1 X ng"'l) positive definite matrices Q; j+1, j > 1, such that
matriz Fy, defined by

Fy =Q, + PBR'BTP +2aP — (PA? + 42" P), (33)

where Q1 = diag(Q;), P = diag(P;), R™' = diag(R; "), A} defined in (30) is positive
definite, and for j > 1

Fojn1= Qs tH(PBR™'BT PR LM ;1 (A5 41) PO L) HP@ L )My j 11 (A3 1)), (34)
where Q41 = diag(Q; j+1) are semi positive definite.

Proof. Let V be the Lyapunov function defined by the following quadratic form

V=xTpPx. (35)
The development of V leads to
s—1
V = XT(PA+AT P—PBK, — K{B"P)X+2Y XU (@1,)(M; j11(Azji1) (36)
j=1

—~(BR™'BTP)® I,,;) X1+,
Then using (I8) and @&I)) in (B4), we get

s—1
V=-XT(Q1 + PBR™'BTP + 2aP — (PA} + A7 P))x— Y X0 (Q;
j=1

HPBR™'BTP)® I,y —[M]; (A3, 1) (P® L) HP® Inj)Mj,jH(A§j+1)]})([j+1]-

(37)
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The expression ([B7) is then equivalent to

V = —XTMX (38)
with
x o\ b} 0
X = ; , M= . (39)
Xli+1] (0) Fhja

To ensure the asymptotic stability of system (5] with the control law (IT), V should be
negative definite, then the matrix M should be positive definite, which is equivalent to
F is positive definite and Fyj41, j > 1 is semi-positive definite.

4 Application of the Proposed Control to a Multimachine Power System

We propose in this part to show that it is possible to apply the proposed decentralized
control method to an industrial process. It consists in studying the stability by decen-
tralized control of a power system composed of three interconnected machines, (Figure
1), characterized by the parameters indicated in Table 1.

4.1 Multimachine power system modelisation

A three machine power system controlled by the steam valve opening, can be described
with the interconnection of three subsystems as follows [21]:

3
Xi(t) = AiXi(t) + BiU(t) + Y pijGijgij(Xi, Xj); i=1,---,3, (40)

J=1#i

where X;(t) is the state vector defined by X;(#)T=[Ad;(t) wi(t) AP, (t) AX., (1),
A(Sl(t) = 6i(t) — 6i0, APmi (t) = Pmi(t) — Pm¢0; AXei (t) = Xei(t) — Xeio, Ui(t) is the
control, U;(t) = AX,;(t),

1 0 0 0
Di 0 wo 0 0 0
72Hi 72Hi 0 7WOE;¢E¢IUBU‘
Az = 0 0 7L Kmr ) B; = 0 aGij = 2H; ’
Toi T, 1 0
K., 1 T
2 g o - T, 0
L Te.; leo Te.; -
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gij(aci,xj) = sin ((Sz(t) — (Sj(t)) — sin ((51'0 — (Sjo), where:

p;; a constant of either 1 or 0 (if 0, then 4" machine has no connection with i* one);
§;  the rotor angle for i** machine, in radian;

w; the relative speed for i** machine, in radian/second;

P,,. the mechanical power for i’ machine, in pu;

X, the steam valve opening for i*" machine, in pu;

H; the inertia constant for ** machine, in second;

D; the damping coefficient for i** machine, in pu;

Ty, the time constant for i** machine’s turbine, in second;

K, the gain of i*" machine turbine;

T., the time constant of i** machine’s speed governor, in second,

T., the gain of i*" machine’s speed governor;

R; the regulation constant of i** machine, in pu;

B;; the nodal susceptance between i" and j'" machines, in pu;

wo the synchronous machine speed, in radian/second;

Etlzi the internal transient voltage for i*” machine, in pu, which is a constant;
E(’U the internal transient voltage for it machine, in pu, which is a constant;
x4; the direct axis reactance of the i*" generator, in pu;

x!,;  the direct axis transient reactance of the i'" generator, in pu;

xp; the transformer reactance;

Tqq; the mutual reactance between the excitation coil and the stator coil, in p.u.;
T)y: the direct axis transient short-circuit time constant, in second;

x;; the transmission line reactance between the it" and the j*" generators, in pu;

di0, Pm;o and X.,o are the initial values of 0;(t), Pn,(t) and X, (t).

Machine 1 | Machine 2 | Machine 3

xq(pu) | 1.863 2.36 2.36
! (pu) | 0.257 0.319 0.319
xr(pu) | 0.129 0.11 0.11
Taa(pu) | 1.712 0.712 0.712
Tho(pu) | 6.9 7.96 7.96
H(s) |4 5.1 5.1
D(pu) |5 3 3
Tr(s) 0.35 0.35 0.35
T.(s) |01 0.1 0.1
R 0.05 0.05 0.05
K, 1 1 1
K, 1 1 1

x12(pu) 0.55

x13(pu) 0.53

xo3(pu) 0.6

wo(rad/s) | 314.159

Table 1: Three-machine-based system parameters.
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Figure 1: Three-machine example system.

4.1.1 Polynomial model

The nonlinear analytic model [{#0) can be represented with a third order truncated poly-
nomial form, which is considered to be sufficient for the studied power system modeling:

Xi=Ai1 Xt A s XPH4BU; + ZZ]) GhexFlexll i=123. (41)

The global interconnected system is then modelled with the following polynomial form
X = A4 X + A X8 1 BU, (42)
where X = [X{, XTI, XTI,

.A1 = diag(Al, AQ, A3), Al (2 1) —54. 98
A1 (2,5) = 27.49, 4,(2,9) = 27.49, A, (6, 5) = —46.2,
Ay (6, 1) =23.1, 4:(6,9) = 23.1 A1(10 9) = —50.59,
(10, 1) =23.1, A:(10,5) = 27.49,

,1)=9.16, A3(6, 769)=—13.745, A3(8, 1537)=—13.745,
=—13.745, A3(6, 833)=7.7, A5(8,1601)=—13.745,

9):—13 745, A3(6,897)=—11.55, A3(8,1665)=8.43,

7)=13.745, A3(6, 577) 13.745, A3(8,1153)=13.745,
3)=13.745, A3(6,1089)=11.55, A3(8, 1409)=13.745,
3)=—4.58, A5(6,1)=—3.85, .45(8,1)=—3.85,

664 =—4.58, A3(6,1665)=—13.745, A3(8,833)=—4.58,
= 0 for the other values of i and j 1 <17 <12,

et 1 § j < 1728.

5
2
.25

As (2

As(2, 6
As(2,1
As(2,2
As(2,51
A3 (2,83
As(2,1
As(i,j

We want to compute the decentralized control laws given by (I6]) and (I9) for ¢ = 1,2, 3.
For a, R; and Q;, i = 1,2, 3, given by a =0, R; = 2, Q; = diag{0.001,0.001,0.01,0.01},
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we obtain:
Ki; =1[55.90 2448 349.25 103.87], K91 = K31 =[55.90 33.06 359.28 106.62].

We can easily verify that matrices F1 and F3 given in Theorem 1 are positive defined,
which guarantees the stability of system (42]) by the decentralized control law.

Firstly, we want to know the behavior of the proposed power system in free operating
conditions. The curves of Figure 2 show the strongly transient evolution of the power
system state variables, when it is simulated under these conditions towards a perturbation
on the first machine rotor angle.

0 2 4 6
time(s)

A Xe i (pu)

time(s) time(s)

Figure 2: State variable evolution in free operating conditions, toward a perturbation on J1.

Now, to test the performances of the established decentralized control law, we carry
on the simulation of the controlled power system towards some perturbations occurred
on state variables. Figure 3 shows the case when a perturbation is occurred on the rotor
angle of the first machine. Figure 4 illustrates the corresponding control signal evolution.
Regarding to Figure 5 and Figure 6 they show, respectively, the evolution of the three-
machine state variables when a perturbation occurs on the relative speed of the second
machine, and the corresponding control.

From the simulation results shown in these figures, it can be seen that the nonlinear
decentralized control is able to damp the oscillations of the system and to enhance tran-
sient stability of the multimachine power system and this despite different fault locations
that occur on state variables.

5 Conclusion

In this paper, we have developed and validated a new decentralized control approach of
nonlinear interconnected polynomial systems. The studied systems are described by a
polynomial model with odd Kronecker power of state vectors.

The nonlinear decentralized control law, which is also described by a polynomial form,
can guarantee the asymptotic stability of the overall interconnected system when some
sufficient conditions are verified.
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1 2 3 0 1 2 3
time(s) time(s)

time(s) time(s)

Figure 3: State variable evolution towards a perturbation on §;.
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Figure 4: The corresponding control signal evolution.

This new approach is then validated by numerical simulation study on a three-
interconnected-machine power system. The proposed study has shown the high per-
formances of the considered control which is able to damp the system oscillations and to
enhance the power system transient stability and this despite the high nonlinear inter-

connections between generators and different perturbations that can occur on the system
state variables.
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Figure 5: State variable evolution towards a perturbation on ws.
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Figure 6: The corresponding control signal evolution.
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1 Introduction
In this paper, we consider the fourth order differential equation
u(t) + g() f(u(t) =0, 0<t<1, (1)
together with the boundary conditions
u(0) = u'(p) = u"(1) = u"(1) = 0. (2)
Throughout this paper, we assume that

(H1) pis a real constant such that 1 —+/3/3 <p <1, f:[0,00) — [0,00) and g : [0,1] —
[0, 00) are continuous functions, and g(¢) # 0 on [0, 1].
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In this paper, we will study positive solutions of the problem ([I)-(). By a positive
solution, we mean a solution u(t) to the problem ([I)—(2]) such that u(¢) > 0 for t € (0, 1).
The fourth order equation (), known as the beam equation, has been studied by many
authors under various boundary conditions and by different approaches. For example, in
2006, Anderson and Avery [2] considered the fourth order four-point right focal boundary

value problem
")+ flu(t) =0, 0<t<l, (3)

u(0) = u'(g) = u"(r) = u"(1) = 0, (4)

under the assumption that 1/2 < ¢ < (14 ¢)/2 < r < 1. We note that if we allow r = 1,

then (@) reduces to [@)). In 2005, Yang [9] considered the boundary value problem
u(t) = g()f (u®), 0<t<, (5)
u(0) = v'(0) = u”(1) = u"(1) = 0, (6)

and obtained sufficient conditions for the existence and nonexistence of positive solutions
to the problem ([B)—(@). We note that if we let p = 0, then (@) reduces to (@).

For some other results on boundary value problems for the beam equation, we refer
the reader to the papers [ILBH6LS].

In this paper, we shall first prove some upper and lower estimates to positive solutions
of the problem ([I)-(2), and then establish some sufficient conditions for the existence
and non-existence of positive solutions.

This paper is organized as follows. In Section 2, we give the Green function for the
problem ([I)-(), state the Krasnosel’skii’s fixed point theorem, and fix some notations.
In Section 3, we present some a priori estimates to positive solutions to the problem. In
Section 4, we establish some existence and nonexistence results for positive solutions.

2 Preliminaries
The Green function G : [0, 1] x [0, 1] — [0, 00) for the problem ([I)—() is

G(t,s) = —tp*/2—ps—((p—s)*/2)H(p — s)]
—t25/2+13/6 — ((t — 5)3J6)H(t — s).

Here, H : (—00,00) — (—00,00) is the unit step function given by

1, ift>0,
H(t) =
0, ift<o0.

The problem ([I)—(2]) is then equivalent to the integral equation

1
ut) = [ Gl sl ds. 01, ™
0
It is easy to verify that G is a continuous function. Also, we note that if 0 < s < p, then
G(p,s) = s%/6 > 0;

if p<s<1, then
G(p,s) = p°(3s — 2p)/6 > 0.
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In summary, we have G(p,0) = 0 and
G(p,s) >0, 0<s<l.

We will need the following simplified version of the Krasnosel’skii fixed point theorem
(see [7]) to prove some of our results.

Theorem 2.1 Let (X,]| - ||) be a Banach space over the reals, and let P C X be a
cone in X. Let Hy and Hs be distinct positive numbers. If L : P — P is a completely
continuous operator such that

(K1) If v € P and ||v|]| = Hy, then ||Lv|| < |jv||, and

(K2) If v € P and ||v|]| = Ha, then ||Lv|| > |jv]|.

Then L has a fized point v in P with min{Hy, Ho} < ||v|| < max{Hy, Hs}.
For the rest of this paper, we let X = C[0, 1] be equipped with the norm

||v]| = max |v(t)], forall ve X.
tel0,1]

Clearly, X is a Banach space. We define
Y={veX|v(t)>0for0<t<1},

and define the operator 7': Y — X by

(Tu)(t) = / G(t, 5)9(s) [ (u(s)) ds, 0<t<1. (8)

It is easy to see that if (H1) holds, then T': Y — Y is a completely continuous operator.
We also define the constants

Fy = limsup @, fo = liminf @,
20+ xT z—0t xT
F = limsup M, foo = liminf @
z—+o0 L r—+oo I

These constants, which are associated with the function f, will be used in Sections 4 and
5.

3 Estimates for Positive Solutions

In this section, we derive some upper and lower estimates for positive solutions of the

problem (d)—(2).
Lemma 3.1 If (H1) holds, then G(t,s) < G(p,s) for 0 <t,s <1.

Proof. We take four cases to prove this inequality. If ¢ < s < p, then

(-t > 0.

G(p, S) - G(ta S) = 6 =z
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Ifs<t<pors<p<t, then
G(pv 5) - G(ta S) = 0.

Ift<p<sorp<t<s, then

G(p,s) — G(t,s) = (t _6p)2 (2s—2p+s—t)>0.

If p<s<t, then

G(p,s) — G(t,s) = (s _6p)2 (2t—2p+t—s)>0.

The proof is now complete.

We define the function a : [0,1] — [0, 00) by

3p(2 — p)t — 32+ 3

a(t) = 26 2) , 0<t<l.
‘We notice that
_ 73(\/§/3+1* p)(p— (1*f/3))
and
a”(t):M<0, 0<t<l.

p*(3—2p) ~

Therefore, a(t) is concave downward on [0, 1]. Since a(0) = 0 and a(1) > 0, we have

It is easy to see that
a(t) > min{t,1 —t}, 0<¢<1. (9)

We leave the verification of (@) to the reader.
Lemma 3.2 Suppose (H1) holds. Then G(t,s) > a(t)G(p,s) for 0 <t,s < 1.

Proof. We take four cases to prove the lemma.
If t < s <p, then

Glt.5) = aG(ps) = Gz gorals(3 == s — )
+s(s —t)(p—5)(25s —25% +2p —2p* + 5 — sp+p — sp)
+(s = t)*(2p* — 2p° +p° = 5°)]
> 0.

Ifs<t<pors<p<t, then

s°(t —p)*(3 —t — 2p)

> 0.
6(3 — 2p)p? -

G(t,s) —a(t)G(p,s) =
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Ift<p<sorp<t<s, then

G(t,s) —a(t)G(p,s) = %

If p<s<t,then

tp—t)*1 -5  (s—t)°
6 — 4p 6

G(t,s) = a(t)G(p, )

> é[t(p—t)2(1—s)+(s—t)3}

> [t 02— )+ (0~ 0)(s — 1)
= S 0s1-1)

> 0.

This completes the proof of the lemma.
Lemma 3.3 Suppose (H1) holds. Then G(t,s) >0 for 0 <t,s <1.

Proof. The lemma follows easily from Lemma and the facts that a(t) > 0 for
0<t<1land G(p,s)>0for0<s<1.

Lemma 3.4 Suppose (H1) holds. If u € C*[0,1] satisfies the boundary conditions

@, and
W) <0 for 0<t<1, (10)
then ||ul| = u(p), u(t) > 0, and
a(t)u(p) < u(t) <ulp) for 0<t<1. (11)

Proof. Suppose u € C4[0,1] satisfies () and ([I0). If 0 < ¢ < 1, then

u(t) = /0 G(t,s)(—u""(s))ds > 0,

1

Mﬂ:[;muﬁku @M82MQA<XR$FU($MFHWM@%
and
“@:AG@“” @msécmwﬂL@m=Mm

which proves the lemma.
The next theorem follows immediately from Lemma [3.4

Theorem 3.1 Suppose (H1) holds. If u € C*[0,1] is a non-negative solution to the
problem [@)-@), then u(t) satisfies [I).

We now define
P={veX:v(p) >0, a(t)v(p) <v(t) <v(p) on [0,1]}.

Clearly P is a positive cone in X. It is obvious that if u € P, then u(p) = ||ul|. We
see from Theorem [B.1] that if u(¢) is a nonnegative solution to the problem ([)—(2]), then
u € P. In a similar fashion to Lemma B4 we can show that T(P) C P. To find a
positive solution to the problem (I)—(2), we need only to find a fixed point u of T such
that u € P and u(p) = |Jul| > 0.
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4 Existence and Nonexistence Results

First, we define some important constants:

A:/O G(p,s)g(s)a(s)ds and B:/O G(p,s)g(s) ds.

The next two theorems provide sufficient conditions for the existence of at least one
positive solution for the problem (I)—(2).

Theorem 4.1 Suppose that (H1) holds. If BFy < 1 < Afs, then the problem (d)-
@) has at least one positive solution.

Proof. First, we choose ¢ > 0 such that (Fy 4+ ¢)B < 1. By the definition of Fy,
there exists H; > 0 such that f(z) < (Fy + ¢)z for 0 < z < H;. Now for each u € P
with |lu|| = Hy, we have

HTuH=(TﬂXP)=LA G(p, 5)9(5) f (u(s)) ds
s/Gmmmwwwmww
0

SU%+@WMA<X@$M$%
— (Fo+)[JulB < |lul.

Hence, condition (K1) in Theorem 2] is satisfied.
Next we choose § > 0 and 7 € (0,1/4) such that

[ Gseals) s (o —5) 2 1.

There exists Hz > 2H; such that f(z) > (foo — d)z for @ > Hz. Let Hy = Hz/7. If
u € P and ||u|]| = Ha, then for each ¢ € [r,1 — 7], we have

u(t) > Haa(t) > Hymin{t,1 —t} > Hyr = Hs.

Therefore, for each u € P with [[u]| = Ha, we have
uwawwéﬁm@mvwmw
> [ oo st as
z[h¢anﬁaﬁmx®wﬁﬁ

> / - G(p,s)g(s)a(s)ds - (foo = O)[ull = [ull

Thus, condition (K2) of Theorem [Z]is satisfied. By Theorem 2], T has a fixed point u
such that min{H;, Ho} = Hy < ||u|| < max{H;, Ho} = Hs. This completes the proof of
the theorem.

The proof of the following companion result is very similar to that of Theorem [4.1]
and is therefore omitted.
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Theorem 4.2 Suppose that (H1) holds. If BFs < 1 < Afy, then the problem ()
@) has at least one positive solution.

The next two theorems provide sufficient conditions for the nonexistence of positive
solutions to the problem (I)—(2l).

Theorem 4.3 Suppose (H1) holds. If Bf(x) < x for all x > 0, then the problem
@ -@) has no positive solutions.

Proof. Assume to the contrary that u(¢) is a positive solution of the problem ([)—(2]).
Then u € P, u(t) >0 for 0 <t <1, and

u(p) = / G(p, 5)9(s)f (u(s)) ds
< B~ /0 G(p,s)g(s)u(s)ds

< Blu(p) / G(p,)g(s) ds
- Bilu(p)B = U(p),

which is a contradiction.
The proof of our next theorem is similar to the one above.

Theorem 4.4 Suppose (H1) holds. If Af(x) > x for all x > 0, then the problem
@@ has no positive solutions.

We conclude this paper with an example.
Example 4.1 Consider the fourth order boundary value problem
u""(t) = M1+ t)u(t)(1 4+ 3u(t)/(1+u(t), 0<t<1, (12)
uw(0) =v/(3/4) =u"(1) =u"'(1) = 0. (13)
Here A > 0 is a parameter. In this example, p = 3/4, g(¢t) =1+ ¢, and
f(u) = Au(l +3u)/(1+ u).
It is easy to see that fo = Fy = A, foo = Fxo = 3, and
Ar < f(r) <3 x for z>0.
Calculations indicate that
A = 142837/2064384, B = 363/5120.

By Theorem [£1] if
48176 ~ 1/(3A) < A < 1/B ~ 14.1046,

then the problem (I2)-(3]) has at least one positive solution. From Theorems and
M4 we see that if

A<1/(3B)~4.7015 or A >1/A~ 14.4528,

then the problem (I2)—(I3]) has no positive solutions.
This example shows that our existence and nonexistence results can be quite sharp.
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Abstract: We consider a non-autonomous semi-linear differential equation of
parabolic type with a deviated argument in an arbitrary Banach space. Using the
Sobolevskii-Tanabe theory of parabolic equations, we prove the existence and unique-
ness of a solution. We also discuss the asymptotic stability of a solution. As an
application, we give an example to illustrate the main results.
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1 Introduction

The purpose of this article is to study the following differential equation in a Banach
space (X, -1):

du

T ADuD) = Ftu(). e, 1), >0 } )

w(0) = wg, ug € X.

We assume that for each ¢t > 0, —A(¢) generates an analytic semigroup of bounded linear
operators on X, f: [0,00) x X x X — X and h: X x [0,00) — [0,00). The nonlinear
continuous functions f and h satisfy suitable growth conditions in their arguments stated
in Section
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Differential equations with deviated arguments model certain real world systems in
the theory of automatic control, the study of problems related with combustion in rocket
motion, the theory of self-oscillating systems, problems of long-term planning in eco-
nomics, biological systems, and many other systems in the areas of science and technol-
ogy [3]. Recently, many authors have studied the existence, uniqueness and continuous
dependence of a solution of the differential equation of the type () (see e.g. Gal [6L[7];
Grimm [8]; Jankowski [I2]; Oberg [16]). More details of differential equation with de-
viated arguments can be found in Bahuguna and Muslim [I], Dubey [2], El’sgol’ts and
Norkin [3], Gal [6l[7], Grimm [§], Jankowski [12], Kwaspisz [14] and Pandey et. al [T7[1]].

Oberg [16] has studied the following problem in R™:

duft) .
S = ), (@), ¢ 0; } )
U(O) = wup,up € R",

where v : Ry — R”, f: Ry X R" x R" — R” and h : Ry x R"™ — Ry. The existence
theorem for a solution to Problem (2)) has been obtained by the Banach fixed point
theorem, when f and h are continuous and uniformly locally Lipschitz on all of their
variables.

The following problem with a deviated argument in a Banach space (X, ||-||) has been

studied by Gal [6],

W gty = £t ult), ulb(ut), 1), t>o;} 3)

u(0) = wo, up € X,

where — A is the infinitesimal generator of an analytic semigroup of bounded linear oper-
ators on X. The existence and uniqueness of a solution of ([3)) has been established under
the following conditions on the functions f and h:

(a) f:]0,00) X Xo X Xq_1 — X satisfies

1£ (82 a") = F(s,9,9)1 < Lp(t = s + [l = ylla + ll2" =y a-1)

for all z,y € X,, «/,y € Xq_1, s,t € [0,00), for some constants Ly > 0 and
0, € (0, 1].

(b) h: X4 x[0,00) — [0,00) satisfies
h(@,t) = h(y, 5)| < Ln(|x = ylla + |t — %)
for all x,y € X,, s,t € [0,00), for some constants Ly > 0 and 65 € (0, 1].

For 0 < a <1, ||z]|o = ||(—=A)%x]|, denotes the norm on X, the domain of (—A)®.

The main objective is to establish the existence, uniqueness and asymptotic stability
of a solution to Problem (IJ) generalizing some results of Gal [6]. In addition, we establish
a stability theorem.

The article is organized as follows. We provide preliminaries, assumptions and lemmas
needed for proving the main results in Section[2l We prove the local and global existence,
and stability of a solution in Section Bl An example is considered to illustrate the
application of the main results.
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2 Preliminaries and Assumptions

In this section, we give basic assumptions, preliminaries and lemmas necessary to prove
the main results. The material presented here can be found in more details by Friedman
[4], Henry [9], Krien [I3], Ladas and Lakshmikantham [I5], Sobolevskii [T9] and Tanabe
[20].

Let (X, - ||) be a complex Banach space. Let T' € [0,00) and {A(t) : 0 < ¢ < T}
be a family of closed linear operators on the Banach space X. We will use the following
assumptions [4].

(A1) The domain D(A) of A(t) is dense in X and independent of ¢.

(A2) For each t € [0,T], the resolvent R(\; A(t)) exists for all ReA < 0 and there is a
constant C' > 0 (independent of ¢ and A) such that

IR\ A(t)) ReX <0, ¢ € [0, 7).

C
< 57
Al +1
(A3) For each fixed s € [0,T], there are constants C' > 0 and p € (0, 1], such that
ITAt) = A(MIAT (s)]| < Clt = 7]
for any ¢,7 € [0,T]. Here C and p are independent of ¢, 7 and s.

The assumption (A2) implies that for each s € [0,T], —A(s) generates a strongly con-
tinuous analytic semigroup {e~*4(*) : t > 0} in B(X), where B(X) denotes the Banach
algebra of all bounded linear operators on X. Then there exist positive constants C' and
d such that

le” 48| < Cem®, t>0; (4)

Ce—dt

| As)et 40| < =—,

t>0, (5)

for all s € [0,7] [].
The assumptions (A1), (A2) and (A3) imply the existence of a unique fundamental
solution {U(t,s) : 0 < s <t < T} to the homogeneous Cauchy problem that possesses

the following properties [4]:
(i) U(t,s) € B(X) and U(t, s) is strongly continuous in ¢,s for all 0 < s < ¢ < T.
(ii) U(t,s)x € D(A) foreach z € X, for all 0 < s <t < T.
(iii) U, r)U(r,s) =U(t,s) forall 0 <s<r <t <T.
)

(iv) the derivative QU (t,s)/0t exists in the strong operator topology and belongs to
B(X) for all 0 < s <t <T, and strongly continuous in ¢, where s <t < T.

) GU{()? s)

For a > 0, we define negative fractional powers A(t)~* [4][cf. inequality @] by

+ A(t)U(t,s) =0and U(s,s) =T forall0 < s <t < T.

1 o0
A~ = —TA(t) afld .
(t) (o) /0 e T T
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Then A(t)~® is bijective and bounded linear operator on X. We define the positive
fractional powers of A(t) by A(t)* = [A(t)~%] 1. Then A(t)® is a closed linear operator
with the domain D(A(t)®) dense in X and D(A(t)*) C D(A(t)?)ifa > 8. For0 < a < 1,
let X, = D(A(0)*) and equip this space with the graph norm

[2]la = | A©)%z].

Then X, is a Banach space endowed with the norm || - ||. If 0 < & < 1, the embedding
X1 <= X4 — X are dense and continuous. For each o > 0, define X_, = (X,)*, the
dual space of X, and endow with the natural norm

[2]]-a = 1 A(0)~*x].
Also the assumption (A3) implies that there exists a constant C' > 0 such that
lA® A~ < C

for all 0 < s,t < T. Hence, for each t, the functional y — || A(t)y|| defines an equivalent
norm on D(A) = D(A(0)) and the mapping t — A(¢) from [0,7] into L£(X;1,X) is
uniformly Hélder continuous [10].

Let f and h be two continuous functions. For 0 < a < 1, let W, and W,_1 be open
sets in X, and X,_1, respectively. For each v’ € W, and u” € W,_1, there are balls
such that B, (u',r") C W, and B,—1(u”,r") C W,_1, for some positive numbers 7’ and
r”. We will use the following assumptions:

(A4) (a) There exist constants Ly = Ly(t,u/,u”,7",r"”) > 0 and 0 < 6; < 1, such that
the nonlinear map f : [0,T] x W, x W,_1 — X satisfies the following condition
£t z,2") = fs,9,90 < Ly(lt = s + [z = ylla + 2" = ¢'lla=1)  (6)
for all z,y € By, 2,y € Ba—1 and for all s,t € [0, 7).
(b) There exist constants Ly, = Lp (¢, u,r") > 0and 0 < 02 < 1 such that h(-,0) =0,
h: Wy x [0,T] — [0, T] satisfies the following condition
|A(@,t) = h(y, )| < La(llz = ylla + [t - s™) (7)
for all z,y € B, and for all s,t € [0,T].

For tg > 0and 0 < 8 < 1,let C?([tg, T]; X ) denote the space uniformly Holder continuous
on [t, T] with exponent 3. Then C#([to, T]; X) is a Banach space endowed with the norm

[12(t) — h(s)]l
hl|lce .x) = Su h(t)| + su —_—t
1l e g0, 77:) tUStI;TH Ol B i v
Now we consider the following inhomogeneous Cauchy problem
du,

Al = F(1), ulto) = uo. (8)

Theorem 2.1 [/, Theorem II. 3.1] Suppose that the assumptions (A1)—(A8) hold.
If f € CB([to,T); X), then the unique solution of (8) is given by

u(t) = U(t, to)uo + /t U(t,s)f(s)ds, to<t<T.

to

Indeed, u : [to, T] — X is strongly continuously differentiable on (to,T).



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 12 (2) (2012) 183

The following lemmas will be used in the subsequent sections.

Lemma 2.1 [5, Lemma 1.1] For h € CP([to, T]; X), we define Q : C?([to, T]; X) —

Qh(t) = /tU(t,s)h(s)ds, ty <t <T.

to
Then @Q is a bounded mapping and || QR c(to,11:x,) < Cllhllcs (o, 1);x) for some C > 0.

We have the following corollary from Lemma [ZT1
Corollary 2.1 Fory € X1, we define

H(y;h) =U(t,0)y + /Ot U(t,s)h(s)ds, 0 <t <T.

Then H is a bounded linear mapping from X1 x CP([to, T]; X) into C([to, T); X1).
Lemma 2.2 [70, Lemma 2] Let 0 < a < 1 and f € C([to,T); Xa). We define
t
u(t) = / Ul(t,s)f(s)ds, to <t <T.
to

Then v € C([to, T); X1) N CH((to, T]; X) and v'(t) + A(t)v(t) = f(t), to <t <T.

3 Main Results

In this section, we establish the main results. Let I = [0, 4] for some positive number §
to be specified later. Let C,, 0 < a < 1 denote the space of all X,-valued continuous

functions on I, endowed with the sup-norm, sup ||¢(¢)||«, ¥ € C(I; X). Let
tel

Yo =Cr,(I; Xo—1) ={¥ €Cq : ||U(t) —(5)|lam1 < La|t — s|, for allt,s € I},
where L, is a positive constant to be specified later. It is clear that Y, is a Banach space
under the sup-norm of C,,.

Definition 3.1 A continuous function u : I — X said to be a solution of Problem
@ if the following are satisfied:

(i) u(-) € Cr,(I; Xa-1) NCH(0,6); X)NC(I; X);

(i) u(t) € W, for all t € (0,0);

(iii) Ccll—fl; + A u(t) = f(t,u(t), u(h(u(t),t))) for all t € (0,9);
(iv) u(0) = uo.

For0 < o < B <1, let up € Xo. Let 7 > 0 be chosen small enough such that the
assumption (A4) holds for the closed balls B, = B,(ug,r) and By—1 = Ba—1(ug, 7).
Let K >0 and 0 <7 < B — « be fixed constants. Let

So = {y € CaNVa 1 y(0) = o, 8P ly(t) ~uofla <7 lly(t) ~y(s)la < Kt =s[" ¥V, s € I},
te

Then S, is a non-empty closed and bounded subset of C,.



184 RAJIB HALOI, DWIJENDRA N. PANDEY AND D. BAHUGUNA

3.1 Local existence of solution

Now we prove the following theorem of the local existence of a solution to Problem ().
The proof is based on the ideas of Friedman [4] and Gal [6].

Theorem 3.1 Let ug € Xg, where 0 < o < f < 1. If the assumptions (A1)-
(A4) hold, then there exist a positive number 6 = 6(a, ug) and a unique solution u(t) to
Problem () on the interval [0, 6] such that u € So N C((0,6); X).

Proof. Let v € S,. We define f,(t) = f(t,v(t),v(h(v(t),t))). Then the assumption
(A4) implies that f, is Holder continuous on I of exponent v = min{6;,602,n}. We
consider the following problem:

du
o HADut) = L), tGI;} (9)
u(0) = wo.

Then by Theorem [Z] there exists a unique solution wu, of (@) which is given by
t
w(t) = U, 0)u + / Ut s)fo(s)ds, te€l.
0
We define a map F' by
t
Fo(t) = U(t,0)ug —|—/ Ul(t,s)fy(s)ds, foreachtel.
0

We will claim that F' maps from S, into itself, for sufficiently small § > 0. Indeed, if
t1,to € I with to > t1, then we have

[Fo(ts) — Fo(ti)lla—r < [[[U(t2,0) = U(t1, 0)]uolla—1

/2 Ulta, s)fo(s)ds — / 1 U(t1,s)fo(s)ds (10)
0 0

"

a—1

We will use the bounded inclusion X C X,_1 to estimate each of the terms on the
right hand side of (I0). The first term on the right hand side of () is estimated as
follows [4, see Lemma II. 14.1],

[(U(t2,0) = U(t1,0))uolla—1 < Cilluollaltz —t1), (11)

where C} is some positive constant. We have the following estimate for the second term
on the right hand side of (I0) [4, Lemma II. 14.4],

where N1 = sup || f,(s)| and C5 is some positive constant.
s€1[0,T)
Using the estimates (1) and (I2), we get from the inequality (I0),

/2 Ulta, s)fv(s)ds — / 1 U(ty,s)fv(s)ds
0 0

< CoNi(ta — t1)(|log(ta — t1)[ + 1), (12)

a—1

[Fo(t2) = Fo(t1)]la—1 < Lalta — ],
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where L, = max{C1 |uo||a, CaN1(|log(t2 — t1)| + 1)} that depends on Cy, Ca, Ny, 4.
Next our aim is to show that sup ||F(y)(t) — uglla < 7, for sufficiently small § > 0.
tel

Since ug € X4, we can choose sufficiently small §; > 0 such that [4, Lemma I1.14.1],
U (%, 0)uo — uolla < g for all ¢ € [0, 4. (13)

We choose d2 > 0 such that

C(a) o Cla)K1\ 4_ 2r
== 2 <2
(1aLf[(1+LaLh)r+62]+ 1—a 05 =3

Let Ky := sup || f(t, uo,uo)||- For v € S, and t € [0, d2], it follows from the assumption
0<t<T
(A4) [19, cf. inequality (1.65), p. 23], (@), (@) and h(ug,0) = 0 that

< C(a)Lf/O (t = )" [llv(s) = uolla + lv([A(v(s), s)]) — volla—1]ds

/ Ul(t,s)f,(s)ds
0

(e

+C(04)K1/0 (t—s)"ds
gC(a)Lf/O (t = )" [llv(s) = wolla + Lalh((v(s), s)) — h(u(0),0)[]ds
+C(04)K1/0 (t—s)"ds

< C(a)Lf/O (t = 5)"[llv(s) — uolla + Lalh((v(s), 5)) — h(u(0),0)[]ds

+ C(Q)Kl(sl_a
11—«

< )Ly [ (6= "l + Laa(lo(s) = uollo +%))ds + ST

11—«
t -«
< C(a)L¢[(1 +LaLh)7’+5§2]/ (t—s)"“ds+ C’(ozl)#jz
0 _
C(a) 0 Cla)Ki -
< 2 @,
< (22104 Lot + 01+ S5 o (14)

Combining ([I3) and ([I4]), we obtain sup || Fv(t) —uo||o < 7, where 05 = min{dy, d2} [0} cf.
tel

p. 977].
Next we show that ||Fv(t + h) — Fo(t)||lo < Kh" for some constant K > 0 and
O<n<l.If0<a<pf<land 0<t<t+ h <), then we have

[Fv(t +h) = Fo(t)]la <[ U+ h,0) = U(t,0)]uol|a

t+h ¢
| [ varnans— [ U9

(e
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Using [4, Lemma I1.14.1 and Lemma I1.14.4], we get the following estimates

From (I5) and (), it is clear that

H[U(t—l—h,O) - U(tao)]uOHoz < C(aauo)hﬂ_QQ (15)

t+h t
/0 U(t+ h,s)fo(s)ds /0 Ul(t,s)fu(s)ds|| < C(a)Nih'~*(1+ |logh|).  (16)

[e3

| Fv(t + h) — Fo(t)||la < h"C(a,u0)0? =" + C(a)N16"h """ (| log h| + 1)]
for any v > 0 and v < 1 — a — 1. Hence, for sufficiently small § > 0 , we have
|Fo(t+h) = Fo)]la < Kh"

for some K > 0. Thus F maps S, into itself.
Finally, we show that F' is a contraction map. We choose d4 > 0 such that

C(a)

11—«

Li(2+ LoLp)dy, > <

| =

Let v1,v3 € Sy and t € [0, 4]. Then we have [19, cf. inequality (1.65), page 23],

[Fvi(t) = Foz(t)]la < Cle) Ly /Ot(t =) (llvr(s) = v2(8)|o
+ o ([R(vr(s), 8)]) = va([A(v2(s), 8)])[[a—1)ds
< C()Ly(2+ LaLn) /Ot(t = 8) " vi(s) = v2(s)lads
C(a)

l1—«

= Ly(2+ LaLn)d; =% sup [[o1(t) — v2(t)la- (17)
tel

Then, from (7)), it is clear that F is a contraction map. Since S, is a complete metric
space, by the Banach fixed-point theorem, there exists u € S, such that Fu = u. From
Lemma 1] and Theorem 2.1] it follows that u € C1((0,68); X). Thus u is a solution to
Problem () on [0, 6], where § = min{ds, d4}.

3.2 Global existence of solution

In this section, we prove the global existence of a solution to Problem ().

Theorem 3.2 Assume that (A1)—(A4) hold. Suppose that there are positive con-
stants k1 and ko such that

1f (2, y)
h(z, 1)

Ei(L+ ||z|la + lylla=1) for 0<a <1, (18)

<
< ka(1+Iz]la) (19)

forallt, where 0 <t < T, z,z € X, and y € Xo_1, then the initial value problem () has
a unique solution that exists for all t € [0,T], for each ug € Wa, where 0 < v < f < 1.
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Proof. Let § > 0 be sufficiently small such that u(t), ¢ € (0,4], be the local solution
of () obtained in Theorem Bl So for the global existence of a solution to problem (),
it is enough to show that ||u(¢)||s is bounded as ¢ 1 § and this bound is independent of ¢.

Now using (@), (@), (I¥) and ([I3), we get, for u(.) € X1,

’/0 Ul(t,s)f(s,u(s),u(h(u(s),s)))ds
< JAO)*At) AU (t,0)A(0) =7 A(0) o

[u(®)lla < U 0)uolla +

(e

t
+k / (t =) [+ [[w(s)lla + Lalh(ul(s), s) = h(uo, 0)] + [luol|a—1]ds.
0
(20)
Using [4] inequality (I1.14.12) and (I1.14.14)] in 20), we get

[u(@)lla < (C" + D)lluolla + k[l + (1 + Lakz)]/o (t = 5)" (1 + [lu(s)[a)ds,

t
where D = sup Kkl/ (t — s)~“ds, K is the constant in the bounded inclusion X C
te[0,T) 0

Xq—1 and C’ is some positive constant. Applying the Gronwall lemma, we get that
|lu(t)]| o is bounded as ¢ 1 6.

Remark 3.1 In the case when A(t) is a self adjoint positive definite operator in a
Hilbert space X, Theorem[B.Iland TheoremB.2lcan be strengthened. Assumptions (A1),
(A2) and (A3) imply that, for 0 < a <1 and for all s,¢ € [0,7] [I3] p. 185],

[A®)*As)~] < CA®)A(s) ™ < C, (21)

where C,C" > 0. Then we can prove Theorem [3.J] and Theorem 3.2l with a less regularity
assumption on ug.

3.3  Existence of solution with regularity

In this section, we give a theorem with more regularity on f and ug. We denote D(A(0))
by Xi1. We equipped this space X; with the graph norm

]l = (l=]* + | A(0)2]*)2,

that is equivalent to the usual norm ||A(0)z|| for z € D(A(0)).

Let f and h be two continuous functions. Let W; and W be open sets in X; and X,
respectively. For each u € W; and ' € W, there are balls such that By(u,r) C Wy and
B(uw',r") € W. We will make use of the following stronger assumptions:

(A4) (a) There exist constants Ly = L(t,u,u’,r,7') >0 and 0 < 6; < 1, such that the
nonlinear map f : [0,7] x W1 x W — X, satisfies:

£t 2,2") = f(s,9,9 o < Ly(lt = s + llo =yl + ll2" —y'l]) (22)

for all x,y € By, 2/,y' € B, for all s,t € [0,T] and a € (0, 1).
(b) There exist constants Ly, = Ly (t,u’,7") > 0 and 0 < 02 < 1, such that h(-,0) =
0, h: W1 x [0,T] — [0,T] satisfies:

[P (x,t) = h(y, )| < La(llz =yl + |t = 5|°) (23)
for all z,y € By and for all s,t € [0,T].
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Then we have the following theorem.

Theorem 3.3 Let ug € Wy. Suppose that the assumptions (A1)-(A3) and (A4)
hold. Then there exist a positive number 6 = §(ug) and a unique solution u(t) of Prob-
lem () on the interval [0,0] such that € Cr(I; X) N CY((0,6); X) N C(I; X), where

Cr(l; X) = {¢ € C(I; Xa) : l9(t) = (s)|| < LIt = 8|, for allt,s € I},

for some L > 0. Further, we assume that there are positive constants k1 and ko such
that

||f(t,x,y)|\a
h(z,1)]

k(L lzlls + llylD) for 0 <a <1, (24)

<
< k(4 lz]), (25)

forallt, z,z € X1 and y € X, where 0 <t <T. Then the unique solution of () exists
for allt > 0.
Proof. We denote the interval [0, 6] by I. For each v € C(I, By), we define a map F
by
t
Fo(t) = U(t,0)ug —|—/ U(t,s)f(s,v(s),v(h(v(s),s)))ds foreacht e I.
0

By Lemma 22 the map F from C(I, B;) into C(I; X1) is well defined. The proof of
this Theorem can be obtained by the same argument as in the proof of Theorem 3.1l and
Theorem Thus, we omit the details of the proof.

3.4 Asymptotic stability of solution

In this section, we discuss the asymptotic stability of a solution to Problem () in X.
The proof is based on the ideas of Friedman [4] and Webb [21].

Theorem 3.4 Suppose that the assumptions (A1)-(A4) hold, uo € Xga, where
0 < a< B <1 and there exists a continuous solution u € X.. Suppose there exist a
continuous function € : [0,00) — [0,00) and a constant ks > 0 such that

I1F(tu(®), ulh(u(t), )] < ka(e(t) + [lu(®)la + [u@®lla-1) for 0 <a<1,¢>0. (26)

Then

(i) if €(t) is bounded on [0,00), then ||u(t)||q is bounded on [0, 00);
(ii) if e(t) = O(e??) for some —1 < o <0, then |lu(t)]|o = O(e’);
(i11) if e(t) = o(1), then ||u(t)|lo = o(1).
Proof. Tt is known [4] p. 176] that there exists 0 < 6 < d, such that

AT OU0)] < Ce i £ 0, (27)

for any 0 <~y < 1.
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Now, for t > 0, put ¢(t) = e*||u(t)||. Using 27) to the solution of Problem (I), we
obtain

p(t) < Ct™*|Juoll + C/ *(t = s)"“ksle(s) + [Ju(s)[la + l[uls)lla—1]ds
< Ct=|luo|| + Cks /Ot e (t — s)"%e(s)ds + Cks(1 + K) /Ot(t —5)"%p(s)ds
< {cot-amou ~a [ . s>-%<s>ds} o [ (-5 el (28)
where Cy = max{C, Cks, Cks(1 + K)}. We denote

t
x(t) = Cot™%||luo|| + CO/ e (t — s)"%e(s)ds.
0

Then it is clear that

x(t) < Cot™%||luo|| + Ceft sup €(s), (29)
0<s5<00

for some constant C' > 0. We get from (28)) by the method of iteration that [21],

gﬁ(t) / Z t*SJ ]a[r(la)]]lx(s)ds

5 I'(j - ja)
We note that the series in the bracket is bounded by Bj(t — s)™“exp[Ba(t — 5)'7¢] for
some constants By, Bo > 0. Thus it follows that, for ¢ > 1 and for any A > 0,

p(t) < BseM |luoll + Bae™ sup e(s), (30)

<s<oo

where B3 and By are some positive constants. Thus, for any 0 < 6y < 0, we get

[u(t)la < Bse™®"[|uo|| + Ba sup e(s). (31)
0<s<00

The proof follows from the inequality (3TI).

4 Example

Consider the following differential equation with deviated argument [6,[10]:

ou 0 o ~

B Lkt a)ule) = H(wu(t2) + Gltw,ult, o),
w(t,0) = wu(t,1), t>0; (32)
w(0,2) = wup(x), x€(0,1).

Here, ﬁ(x,u(t,z)) = / K(z,y)u(g(t)|u(t,y)],y)dy for all (t,z) € (0,00) x (0,1).

Assume that g : Ry %O Ry is locally Holder continuous in ¢ with g(0) = 0 and
K € C*([0,1] x [0,1];R). The function G : Ry x [0,1] x R — R is measurable in z,
locally Holder continuous in ¢, locally Lipschitz continuous in u, uniformly in z [6].

We assume that k is positive function with continuous partial derivative k, such that,
for all 0 <t < oo and z € (0,1),
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(i) 0< ko < k(t,z) < ky,

(ii

)

) |k (t, )| < K,

(iii) [k(2,2) = k(s, )| < CJt = 5[,
)

(i) |ka(t, 2) — k(s x)| < CJt — s,

for some € with 0 < € < 1, some constants kg, k:/o, and C > 0.
Let X = L%((0,1); R). We define X; = D(A(0)) = H%(0,1)NHE(0,1) and A(t)u(t) =
0 0
—a—(k:(t,x)a—u(ac)) Then X2 = D((A(0))"/?) = H{(0,1). Then the family {A(t)
x x
t > 0} satisfies the assumptions (A1), (A2) and (A3) on each bounded interval [0, 7
[10].
For = € (0,1), we define f: Ry x H%(0,1) x L?*(0,1) — HZ(0,1) by

f(t,6,0) = H(z,¥) + G(t,z, ),

where H(z,¢(z,t)) = /Z K(z,9)d(y,t)dy and G : Ry x [0,1] x H2(0,1) — HE(0,1)
0

satisfies ||(~¥(t,z,u)||Hé(011) < C(1 + [Jullg2(0,1)), for some C' > 0. Then it can be shown
that f satisfies the condition [22))( see Gal [6]) and h : H?(0,1) x Ry — R, defined by
h(p(x,t),t) = g(t)|p(z,t)| satisfies @3)) (see Gal [6]). Thus, we can apply the results of
previous sections to study the existence, uniqueness and asymptotic stability of solution

of (32).
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Abstract: This paper presents a solution to the boundary stabilization of a vibrating
plate under fluid loading. The fluid is considered to be compressible, barotropic and
inviscid. A linear control law is constructed to suppress the plate vibration. The
control forces and moments consist of feedbacks of the velocity and normal derivative
of the velocity at the boundaries of the plate. The novel features of the proposed
method are that (1) it asymptotically stabilizes vibrations of a plate in contact with
fluid (the fluid has a free surface) via boundary control and without truncation of
the model; and (2) the stabilization of both plate vibrations and fluid motions are
simultaneously achieved by using only a linear feedback from the plate boundaries.

Keywords: semigroups of operators; LaSalle invariant set theorem; asymptotic sta-
bilization; Kirchhoff plate; compressible Newtonain barotropic fluid.

Mathematics Subject Classification (2010): 35M12, 35Q30.

1 Introduction

The vibration of a plate in contact with fluids has been thoroughly analyzed by many
authors [TH3]. Such problems appear frequently in practice, for example when study-
ing the veins, pulmonary passages and urinary systems which can be modeled as shells
conveying fluid, aero-elastic instabilities around flexible aircraft, container conveying the
fluids and dams [TH3].

One of the most challenging practical difficulties which is present in many of the
fluid-structure applications is the vibration of the structures. This may be due to rel-
atively low rigidity and small structural damping and a little excitation may lead long
vibration decay time. Vibration is the most destructing source for the flexible structures.
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Therefore, vibration of flexible structures is capable for disturbance, discomfort, damage
and destruction. In particular, many researchers have studied the problem of vibration
suppression (stabilization) of plates (without and with being in contact with a fluid)
since the plate is a necessary element in many applications such as aircraft’s skin and
flexible structures. In particular, it is widely used in fluid-structure systems [I121[4L[5].
Therefore, an important question in the research of experimentalists and applied math-
ematicians in the field of flexible structures is the control and stability of vibrating plate
under arbitrary loading (such as fluid loading) [68HIT]. That is, if the equilibrium state
is slightly disturbed, do the perturbations grow or decay? Therefore, suppressing the
vibration of such plates (under heavy fluid loading) takes attention of control researchers
that investigate in this field.

Boundary stabilization methods are efficient methods to exclude the problems of both
in-domain measurement and actuation. The boundary actuators designed for the nondis-
cretized PDE models are often simple compensators which ensure closed-loop stability
for an infinite number of modes.

For some references in boundary stabilization methods, see [I2]. Several researchers
have proposed boundary actuators for a variety of flexible systems [9[T0,12HI5]. Some
researches have been concerned with the fluid-structure stabilization problem, [3L16].
In these studies, the fluid doesn’t have free surface; however, in fact, in most of fluid-
structure problems such as dams, large containers, the fluid has at least a free surface.
Therefore, in this work we study the stabilization problem of vibrating plate in contact
with a fluid having free surface; also we present the simulation results which verify our
mathematical results. The fluid is considered to be barotropic compressible Newtonian
fluid whereas the plate is taken to be Kirchhoff plate. We use the semigroup techniques
to demonstrate the well-posedness of the system. Then benefitting from the Lyapunov
stability method and the LaSalle’s invariant set theorem, we prove the asymptotic stabil-
ity of the closed loop system. The main objective of this paper is to use boundary control
method for stabilizing the plate vibration in contact with a fluid having free surface via
boundary actuators at the plate boundary. It should be noted that the Lyapunov meth-
ods are extended to various applications [I71[I8]. The presented method uses control
actuators at the boundaries of structure.

This article is arranged as follows. In Section 2, the dynamics of a plate and surround-
ing fluid are presented. Section 3 is devoted to well-posedness and boundary stabilization
proof of the fluid-structure problem. Section 4 presents the simulation results. Section 5
is devoted to the conclusion.

2 Governing Equations of Motion

2.1 Fluid domain

The governing equations for the Newtonian barotropic fluid with low velocity can be
simplified from the Navier—Stockes equation to the wave equation [I9]. The related
equations are listed below

FAp=¢u in O,
p0¢7t = 7p(1'5y705t) in Q, (1)
p0¢7tt + P09¢,n + Pet = 0 in QQ,
¢7" =0 in Qg,

where €, Q> and Q3 are defined as follows:
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A
TI/TT
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Figure 1: Different boundaries of the fluid-structure system.

1) The wet surface or the fluid structure interface (see Figure [I]).
This is the most essential part of the fluid boundary. The motion of the structure
and the normal component of the fluid motion coincide, that is [19]:

Vi = V., (2)

where vy is the fluid velocity and v is the structure velocity.
In this boundary the following equation can be attained [19]:

p0¢,t = fp(il',y,o,t). (3)

2) A free surface with prescribed external pressure, where we allow the linearized
(gravitational) waves Qy (see Figure 2)) [19]:

P0® .+t + pogdn + Pet = 0. (4)

3) Fixed surface with prescribed external pressure, (3, see Figurdl] [19]:

¢,n = 07 (5)

where ¢(z,y, z,t) is the velocity potential. This means that v = V¢ and ¢ is the sound
speed in the fluid.

2.2 Structure Domain

The governing equation of a Kirchhoff’s plate with external pressure p(x,y,0,t) can be
written as follows [8]:

Dviw + phw 4 = p in 0,
w=0w/on=0 in T, (6)
V) oM™ jos =U, , M =U, in Ty,

V(z,y,t) € Qx[0,00); where w(z, y, t) represents the transverse displacement, p(z,y, 0, t)
is the external transverse force distribution (hydrodynamic pressure due to fluid loading)
on the plate, h is the thickness of the plate, E is the Young’s modulus of elasticity, v is
the Poisson’s ratio and D = Eh/(12(1 — v?)) is the flexural rigidity. It should be noted
that  is a bounded simple region and n = (n1,ns) is the unit outward normal vector to
the boundaries of the plate. My, Mys, Moy and Vi, Vo are defined in the Appendix.
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Free Surfaces ? 4 Plate s

Fixed Surfaces s

Fixed Surfaces - - -

Figure 2: Schematic view of the fluid-structure problem.

3 Stabilization of Plate Under Heavy Fluid Loading

In this section, we consider the stabilization problem of the vibration of a plate without
any boundary attachment. For this purpose, first, the following definitions will be used.
The inner product on the space H = H{, (©) x L*(0) x HZ (€2) x L*(€2) will be presented
as

h
<X,Y >H:/[—5027'17'2—‘,-—pOH(Iil,KQ)]dG—I—/[—p07'17'2+—p GG+ A1, m2)]d?,  (7)
e 4C 2 O 2g 2

where X,Y € H, X = (k1,71,7,61),Y = (K2,72,72,(2), H3,(©) = {r1 : k1 € H*(O) :

Ok1/On = 0|, } and HE (Q) = {& : & € H*(Q) : & = O|p,, 061/0n|r, = 0}; also the
following relations hold

H(Hla ’12) = KRizR2z + R1,yR2y + R1,2K2 2, (8)
Ani,me) = (1/2)AnAns.

It should be noticed that II(k, ) and A(n,n) take the roles of the strain energy of the
plate and fluid respectively and therefore must be nonnegative.
The plate governing equations and related boundary conditions are as follows (see [§]):

DA?*w + phw 44 = p,

w = dw/on = 0 in Ty,

VO 4 aM®9 /s = Uy in Ty, (9)
M = U, in Ty.

For this problem, our main intention is to show that the system (@) under boundary
feedbacks Uy = —w, and Uz = O(w4)/On is well-posed and asymptotically stable. Note
that 90 =T =1y UTI3 and

M(n) = Mlln% —+ MQQTL% — 2M11n1n2,

M®) = (M — Ma)ning + Miz(n? —n3),

i = Mo+ Mgy, (10)
Va = Mz s+ Maa y,

Vi = Ving + Van,
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where 7 = (n1,n2) is the unit outward vector normal to the boundary. Vi, V4 stand for
transversal forces which lay in the planes being perpendicular to unit vectors in z and
y directions. V) M) are, respectively, transverse force and bending moment which
lay perpendicular to the normal direction. For definitions of the remaining parameters
see Appendix. To analyze the system using the notion of the linear operators, we utilize
the following notation
1
AX A 11
= a - (11)
RPN+ p

The state space representation of the system (@) is

== AE,

w=0,0w/On=0 in T,

Ve 4 M0 = —w, , M™ =9(w,)/0n in Ty,

pod,t = —p in Q, (12)
poP,tt + pogPm =0 in Qo

¢n=0 in Qg,

£(0) = =,

where = = (£1,62,83,84),0 =&, 0,1 = &2, w =& and wy = & . At first, it will be shown
that the operator A with the following domain is a dissipative operator.

D(A) = {(51552553754”51 GH?(G)QH53(6)552 S Héd(G)a

13
& € HE ()N HY(Q),& € HE, such that polola = —p, } (13)

where H#O(Q) = {63 . 53 S H4(Q) : 53 = 0|p0,8£3/8n|p0 = 0} and H§223 (@) = {61 . 51 S
H2(®)7§1 = 0|Qs}'

Lemma 3.1 A is a dissipative operator.

Proof. We start from the fact that the total mechanical energy of the systems is
equal to the following inner product F(t) =< E, = >, therefore

[1]
[1]-

Et)=2< >=2<EAZ > . (14)

)

With the above premise and referring to the Lemma [5.1] of Appendix, the proof will
be complete.

Lemma 3.2 The resolvent (ol — A)~! ewists and is compact (Vo > 0).

Proof. For this purpose, we utilize the following relation
(al —A)X =X9, X0 €H (15)
it can be seen that
<(al = A)X, X >u= | X|§ + [&ll7zr,) + 1064/0n] 120,y > ol X7, (16)

where || X |4 =< X, X >.
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Using Lax-Milgram lemma, one can easily prove that the above equation has a unique
weak solution (see [20H22]). In particular one can infer that:

R(al — A) = H?(©) x HY(©) x H*(Q) x H?(Q), where o > 0.

On the other hand, it is clear that D(A) is dense in H?(0) x L*(©) x H*(Q) x L*(Q),
hence, according to Lumer-Phillips theorem; it is proved that A generates a Cy-semigroup
of contractions (see [24]). Finally one can obtain the following result

[ Xoller = af| X || (17)

Using Sobolev embedding theorem (Rellich-Kondrachov compact embedding theorem),
since (ol — A)~'V is compactly embedded in L?(0) x L(0) x L?(Q) x L*(Q), therefore
the compactness of the above-mentioned resolvent is evident.

Theorem 3.1 Let in the system (2Z3), the initial condition =y belong to D(A). Then
the system (23) is well-posed.

Proof. Based on Lemma [B.1] it is evident that the system ([22)) is well-posed [24].
Also its strong solution has the following regularity (see [23124]).

o(t) € C%([0,t], H*(©) N Hy, (©)) N CH([0,1], Hy, (©)) N C([0, 1], L*(©)),

w(t) € CO([0,4], H(Q) N H (@) N C1([0,4], HE,(2)) N C*([0,1], L*(©)).
Now, we turn our attention to the proof of the asymptotic stability of the closed loop

system.

Theorem 3.2 Using the boundary feedback control laws ([I3), the states of the system
= will eventually tend toward zero,

U1 = 754 and U2 = 854/(971 (].9)

(18)

Proof. The mechanical energy of the system as discussed previously, is
E(t)=<EZ,E>. (20)

By performing some algebraic operations and using Green’s Lemma, the following can
be obtained (see Appendix):

E(t) = —|léallZ2(r, ) — 1064/ Onll72(r,) < 0. (21)
At this step, because of the compactness of the resolvent (al — A)~! | one can use

LaSalle’s invariant set theorem and therefore, it is sufficient to show that the following
system has the trivial solution as its unique solution:

2= A= in Q,

€4=0&/0n=0and M™ =V =0 in Iy,

§3=0&3/0n =0 in T,

Pod.t = —p in Q, (22)
pPod,tt + pogd.n =0 in o,

¢ = 0 iIl Qg,

2(0) = Zp.

Using the Holmgren uniqueness theorem [25], one can easily show that the above system
of equations admits only trivial solution. Then, by regarding the LaSalle’s invariant set
theorem,

lim E(t) =0, (23)

t—o00

which yields the desired stability.
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4 Simulation Results

In this section, we compare the controlled vibration of the plate in contact to a fluid with
the uncontrolled one. We plot displacements of some points of the plate in the controlled
and uncontrolled cases. We will see the effect of the boundary actuators.

4.1 Geometric Properties of the Plate and the Acoustic Fluid Models

Acoustic fluid region is a 0.5m x 0.5m x 0.5m cubic space. All sides of the fluid except
one which is in contact with the plate are fixed and; therefore, the normal velocities of
the fluid at those faces are zero. One face is in contact with the plate and the other face
is a free surface (see Figure [2]).

4.2 Mechanical Properties of Plate and Acoustic Fluid

The mechanical properties of the fluid and plate are shown in Table [[] and Table 2,
respectively.

Bulk Modulus Density
225e7 1000 Kg/m?

Table 1: Material properties of the fluid.

Young Modulus | Poisson’s Ratio Density
200e9 Pa 0.3 1920 Kg/m3

Table 2: Material properties of the plate.

4.3 Results

We present two sets of results. First, the results of the vibration of middle point of the
plate without boundary actuators at the plate boundaries are presented and then the
other set is for the vibrations of the same point of the plate in the presence of the boundary
actuators. We attach a set of boundary actuators with controller gain ky = 3N.s/m at
two controlled sides of the plate. First, the results for the free vibrations of the plate
are presented and subsequently the simulation results for the controlled vibrations of
the plate are demonstrated. The displacements of the mentioned points of the plate are
illustrated by Figures 3-8.

5 Conclusion

Asymptotic stability of the vibration of plates in contact with a fluid was proved. It is
shown that the mechanical energy of the systems would converge asymptotically toward
zero. Since the control laws consisted only of the feedback from the shear force and
bending moment at the boundary of plate, measurement cost was minimized. Also,
the proposed method avoids installation of distributed actuators / sensors which meant
observation of vibration data along the plate or in the interior of the fluid is not required
and the asymptotical stability of the fluid is accomplished without using any actuation
in the fluid domain or its boundary.
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Figure 3: Displacement of the point (0.25, 0) of the plate in contact with the fluid in its free
vibration.
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Figure 4: Displacement of point (0.25, 0.25) of the plate in contact with the fluid in its free
vibration.
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Figure 5: Displacement of point (0.25, 0.5) of the plate in contact with the fluid in its free
vibration.

0.8 b

0.6 ]

0.2 ]

Displacement (m)
o

0 0.5 1 15 2 25 3 35
Time (sec)

Figure 6: Displacement of point (0.25, 0) of the plate in contact with the fluid in the presence
of the boundary actuators.
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Figure 7: Displacement of point (0.25, 0.25) of the plate in contact with the fluid in the presence
of the boundary actuators.
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Figure 8: Displacement of point (0.25, 0.5) of the plate in contact with the fluid in the presence
of the boundary actuators.
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Appendix

In this section it will be shown that the time derivative of the mechanical energy of
the system is negative semi-definite and in the sequel we show that the operator A is
dissipative.

Lemma 5.1 For the operator A, with definition (1)), one can have
E(t) =2 < E,AZ >= —Nl€allT2qryy — 110€a/ 0N T 2(r, - (24)

Proof. 1t is clear that E(t) =2 < =, A= >. For the rest of the proof, we define some
parameters

My = _D(w,ﬂm + Vw,yy)’ (25)
My = —D(wyy + VW aq), (26)
Mz = —D(1—v)wyy, (27)
R11 = —Wgg, Koa = —Wyy , Ki2 = —2W 4y, (28)
Vi = Mg+ Mgy, (29)
Vo = Mgy + M. (30)

We notice that the governing equation of motion can be rewritten in the following
form [§]

M1 pe + 2Mig oy + Moz yy = phw 4. (31)
The energy functional takes the following form
Et) = 4[4l Mnfiu + Maskos + Miskia + phw?]d (32)

+ Jol2% 0% + B |V|*1dO + [, [5267%] Q.

Therefore, time derivative of F (t) will be

. 1/ . . . . . .
E(t) = 5/ [Mi1k11 + Magkos + Miskis + Mi1k11 + Maskios + Migkia + 2phw jw 44]dS
Q

t [ 2or0alins [ [Bobut mlonos+ono )l (@)
and therefore

2E(f) Jol Mufiu + Maofins + Mioki2 + (Mi1,p0 + Mag yy + 2M12 ) wi]dQ+
Jol Mufiu + Mogkao + M12F612 + (Mi1,50 + Mag yy + 2M12 4w ¢ ]dQ+
Jo, [26,46,61dQ + po JolZ((940.u) + y(¢,t¢,tt)]d®
(34)
Employing the relations for the resultant moments in directions  and y (see (24))— 28))),
we get

2E(t) == fQ[(Mll,zzw,t - Mllw,mxt> + (M22,yyw,t - M22w,yyt) + 2(M12,xyw,xyt>]d9+
0 DW 2aW zat + VW 4yt W 0] dQ + fQ Dvw yyW gzt + W gyt W 4y | A+
Jo 2D(1 = V)W 4yt W 2y dY = [, D[W zzaa i + VW, gayyw ] dQ—
Jo 2D(1 = )W gayyw 1 dY — [, D[W,yyyy W, + VW ggyyw ¢ ]dQ+
fQ pw,tdQ + fQ2 %¢,t¢,ttdﬂ =+ Po fQ ¢,t¢,ndﬂ+
Po sz d),td),ndQ + Po fﬂs ¢,t¢,ndQ-
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Rearranging the terms and using the boundary conditions for the fluid yield

2B(t) = 2 [o[(My11pw,e + Mg ywy — Miiw e — Miow y¢) 2dQ+
Jol(Mag yw s — Mis w s — Masw 1y — Miow g¢) ydQ+ (36)
fQ pw d§) + fQZ %Qb,t(b,ttdﬂ + po fQ ¢, ndS2 + po fQZ G40 ndS2.

Applying Green’s Lemma and also boundary conditions of the fluid yield

2B(t) = Pr(Miyowy + Mg ywy — Miw e — Miow g )nidl+
Prl(Magyw ¢ — Mo pw s — Mogw 1y — Miow z¢)nodl+ (37)
fQ pw,tdQ — pPo f92 ¢,t¢,ndﬂ - fQ pw,tdQ + Lo f92 ¢,t¢,ndﬂ-

Grouping the terms and noting that
0A 0A 0A

% - Man "™ (38)
aA A BA
o = Mo Mo e
yield the following result
- aMns n
E(t) =PIV + == w, — MO (w,) ol (40)
I

By applying the assumptions of Theorem 2, and using the related boundary condi-
tions, the following result is attained:

. o¢
B(t) = ~l&lFary) — g ). (41)
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1 Introduction

It is well known that in applied sciences some practical problems concerning physics,
mechanics and the engineering technique fields associate with differential equations of
higher order (Chlouverakis and Sprott [I] and Linz [9]) . Therefore, the investigation of
qualitative behaviors of solutions of nonlinear differential equations of higher order has
a great importance in theory and applications of differential equations. In particular, by
now, several authors have contributed to the theoretical study of instability of solutions
of some fifth order nonlinear differential equations without delay (Ezeilo [3H5], Li and
Duan [7], Li and Yu [8], Sadek [11], Sun and Hou [12], Tiryaki [13], Tung [T4HI6], Tung and
Erdogan [21], Tung and Karta [22], Tung and Sevli [23] ). Throughout all of the mentioned
papers, based on Krasovskii’s properties (Krasovskii [6]), the Lyapunov’s second (or
direct) method has been used as a basic tool to prove the results established on the
instability of solutions, since differential equations studied cannot be solved explicitly.
This method, invented by the Russian mathematician Lyapunov in 1892, proves to be
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extremely effective and useful and is still far of being obsolete. On the other hand, it
should be noted that the instability of solutions of some certain fifth order nonlinear
delay differential equations has been discussed by Tung [17,1920].

Besides, in 1978, Ezeilo [3] established an instability result for the fifth order nonlinear
differential equation without delay

2O + a12® + g’ + asx” + agx’ + f(z) = 0. (1)

In this paper, instead of (I, we consider the fifth order nonlinear delay differential
equation
2O +a12® + aga’ + asx” + agx’ + flx(t —r)) =0, (2)

where a1, a2, as and a4 are some real constants, r is a positive real constant, the primes
in @) denote differentiation with respect to ¢, t € R = [0,00); f is a differentiable
function on R with f(0) = 0. It is assumed that the existence and uniqueness of the
solutions of (2] are guaranteed (see [2], pp. 14,15).

We write ([2]) in system form as follows

=y, y=2z 2=w w=u,

v = —aju — asw — azz — aqy — f(x) + ft f(z(s))y(s)ds. (3)

t—r

In all what follows, z(t), y(t), z(t), w(t) and u(t) are abbreviated as z, y, z, w and
u, respectively.

The motivation for this paper comes from the above mentioned papers and Martynyuk
et. al [10] and Tung [18]. Our aim is to convey the results established in Ezeilo [3] to Eq.

Consider the linear constant coefficient fifth order differential equation
2O 4 a12W + a0’ + asi + asd + asz = 0, (4)

where a1, as, as, as and a5 are some real constants. It is well-known from the qualitative
behavior of solutions of linear differential equations that the trivial solution of () is
unstable if and only if, the associated auxiliary equation

’L/}(A) =\ + a1>\4 + a2>\3 + a3/\2 4+ asA+a5=0 (5)

has at least one root with a positive real part. The existence of such a root naturally
depends on (though not always all of) the coefficients a1, as, as, as and as. For example,
if a; < 0, then it follows from a consideration of the fact that the sum of the roots of
@) equals to (—a1) and that at the least one root of (Bl has a positive real part for
arbitrary values of as, a3, a4 and an analogue consideration, combined with the fact that
the product of the roots (B equals to (—as) will verify that at least one root of () has
a positive real part if

a1:0anda57é0 (6)

for arbitrary as, as and a4. The condition a; = 0 here in (@) is, however, superfluous
when
as < 0; (7)

for then ¥(0) = a5 < 0 and ¥(R) > 0 if R > 0 is sufficiently large; thus showing that
there is a positive real root of (@) subject to () and for arbitrary a1, as, a3 and ay.
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A root with a positive real part also exists for certain equations (B) with as positive
and sufficiently large. To see this easily we refer to the well-known Routh-Hurwitz criteria
which stipulate that each root of (Bl) has a negative real part. Namely, a necessary and
sufficient condition for the negativity of the real parts of all the roots of the polynomial
equation (B is the positivity of all the principal diagonals of the minors of the Hurwitz

matrix:
aiz 1 0 0 O

az a2 Qaj 1 0

H5 = as a4 a3 a2 ai
0 0 a5 ag4 as

0 0 0 0 as

It should be also noted that the principal diagonal of the Hurwitz matrix Hs exhibits
the coefficients of the polynomial equation (B]) in the order of their numbers from a; to
as . The fourth order minor, say Ay, concerned here is given by the determinant

al 1 0 0
A4 _ az a2 Qaj 1 :
as a4 Qa3 Qa
0 0 as Q4
that is, on multiplying out:
Ay = —a% + as(2a1a4 + asaz — arad) + as(aiazas — a% —alay). (8)

It is thus clear, in particular, that if Ay < 0, as would indeed be the case from (&), if
as > Ryg >0 (9)

with Ry = Ro(a1,as,as,aq) sufficiently large, then at the least one root of (Bl has a
non-negative real part subject to ().
Let r > 0 be given, and let C = C([—r,0], R™) with ||¢]| = max |¢(s)|, ¢ € C.

—r<s<0
For H > 0 define Cy C C by Cy ={¢p € C:|¢] < H}.
If 2 : [-r, a) = R" is continuous, 0 < A < oo, then, for each t in [0, A), z; in C is
defined by
xe(s) =x(t+s),—r <s<0,t>0.

Let G be an open subset of C' and consider the general autonomous delay differential
system with finite delay

& =F(x),xs =x(t+6),—r <0<0,t>0,

where F' : G — R" is continuous and maps closed and bounded sets into bounded sets.
It follows from the conditions on F' that each initial value problem

z:F(xt)7x0:¢€G

has a unique solution defined on some interval [0, A), 0 < A < co. This solution will be
denoted by z(¢)(.) so that xq(¢) = ¢.

Definition 1.1 The zero solution x = 0 of & = F'(z;) is stable if for each € > 0 there
exists § = d(e) > 0 such that ||¢|| < § implies that |2(4)(¢)| < e for all ¢ > 0. The zero
solution is said to be unstable if it is not stable.
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2  Main Results
Our first main result is given by the following theorem.

Theorem 2.1 In addition to the assumptions imposed to the function f in Eq. (2),
we assume that there exist constants a1, as, § (> 0), 05 and d5 such that the following
conditions hold:

a1 > 0,£(0) =0, () #0, (x #0),85 > f'(z) > 6 > 0 for all ,

where
07 Zf as S 07
05 > { a3ai’', if az>0.

Then the trivial solution x = 0 of Eq. (3) is unstable provided

. 55*50,3 50,1 — as
r<2m1n{1, 1+ 0)55 5 }

Remark 2.1 The kernel of the proof of Theorem 2] will be to show that, under
the conditions sated in Theorem 2] there exists a continuous Lyapunov functional
Vo = Vo(@+, yt, 2, we, ug) which has the following three properties:

(Py) in every neighborhood of (0,0, 0,0, 0), there exists a point (£,7, ¢, i, p) such that
VO(ga n, Ca s p) > Oa

(Py) the time derivative %Vg(:ﬁt, Yt, 2t, Wy, uz) along solution paths of the correspond-
ing equivalent differential system for Theorem 2.1 is positive semi-definite,

(P3) the only solution (z,y, z, w,u) = (z(t),y(t), z(t), w(t),u(t)) of B]) which satisfies
%Vo(xt,yt, 2z, wi, ug) = 0 is the trivial solution (0,0,0,0,0).

Proof. Consider the Lyapunov functional Vi = Vi (¢, yt, 2¢, we, uy) defined by
Vo = 3{-0asx’®+ (as+ daz)y® + (az — 8)2% — w?} + Syw + Saryz
—dxu — da1xw — dasxz — dazxy + zu+ a1 zw + yf(x)
0t
=X [ [ y*(0)dbds, (10)

—r t+s

where ¢ is a fixed positive constant, as is possible in view of the condition d5 > a%al_1 such

0t

that aza;' < § < dsa3 ', and s is a real variable such that the integral [ [ y%(6)dfds
—r t+s

is non-negative, and )\ is a positive constant which will be determined later in the proof.

It is clear from (I0) that
2 3 14
Vo(—€%,0,0,0,¢) = d(e” — a4e )>0
for all sufficiently small . Hence, in every neighborhood of the origin, (0,0,0,0, 0), there

exists a point (—¢2,0,0,0, ) such that Vy(—¢2,0,0,0,¢) > 0, which shows that the prop-
erty (Pr) holds for V.
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By an elementary differentiation, time derivative of the functional Vi (z+, ys, 2¢, we, ut)
in (I0) along the solutions of ([B]) yields

%Vo(wt,yt, ze,we,ug) =0z f(x) + {f'(x) — das}ty® + (dar — asz)z? + aw?

o | FaDylsds+2 | F o

t—r

¢
=Myt + X [ y3(s)ds

t—r
The assumptions f(0) =0, 65 > f'(z) > d5 > 0 and the estimate 2 |mn| < m?+n? imply

Saf(x) > (065)2?,

~bo | fDy(e)ds = ~0lsl [ Pl lo(s)]ds ~4(6Br)a? - §(65) jzﬂ(s)ds

t—r

z [ flx(s)y(s)ds = — |2 f f'(@(s)) ly(s)lds > —505r2" — 505 f y*(

so that 4
GVo(we, ye, 26, we,up) = (605 — %(5(557‘)1‘2 + {85 — daz — Ar}y?

+(6ar — az — 1657)2% + ayw?

t
+27 12X — (1 +6)d5} [ y*(s)ds
t—r
Let A = (1+5)5" . Hence
C‘litV (T4, s, 26, Wi, ug) = (605 — 27 16057) 2% + {65 — daz — 271 (1 + 8) 057 }y?

+(6ay —az —27957)2%2 + aqw? > 0

provided 7 < 2min{1, 515 a7 3)(:535 5‘“5;“3}, which verifies that the property (P2) holds for
Vo.

On the other hand, dt\/b(:z:t, Y, 2t, we, ug) = 0 if and only if © = y = z = w = 0, which
implies that z = y = z = w = u = 0. Furthermore, by f(z) # 0 for all « # 0, it follows
that %Vb(mt,yt, ze,wi,up) = 0 if and only if x = y = 2 = w = w = 0. Thus, the property
(Ps) holds for Vy. By the above discussion, we conclude that the zero solution of Eq. (2)
is unstable. The proof of Theorem [2.1]is completed. O

Our second main result is given by the following theorem.

Theorem 2.2 In addition to the assumptions imposed to the function f in Eq. (2),

we assume that there exist constants a1, as, d (> 0), 0% and 05 such that the following
conditions hold:

a1 <0,f(0)=0, f(x) #0, (x #0), -6 < f'(x) < =05 for all z,

where
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6/_{03 ifa/?)zoa

ST a2la™t, if as <O.
Then the trivial solution x = 0 of Eq. (3) is unstable provided

. 55 - 5(13 50,1 — as
7 < 2min {1, 0500 5 }

Proof. Consider the Lyapunov functional Vi = Vi (x4, y¢, 2¢, w, us) defined by
i = %{5‘145”2 — (as + ba2)y? — (az — 8)2* + w?} — dyw — dayyz

+dzu + dajzw + dasxz + dagxy — zu — arzw — yf(x)

0 t
=X [ [ y*(0)dbds.
—r t+s

Now, the constant & is fixed as follows |as| |a1|™" < & < &, |as| ™" .
It is clear from V; that

1
Vi(£%,0,0,0,¢) = 6(e® + §a454) >0

for all sufficiently small ¢, so that V; has the property (P).
Calculating the time derivative of V; along solutions of (B]), we obtain

%‘G(ﬂﬁt,yt, 2, Wi, Ug) = —595f(=73) - {f’(ﬂﬁ) - 6a3}y2 - ((5a1 - a3)2:2 — aqw?

+5:ctf f(x(s))y(s)ds — ztf f'(x(s))y(s)ds

¢
=dry? + X [ y3(s)ds.
¢

The assumptions f(0) = 0, 0% < f'(x) < —64 and the estimate 2 |mn| < m? 4+ n? imply

—dxf(x) > (55g)z2,

5fct_ft f'(@(s))y(s)ds > 5|z|t_ft F'(@(s)) ly(s)l ds > —5(805r)a® — 5(605) [ y>(s)ds

and

so that
LV (e, ye, 20, we, ue) = 6(65 — 264r)a® + {64 — Sag — Ar}y® + (—da1 + a3 — 265r)2>
¢

—a1w? + 272X — (1 +6)85} [ y2(s)ds.

t—r
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Let A = %. Hence
%Vl(xt,yt, 2z, Wi, uy) = 0(05 — 2_15g7°):132 + {6t — daz — 271 (1 + 5)7g7°}y2

+(=6a1 + a3 —2710Lr) 22 — aqw? > 0

provided r < 2min{§—§, %, _5a§,+“3 }, which verifies that the property (P») holds for
5 5 5
V.

The remaining of the proof is similar to the proof of Theorem 211 Therefore, we omit
the details. The proof of Theorem is now completed. O

Remark 2.2 When we take into account the assumptions established in Tung ( [19]
20]), it can be seen that our assumptions are completely different from that of ( [I9,20]).
That is to say, Theorems 2.1 and raise two new results on the instability of solutions
of a delay differential equation (2)).

Example 2.1 Consider nonlinear differential equation of fifth order with delay
1
z® 2@ "y & a4 3a(t —r) = 0. (11)
We write (1)) in system form as follows

t
x’:y,y’:z,z’:w,w’:u, ulzfufw7%27y73z+3 f y(S)dS

t—r

It follows that Eq. (IIJ) is special case of Eq. ([2)) and
1
a1:1>0,a2:1>0,a3:§>0,a4:1>0,

f(x) =3z, f(0) =0, f(x) # 0, (z #0), f'(z) =3,
3:S5Zfl(1'>>55>0,55>£:a—§,

ai
1 TP<d<dsazt =26
5~ aza; - <0 <0503 = 20s5.

In view of the above estimates, we conclude that all the assumptions of Theorem 2T

hold. Hence, if
ds —2715 §—271

(1 + 5)55 ’ 3 },
then the zero solution of (IIJ) is unstable.

r < 2min{1,

References

[1] Chlouverakis, K. E. and Sprott, J. C. Chaotic hyperjerk systems. Chaos Solitons Fractals
28(3) (2006) 739-746.

2] El’sgol’ts, L. B. Introduction to the theory of differential equations with deviating arguments.
Translated from the Russian by Robert J. McLaughlin Holden-Day, Inc., San Francisco-
London-Amsterdam, 1966.



214
(3]
(4]

[5]

(6]

[7]
8]

[9]
[10]

[11]
[12]

[13]

[14]
[15]
[16]

[17]

18]
[19]
[20]
21]
[22]

23]

C. TUNC

Ezeilo, J. O. C. Instability theorems for certain fifth-order differential equations. Math.
Proc. Cambridge Philos. Soc. 84(2) (1978) 343-350.

Ezeilo, J. O. C. A further instability theorem for a certain fifth-order differential equation.
Math. Proc. Cambridge Philos. Soc. 86(3) (1979) 491-493.

Ezeilo, J. O. C. Extension of certain instability theorems for some fourth and fifth order
differential equations. Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 66(4)
(1979) 239-242.

Krasovskii, N. N. Stability of motion. Applications of Lyapunov’s second method to differ-
ential systems and equations with delay. Translated by J. L. Brenner Stanford University
Press, Stanford, California, 1963.

Li, Wen-jian and Duan, Kui-chen. Instability theorems for some nonlinear differential sys-
tems of fifth order. J. Xinjiang Univ. Natur. Sci. 17(3) (2000) 1-5.

Li, W. J. and Yu, Y. H. Instability theorems for some fourth-order and fifth-order differential
equations. (Chinese) J. Xingiang Univ. Natur. Sci. 7(2) (1990) 7-10.

Linz, S. J. On hyperjerky systems. Chaos Solitons Fractals 37(3) (2008) 741-747.

Martynyuk, A. A., Lukyanova, T. A. and Rasshyvalova, S. N. On stability of Hopfield neural
network on time scales. Nonlinear Dynamics and Systems Theory 10(4) (2010) 397-408.

Sadek, A. I. Instability results for certain systems of fourth and fifth order differential
equations. Appl. Math. Comput. 145(2-3) (2003) 541-549.

Sun, W. J. and Hou, X. New results about instability of some fourth and fifth order non-
linear systems. J. Xinjiang Univ. Natur. Sci. 16(4) (1999) 14-17. (Chinese)

Tiryaki, A. Extension of an instability theorem for a certain fifth order differential equation.
National Mathematics Symposium (Trabzon, 1987). J. Karadeniz Tech. Univ. Fac. Arts Sci.
Ser. Math.-Phys. 11 (1988), 225-227 (1989).

Tung, C. On the instability of solutions of certain nonlinear vector differential equations of
fifth order. Panamer. Math. J. 14(4) (2004) 25-30.

Tung, C. An instability result for a certain non-autonomous vector differential equation of
fifth order. Panamer. Math. J. 15(3) (2005) 51-58.

Tung, C. Further results on the instability of solutions of certain nonlinear vector differential
equations of fifth order. Appl. Math. Inf. Sci. 2(1) (2008) 51-60.

Tung, C. Recent advances on instability of solutions of fourth and fifth order delay dif-
ferential equations with some open problems. In: World Scientific Review, Vol. 9. World
Scientific Series on Nonlinear Science Series B (2010) 105-116.

Tung, C. The boundedness of solutions to nonlinear third order differential equations. Non-
linear Dynamics and Systems Theory 10(1) (2010) 97-102.

Tung, C. On the instability of solutions of some fifth order nonlinear delay differential
equations. Appl. Math. Inf. Sci. 5 (1) (2011) 112-121.

Tung, C. An instability theorem for a certain fifth-order delay differential equation. Filomat
25(3) (2011) 145-151.

Tung, C. and Erdogan, F. On the instability of solutions of certain non-autonomous vector
differential equations of fifth order. SUT J. Math. 43(1) (2007) 35-48.

Tung, C. and Karta, M. A new instability result to nonlinear vector differential equations
of fifth order. Discrete Dyn. Nat. Soc. 2008, Art. ID 971534, 6 pp.

Tung, C. and Sevli, H. On the instability of solutions of certain fifth order nonlinear differ-
ential equations. Mem. Differential Equations Math. Phys. 35 (2005) 147-156.



Applied Mathematics (AM)

ISSN Print: 2152-7385 ISSN Online: 2152-7393
http://lwww.scirp.org/journal/am

Applied Mathematics (AM) is an international journal dedicated to the latest advancement of
applied mathematics. The goal of this journal is to provide a platform for scientists and academicians
all over the world to promote, share, and discuss various new issues and developments In different
areas of applied mathematics.

Subject Coverage

All manuscripts must be prepared in English, and are subject to a rigorous and fair peer-review
process. Accepted papers will immediately appear online followed by printed hard copy. The journal
publishes original papers including but not limited to the following fields:

® Applied Probability @ Evolutionary Computation @ Neural Networks

® Applied Statistics @ Financlal Mathematics ® Nonlinear Processes In Physics
® Approximation Theory ® Fuzzy Logic ® Numerical Analysis

® Chaos Theory ® Game Theory ® Operations Research

® Combinatorics @ Graph Theory ® Optimal Control

® Complexity Theory ® |nformation Theory ® Optimization

® Computability Theory ® Inverse Problems ® Ordinary Differential Equations
® Computational Mathods in Mechanics and Physice @ Mathematical Biology @ Partial Differentisl Equations
® Continuum Mechanics & Mathematical Chemistry @ Probability Theory

@ Control Theory @ Matt ical E i @ Statistical Finance

® Cryptography @ Mathematical Physics ® Stochastic Processes

® Discrele Geomelry @ Malhematical Psychology ® Theoretical Statistics

® Dynamical Systems @ Mathematical Soclology

® Elastodynamics @ Matrix Computations

We are also interested in: 1) Short Reports—2-5 page papers where an author can either present an
idea with theoretical background but has not yet completed the research needed for a complete
paper or preliminary data; 2) Book Reviews—Comments and critiques.

Notes for Intending Authors

Submitted papers should not have been previously published nor be currently under consideration
for publication elsewhere. Paper submission will be handled electronically through the website. All
papers are refereed through a peer review process. For more details about the submissions, please
access the website.

Website and E-Mail

http:/ilwww.scirp.org/journal/am E-mail: am@scirp.org



CAMBRIDGE SCIENTIFIC PUBLISHERS

AN INTERNATIONAL BOOK SERIES
STABILITY OSCILLATIONS AND OPTIMIZATION OF SYSTEMS

Lyapunov Exponents and Stability Theory
Stability, Oscillations and Optimization of Systems: Volume 6,
317 pp, 2012 ISBN £55/$100/€80

N.A. lzobov
Institute of Mathematics, National Academy of Sciences of Belarus,
Minsk, Belarus

This monograph deals with one of two basic methods of stability investigation of solutions to
differential systems — the method of characteristic Lyapunov indices. It provides necessary
knowledge from modern theory of Lyapunov indices and presents results of the author who is a
leading expert in this field. Main attention is focused on the following areas:
o the theory of low Perrone indices, general Bole indices, central Vinograd indices
and the author’s exponential indices
o the freezing method
e investigation of effect of exponentially decreasing perturbations on characteristic
indices of linear differential systems
o stability of characteristic indices of linear systems with respect to small
perturbations
e Lyapunov problem on investigation of asymptotic stability with respect to linear
approximation
¢ Millionschikov method of turnings and its methodical application in modern theory
of Lyapunov indices

Requiring only a fundamental knowledge of general stability theory, this book serves as an
excellent text for graduate students studying ordinary differential equations and stability theory
as well as a useful reference for analysts interested in applied mathematics.

CONTENTS

Preface « The Lyapunov Characteristic Exponent « The Lower Perron Exponent ¢ The
Exponents of Linear Systems ¢ Millionschikov’s Method of Rotations e Positional
Relationship Exponents of Linear Systems ¢ Lyapunov Transformations ¢« On the
Freezing Method ¢ Linear Systems Under Special Perturbations ¢« The Principal Sigma-
exponent of a Linear System ¢ Stability of Characteristic Exponents of Linear Systems ¢
Asymptotic Stability by First Approximation ¢ References ¢ Index

Please send order form to:
Cambridge Scientific Publishers
PO Box 806, Cottenham, Cambridge CB4 8RT Telephone: +44 (0) 1954 251283
Fax: +44 (0) 1954 252517 Email: janie.wardle@cambridgescientificpublishers.com
Or buy direct from our secure website: www.cambridgescientificpublishers.com




	0(39).pdf
	Brief Outline of C. Corduneanu's Life
	Basic Trends of His Scientific Work
	Global Problems in the Theory of Ordinary Differential Equations
	Qualitative Theory of Differential Equations, with Special Regard to Stability Theory
	Theory of Integral Equations
	Equations with Causal Operators
	Fourier Analysis (Generalized)

	Teaching Activities
	Administrative 
	Memberships
	Editorial Activity
	Awards
	Invited Lectures (Colloquium Programs, Exchange Programs)
	List of Monographs and Books by C. Corduneanu
	List of Corduneanu's Selected Papers

	1(39).pdf
	Introduction
	Preliminaries
	Auxiliary Results and Assumptions
	Time Scales Version of Theorem 1.1
	Time Scales Version of Theorem 1.2
	Time Scales Version of Theorem 1.3

	2(39).pdf
	Introduction
	Statement of the Problem 
	 Conditions of the Existence of a CLF
	Systems with Nonlinear Dissipative and Potential Forces
	Conclusion

	5(39).pdf
	Introduction
	Preliminaries
	Estimates for Positive Solutions
	Existence and Nonexistence Results

	6(39).pdf
	Introduction
	Preliminaries and Assumptions
	 Main Results
	Local existence of solution
	Global existence of solution
	 Existence of solution with regularity
	Asymptotic stability of solution

	Example

	8(39).pdf
	Introduction
	 Main Results

	3(39).pdf
	Introduction
	 Preliminaries
	Proof of Theorem 1.2

	4(39).pdf
	Introduction
	Mathematical Notations and Properties
	Kronecker product
	Kronecker power of vectors
	Permutation matrix
	Vec-function
	Mat-function

	The Proposed Decentralized Stabilization Approach
	Description of the studied systems
	Nonlinear decentralized control stabilization 
	Second version of decentralized stabilizability conditions


	Application of the Proposed Control to a Multimachine Power System
	Multimachine power system modelisation
	Polynomial model


	Conclusion

	7(39).pdf
	Introduction
	Governing Equations of Motion
	Fluid domain
	Structure Domain

	Stabilization of Plate Under Heavy Fluid Loading
	Simulation Results
	Geometric Properties of the Plate and the Acoustic Fluid Models
	Mechanical Properties of Plate and Acoustic Fluid
	Results

	Conclusion


