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1 Introduction

Let V and V be real Hilbert spaces. Also, let Z = Lo([0,7]; V) and Y = Ly([0,7]; V)
be the corresponding function spaces defined on [0, 7]. Let C([—h,0], V) be the Banach
space of all continuous functions from [—h, 0] to V with the supremum norm.

Consider the following fractional order semilinear control system with bounded delay

CD¢a(t) = Ax(t) + Bu(t) + f(t,z¢), t€]0,7];
(1)
‘T(t> - 90(05 le [7}15 O]
Here © D" is the Caputo fractional derivative of order «;, where 1/2 < a < 1; the state z(-)
takes its values in the space V; A: D(A) CV — V is a closed linear operator with dense
domain D(A) generating a Co-semigroup 7'(t); the control function u(-) takes its values in
V. The operator B is a bounded linear operator from V to V; f : [0, 7] x C([=h,0],V) —
V is a continuous function and ¢ is the element of C'([—h,0]; V).
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The investigation of the theory of fractional calculus have been started about three
decades before. Fractional order differential equations are generalizations of ordinary dif-
ferential equations to an arbitrary (noninteger) order. Fractional order nonlinear equa-
tions are abstract formulations for many problems arising in engineering, physics and
many other fields. In particular, the fractional calculus is used in diffusion process, elec-
trical science, electrochemistry, viscoelasticity, control science, electro magnetic theory
and several more. For more details one can see [IH6] and the references cited therein.
In [7] phase synchronizations in coupled chaotic systems presented by fractional differ-
ential equations has been considered. The existence and uniqueness of solutions of a
nonlinear multi-variables fractional differential equations have been investigated in [§] by
using Schauder’s fixed points theorems and Global contraction mapping theory.

The problems of optimal control [9l[I0] and various type of controllability like exact
controllability [ITHI3], boundary controllability [I4] and the approximate controllability
[I5,16] of fractional order systems have been studied in the area of control theory in
infinite dimension spaces.

To prove exact controllability and the boundary controllability, the main tool used by
the authors is to convert the controllability problem into a fixed point problem together
with the assumption that the controllability operator has an induced inverse on a quotient
space. In [I2HI4], to prove the controllability results for fractional order semilinear
systems authors made an assumption that the semigroup associated with the linear part
is compact. However, if the operator B is compact or Cy-semigroup T'(t) is compact
then the controllability operator is also compact and hence inverse of it does not exist if
the state space V' is infinite dimensional [I7]. Thus, the concept of exact controllability
is too strong in infinite dimensional space and the approximate controllability is more
appropriate for these control systems.

The approximate controllability of the systems of integer order ( o = 1,2) has been
proved in [I8H23] and the references therein. To show the results on the approximate
controllability a relation between the reachable set of a semilinear system and that of the
corresponding linear system is proved. In [I5] Sakthivel et al. proved the approximate
controllability by assuming that the Cp-semigroup T(¢) is compact and the nonlinear
function is continuous and uniformly bounded. Sukavanam et al. [16] proved the ap-
proximate controllability for a class of semilinear delayed control system of fractional
order by assuming that the corresponding linear system is approximately controllable
and nonlinear function satisfies the Lipschitz condition. Recently, Kumar et al. [24] es-
tablished sufficient conditions for the approximate controllability of a class of semilinear
delay control systems of fractional order by using Schauder’s fixed point theorem and
the compactness of the Cy-semigroup together with the Lipschitz continuity of nonlinear
term.

In this paper, sufficient conditions for the approximate controllability of fractional
order semilinear control system (Il are established.

The paper is organized as follows: in Section 2] we present some necessary prelimi-
naries. The approximate controllability of semilinear system (IJ) is proved in Section [Bl
In Section ], an example is given to illustrate the theory.

2 Preliminaries

This section is devoted to the basic definitions and lemma, which are useful for further
development.
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Definition 2.1 A real function f(¢) is said to be in the space Cy, o € R if there
exists a real number p > a, such that f(t) = t?¢(t), where g € C[0, 00[ and it is said to
be in the space C7 iff fmecC,, meN.

Definition 2.2 The Riemann-Liouville fractional integral operator of order 5 > 0 of
function f € C,, a > —1 is defined as

ﬂﬂoféléaﬁﬂv@ma

where I' is the Euler gamma function.

Definition 2.3 If the function f € C™ and m is a positive integer then we can
define the fractional derivative of f(¢) in the Caputo sense as

t
CD?f(t) = ﬁ/o (t _ S)m_a_lfm(5>d5, m—1 S a < m.

Definition 2.4 [25] A function z(-) € C([—h,7]; V) is said to be the mild solution
of () if it satisfies

() { Sa(t)p(0) + [ (t — 8)* " To(t — s)[Bu(s) + f(s,25)]ds, t€[0,7],
@(t)v te [7h70]7

where Sa(t)z = [;° ¢a(0)T(t*0)zdd and T.(t)z = oy 0¢a(0)T(t*0)zdf. Here
¢a(0) = 207171/, (9=1/*) is the probability density function defined on (0,00),
that is ¢a(6) > 0, and [;° ¢a(A)d§ = 1. Also the term () is defined as 1o (f) =

%230:1(—1)"—19—”%1% sin(nma), 6 € (0, 00).
Define the solution mapping ® from Z to C([0,7]; V) as

(Bu)(t) = a(t).

Definition 2.5 The set K, (f) = {x(r) € V' : z(¢) is a mild solution of ()} is called
the reachable set of the system ().

Definition 2.6 Let 2(7) be the state value of system () at time 7 corresponding to
the control w. The system () is said to be approximately controllable in time interval
[0, 7], if for every desired final state £ and € > 0 there exists a control function u(-) € Y’
such that the mild solution z(t) of ([I)) satisfies

() = &Il <e

The system () is said to be approximately controllable on [0, 7] iff K. (f) = V, where
K, (f) denotes the closure of K. (f).

Lemma 2.1 [25] For any fized t > 0, S, (t) and T, (t) are bounded linear operators,
that is, for any x € V, ||Sa(t)z] < M||z|| and | To(t)z|| < %Hx”, where M is a
constant such that ||T(t)|| < M, for all t € [0, T].
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Define a continuous linear operator £ from Z to C([0,7]; V) by
Lp= / (1 — 8)* T, (1 — s)p(s)ds, for p(-) € Z.
0

Assumption: We need the following hypotheses to prove our results:
(H1) The nonlinear operator f(t,x) satisfies the Lipschitz condition i.e. there exists a
positive constant [ such that

1t x) — fE v <z —yl|v, for all z,y € V and ¢ € [0, 7],

and [ f(t,0)[[v <lf.
(H2) For any given € > 0, and p(-) € Z, there exists some u(-) € Y such that

ILp — LBul||y < e.

(H3) ||Bu()|lz < Allp(-)|lz, where X is a positive constant independent of p(-).

(H4) The constant A satisfies r(1YS)T;2)\;—1 exp (FI(Wll_:Z)) < 1.

3 Controllability Results

In this section, we prove the approximate controllability for a class of fractional order
semilinear control system (II) with bounded delay.

Lemma 3.1 Under hypotheses (H1) the solution mapping (Pu)(-) satisfies

@0l < Ko (e )

7-2a—1

o Ly
whETeK:M[||QD(O)||+F(1—M HHBU”Z‘FI—T@} .
Let uyi(-) and ua(-) be in Y. Then

Mat® MIlT™
a1 = sz < e exp (o
N(l+ a)yv2a—-1 I'l+a)

JI1Bur() = Bus()]z.

where x,(t) = (Puy)(t), n=1,2,-- -

Proof. The solution mapping (Pu)(t) = x(¢) is given by

z(t) = 2:(0) = So(t)p(0) + /0 (t —8)* Ty (t — 5)[Bu(s) + f(s,x,)]ds.
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Taking the norm on both sides, we have
t
lzellv = 1Sa@®Ille(0)] +/0 (t =) M Talt = )l Bu(s) + f(s,zs)llds

M)l + s [ (=9 IBue)ds

_Ma t — 87 Y f(s, s
R =9 s

M« 7201
M 0 B
o)+ s 3o 1Bl
l t

Mo Mlyre

er/o (t*8>a_1|‘xs||cd8+m.

IN

IN

Mal t
< K—f—i/ t— ) Yzl ods.
This implies that

Mal t
T =sup ||z <K+7/ t — ) Y|zl cds.
lelle = sup v < K + s [ 0= 92 ol

Now, using the Gronwall’s inequality, we get

MIt*
< K — ).
e < Koo (Faas)
Thus, we have
Mire
< — ).
@l < K e (5 )

Let us define y(-,¢) : [=h,7] = V as

(®), t e [—h,0l,
y(t, 5”){ éa(t)go(O), te 0,7,

Let z(t) = y(t) + 2(t), t € [~h,7]. It is easy to see that z(-) satisfies (I]) if and only if
zo = 0 and for t € [0, 7], we have

¢
z(t) = / (t— s)o‘flTa(t —s)[Bu(s) + f(s,ys + zs)|ds.
0
Now, let us take z1(-), z2(-) € V and u1, us € Y, then

1(z1)e = (22)ellv

< fﬁ¥§5i4<tSVWBumﬂBuxﬁnw
+ﬁ%%ﬁé@_@wwﬂmmwuam—f@M®+@mW%
MO( TQa—l

S sV za—1iPu - Bulz
*ﬁgﬁﬁﬁﬁ—@“wwnw%@Mb%
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Using the Gronwall’s inequality, we get

sup[(z1) = (z2)ellv - = [[(z21)s = (22):llc

< Ma 720-1 ( Mire )||B Bus)|

ex u; — Busl|z.
= Tlta)V2a—17P\T11a) 1= Duallz
Hence, we have

vzl = ([ leats) - ma(o)lfas) -

r 1/2
_ < / ||zl<s>zQ(s>|2‘vds>
Mat® MIilTe

< ex (
= Tl+av2a—1 P\T(1+a)
This completes the proof of lemma.

Theorem 3.1 Under hypotheses (H1)-(H/) the fractional order semilinear control
system (1) is approzimately controllable.

JI1Bus() = Bus (.

Proof. Since the domain D(A) of the operator A is dense in Z, it is sufficient to
prove that D(A) C K, (f). For this, let us take £ € D(A), then for any given € > 0, there
exists a control function uc(-) € Y such that

1€ = Sa(T)@(0) = Lf(s,2e(s)) = LBuc|| <,
where z(t) = (Pu.)(t) satisfies

e(t) = Sa(t)p(0) + /0 (t = )" Talt = 5)[Buc(s) + f(s, (xc)s)]ds.

Now, we construct a sequence recursively as follows.
Assume that ui(-) € Y is arbitrarily given. By hypothesis (H2), there exists some
uz2(+) € Y such that

1€ = Sa(T)p(0) = Lf(s, (x1)s) — LBus|| <

where x1(t) = (Puy)(t), for all ¢ € [0, 7].
For us(-) € Y thus obtained, we determine wy(-) € Y by hypotheses (H2) and (H3)
such that

€
227

(2)

I£17 (5. (@2)s) = F(s: (@2)2)] = LBus]| < 5. 3)
and by Lemma 3.1l we have
1BuOllaoriyy < MF(s.(2)s) = Fls. (20212

< A ( / NG5, (@2)s) — 15, <w1>s>|2vds)1/2

T 1/2
< o0 ([ an)e = .l as)
0
< )‘1”332—901”2
Mot MIr™
= " \||Buy(-) — Bus(-
B F(lJroz)\/QOzfleX (F(lJroz))H ur() uz()|l 2,
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where x,,(t) = (Puy,)(t), n = 1,2, for all t € [0, 7].
Thus, we may define us = us — wo in Y which has the following property

1€ = Sa(T)p(0) = Lf(s,(22)s) — LBusl|
< 1€ = Sa(m)e(0) = Lf(s, (x1)s) — LBu2
+LBws — L[f(s, (x2)s) = f (s, (x1)s)]]
< €= Sa(r)e(0) = Lf (s, (1)) — LBu2||
+HILBw2 = Lf (s, (x2)s) = f(s, (z1)s)]]-

Using Eq. @) and (3], we get

€= S0 (r)e(0) — £1(s.(a2).) — LBl < 5+ 55 )

Mathematical induction implies that there exists a sequence u,(-) € Y such that

€= Sa(r)e(0) = L5 (e0).) = LBl < (55 ++++ s ) (@)

where z,(t) = (Puy)(t), n=1,2,- -, for all t € [0, 7] and

1Bunsa() = Bun()llz
Mat*N Mlre
< Firava=1 o (f{ire) 150 - Bua0le

Clearly, by hypothesis (H4), the sequence {Bu,; n = 1,2,-- -} is a Cauchy sequence in
the Banach space Z and there exists some v(-) € Z such that

lim Bu,(t) = v(t), in Z.

n—oo

Therefore for any given € > 0, there exists some integer N, such that

HﬁBuNe+1 - EB’U,NC

€

=, 5
<3 (5)
Hence, we obtain

1€ = Sa(r)p(0) = Lf(s,(xn.)s) — LBun.|
< €= Sa(r)p(0) — Lf(s, (zn.)s) — LBun, 11|
+HEB’LLN€+1 - ,C,B’U,NE

)

where zn,(t) = (Pun,)(t), for all t € [0,7]. Using Eq. @) and (), we get

1 1 €
_22+...+—2NE+1 €+§
< e

1€ = Sa(T)p(0) = L (s, (xn,)s) — LBun. ||

IN

This means that £ € K, (f). Hence the fractional order semilinear system (1) is approx-
imately controllable on [0, 7]. This completes the proof.

Theorem 3.2 Suppose that the range of the operator B i.e. R(B) is dense in Z.
Then under hypothesis (H1) the semilinear system () is approximately controllable.
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Proof. Since the range of the operator B is dense in Z, for any given point p(-) € Z
and every § > 0, there exists some point Bu(-) € R(B), where u(-) € Y such that

1BuC) = ()12 < 8lpC)] (6)
Now, we have
Ma i a—1
lep—cBul < mrres [ (=9 Inle) = Buts)lds
< Fr\ 3 — BuC)ls
Mo 7201
< FrraVaaopolrOls
< €
Thus from (@), we have
1Bu()lz = Bu() = p()+pOlz

[1Bu(-) = p()llz + 1Ip()ll 2
SllpO)llz + [lp()llz
0+ DllpC)l 2

This implies that the conditions (H2) and (H3) are satisfies, if we choose 6 > 0 in such

a manner that (H4) is verified. Then the approximate controllability of () follows from
Theorem 311

IN NN

4 Example

Let V = Ly(0,7) and A = ;—; with D(A) consisting of all y € V with % and y(0) =
0=y(m). Put ey(x) = /2/msin(nz); 0 <z <m,n= 1,2,-- -, then {e,, n=1,2,---} is
an orthonormal basis for V' and e,, is the eigenfunction corresponding to the eigenvalue
An = —n? of the operator A. Then the Cy-semigroup 7'(t) generated by A has exp(\,t)
as the eigenvalues and e,, as their corresponding eigenfunctions [26]. Define an infinite-

dimensional space 1% by

oo [e.°]
V= {u|u:2unen, with Zui <oo}.
n=2 n=2

The norm in V is defined by

- 1/2
lully = <Zu72z> :

n=2

Define a continuous linear map B from V toV as

Bu = 2uqeq + Z Upen, foru = Z Unen € V. (7)

n=2 n=2
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Let us consider the following fractional order semilinear control system of the form

CDey(t,x) = a—;y(t,x) + Bu(t,z) + f(t,y(t — h,x)); t€[0,7], 0 <z <,
y(t, 0) = y(tvﬂ) = 0; te [Oa T]v
y(ﬁ, T) = (p(t,l‘); te [_ha O]a (8)

where ¢(t, x) is continuous. The system () can be written in the abstract form given by
(M. The operator B is defined in (7) and the control function u(t,z) € La([0,7]; V) =
Ly([0,7] x (0,7)). Here the nonlinear term f is considered as an operator satisfying
Hypothesis (H1). If the conditions (H2)-(H4) are satisfied, then the approximate con-
trollability of system (8] follows from Theorem Bl For example, if we consider the
function f as f(t,z) = l]|z||¢3(z), where [ > 0 is a constant. The function f satisfies

(H1) with Lipschitz constant .

Conclusion

The approximate controllability for a class of semilinear delay control system of fractional
order has been proved provided that it holds for the corresponding linear system. These
results hold only for the fractional order such that 1/2 < o < 1.
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