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Abstract: In this paper, we study the stability problem of a stochastic interval
system with distributed delays. Firstly, we prove that the solution of such system
exists and is unique, and then a sufficient criterion of exponential stability is obtained
and such result can be generalized to the systems with multiple time delays. Finally,
an example is given to illustrate the result.
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1 Introduction

Stochastic modelling has come to play an important role in many branches of science
and industry, such as neural network and automatic control of stochastic system and so
on, see [1–9]. One of the most useful stochastic models which are often used in practice
is stochastic differential delay equation [10–15]. However, in many practical models, it
is difficult to determine the parameters with a fixed value and instead of obtaining some
estimation – the parameters are changed in an interval. Such a system can be described
by stochastic interval system.

In the past decades, a lot of work on stochastic differential interval systems could
be found in [16–18] and the results are generalized to Markov switched system by [19,
20]. Motivated by these works, in this paper, we study stochastic interval system with
distributed delays. Consider the following stochastic system

dx(t) = [A0x(t) +A1x(t− τ) +A2

∫ 0

−τ x(t + θ)dµ(ϑ)]dt

+[B0x(t) +B1x(t− τ) +B2

∫ 0

−τ x(t+ θ)dν(ϑ)]dBt,
(1)
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where A0, A1, A2, B0, B1, B2 are constant matrices and µ, ν denote probability measures,
τ is a positive constant. This system is incorporated with time delays, which would be
appropriate in circumstances where a process is dependent not only upon the present
state but also upon the state at all the times of some interval in the past. In practice,
the matrix coefficients must be estimated from empirical data, and chosen as confidence
intervals under a statistical method, so we use interval matrices instead of the coefficients
of system (1), and this results in an interval system of the form

dx(t) = [(A0 +∆A0)x(t) + (A1 +∆A1)x(t − τ)

+ (A2 +∆A2)
∫ 0

−τ x(t+ θ)dµ(ϑ)]dt + [(B0 +∆B0)x(t)

+ (B1 +∆B1)x(t− τ) + (B2 +∆B2)
∫ 0

−τ x(t+ θ)dν(ϑ)]dBt,

(2)

where ∆Ai,∆Bi, Ai, Bi are constant matrices and ∆Ai ∈ [−Aim, Aim], ∆Bi ∈
[−Bim, Bim], i = 0, 1, 2, where Aim, Bim, im = 0, 1, 2 are constant matrices and µ, ν
denote probability measures, τ is a positive constant.

The study of stochastic interval system (2) becomes more difficult than that of
stochastic system (1), since the parameters of (2) belong to intervals. Since the coef-
ficients of such system have the property of uncertainty, we always treat interval systems
as uncertain systems. Because the coefficients as interval matrices are not well-performing
to preserve the stability properties, so it is useful and helpful to study the stability be-
haviour of such systems. There are many stability properties to be studied, but this
paper will focus on the study of exponential stability of stochastic interval systems (2)
with distributed time delay.

In the next section, we will give some notations used throughout this paper. In
Section 3, we discuss a particular type of stochastic interval system with distributed
delays, a stability criterion is given which will be applied to examine the stability of
stochastic interval system with distributed delays, and then we generalize these results
to a stochastic interval system with multiple distributed delays. An example is given to
illustrate our result.

2 Preliminaries

Let Rn be Euclidean space and | • | be the Euclidean norm in Rn. If A is a matrix,
its transpose is denoted by AT and define a norm of A as ‖ A ‖= sup{|Ax| : |x| =
1} =

√

λmax(AAT ). If A is a symmetric matrix, let λmax(A) and λmin(A) represent its
largest and smallest eigenvalue respectively. Obviously, if A is a symmetric matrix, then
λmax(A) ≤ ‖A‖.

If Am = [amij ]n×n and AM = [aMij ]n×n are matrices and amij ≤ aMij , ∀1 ≤ i, j ≤ n, the

interval matrix [Am, AM ] is defined by

[Am, AM ] = {A = [aij ]n×n : amij ≤ aij ≤ aMij , ∀1 ≤ i, j ≤ n}.

For A,Am ∈ Rn×n, where Am is a nonnegative matrix, we note that any interval matrix
[Am, AM ] has a unique representation of the form [A−Am, A+Am], where A = 1

2 (A
m+

AM ), and Am = 1
2 (A

M −Am).
In this paper, let (Ω,F , {F}t≥0, P ) be a complete probability space with a filtration

{F}t≥0 satisfying the usual conditions. Let Bt denote a Brownian motion defined on
the probability space. Let τ be a positive number and C([−τ, 0];Rn) be the family of
all continuous Rn-valued functions on [−τ, 0] with the values in Rn. We define a norm
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as ‖y‖τ = sup−τ≤s≤0 |y(t)| for any y ∈ C([−τ, 0];Rn). Let L2(Ω,Ft0 , C([−τ, 0];Rn))
represent all Ft0-measurable C([−τ, 0];Rn)-valued random variables ξ with E‖ξ‖2τ < ∞
and we write L2 for short unless otherwise specified. If x(t), t ≥ t0−τ is an n-dimensional
continuous stochastic process, we denote xt = x(t+ s) : −τ ≤ s ≤ 0 as a C([−τ, 0];Rn)-
valued process on t ≥ 0. For any initial data x̂(t0) = ξ ∈ L2(Ω,Ft0 , C([−τ, 0];Rn)), there
exists a unique global solution of (1) which is denoted by x(t, t0, ξ).

Definition 2.1 The system (1) is said to be

(a) exponentially stable in L2(Ω, C([−τ, 0];Rn)), if there exist positive constants M
and γ such that for all t0 ≥ 0 and ξ ∈ L2(Ω,Ft0 , C([−τ, 0];Rn)),

E‖x̂(t, t0, ξ)‖2τ ≤ Me−γ(t−t0)E‖ξ‖2τ .

(b) almost surely exponentially stable if

lim
t→∞

sup
1

t
log|x(t, t0, ξ)| < 0. a.s.

3 Main Results

In this section, we will study the stability properties of system (2). For system (2), we
can’t make sure that the solution of such system exists and is unique under the condition
of linear growth and Lipschitz condition. In this paper, we affirm that the solution of
system (2) exists and is unique; here we only need to prove the results for system (1),
because the norm of the matrix coefficient of system(2) is bounded as in system (1),
which is an essential step in the proof of the following theorems.

Let

ℑ = {φ|φ(θ) : −τ ≤ θ ≤ 0 is random variable;φ ∈ Ft0 ∩ C([−τ, 0];Rn), E‖φ‖2 < ∞}.

Lemma 3.1 If x(t) is a solution of equation (1), then for any T > t0, ∃C > 0, such
that

E( sup
t0−τ≤t≤T

|x(t)|2) < C.

In particular, x(t) belongs to L2([t0 − τ, T ];Rn)).

Theorem 3.1 For any ξ ∈ ℑ, there exists a unique solution x(t) of system (1), (2)
and xt0 = ξ.

Proof. This can be easily proved by using the method of [21].
In order to study the stability of system (2), firstly, we consider system (1).

Theorem 3.2 Assume that there exists a symmetric positive-definite matrix Q such
that

2
√

λmax(Q− 1

2AT
1 QA1Q− 1

2 ) + 2
√

̟A(λ)λmax(Q− 1

2AT
2 QA2Q− 1

2 )

+(
√

λmax(Q− 1

2BT
0 QB0Q− 1

2 ) +
√

λmax(Q− 1

2BT
1 QB1Q− 1

2 )

+
√

̟B(λ)λmax(Q− 1

2BT
2 QB2Q− 1

2 ))2 < −λmax(Q
− 1

2 (QA0 +AT
0 Q)Q− 1

2 ) , λ,

(3)
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where ̟A(λ) =
∫ 0

−τ
e−λθdµ(θ), ̟B(λ) =

∫ 0

−τ
e−λθdν(θ).

Then system (1) is exponentially stable in L2(Ω, C([−τ, 0];Rn)) and moreover, it is
almost surely exponentially stable.

Proof. Firstly, we note that Q− 1

2 (QA0 +AT
0 Q)Q− 1

2 must be negative definite.

Set

λ = −λmax(Q
− 1

2 (QA0 +AT
0 Q)Q− 1

2 ) > 0. (4)

By the condition of Theorem 3.2, we can find a constant γ ∈ (0, λ) such that

(1 + eγτ)
√

λmax(Q− 1

2AT
1 QA1Q− 1

2 )

+(1 + eγτ )
√

λmax(Q− 1

2BT
0 QB0Q− 1

2 )λmax(Q− 1

2BT
1 QB1Q− 1

2 )

+2
√

̟A(λ)λmax(Q− 1

2AT
2 QA2Q− 1

2 )

+2

√

λmax(Q− 1

2BT
0 QB0Q− 1

2 )̟B(λ)λmax(Q− 1

2BT
2 QB2Q− 1

2 )

+(1 + eγτ )
√

̟B(λ)λmax(Q− 1

2BT
2 QB2Q− 1

2 )λmax(Q− 1

2BT
1 QB1Q− 1

2 )

+λmax(Q
− 1

2BT
0 QB0Q

− 1

2 ) +̟B(λ)λmax(Q
− 1

2BT
2 QB2Q

− 1

2 )

+eγτλmax(Q
− 1

2BT
1 QB1Q

− 1

2 ) < λ− γ.

(5)

We claim that there exists a constant C > 0 such that

∫ ∞

t0

eγtE(x(t)TQx(t))dt ≤ Ceγt0E‖ξTQξ‖, (6)

for all t0 ≥ 0 and ξ ∈ L2(Ω,Ft0 , C([−τ, 0];Rn).

In addition, we also affirm that there exists another constant C′ > 0 such that

E‖xT
t Qxt‖ ≤ C′e−γ(t−t0)E‖ξTQξ‖, (7)

which is held in L2(Ω,Ft0 , C([−τ, 0];Rn)). It follows from (6) that (2) is almost surely
exponentially stable.

Next, we will give proofs of (6) and (7).

Fix t0 ≥ 0 and ξ , write x(t) = x(t, t0, ξ) , then Ito’s formula yields that
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eλtE(x(t)TQx(t)) = eλt0E(x(t0)
TQx(t0)) + λ

t
∫

t0

eλsE(x(s)
T
Qx(s))ds

+2
t
∫

t0

eλsE(x(s)TQA0x(s))ds + 2
t
∫

t0

eλsE(x(s)TQA1x(s− τ))ds

+2
t
∫

t0

eλsE(x(s)TQA2

0
∫

−τ

x(s+ ϑ)dµ(ϑ))ds

+
t
∫

t0

eλsE(x(s)
T
BT

0 QB0x(s))ds +
t
∫

t0

eλsE(x(s)
T
BT

0 QB1x(s − τ))ds

+
t
∫

t0

eλsE(x(s)
T
BT

0 QB2

0
∫

−τ

x(s+ ϑ)dν(ϑ))ds

+
t
∫

t0

eλsE(x(s− τ)
T
BT

1 QB0x(s))ds +
t
∫

t0

eλsE(x(s− τ)
T
BT

1 QB1x(s− τ))ds

+
t
∫

t0

eλsE(x(s− τ)
T
BT

1 QB2

0
∫

−τ

x(s+ ϑ)dν(ϑ))ds

+
t
∫

t0

eλsE(
0
∫

−τ

x(s + ϑ)
T
dν(ϑ)BT

2 QB0x(s))ds

+
t
∫

t0

eλsE(
0
∫

−τ

x(s + ϑ)
T
dν(ϑ)BT

2 QB1x(s− τ))ds

+
t
∫

t0

eλsE(
0
∫

−τ

x(s + ϑ)
T
dν(ϑ)BT

2 QB2

0
∫

−τ

x(s+ ϑ)dν(ϑ))ds.

(8)

We note that by (4)
2x(t)TQA0x(t) ≤ −λx(t)T x(t).

For any ε1, ε2, ε3, ε4, ε5 > 0,

2
t
∫

t0

eλsE(x(s)
T
QA1x(s − τ))ds

≤ ε1
t
∫

t0

eλsE(x(s)
T
Qx(s))ds+

t
∫

t0

eλs

ε1
E(x(s− τ)

T
AT

1 QA1x(s− τ))ds,

2
t
∫

t0

eλsE(x(s)
T
QA2

0
∫

−τ

x(s+ ϑ)dµ(ϑ))ds

= 2
t
∫

t0

eλs
0
∫

−τ

E(x(s)
T
QA2x(s+ ϑ)dµ(ϑ))ds

≤
t
∫

t0

eλs
0
∫

−τ

(ε3E(x(s)
T
Qx(s)) +

E(x(s+θ)TAT
2
QA2x(s+θ))

ε3
)dµ(θ)ds

= ε3
t
∫

t0

eλsE(x(s)
T
Qx(s))ds+

t
∫

t0

0
∫

−τ

eλs

ε3
E(x(s+ θ)

T
AT

2 QA2x(s+ θ))dµ(θ)ds

≤ ε3
t
∫

t0

eλsE(x(s)
T
Qx(s))ds+

t
∫

t0−τ

eλs

ε3
E(x(s)TAT

2 QA2x(s))ds
0
∫

−τ

e−λθdµ(θ)

= ε3
t
∫

t0

eλsE(x(s)
T
Qx(s))ds+̟A(λ)

t0
∫

t0−τ

eλs

ε3
E(ξTAT

2 QA2ξ)ds

+ ̟A(λ)
t
∫

t0

eλs

ε3
E(x(s)TAT

2 QA2x(s))ds,

(9)
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where ̟A(λ) =
0
∫

−τ

e−λθdµ(θ).

We can proceed in a similar fashion for other forms in (5).

eλtE(x(t)TQx(t)) ≤ eλt0E
∥

∥ξTQξ
∥

∥+ ε1
t
∫

t0

eλsE(x(s)
T
Qx(s))ds

+
t
∫

t0

eλs

ε1
E(x(s− τ)TAT

1 QA1x(s− τ))ds + ε3
t
∫

t0

eλsE(x(s)TQx(s))ds

+̟A(λ)[
t0
∫

t0−τ

eλs

ε3
E(ξTAT

2 QA2ξ)ds+
t
∫

t0

eλs

ε3
E(x(s)TAT

2 QA2x(s))ds]

+(1 + ε2)
t
∫

t0

eλsE(x(s)
T
BT

0 QB0x(s))ds

+
t
∫

t0

(1+ε2)e
λs

ε2
E(x(s − τ)TBT

1 QB1x(s− τ))ds

+ε4
t
∫

t0

eλsE(x(s)
T
BT

0 QB0x(s))ds

+
t
∫

t0

eλs

ε4
E(

0
∫

−τ

x(s+ ϑ)T dν(ϑ)BT
2 QB2

0
∫

−τ

x(s+ ϑ)dν(ϑ))ds

+ε5
t
∫

t0

eλsE(x(s− τ)
T
BT

1 QB1x(s− τ))ds

+
t
∫

t0

eλs

ε5
E(

0
∫

−τ

x(s+ ϑ)T dν(ϑ)BT
2 QB2

0
∫

−τ

x(s+ ϑ)dν(ϑ))ds

+
t
∫

t0

eλsE(
0
∫

−τ

x(s + ϑ)
T
dν(ϑ)BT

2 QB2

0
∫

−τ

x(s+ ϑ)dν(ϑ))ds.

(10)

Here we mention that

t
∫

t0

eλsE(
0
∫

−τ

x(s+ ϑ)Tdν(ϑ)BT
2 QB2

0
∫

−τ

x(s+ ϑ)dν(ϑ))ds

=
t
∫

t0

eλs
0
∫

−τ

0
∫

−τ

E(x(s+ φ)TBT
2 QB2x(s+ ϑ))dν(φ)dν(ϑ)ds

≤
t
∫

t0

eλs

2

0
∫

−τ

0
∫

−τ

[E(x(s + φ)TBT
2 QB2x(s+ φ))

+E(x(s+ ϑ)TBT
2 QB2x(s+ ϑ))]dν(φ)dν(ϑ)ds

≤
t
∫

t0

eλs
0
∫

−τ

E(x(s + ϑ)
T
BT

2 QB2x(s+ ϑ))dν(ϑ)ds

≤ ̟B(λ)[
t0
∫

t0−τ

eλsE(ξTBT
2 QB2ξ)ds+

t
∫

t0

eλsE(x(s)TBT
2 QB2x(s))ds],

(11)

where ̟B(λ) =
0
∫

−τ

e−λθdν(θ). Hence,

eλtE(x(t)TQx(t))

≤ eλt0E
∥

∥ξTQξ
∥

∥+
t0
∫

t0−τ

ε4+ε5+ε4ε5
ε4ε5

̟B(λ)e
λsE(ξTBT

2 QB2ξ)ds

+
t0
∫

t0−τ

̟A(λ)
ε3

eλsE(ξTAT
2 QA2ξ)ds+ (ε1 + ε3)

t
∫

t0

eλsE(x(s)
T
Qx(s))ds

(12)
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+
t
∫

t0

eλs

ε1
E(x(s− τ)

T
AT

1 QA1x(s− τ))ds

+
t
∫

t0

̟A(λ)
ε3

eλsE(x(s)
T
AT

2 QA2x(s))ds

+(1 + ε2 + ε4)
t
∫

t0

eλsE(x(s)TBT
0 QB0x(s))ds

+
t
∫

t0

1+ε2+ε2ε5
ε2

eλsE(x(s − τ)
T
BT

1 QB1x(s− τ))ds

+̟B(λ)
t
∫

t0

ε4+ε5+ε4ε5
ε4ε5

eλsE(x(s)
T
BT

2 QB2x(s))ds

≤ C1e
λt0E

∥

∥ξTQξ
∥

∥+ C2

t
∫

t0

eλsE(x(s)TQx(s))ds

+C3

t
∫

t0

eλsE(x(s − τ)
T
Qx(s− τ))ds,

where

C1 = 1 + ( 1
ε4

+ 1
ε5

+ 1)̟B(λ)τλmax(Q
− 1

2BT
2 QB2Q

− 1

2 )

+ 1
ε3
̟A(λ)τλmax(Q

− 1

2AT
2 QA2Q

− 1

2 ),

C2 = ε1 + ε3 +
1
ε3
̟A(λ)λmax(Q

− 1

2AT
2 QA2Q

− 1

2 )

+(1 + ε2 + ε4)λmax(Q
− 1

2BT
0 QB0Q

− 1

2 )

+( 1
ε4

+ 1
ε5

+ 1)̟B(λ)λmax(Q
− 1

2BT
2 QB2Q

− 1

2 ),

C3 = 1
ε1
λmax(Q

− 1

2AT
1 QA1Q

− 1

2 ) + (1 + 1
ε2

+ ε5)λmax(Q
− 1

2BT
1 QB1Q

− 1

2 ).

Then

E(x(t)TQx(t)) ≤ C1e
−λ(t−t0)E

∥

∥ξTQξ
∥

∥+ C2

t
∫

t0

e−λ(t−s)E(x(s)TQx(s))ds

+ C3

t
∫

t0

e−λ(t−s)E(x(s − τ)
T
Qx(s− τ))ds.

For any T > t0,

T
∫

t0

eγtE(x(t)TQx(t))dt

≤ C1

T
∫

t0

eγte−λ(t−t0)E
∥

∥ξTQξ
∥

∥ dt+ C2

T
∫

t0

eγt
t
∫

t0

e−λ(t−s)E(x(s)
T
Qx(s))dsdt

+C3

T
∫

t0

eγt
t
∫

t0

e−λ(t−s)E(x(s− τ)TQx(s− τ))dsdt

≤ C1+C3τe
γτ

λ−γ eγt0E
∥

∥ξTQξ
∥

∥+ C2+C3e
γτ

λ−γ

T
∫

t0

eγtE(x(t)TQx(t))dt.

If we let
1

λ− γ
(C2 + C3e

γτ) < 1, (13)
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which implies that there exists a constant C > 0 such that (6) holds.

Next, we will give a proof of (7).

Using Ito’s formula, we have

eγ(t−τ)E
∥

∥

∥
x̂(t)TQx̂(t)

∥

∥

∥
≤ E( sup

t−τ≤r≤t
eγrx(r)TQx(r))

≤ C1e
γt0E

∥

∥ξTQξ
∥

∥+ C2

t
∫

t0

eγsE(x(s)
T
Qx(s))ds

+C3

t
∫

t0

eγsE(x(s− τ)
T
Qx(s− τ))ds

+2E( sup
t−τ≤r≤t

r
∫

t0

eγsxT (s)QB0x(s)dBs)

+2E( sup
t−τ≤r≤t

r
∫

t0

eγsxT (s)QB1x(s− τ)dBs)

+2E( sup
t−τ≤r≤t

r
∫

t0

eγs[xT (s)QB2

0
∫

−τ

x(s+ ϑ)dµ(ϑ)]dBs).

Here we used B-D-G inequality [21]. For any ε6, ε7, ε8 > 0,

2E( sup
t−τ≤r≤t

r
∫

t0

eγsxT (s)QB0x(s)dBs)

≤ 2
√
32E(

t
∫

t−τ

e2γs
∣

∣xT (s)Qx(s)
∣

∣

∣

∣xT (s)BT
0 QB0x(s)

∣

∣ ds)1/2

≤ 2
√
32E(‖xT

s Qxs‖τ
t
∫

t−τ

λmax(Q
− 1

2BT
0 QB0Q

− 1

2 )e2γs‖xT
s Qxs‖τds)

1

2

≤ ε6e
γ(t−τ)E

∥

∥xT
s Qxs

∥

∥

τ

+ 32
ε6
e−γ(t−τ)λmax(Q

−1/2BT
0 QB0Q

−1/2)
t
∫

t−τ

e2γs‖xT
s Qxs‖τds,

2E( sup
t−τ≤r≤t

r
∫

t0

eγsxT (s)QB1x(s− τ)dBs)

≤ 2
√
32E(

t
∫

t−τ

e2γs|xT (s)Qx(s)||xT (s− τ)BT
1 QB1x(s− τ)|ds) 1

2

≤ 2
√
32E(‖xT

s Qxs‖τ
t
∫

t−τ

λmax(Q
− 1

2BT
1 QB1Q

− 1

2 )e2γs‖xT
s Qxs‖τds)

1

2

≤ ε7e
γ(t−τ)E

∥

∥xT
sQxs

∥

∥

τ

+ 32
ε7
e−γ(t−τ)λmax(Q

− 1

2BT
1 QB1Q

− 1

2 )
t
∫

t−τ

e2γs
∥

∥xs
TQxs

∥

∥

τ
ds,

2E( sup
t−τ≤r≤t

r
∫

t0

eγs[xT (s)QB2

0
∫

−τ

x(s+ θ)dµ(θ)]dBs)

≤ 2
√
32E(

t
∫

t−τ

e2γs
∣

∣xT (s)Qx(s)
∣

∣

∣

∣

∣

∣

∣

0
∫

−τ

xT (s+ θ)dµ(θ)BT
2 QB2

0
∫

−τ

x(s+ θ)dµ(θ)

∣

∣

∣

∣

∣

ds)
1

2

≤ 2
√
32E(

∥

∥xs
TQxs

∥

∥

τ

t
∫

t−τ

λmax(Q
− 1

2BT
2 QB2Q

− 1

2 )e2γs
∥

∥xT
sQxs

∥

∥

τ
ds)

1

2

≤ ε8e
γ(t−τ)E

∥

∥xT
sQxs

∥

∥

τ

+ 32
ε8
e−γ(t−τ)λmax(Q

− 1

2BT
2 QB2Q

− 1

2 )
t
∫

t−τ

e2γs
∥

∥xT
sQxs

∥

∥

τ
ds.
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If t ≥ t0 + τ,

(1− ε6 − ε7 − ε8)e
γ(t−τ)E‖xT

t Qxt‖τ
≤ C1e

γt0E‖ξTQξ‖τ + (C2 + C3)
t
∫

t0

eγsE‖xT
s Qxs‖τds

+C4e
−γ(t−τ)

t
∫

t0

e2γsE‖xT
s Qxs‖τds,

where

C4 = 32( 1
ε6
λmax(Q

−1/2BT
0 QB0Q

− 1

2 ) + 1
ε7
λmax(Q

− 1

2BT
1 QB1Q

− 1

2 )

+ 1
ε8
λmax(Q

− 1

2BT
2 QB2Q

− 1

2 )).

If t0 ≤ t ≤ t0 + τ.

eγ(t−τ)E‖xT
t Qxt‖τ ≤ eγt0E(‖ξTQξ‖τ + sup

t0≤r≤t

∣

∣xT (r)Qx(r)
∣

∣)

≤ eγt0E
∥

∥ξTQξ
∥

∥

τ
+ E sup

t0≤r≤t
(eγr

∣

∣xT (r)Qx(r)
∣

∣)

≤ (1 + C1)e
γt0E‖ξTQξ‖τ + (C2 + C3)

t
∫

t0

eγsE‖xT
s Qxs‖τds

+C4e
−γ(t−τ)

t
∫

t0

e2γsE‖xT
s Qxs‖τds+ C4e

−γ(t0−τ)
t0
∫

t0−τ

e2γsE‖xT
s Qxs‖τds

+(ε6 + ε7 + ε8)e
γ(t−τ)E‖xT

t Qxt‖τ .

Set ε6 = ε7 = ε8 = 1/6, we obtain

eγ(t−τ)E‖xT
t Qxt‖τ ≤ M1 +M2

t
∫

t0

eγsE‖xT
s Qxs‖ds ≤ M,

where

M1 =























2(1 + C1)e
γt0E‖ξTQξ‖τ , t0 ≤ t ≤ t0 + τ,

2(1 + C1)e
γt0E

∥

∥ξTQξ
∥

∥

τ

+2C4e
−γ(t0−τ)

t0
∫

t0−τ

e2γsE‖xT
s Qxs‖ds, t ≥ t0 + τ,

M2 = 2(C2 + C3 + C4e
γτ),

M = M1 +M2Ceγt0E
∥

∥ξTQξ
∥

∥

τ
.

And right now we complete the proof of this theorem.

Apply Theorem 3.2. Now we are capable to cope with such system with interval
matrix coefficient, just for all matrices belong to the interval the sufficient condition of
Theorem (3.2) must be satisfied and here we prove the following result.
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Theorem 3.3 If there exists a symmetric positive-definite matrix Q such that

2[λmax(Q
− 1

2AT
1 QA1Q

− 1

2 ) + ‖Q‖
λmin(Q) (2‖A1‖‖A1m‖+ ‖A1m‖2)] 12

+2[(λmax(Q
− 1

2AT
2 QA2Q

− 1

2 )) + ‖Q‖
λmin(Q) (2‖A2‖‖A2m‖+ ‖A2m‖2)̟A(λ)]

1

2

+{[λmax(Q
− 1

2BT
0 QB0Q

− 1

2 ) + ‖Q‖
λmin(Q) (2‖B0‖‖B0m‖+ ‖B0m‖2)] 12

+[λmax(Q
− 1

2BT
1 QB1Q

− 1

2 ) + ‖Q‖
λmin(Q) (2‖B1‖‖B1m‖+ ‖B1m‖2)] 12

+[(λmax(Q
− 1

2BT
2 QB2Q

− 1

2 ) + ‖Q‖
λmin(Q) (2‖B2‖‖B2m‖+ ‖B2m‖2))̟B(λ)]

1

2 }2

≤ −λmax(Q
− 1

2 (QA0 +AT
0 Q)Q− 1

2 )− 2‖A0m‖‖Q‖
λmin(Q) .

(14)

Then equation (2) is exponentially stable in L2(Ω, C([−τ, 0];Rn)) and moreover, it is
almost surely exponentially stable.

Before proving the theorem, we first give some lemmas [18].

Lemma 3.2 Let Q be a positive-definite symmetric matrix. Then

‖Q− 1

2 ‖‖Q 1

2 ‖ ≤ ‖Q‖
λmin(Q)

.

Lemma 3.3 Let Q be a positive-definitive matrix and A be an n× n matrix. Then

λmax(Q
− 1

2 (QA+ATQ)Q− 1

2 ) ≤ 2‖A‖‖Q‖
λmin(Q)

.

Lemma 3.4 If ∆A ∈ [−Am, Am], then ‖∆A‖ ≤ ‖Am‖.

Lemma 3.5 Let Q be a positive-definitive matrix, B be an n× n matrix and ∆B ∈
[−Bm, Bm]. Then

λmax(Q
−1/2(BTQ∆B + (∆B)TQB + (∆B)TQ(∆B))Q−1/2)

≤ 2‖B‖‖Q‖‖Bm‖
λmin(Q) + ‖Q‖‖Bm‖2

λmin(Q) .

Proof of Theorem 3.3. In order to guarantee the exponential stability of the
interval system (2), we should show that the condition (3) of Theorem 3.2 holds for all
the matrix coefficients ∆A1 ∈ [−A1m, A1m], ∆A2 ∈ [−A2m, A2m], ∆B0 ∈ [−B0m, B0m],
∆B1 ∈ [−B1m, B1m], ∆B2 ∈ [−B2m, B2m], i.e.
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2

√

λmax(Q− 1

2 (A1 +∆A1)TQ(A1 +∆A1)Q− 1

2 )

+2

√

̟A(λ)λmax(Q− 1

2 (A2 +∆A2)TQ(A2 +∆A2Q− 1

2 )

+(

√

λmax(Q− 1

2 (B0 +∆B0)TQ(B0 +∆B0)Q− 1

2 )

+
√

λmax(Q− 1

2 (B1 +∆B1)TQ(B1 +∆B1)Q− 1

2 )

+

√

̟B(λ)λmax(Q− 1

2 (B2 +∆B2)TQ(B2 +∆B2)Q− 1

2 ))2

< −λmax(Q
− 1

2 (Q(A0 +∆A0) + (A+∆A0)
TQ)Q− 1

2 ),

where ̟A(λ) =
∫ 0

−τ
e−λθdµ(θ), ̟B(λ) =

∫ 0

−τ
e−λθdν(θ).

According to Lemma 3.3 and Lemma 3.4, we note that

−λmax(Q
− 1

2 (Q(A0 +∆A0) + (A+∆A0)
TQ)Q− 1

2 )

≥ −λmax(Q
− 1

2 (QA0 +AT
0 Q)Q− 1

2 )− 2‖A0m‖‖Q‖
λmin(Q) , I1.

Using Lemma 3.4 and Lemma 3.5, we have

λmax(Q
− 1

2 (A1 +∆A1)
TQ(A1 +∆A1)Q

− 1

2 )

< λmax(Q
− 1

2AT
1 QA1Q

− 1

2 ) + λmax(Q
− 1

2 (AT
1 Q∆A1 + (∆A1)

TQA1

+(∆A1)
TQ∆A1)Q

− 1

2 )

≤ λmax(Q
− 1

2AT
1 QA1Q

− 1

2 ) + ‖Q‖
λmin(Q) (2‖A1‖‖A1m‖+ ‖A1m‖2).

Then

2

√

λmax(Q− 1

2 (A1 +∆A1)
T
Q(A1 +∆A1)Q− 1

2 )

+2

√

̟A(λ)λmax(Q− 1

2 (A2 +∆A2)
T
Q(A2 +∆A2)Q− 1

2 )

+(

√

λmax(Q− 1

2 (B0 +∆B0)
T
Q(B0 +∆B0)Q− 1

2 )

+

√

λmax(Q− 1

2 (B1 +∆B1)
TQ(B1 +∆B1)Q− 1

2 )

+

√

̟B(λ)λmax(Q− 1

2 (B2 +∆B2)
T
Q(B2 +∆B2)Q− 1

2 ))2

≤ 2[λmax(Q
− 1

2AT
1 QA1Q

− 1

2 ) + ‖Q‖
λmin(Q) (2 ‖A1‖ ‖A1m‖+ ‖A1m‖2)] 12

+2[(λmax(Q
− 1

2AT
2 QA2Q

− 1

2 ) + ‖Q‖
λmin(Q) (2 ‖A2‖ ‖A2m‖+ ‖A2m‖2))̟A(λ)]

1

2

+{[λmax(Q
− 1

2BT
0 QB0Q

− 1

2 ) + ‖Q‖
λmin(Q) (2 ‖B0‖ ‖B0m‖+ ‖B0m‖2)] 12

+[λmax(Q
− 1

2BT
1 QB1Q

− 1

2 ) + ‖Q‖
λmin(Q) (2 ‖B1‖ ‖B1m‖+ ‖B1m‖2)] 12

+[(λmax(Q
− 1

2BT
2 QB2Q

− 1

2 ) + ‖Q‖
λmin(Q) (2 ‖B2‖ ‖B2m‖+ ‖B2m‖2))̟B(λ)]

1

2 }2 ∆
= I2.
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If I1 ≥ I2, we can conclude that the matrix coefficients of interval type satisfy the con-
dition of Theorem 3.2, which leads to the exponential stability of the stochastic interval
system.

It is not hard to generalize the result of the theorems to the multiple time delays case.
Without any details of proof, we directly present the conclusion as follows.

Theorem 3.4 Consider the following system

dx(t) = [(A0 +∆A0)x(t) +
N
∑

i=1

(A1i +∆A1i)x(t− τi)

+(A2i +∆A2i)
0
∫

−τi

x(t+ θ)dµ(θ)]dt + [(B0 +∆B0)x(t)

+
N
∑

i=1

(B1i +∆B1i)x(t− τi) + (B2i +∆B2i)
0
∫

−τi

x(t+ θ)dν(θ)]dBt .

(15)

If there exists a symmetric positive-definite matrix Q such that

2
N
∑

i=1

{[λmax(Q
− 1

2AT
1iQA1iQ

− 1

2 ) + ‖Q‖
λmin(Q) (2 ‖A1i‖ ‖A1im‖+ ‖A1im‖2)] 12

+[(λmax(Q
− 1

2AT
2iQA2iQ

− 1

2 ) + ‖Q‖
λmin(Q) (2 ‖A2i‖ ‖A2im‖+ ‖A2im‖2))̟A(λ)]

1

2 }

+{[λmax(Q
− 1

2BT
0 QB0Q

− 1

2 ) + ‖Q‖
λmin(Q) (2 ‖B0‖ ‖B0m‖+ ‖B0m‖2)] 12

+
N
∑

i=1

[λmax(Q
− 1

2BT
1iQB1iQ

− 1

2 ) + ‖Q‖
λmin(Q) (2 ‖B1i‖ ‖B1im‖+ ‖B1im‖2)]

1

2

+[(λmax(Q
− 1

2BT
2iQB2iQ

− 1

2 ) + ‖Q‖
λmin(Q) (2 ‖B2i‖ ‖B2im‖+ ‖B2im‖2))̟B(λ)]

1

2 }2

≤ −λmax(Q
− 1

2 (QA0 +AT
0 Q)Q− 1

2 )− 2‖A0m‖‖Q‖
λmin(Q) .

Then the system (15) is exponentially stable in L2(Ω, C([−τ, 0], Rn)) and moreover,
it is almost surely exponentially stable.

4 Example

In this section, we’ll give a simple example to illustrate our result of Theorem 3.3.

Consider the following system

dx(t) = [(A0 +∆A0)x(t) + (A1 +∆A1)x(t − τ)

+ (A2 +∆A2)
∫ 0

−τ x(t+ θ)dµ(ϑ)]dt + [(B0 +∆B0)x(t)

+ (B1 +∆B1)x(t− τ) + (B2 +∆B2)
∫ 0

−τ x(t+ θ)dν(ϑ)]dBt,

(16)

where ∆A0 ∈ [−A0m, A0m], ∆A1 ∈ [−A1m, A1m], ∆A2 ∈ [−A2m, A2m], ∆B0 ∈
[−B0m, B0m], ∆B1 ∈ [−B1m, B1m], ∆B2 ∈ [−B2m, B2m]. In order to simplify the com-
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putation, we set Q = I, in consequence, condition (14) can be simplify as

2[λmax(A
T
1 A1) + (2‖A1‖‖A1m‖+ ‖A1m‖2)]1/2

+2[(λmax(A
T
2 A2) + (2‖A2‖‖A2m‖+ ‖A2m‖2)̟A(λ)]

1/2

+{[λmax(B
T
0 B0) + (2‖B0‖‖B0m‖+ ‖B0m‖2)]1/2

+[λmax(B
T
1 B1) + (2‖B1‖‖B1m‖+ ‖B1m‖2)]1/2

+[(λmax(B
T
2 B2) + (2‖B2‖‖B2m‖+ ‖B2m‖2))̟B(λ)]

1/2}2

≤ −λmax(A0 +AT
0 )− 2‖A0m‖,

(17)

where

A0 =

(

−50 −3
3 −22

)

, A0m =

(

1 0.5
0 1

)

, A1 =

(

1 0.5
0.25 0.75

)

,

A1m =

(

0 0
0.5 0.5

)

, A2 =

(

0.75 0.5
0.25 0.25

)

, A2m =

(

0.25 0.5
0.25 0.25

)

,

B0 =

(

0.75 0.5
0.25 0.25

)

, B0m =

(

0.25 0.5
0.25 0.25

)

, B1 =

(

0.25 0.75
0.25 0.25

)

,

B1m =

(

0.25 0.25
0.5 0.25

)

, B2 =

(

0.75 0.5
0.25 0.25

)

, B2m =

(

0.25 0.5
0.25 0.25

)

.

It can easily be computed that λmax(A0 + AT
0 ) = −44, ‖A0m‖ = 1.281, ‖A1‖ =

1.279, ‖A1m‖ = 0.354, ‖A2‖ = 0.966, ‖A2m‖ = 0.655, ‖B0‖ = 0.966, ‖B0m‖ =
0.655, ‖B1‖ = 1.189, ‖B1m‖ = 0.655, ‖B2‖ = 0.966, ‖B2m‖ = 0.655, and we set

µ(θ) = ν(θ) = θ
τ , then ̟A(λ) = ̟B(λ) =

0
∫

−τ

e−λθd( θτ ) = eλτ−1
λτ , here we note that

λ = −λmax(A0 + AT
0 ) = 44, so we can choose a sufficient small delay τ such that

̟A(λ) = ̟B(λ) = 1.1. Hence condition (14) is satisfied. Therefore we can conclude
that (16) is exponentially sable in L2(Ω, C([−τ, 0];Rn)) and moreover, it is almost surely
exponentially stable.

5 Conclusion

In this paper, exponential stability of stochastic interval systems with time delays is
studied. Using Itô formula and inequality techniques, some sufficient conditions are
derived and at last, a simple example is given to illustrate our result.

Acknowledgment

The research is partly supported by the national science funds of grant (11071257) of
China and innovation fund of China National Petroleum Corporation (2011D-5006-0307).

References

[1] Arnold, L. Stochastic Differential Equations: Theory and Applications. Wiley, New York,
1972.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 14 (2) (2014) 134–147 147

[2] Has’minskii, R.Z. Stochastic Stability of Differential Equations. Sijthoff & Noordhoff,
Alphen a/d Rijn, 1981.

[3] Mao, X. Stability of Stochastic Differential Equations with Respect to Semimartingales.
Longman Scientific and Technical, New York, 1991.

[4] Khasminskii, R. Stochastic Stability of Differential Equations. Springer Science+Business
Media, 2012.

[5] Holden, H., Øsendal, B., Ubœ, J. and Zhang, T. Stochastic Partial Differential Equations.
Springer, 2010.

[6] Yang, R., Zhang, Z. and Shi, P. Exponential stability on stochastic neural networks with
discrete interval and distributed delays. IEEE Transactions on Neural Networks 21 (1)
(2010) 169–175.

[7] Guo, L. and Wang, H. Stochastic Distribution Control System Design. Springer-Verlag
London Limited, 2010.

[8] Li, Q. L. Constructive Computation in Stochastic Models with Applications : The RG-

Factorization. Springer, Berlin, Heidelberg, 2010.

[9] Boustani, S. E., Yger, P., Frégnac, Y. and Destexhe, A. Stable Learning in Stochastic
Network States. The Journal of Neuroscience 32 (1) (2012) 194–214.

[10] Kolmanovskii, V.B. and Myshkis, A. Applied Theory of Functional Differential Equations.
Kluwer, Dordrecht, 1992.

[11] Mao, X. Ruzumikhin-type theorems on exponential stability of stochastic functional differ-
ential equations. Stochastic Process. Appl. 65 (1996) 233–250.

[12] Kotelenez, P. Stochastic Ordinary and Stochastic Partial Differential Equations. Springer
Science+Business Media, 2008.

[13] Shaikhet, L. Lyapunov Functionals and Stability of Stochastic Functional Differential Equa-

tions. Springer International Publishing Switzerland, 2013.

[14] Nilsson, J., Bernhardsson, B. and Wittenmark, B. Stochastic analysis and control of real-
time systems with random time delays. Automatica 34 (1) (1998) 57–64.

[15] Rakkiyappan, R., Balasubramaniam, P. and Lakshmanan, S. Robust stability results for
uncertain stochastic neural networks with discrete interval and distributed time-varying
delays. Physics Letters A 372 (2008) 5290–5298.

[16] Joseph, H. Stochastic stability theory for systems containing interval matrices. IEEE Trans-

actions on Aerospace and Electronic Systems 32 (4) (1996) 1385–1391.

[17] Liao, X.X. and Mao, X. Exponential stability of stochastic delay interval systems. Systems

& Control Letters 40 (2000) 171–181.

[18] Mao, X. and Selfridge, C. Stability of stochastic interval systems with time delays. Systems

& Control Letters 42 (2001) 279–290.

[19] Mao, X. Exponential stability of stochastic delay interval systems with Markovian switch-
ing. IEEE Trans.Automat.Control 47 (2002) 1604–1612.

[20] Mao, X. and Lam, J. et al. Razumikhin method and exponential stability of hybrid stochas-
tic delay interval systems J. Mah. Anal. Appl 314 (2006) 45–66.

[21] Mao, X. Stochastic Differential Equations and Their Applications. Horwood Publication,
Chichester, 1997.


	Introduction
	Preliminaries
	Main Results
	Example
	Conclusion

