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Abstract: In this paper, we study the existence and uniqueness of extremal mild
solutions for finite delay differential equations of fractional order in Banach spaces
with the help of the monotone iterative technique based on lower and upper solutions.
This technique uses the iterative procedure starting from a pair of ordered lower and
upper solutions to obtain the extremal mild solutions. We also use the theory of
fractional calculus, semigroup theory and measures of noncompactness to obtain the
results. An example is presented to illustrate the main result.

Keywords: fractional delay differential equations; semigroup theory; monotone it-
erative technique; Kuratowskii measures of noncompactness.

Mathematics Subject Classification (2010): 34A08, 34G20, 34K30.

1 Introduction

In this paper, our aim is to study the existence of extremal mild solutions for the following
finite delay differential equations of fractional order in an ordered Banach space X of the
form:

{ cDx(t) = Ax(t)+ f(t,x¢), teJ=]0,b], (1)

xo(v) = o(v), veE][—a,0],

where state x(.) takes value in the Banach space X endowed with norm ||.||; D¢ is the
Caputo fractional derivative of order o, 0 < @ < 1; A: D(A) C X — X is a closed
linear densely defined operator; A is an infinitesimal generator of a strongly continuous
semigroup {7T'(t)}1>0 on X. The function f : J x D — X is given nonlinear function,
here D = C([—a,0],X). If 2 : [—a,b] — X is a continuous function, then z, denotes the
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function in D defined as x¢(v) = z(t + v) for v € [—a, 0], here z;(.) represents the time
history of the state from the time ¢ — a up to the present time ¢, and ¢(.) € D.

Fractional calculus is generalization of ordinary differential equations and integration
to arbitrary non integer orders. The subject is as old as differential calculus when it was
invented by Newton and Leibnitz in the seventieth century. It has proved a valuable tool
to describe many phenomena, arising in Engineering, Physics, Economics and Science.
Indeed, we can find numerous applications in electrochemistry, control, porous media,
electromagnetic, etc. (see [IH8]). Hence, in recent years, the researchers have paid more
attention to fractional differential equations. In [9HIY], the authors have discussed the
existence of solutions of delay differential equations with or without fractional order.

This work is motivated by works [24126]. In this paper, we study the existence of
extremal mild solutions of delay system (dl) by using the monotone iterative technique.
In the recent years, the monotonic iterative technique is also used to deal with fractional
differential equations (see, for instance, [20H26] and references therein). The monotone
iterative technique based on lower and upper solutions helps us to solve the differential
equation with various kinds of boundary conditions. This technique uses the iterative
procedure starting from a pair of ordered lower and upper solutions. The sequences of
iterations uniformly converge to the extremal mild solutions between the lower and upper
solutions. Further we prove the uniqueness of the solutions of the system. We also use
the theory of fractional calculus, semigroup theory and measures of noncompactness to
obtain the results. To the best of our knowledge, up to now, no work has been reported
on finite delay differential equations of fractional order by using the monotone iterative
technique.

The rest of paper is organized as follows. In the next Section we give some basic
definitions and notations. In Section 3, we study the existence of extremal mild solution
of delay system (IJ) and uniqueness of solutions of the system. Finally, in Section 4, we
present an example to illustrate our results.

2 Preliminaries

In this section, we introduce some basic definitions and notations which are used through-
out this paper. We denote by X a Banach space with the norm ||.| and A: D(4) — X is
the infinitesimal generator of a strongly continuous semigroup {7'(¢),¢ > 0}. This means
that there exists M > 1 such that sup,c; [|T(t)|| < M.

Definition 2.1 (see [§]) The Riemann-Liouville fractional integral of order o > 0 for
a function f is given by

o f(t) = %a)/o (t— 5) f(s)ds, t>0,

where T is the gamma function, and f € L(]0,b], X).

Definition 2.2 (see [8]) The fractional derivative of order 0 <n —1 < a < n in the
Caputo sense is defined as

t (g
‘Df(t) = L )/0( Ss) ds, t>0,

I'n—« t—s)atl-n—""

where f is an n-times continuous differentiable function and I is a gamma function.
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If f is an abstract function with values in a Banach space X, then integrals which appear
in Definitions [Z] and are taken in Bochner’s sense.

Let P={y € X : y > 0} (0 is a zero element of X) be positive cone in X which
defines a partial ordering in X by z < y if and only if y — 2z € P. If x < y and
x # y we write x < y. The cone P is said to be normal if there exists a positive
constant N such that § < z <y implies ||z|| < N|y| and P is said to be fully regular if
21 <o <...<xy, <..., sup,|zs| < oo implies |z, — || = 0 as n — oo for some
x € X. Clearly full regularity of P implies the normality of P.

Since C([—a, b], X) is the Banach space of all continuous X-valued functions on inter-
val [—a, b] with norm [|.[[c = supse(_q ) [|2(t)||. Then C([—a,b], X) is an ordered Banach
space whose partial ordering < reduced by positive cone Po = {z € C([—a,b], X) | z(t) >
0, t € [—a,b]}. Similarly D is also an ordered Banach space with norm |.|p =
SUP¢e[—q,0) |7(t)|| and partial ordering < reduced by Pp = {z € C([~a,0], X) | z(t) >
0,t € [—a,0]}. Pc and Pp are also normal cones with the same normal constant N. For
x,y € C(I,X) with x < y, denote the ordered interval [z,y] = {z € C(I,X), z < z < y}
in C(I,X), and [z(t),y(t)] = {uv € X|z(t) <u <y(t)} (t €I)in X, here I = [—a,b] or
I =[—a,0].

Let C%([~a,b],X) = {u € C([~a,b],X) : °D%u exists on [0,b], “D%u|j; €
C(]0,b],X) and u(t) € D(A) for t > 0}. An abstract function u € C*([—a,b], X) is
called a solution of () if u(t) satisfies equation ().

Definition 2.3 (see [26]) The function y € C*([—a, b], X) is called a lower solution
of the problem () if it satisfies the following inequalities

{ °cDY(t) < Ay(t) + f(t,y:), te€l=10,0], @)
yo(v) < o(v), v €[—a,0].

If all inequalities of (2]) are reversed, we call y(-) an upper solution of the problem ().

Lemma 2.1 If h satisfies a uniform Holder condition, with exponent 8 € (0,1], then
the unique solution of the linear initial value problem

°Dx(t) = Az(t) + h(t), teJ, 3
{:C(O)SC()EX, ()
18 given by
z(t) =U(t)xo + / (t —s)* 'V (t — s)h(s))ds, teJ, (4)
0
where
/ V(DT (E9)d9,  V(t) = a/ Db (9)T (1290, (5)

wa(ﬁ) — aﬂ_l_l/apa(ﬂ_l/a)-

Note that ¥, () satisfies the condition of a probability density function defined on
(0,00), that is ¥e(9) > 0, [[1ha()dd =1 and [° dipa (V) = Also the term
Pa () is defined as

_1
I'(l+a)*

_lq r 1
Z )T 119_"0‘_1Msin(n7ra), ¥ € (0, 00).

T n!

:1
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Definition 2.4 A function z(.) € C([—a,b], X) is said to be a mild solution of the
system () if 2(¢t) = ¢(¢) on [—a, 0] and the following integral equation is satisfied:

(1) :U(t)¢(0)+/0 (t— )"Vt —8)f(s,2,)ds, te . (6)

where U(t) and V(¢) are defined by (H).
Lemma 2.2 The following properties are valid:
(i) for fited t > 0 and any x € X, we have

aM
< -
“I'l+a)

M

U@z < Mz, IV ()] ()

]l = [l]]-

(i) The operators are U(t) and V(t) are strongly continuous for all t > 0.

(iii) If S(t)(t > 0) is a compact semigroup in X, then U(t) and V() are norm-
continuous in X fort > 0.

(iv) If S(t)(t > 0) is a compact semigroup in X, then U(t) and V(t) are compact
operators in X fort > 0.

Definition 2.5 A Cy-semigroup {T'(t)};>0 is called a positive semigroup, if T'(¢)z >
0 for all x > 6 and ¢t > 0.

Now we recall the definition of Kuratowski’s measure of noncompactness, which is
used in the next section to study the existence of extremal mild solutions for finite delay
differential equation of fractional order.

Definition 2.6 (see [2728]) Let X be a Banach space and B(X) be family of bounded
subset of X. Then p : B(X) — R, defined by

w(S) =inf{6 > 0 : S admits a finite cover by sets of diameter < },

where S € B(X), is called the Kuratowski measure of noncompactness.
Clearly 0 < pu(S) < oo.

We need to use the following basic properties of the y measure.

Lemma 2.3 (see [27,28]) Let S, S1 and Sy be bounded sets of a Banach space X .
Then:

(i) u(S) =0 if and only if S is relatively compact set in X ;
(it) p(S1) < p(S2) if St C S2;
(iti) p(S1+ S2) < pu(S1) + p(S2);
(iv) p(AS) < [Nu(S) for any A € R.

Lemma 2.4 (see [27)28]) If W C C([a, b], X) is bounded and equicontinuous on [a, b],
then u(W(t)) is continuous for t € [a,b] and

w(W) = sup{u(W(t)),t € [a,b]}, where W(t) ={z(t) :x € W} C X.
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Remark 2.1 (see [2728]) If B is a bounded set in C([a, b], X), then B(t) is bounded
in X, and u(B(t)) < p(B).

Lemma 2.5 (see [27,28]) Let B = {u,} C C(I,X)(n =1,2,...) be a bounded and
countable set. Then pu(B(t)) is Lebesgue integrable on I, and

" ({/jun(t)dt n=1,2, . }) < 2/I;L(B(t))dt, here T = [a, b]. (M)

3 Main Result

In this section, we prove the existence of extremal mild solutions of the problem (1) and
then prove the uniqueness in the next theorem.

Theorem 3.1 Let X be an ordered Banach space, whose positive cone P is normal
with normal constant N and T (t)(t > 0) be a positive operator. Also assume that the
Cauchy delay problem () has a lower solution x©) € C([—a,b], X) and an upper solution
Yy € C([~a,b], X) with 20 < yO. The system () has minimal and mazimal mild
solutions between x(©) and y(©) if the following assumptions (H1)-(HJ) are satisfied:

(H1) The function [ : JxD — X is such that for t € J, the function f(t,.) : DxX — X
is continuous and for all ¢ € D, the function f(.,¢) is strongly measurable.

(H2) For anyt € |0,b], the function f(t,.): D — X satisfies the following

f(ta ¢1) < f(ta(PQ)’

where 1,2 € D with 2) < 1 < g < oY,

(H3) There exists a constant L > 0 such that

W E) L] sw w(BW))].

fora.e. t € J and E C D, where E(v) = {p(v) : p € E}.

__ 2MLb*™
(H4) K - %(a-‘,—l) < 17

Proof. Let B =[z(9 4] = {z € C([~a,b], X) | 29 <z <y©}. We define a map
Q : B — C([*(I,b],X) by

L U®)G0) + [L(t— )WV (t — s)f(s,xs)ds, te€[0,b],
@t ={ Ny )

By (H2) and for any = € B, we have that
fa”) < ft ) < flty).
By the normality of the positive cone P, there exists a constant k& > 0 such that

Hf(t"rt)H <k, x€B. (9)
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Clearly Q : B — C([—a,b], X) is continuous. Let 2,y € B and < y, then x(t) <
y(t), t € [—a,b]. Therefore, for any ¢ € [0,b], ; < y; in the ordered Banach space D.
Now by positivity of operators U(t) and V(t), (H2), we have

Qz < Qy. (10)
For showing (9 < Qz(®) and Qy® <y, we let ¢D*z(©) () = Az (t) +£(t), t € J,

then by Definition 23] Lemma 2] and the positivity of U(t) and V(¢t) for t € J, we get
that

2O t) =U ()2 (0) + /t(t —8)* 7V (t — 5)&(s)ds
0
< U(t)p(0) + /t(t — )W (t—8)f(s,aD)ds, teJ
0

and also 2O (t) < ¢(t) = Qz(t), t € [~a,0]. Thus () < Qz(t), t € [~a,b].
Similarly we can prove that Qy©(t) < y(t), t € [—a,b]. Thus Q : B — B is an
increasing monotonic operator. Now we define the sequences as

2™ = Qz Y and y™ = Qy" Y, n=12,..., (11)

and from (I0), we have
2O <MW <2< <y <<y <y (12)
Now we show that @ is equicontinuous on [—a,b]. For this, we let any « € B and
t1,t2 € [—a,b] with ¢1 < ta. First we take ¢1, to € [—a,0], then |Qz(t2) — Qz(t1)| =

lo(t2) — @(t1)]] — 0 as ¢(.) is continuous and t; — t2 independent of 2 € B. Further, if
t1,ta € J with t; < ¢3 and by (@), then we have that

[Qz(t2) — Qu(ty)|

<U(t2)9(0) — U(t1)(0)]|
+ | /0 1(1?2 —8)* [V (ty — 8) = V(t1 — 5)] f(s,25)ds]|

+ 1 ; 1 [(t2 — ) = (t1 — 8)* | V(t1 — 8) f(s,25)ds]

+ / (t— 5)0‘_1V(t2 —5)f(s,xs)ds

<[|U(t2)$(0) — U(t1)o(0)]]
+ k/o (ta — ) H||V(ta — s) = V(t1 — s)|ds

ME " a—1 _ _Sa—ls
+m/0 (ts — )27 — (tr — 5)°71|d

Mk /t2 .
+ — t—s)* ‘ds
) J, 79

=0 + 1o + I3+ 14, (13)
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where

I =[[U(t2)$(0) — U(t1)o(0)],
b :k/o (ts — )LV (ts — ) — Vi(t2 — 9)|| ds,

ME " a—1 7Sa71 s
@/ (ts — )2 — (1 — )| ds,

Mk [t
I4 :—/ t—s a_lds.
M ), 79

I3

For any € € (0,t1), we have

t1—€
b gk/ (ts — )LV (ts — 8) — V(11 — 5)ds
0
t1
+ k/ (ta — 8)* M|V (ta — 5) — V(t; — s)||ds
t1—e

t1—€
<k [ -9 s s Vit s) = Vit )]
0 s€[0,t1—€]

2MFk (" o1
+ (o) /t (ta — 8)* “ds. (14)

1—€

By Lemma 22] we get that I — 0 as t; — t2 and € — 0 independent of z € B. From
expression of Iy, Is and Iy, we can easily show that Iy — 0, Is — 0 and Iy — 0 as
to — t1 independent of x € B. Therefore ||Qxz(t2) — Qx(t1)|| — 0 as t; — t2 independent
of x € B. Thus for t1,t3 € [—a,b] with ¢; < ta, we have that [|Qz(t2) — Qx(t1)]| — 0 as
t1 — to independent of # € B. Therefore Q(B) is equicontinuous on [—a, b].

From (®), we must have (" () = y™(t) = ¢(t), n = 1,2,..., t € [~a,0]. So
™ — ¢ and ¥ — ¢ on [~a,0]. Let S = {z(™1}% . The normality of positive cone
P and ([I2) imply that S is bounded. Note that u(S(t)) = 0, for any t € [—a,0]. Since
S(t) = {=M ()Y u{Q(S)(t)} for any t € J, then u(S(t)) = u(Q(S)(t)) for any t € J. By
using (H3), @), (I) and for ¢t € J, we have that

u(S(t) = <{U<t>¢<o> # [e-amvie- s)f(s,xg">>ds} )

<u ({ /O t(t —8) V(= 5)f (s, z§">>ds}j_l>

<t | -9t ({Fsaf)) Yas
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et [l g ({0} )

g% /0 (t=o) s, sup o ({o 0} )

B ()

Since {Qx(”)}zozo, ie. {x(”)}zo:l, are equicontinuous on [—a, b] and p(S(t)) = 0, for any
t € [—a,0], then Lemma [Z4] and inequality (3] imply that

p(s) < %u ({w(")}il) = Ku(9). (16)

Since K < 1 as given in (H4), this implies that u(S) = 0, i.e. p({z(™}2 ;) = 0. Thus
the set {z(™ : n > 1} is relatively compact in B. So we have that the sequence {z(™}
has a convergent subsequence in B. In view of ([2)), we can easily show that {z(™} itself
is convergent in B. So there exists 2 € B such that (") — z as n — co. By ®)and (),
we have that

2™ (t) = { U®)6(0) + Jo(t — )2V (t = 5)f(s,28" " V)ds, t€[0,8], (17)
o(t), te€[—a,0].
Taking n — oo and Lebesgue dominated convergence theorem, we have that
2(t) = { UB)(0) + [yt = )V (t = 8)f(s.2,)ds, t€]0,b], )
B o(t), te[—a,0].

Then z € C([—a,b],X) and 2 = Qz. Thus z is a fixed point of @, hence z becomes
a mild solution of (). Similarly we can prove that there exists T € C([—a,b], X) such
that 4™ — Z as n — 0o and T = QZ. Let = € B be any fixed point of @, then by (I0),
M = Q29 < Qr =z < Qy® =y, By induction, z(™ < 2 < y™. Using @
and taking the limit as n — co we conclude that 20 < r<x<zT< y(o). Hence z, T
are the minimal and maximal mild solutions of the finite delay differential equations of
fractional order (@) on [z(?),4()] respectively. O

In the next theorem, we shall prove the uniqueness of the solution of system ()
by using monotone iterative procedure. For this we make the the following additional
assumption:

(H5) f:JxD — X is a continuous function and there exists a constant n > 0 such that

ftp2) = f(t 1) < mlp2(v) —¢1(v)),  for some v € [—a, 0]

(0 (0)
: .

for any t € J and « )§<p1§502§yt

Theorem 3.2 Let X be an ordered Banach space, whose positive cone P is normal
with normal constant N and T(t)(t > 0) be a positive operator. Also assume that the
Cauchy delay problem () has a lower solution x(©) € C([—a,b], X) and an upper solution
¥y € C([~a,b], X) with (0 < y© . If the assumptions (H2) and (H5) hold and K =

% < 1, then the Cauchy delay problem () has a unique mild solution between z(©

and y(©).
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Proof. Let {:I:(")} C B be monotone increasing sequence. For any m,n = 1,2,...,
with m > n, by H(4) and H(6), we have that

0 < f(t, ™) — f(t,z™) < nai™ ) — 2 ().
Using the normality of the positive cone P, we get
£t 2™ = Ft, 2] < Nglla{™ @) — 2 (). (19)

From the definition of measure of noncompactness and (I9)), we get

({1 (o)) <30 (o). =

From (I9), f is a Lipschitz continuous for second variable. So f satisfies the assump-
tions (H1) and (H3) with L = N». Thus all the conditions of Theorem [B1] are satisfied,
the Cauchy delay problem (I]) has maximal and minimal solutions on the ordered interval
B = [z(9), 4],

Let z(t) and %(t) be the minimal solution and maximal solution of Cauchy delay
problem (I)) respectively on the ordered interval B = [2(9), y(©]. Since z(t) = (t) for
t € [—a, 0], then we have to prove that Z(t) = z(t) on J for the uniqueness. By (), (H5)
and the positivity of operator U(t) and V (¢) and take ¢ € J, we get

6 < 2(t) — z(t) = QT(t) — Qu(t)
- / (t— 827Vt — ) [f(5,72) — [(5,2,)] ds

< 77/0 (t —s)* 'V (t —8)(Ts(v) —z,(v))ds, for some v € [—a,0].

By applying the normality of the positive cone P, we get

8

[Z(t) — z(B)[] < Nn| /O (t= )"V (t = 8)(Ts(v) — z,(v))ds|

- JF”(Z;? / (= 9 7 (0) — 2. (0) | ds

o Nl I

< T / (¢~ 97 - alds

< Fatg -2l (21)

Inequality implies that ||Z — z|| < K||T — z||. Since K < %, then [T —z|| =0,ie. Z=2
on [—a,b]. Hence T = gz is the unique mild solution of the Cauchy delay problem ()
between z(?) and y(©. O
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4 Example

Let X = L?([0,7],R). Consider the following finite delay patial differential equation of
fractional order:

02

22 2(ty) = Fra(t.y) + 2sin(U5H), (ty) € [0,5) x [0, 7
2t > At =0, te(0,3) (22
) = ony) vel-1,0]

1
where ;’t—z is the Caputo fractional partial derivative, 0 < n < min{%, 4—\/151}, f:JIxD —
X is a nonlinear functions, here D = C([—1,0] x [0, 7], X) and ¢(v,y) € D.
Let P ={¢ € X|p(y) >0 a.e. y € [0,7]}. Then P is a normal cone in Banach space
X and its normal constant is 1, i.e. N = 1. We define an operator A : X — X by
Av = v"” with domain

D(A) = {v e X :v,v is absolutely continuous v" € X,v(0) = v(n) = 0}.

It is well known that A is an infinitesimal generator of a compact analytic semigroup of
umformly bounded linear operator {T'(t),t > 0} in X. Now we define z(t)(y) = z(t, y),

D)) = L), [tr)) = (D), 20)(y) = o)) = O y).
Therefore, the above impulsive fractional differential equation (22]) can be written as the
abstract form ().

The continuous function ¢ is such that 0 < ¢(v,y) < —vy(m —vy), (v,y) € [-1,0] x
[0,7]. Let v(t,y) =0, (t,y) € [-1,5] x [0,7]. Then f(t,v¢:(v,y)) = 0 for t € [0, 7] and
o(v,y) > v(v,y) for v € [-1,0]. Thus v becomes a lower solution of the problem ().
Now we take w(t,y) such that

wt w>={ tyir—y), (ty) € 0.3) x 0,7,
) —ty(r —y), (t,y) €[-1,0] x [0,7].

1 1
Note that a ps w(t,y) = M\/ﬁ_y) and 2w(ﬁ y) = —2t. Since tzy(fr—y) > ty(w—y) for
0<t<, the function sin(.) is increasing for interval [-%, 7] and f > 2n, these imply
that

2t2y\(/7%— Y) > o Sin(ty(ﬂ2— y)) > 2psin (t - 1)92(7T - y) )
Thus )
O ult) 2 3wl + 2nsin(UE )

and w(v,y) > ¢(v,y) for v € [—1,0]. So w is an upper solution of the problem ().
Clearly the function f(¢, ) is increasing in ¢ for v < ¢ < w, so the assumptions (H2)
is satisfied. Since the function sin(.) is Lipschitz function and is increasing for interval
[—%, 5]. So the function f satisfies the following condition:

0< f(t, 2Pt —1,9) = f(t, 20t = 1,9)) <n(z®(t - 1Ly) =2Vt - 1,y)), ve[-1,0]
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for any v(t,y) < 2 (t,y) <2 (t,y) <w(t,y), (t,y) € [-1,%] x [0,7]. This means

0(y) < f(t, 2N (y) — f(t, 2 () < n (1)) — 2 (-1)(y))

for any v < 2() < 2 < w. Thus the assumption (H5) is also satisfied. At last

K= % = %Z_< 1. All the conditions of the Theorem B.2] are satisfied, hence the

system (22]) has a unique solution. O
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