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1 Introduction and Main Results

Our aim is to study the existence and uniqueness of a solution for nonlinear homogeneous
Neumann boundary value problem of the form

-V -a(z,Vu)+ B(u) > p in Q,
N (B, )
a(xz,Vu).n =0 on 01,

where 7 is the unit outward normal vector on 0f, S is a maximal monotone graph on R
such that 0 € 8(0), a is a Leray-Lions operator, p is a diffuse measure such that u = p|Q
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and 2 C RY is a smooth open bounded domain (N > 1). We set dom(3) = [m, M] C R
with m <0< M.

Recall that a Leray-Lions operator which involves variable exponents is a
Carathéodory function a(z,€) : Q@ x RY — RY (ie. a(z,€) is continuous in & for
a.e. x € ) and measurable in z for every £ € RN) such that:

e There exists a positive constant C; such that

laz,€)| < C1(j(z) + [P (1)

for almost every x € Q and for every ¢ € RY where j is a nonnegative function in
/ 1
LP(Q), with — + =
( o) @)

e The following inequalities hold

(a(z,€) —a(x,n))(§ —n) >0 (2)

for almost every x € Q and for every &,n € RV, with & # 1, and there exists C' > 0 such
that

ZIEP) < (e, )6 ®

for almost every = € €, and for every £ € RV,
In this paper, we make the following assumption on the variable exponent:

p(.) : @ — R is a continuous function such that 1 < p_ < p, < 400, (4)

where p_ := ess inf p(x) and p; := esssup p(z).
zeQ z€Q

We denote by LV the N-dimensional Lebesgue measure of RY and by M,;(X)
the space of bounded Radon measure in X, equipped with its standard norm
I[1lam,(x)-  Given v € My(X), we say that v is diffuse with respect to the ca-
pacity WP (X)(p(.)—capacity for short) if v(B) = 0 for every set B such that
Capyy(B, X) = 0, where the Sobolev p(.)—capacity of B is defined by

Capy()(B,X) = _inf /(|u|p<z>+|vu|p<z>) i,
X

u€Sy(y(B)
with
Sp()(B) ={u € Wol’p(')(X) :w > 11in an open set containing B and « > 0 in X}.

In the case Sp()(B) =0, we set Capy,()(B,X) = 400.

The set of bounded Radon diffuse measure in the variable exponent setting is denoted
by ./\/lg(')(X ).

Elliptic problems with measures data in the context of constant exponent was studied
by many authors (see [4HGJI0J12]). The multivalued case for Dirichlet boundary condition
with constant exponent was studied by some authors among whose papers one can cite
the most recent one by Igbida et als [I4]. The study of multivalued elliptic problems
with measure data in the context of variable exponent was carried out for the first time
by Nyanquini et als [16] under homogeneous Dirichlet Boundary condition. In [16], the
authors first proved a decomposition theorem for the measure data (more precisely, as
a sum of a function in L*(€) and of a measure in W=12'()(Q)) and used it to prove,
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following [I4], a result on existence and uniqueness of entropy solution of the problem
considered.

In this paper, we consider Neumann homogeneous boundary condition. Since the
boundary condition is the Neumann condition, we cannot work with the common space
WO1 P (')(Q) in which, we can use the Poincaré inequality but also, when one uses the
integration by parts formula, the term which appears at the boundary due to the part
of the measure in W~1?'()(Q), vanishes. We have to work in the space W?()(2). The
first main difficulty which appears in this case is that for the proof of some a priori
estimates, the famous Poincaré inequality doesn’t apply, and neither do the Poincaré-
Wirtinger inequality and the Poincaré-Sobolev inequality (since we have homogeneous
Neumann condition). A second main difficulty is that, when one uses the integration
by parts formula in the Yosida approximated problem (see problem N(f, tc) below),
a term which cannot vanish appears at the boundary, for the part of the measure data
which is in W~12'()(Q). In order to treat this difficulty, we consider a smooth domain
Q in order to work with the space Wol’p(')(UQ), where p(.) : Ug — (1, 00) is continuous
such that p(x) = p(z) for all z € Q, and to go back later to the space WP()(Q). More
precisely, (2 is assumed to be a bounded domain in RY with a boundary 9Q of class C'.
Then, Q is an extension domain (see [§]), so we can fix an open bounded subset Ug of
RY such that Q C Ug, and there exists a bounded linear operator

E:WhOQ) - WY (Ug),

for which

(i) E(u) = u a.e. in Q for each u € W) (Q),

(i) ||E(u)||W01,5(A>(UQ) < Cllullwr.re) (), where C' is a constant depending only on 2.
We define

Dﬁg(')(Q) ={pe Mf(')(UQ) : 1 is concentrated on Q}.

This definition is independent of the open set Ug. Note that for u € WP (Q)N L>®(Q)
and p € 93?5(')(9), we have
o B) = [ wdn

On the other hand, as y is diffuse (cf. Theorem Bl below), there exist f € L'(Ug) and
F e (L7 O(Uq))N such that u = f— div(F) in D’ (Ug). Therefore, we can also write

(u, E(w)) = fE(u) dz+/ FVE(u)dx.
Uq Ua

Now, define the following spaces which are similar to that introduced in [ILB3] (see
also [7]). We note

TLPO(Q) = {u:Q — R measurable; Tj(u) € WwhPL(Q) for all k > 0}.

As in [3], we can prove that for u € THP()(Q), there exists a unique measurable function
w : @ — R such that VT (u) = wx{ju/<k} V& > 0. This function w will be denoted by
Vu.

We define T}lt’p(')(Q) (see [7]) as the set of functions u € T+P() () such that there exists

a sequence (us)s C WP (Q) satisfying the following conditions:
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(i) us — w a.e. in Qas d — 0.
(ii) VT (us) — VTi(u) in L(Q) for any k > 0 as § — 0.
The symbol H in the notation is related to the fact that we consider here homogeneous
Neumann boundary condition.
Our main results are the following theorems.

Theorem 1.1 For any u € ﬁﬁg(')(ﬂ), the problem N(f, 1) has at least one solution
(u,w,v) in the sense that

(u,w,v) € WHPO(Q) x LH(Q) x MPY(Q)

such that

(i) u e dom(B) LY — a.e. in Q,

(i) w € B(u) LY — a.e. in Q,

(ii) v L LN, vT is concentrated on [u = M], v~ is concentrated on [u = m)],
(iv) for any ¢ € WHPL(Q) N L=(Q),

/a(z,Vu).chdz+/wg0dx+/@duz/gﬁdu. (5)
Q Q Q Q

The uniqueness of the solution is given in the following theorem.

Theorem 1.2 Let (u1,w1,v1) and (ug, we,ve) be two solutions of N(B, ).
Then
Uy — Us = ¢ a.e. in €,

wy = wy a.e. in ), (6)
v = Us.
Moreover,
v < g (Ju=M] (7)
and
V=< —piy [fu=m] (8)

2 Preliminary

As the exponent p(.) appearing in () and (@) depends on the variable z, we must work
with Lebesgue and Sobolev spaces with variable exponents. We define the Lebesgue
space with variable exponent LP()(Q) as the set of all measurable function v : Q — R
for which the convex modular

pp(,)(u) ::/ |u|p(z) dx
Q
is finite. If the exponent is bounded, i.e., if p; < +o0, then the expression
|u|p(_) =1inf{A>0: pp(,)(u/)\) <1}

defines a norm in LP()(Q), called the Luxembourg norm. The space (LP)(Q), l-Ipcy) is
a separable Banach space. Moreover, if 1 < p_ < p; < 400, then LP()(Q) is uniformly
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convex, hence reflexive, and its dual space is isomorphic to L?'(-) (Q), where ZﬁJFP - (190) =
1. Finally, we have the Holder type inequality:
| [uvda] < (o= + = bl (9)
0 p-  (P)-
for all u € LPO)(Q) and v € L' () ().
Now, let

w0 @) = {ue L7O(Q) |Vl € L@},
which is a Banach space equipped with the following norm
lullpy = lulpey + 1(VuDlp()-

The space (Wl’p(')(Q), ||u||17p(,)) is a separable and reflexive Banach space. For the
interested reader, more details about Lebesgue and Sobolev spaces with variable exponent
can be found in [IT[I5].

An important role in manipulating the generalized Lebesgue and Sobolev spaces is
played by the modular p,) of the space LPC) (). We have the following result (cf. [13]):

Lemma 2.1 If u,,u € LPY)(Q) and p, < 400, then the following properties hold:
Q) ulpey > 1= [ulpc) < ppey(w) < Julpiys
i) fulpy < 1= lulply < ppey(w) < Julyc);
i) |ulpy <1 (respectively = 1;> 1) <= ppy(u) < 1 (respectively = 1;>1);
) |un|py — 0 (respectively — +00) <= pp(.)(un) — 0 (respectively — +00);
v) ppcy (u/Iulpy) = 1.

For a measurable function u : 2 — R, we introduce the functional

o) = [ de s [ (9 d
Q Q

Then, we have the following lemma (see [I7,[18]).

Lemma 2.2 If u,,u € WP (Q) and p, < 400, then the following properties hold:
(i) Mullipey > 1= Nulli, ) < prpey (@) < llullf)
(i) gy < 1= Jullor ) < prpy () <l
(i) |ull1py <1 (respectively = 1;> 1) <= py py(u) <1 (respectively = 1;>1);
(i) |Junll1p) — O (respectively — +00) <= py p(.)(un) — 0 (respectively — +00).

For any given [,k > 0, we define the function ; by ;(r) = min ((I+1—|r|)*,1) and
the truncation function Ty : R — R by Tk(s) = max{—k, min(k, s)}.

For any [y > 0, we consider a function hg such that
(i) ho € CL(R), ho(r) >0, for all 7 € R,
(i) ho(r) =1if |r| <lp and ho(r) =0 if |r| > o + 1.

Let v be a maximal monotone operator defined on R. We recall the definition of the
main section 7y of 7:

the element of minimal absolute value of y(s), if y(s) # ¢,
Y(s) =< oo, if [s,+00) N D(7y) = ¢,
—00, if (—o0, s]N D(y) = ¢.
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We write for any w: Q — R and k > 0, {|u| < k(< k,> k,> k,= k)} for the set
{z € Q|u(x)] < k(< k,>k,>k=F)}.
To end this section, we give a useful convergence result.

Lemma 2.3 (Lebesgue generalized convergence theorem) Let (fn)nen be a sequence
of measurable functions and f be a measurable function such that f, — f a.e. in ). Let
(gn)nen C LY (Q) such that for all n € N, |f,| < g a.e. in Q and g, — g in L'().
Then

/ frndx — | fdx.
Q Q

3 Decomposition of a Measure in M’Z(')(X)

Let X be an open subset of RY. We have the following result.

Theorem 3.1 Let p(.) : X1 C X — [l,+oc0] with1 < p_ < py < 400 be a
continuous function and p € My(X). Then p € Mg(')(X) if and only if p € LY(X) +
w2 O(X).

Proof. The proof of Theorem [B1lis carried out in the same way as in [16], Theorem
1.2.

4 Proof of Theorem [1.1]

For every € > 0, we consider the Yosida regularisation 5. of § given by

o= (1 (T+eB)™)

€

In accordance to [9], there exists a nonnegative, convex and l.s.c. function j defined
on R, such that g = 9j. To regularize 3, we consider

. L2
je(S)—ITnel]E{ |s —r|* 4+ j(r )}, Vs € R, Ve > 0.

Accordmg to ( [9], Proposition 2.11) we have
i) dom( C dom(j) C dom( C dom(p).

(
(ii) j ‘ﬁe ’2 (J.) where J. = (I +¢B)~!
(
(

111) Je 18 convex Frechet-differentiable and 5. = 8]6,

iv) jeTjaselO.
Note that S is a nondecreasing and Lipschitz-continuous function.

Since u € Mg(')(UQ), recall that ( cf. Theorem BIl) p = f — div(F) in D' (Uq) with
f e LY (Uq) and F € (L” ) (Uq))N where U is the open bounded subset of RN which
extends (2 via the operator F.

We regularize p as follows: Ve > 0, Va € Ug we define

fe(w) =T1(f(z))xa(z).

€

Let (Fi)es1 C Cg°(Uq) be a sequence such that F. — [ strongly in (L7 O(Ug))N
For any ¢ > 0, we set F. = yoF. and pe = f. — div(F.). For any € > 0, one has
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e € Dﬁf(')(ﬂ), pe = pin My(Uq) and pe € L(Q). Furthermore, for any k£ > 0 and

any £ € Tl’p(')(Q),
/ T3 (€) dp.
Q

Lemma 4.1 The Yosida regularisation B¢ is a surjective operator.

< kC(p, ).

Proof. Since dom(8) C [m, M], we have Vr € R, J.(r) = (I + 66)_1(T) € [m, M].
Consequently

. . r—Je(r)
1 A = 1 _—_— =
A Pelr) = Tp o = oo
and J
lim Bc(r)= lim r=Jer) _ —00.
r——00 r——00 €

As B, is a maximal monotone graph, according to ( [9], Corollaire 2.3), we conclude
that S, is surjective.
Now, we consider the following approximating scheme problem

—div a(z, Vue) + Be(ue) = e in £,
N(BE? ME)
a(x,Vue).n=0 on ON).
We have the following results (see [16]).

Proposition 4.1
(i) There exists a unique weak solution u. for problem N (B, pc) in the sense that u. €
WPO(Q), Be(ue) € L®(Q) and Vo € WHPH(Q),

/Qa(x,Vue).Vgadx+/Qﬂe(u6)<pdz: /Qcpdue. (10)

(i) Moreover, for any k > 0,

/|VTk(u€)|p(””)dx < KC(1,9) (11)
Q
and

/Qﬁe(ue)Tk(ue)dx S kC(IU/aQ)a (12)

where C(p, Q) is a positive constant.

Proposition 4.2 The sequences (ﬁe(ue))
bounded in L' ().

» and (BE(Tk(uE)))E>O are uniformly

Proposition 4.3 Let u. be a solution of N(fB, ), then
Cp, )
min (ﬂe(k), \ﬂe(fk)\)

meas{|uc| >k} < for k>0 large enough (13)
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and
(k+1)C Cu, Q)
kr- min (56(/@), ‘66(—15)])

meas{|Vuc| >k} <

for k>0 large enough, (14)

where C' is a positive constant.

Proposition 4.4 For all k > 0, T (u.) = Ti(u) in LP~(Q) and a.e. in 2, as e — 0.
Moreover, u : Q@ — R is such that u € dom(B) a.e. in Q and u. — u in measure and a.e.
n Q, as e — 0.

Proposition 4.5 For any k > 0, as € tends to 0, we have
(1) a(x, VTi(ue)) = al(z, VI (u)) weakly in (LPI(')(Q))N
(11) VI (ue) — VTi(u) a.e. in Q.
(iii) a(x, VTi(ue)). VT (ue) — a(x, VI (u)).VTk(u) a.e. in Q and strongly in L*(S2).
() VT (ue) — VIi(u) strongly in (LP(')(Q))N .

Proof. The proof can be carried out in the same way as the proof of Proposition 4.5
in [I6). The following lemmas are useful for the subsequent presentation.

Lemma 4.2 For any h € C}(R) and ¢ € WPO)(Q) N L2(Q),
V[h(ue)p] — V[h(u)g] strongly in (LPO Q)N as e — 0.
Proof. For any h € C}(R) and ¢ € WhP()(Q) N L>®(Q), we have

Vh(ue)g] — V[h(u)p] = (h(uc) — h(w)) Ve + h' (ue)o[Vue — Vu]
+(h (ue) — W (u))pVu = ] + 95 + 5.

For the term 1], we consider p,(¥]) = / |(h(ue) — h(u))Vp|P® de.
Q

Set ©5(z) = |(h(uc) — h(u))Ve|P®. We have ©5(z) — 0 a.e. 2 € Qas e — 0 and
|05 (z)] < C(h,p_,py)|Ve|P™ € LY(Q). Then, by the Lebesgue dominated convergence
theorem, we get that 1111(1J pp() (1) = 0. Hence,

e—

%5l vy () — 0 as e — 0. (16)

For the term 15 we consider p,(¥5) = / |0 (u)p(VTi(ue) — VTi(u))[P® dz for
Q

some [ > 0 such that supp(h) C [-1,].

Set ©5(z) = | (ue) (VT (ue) — VT (1))|P®). We have ©5(z) — 0 a.e. 2 € Qas e —
0 and |©5(x)| < C(h,p—,ps, [2lloc) | VTi(ue) = VT (u)P). Since VTi(ue) — VTi(u)
strongly in (Lp(')(Q))N, we get p, ) (VT (ue) —VTi(u)) — 0 as € — 0, which is equivalent
to, say

1im/ VT (ue) — VT (w)|P™ dz = 0.
e—0 Jo
Then |VT;(uc) — VTi(u)[P) — 0 strongly in L(Q).

By the Lebesgue generalized convergence theorem, one has

lii% A 05(x) dx = lgl% pp(y(¥3) = 0.
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Hence,
||1/1§||LP(A>(Q) —0ase—0. (17)

For the term 15 we consider p,()(¢3) = / |(h (ue) — b (1) Vul|P®) d.
Q

Set ©5(z) = |(h'(uc) — B’ (1)) VulP™). We have ©5(z) — 0 a.e. € Q as e — 0 and
|95(z)] < C(h,p_,ps, l@lloo)IVTi () [P € LY(Q), with some [ > 0 such that supp(h) C
[—1,1]. Then, by the Lebesgue dominated convergence theorem, we get hm 1 0p(.) (¢¥5) = 0.

Hence,
||¢§||LP(A>(Q) —0ase—0. (18)

According to (I6)-(I8), we get ||¢f + ¥5 + ngLp(A)(Q) — 0 as e — 0 and the lemma is
proved.

Lemma 4.3 For any h € C}(R) and ¢ € W'PL)(Q) N L2(Q),

i [ hue dne = [ B
e—0 Q Q

Proof. We have

/ h(ue)p dpe
Q

/ E(h(uc)e) dpe = (e, E(h(uc)p))

<

/UQfEE (ue)p dx—i—/ F.VE(h(ul)p) du

/ % ( 6)50) d:ch/ (XQF€>.VE(]’L(UE>QO) dx
Ugq Uq

9

:/QT%(f)h(ue)godx—i— g F.VE(xah(uc)p) dx. (19)

By the Lebesgue dominated convergence theorem, we have for the first term of the right
hand side of ([I9),

lim [ T:i(f)h(u)pdx = h(u)pdx. 20
tim [ T2 (h(u)pde = [ fring (20)

Furthermore, the sequence (E (xgh(ue)cp)) is bounded in Wol’ﬁ(')(UQ). Indeed,
e>0
(XQh(ue)@)€>0 is bounded in W1P()(Q) and we use the inequality

HE(U)”WOI’ﬁ(')(ng) < CHU”WLP(-)(Q)v Yu € Wl,P()(Q)

We also have E(xgh(ue)cp) = xoh(ud)p ae. in Uy and xoh(ud)p —
xoh(u)p a.e. in Uy as € — 0. Hence E(xgh(ue)cp) — E(Xgh(u)gp) a.e. in U as € — 0.
Then,

. 5 N
VE(xoh(ue)p) = VE(xah(u)p) in (Lp(')(UQ))
Finally, we get for the second term in the right hand side of (I9)

lir% F.VE(xoh(ue)y) de = / F.VE(xoh(u)p) dz. (21)
€E—> Uq Uq
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Using (20) and 2II), we get from (I9),
lim [ h(ud)pdu. = / fh(u)pdx +/ FNE(xoh(u)p) dx
Q Ua

e—=0 /o
:/ JE(xah(u)e) der/ FNE(xoh(u)p) dx
Uq Ua

= <,u,E(XQh(U)<P)> :/U E(xah(u)y) du = /Qh(U)god,u.

We continue the proof of Theorem [Tl So we need to pass to the limit in the second
integral of (I0). Since, for any & > 0, (hx,(ue)Be(ue))e0 is bounded in L'(£2), there exists
2 € Mp(Q), such that

e () Be(ue) = 2 in My(2) as € — 0.

Moreover, for any ¢ € WHPH(Q) N L®(Q), we have
/ pdz = / whi(u) du f/ a(x, Vu) - V(hg(u)p)dz,
Q Q Q

which implies that z, € Mi(')(Q) and, for any k <1, zx = z; on [|Tx(u)| < k].
Let us consider the Radon measure z defined by
z =1z, on|[|[Tg(u)| < k] for k € N*,
(22)
=0 on () [Tk(u) =kl

keN*

For any h € C(R), h(u) € L™=(9,d|z|) and

/Qh(u)go dz = —/Qa(:z:,Vu) . V(h(u)tp)dm—i—/ h(u)edu,

Q

for any ¢ € WHPL(Q) N L®(Q). Indeed, let ko > 0 be such that supp(h) C [—ko, ko,

/ h(u)pdz = / h(u)p dzg, = — 1im/ a(z, Vue) - V(h(ue)p)dr + lim/ h(ue)pdpie
Q Q e—=0 Jo e—=0 /o

= —lim [ a(x, VT, (uc)) - V(h(uc)p)dx + hm/ h(ue)pdpie
Q e—=0 /o

e—0

= —/ a(xz,Vu) - V(h(u)p)dx + 1in% h(ue)dpie

< «VJa
=— / a(z, Vu) - V(h(u)p)dz + [ h(u)pdp.
Q Q
(23)
Moreover, we have (see [16])

Lemma 4.4 The Radon-Nikodym decomposition of the measure z given by (22) with
respect to LN,
z=wlN +v with v1 LY, (24)

satisfies the following properties:
(i) w e B(u) LN — a.e. inQ, we L),
(i1) v € /\/li(')(Q), vt is concentrated on [u = M| and v~ is concentrated on [u = m).
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To finish the proof of Theorem LI, we consider ¢ € W'PL)(Q) N L¥(Q) and
h € C}(R). Then, we take h(uc)p as test function in (). We get

/Qa(x,Vue).V[h(uE)cp]dx+/Qﬂe(u5)h(ue)g0dx:/Qh(ue)cpdue. (25)

By Lemma [£3] we have for the term in the right hand side of (23)),

e—0

lim h(ug)tpduﬁz/h(u)(pdu.
Q Q

The first term of (23] can be written as

[ ale.Vu) Vibtalde = [ ate. 9711 (0).Viho(uc)elds
Q Q

for some [y > 0 so that, by Proposition [4.3}(¢) and Lemma [£2] we have
lim [ a(z,Vu.).Vih(u)plde = lm | a(z, VT 41(ue)).Vho(ue)plde
e—=0 /o e—0 Jq
— [ ae. VTigsa(w).Viho(u)elds
Q
= / a(xz, Vu).V[h(u)pldz.
Q
Due to the convergence of Lemma [£2] and Proposition [£5}(i) we have from (25)

g%/ﬂﬂe(ue)h(ue)@dx = /Qh(u)gaduf/Qa(z,Vu).V[h(u)ga]dz.
/Q h(u)pdz = /Q h(w)wedz + / h(u)pdy.

Q

Letting € go to 0 in (23], we obtain

/( ol Vu) Vlh(u)plde + /

Q

h(w)wedz + /

Qh(u)cpdl/:/ﬂh(u)cpdu. (26)

In Z6), we take h € CL(R) such that [m, M] C supp(h) C [~I,I] and h(s) = 1 for all
s € [m, M]. As u € dom(), then h(u) =1 and it yields that (u,w,v) is a solution of the
problem N (S, p). O

5 Proof of Theorem

Proof. For uy, we choose ¢ = u; — ug as test function in (B to get

/Qa(z,Vul).V(ul 7u2)dx+/

wy (ug — ug)dx < /(u1 — uz2)dp.
Q

Q

Similarly we get for us,

/Q a(x, Vug).V (uy — uy)dz + /

wa(ug — uy)dx < /(UQ — uq)dp.
Q

Q
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Adding these two last inequalities yields

/Q (a(:c, Vuy) — a(z, Vuz)) V(up — ug)dx +/ (w1 — w2) (ug — ug)dz. (27)

Q

From [27)) it yields
/Q (a(x, Vuyp) — a(z, Vug)) V(uy —ug)dz =0 (28)

From (28], it follows that there exists a constant ¢ such that u; — ug = ¢ a.e. in .
Now, let us see that wq = we a.e. in Q and v; = vy. Indeed, for any ¢ € D(Q), taking ¢
as a test function in (@) for the solutions (w1, w1, v1) and (u1,we, v2), after substraction,
we get

/Q(wl — wo)pdx + /Q wd(vy —1a) = 0.

/wlgpder/gpdVl*/wgcpdqu/<pdl/2.
Q Q Q Q

’LU1£N +uv = ’lUQEN + V.

Hence

Therefore

Since the Radon-Nikodym decomposition of a measure is unique, we get w; =
wo a.e. in Q and v = vo.

To complete the proof of Theorem [[2 it remains to show that (7) and (§)) hold. To
this aim, let us recall the following result.

Lemma 5.1 Letn € W'r0)(Q), Z € /\/li(')(ﬂ) and A € R be such that

7 <A ae. inQ (respectively n> \),
(29)
Z = —div a(z,Vn) in D'(Q).

Then
/ &dZ >0 (respectively / &dz < 0),
[n=Al [n=Al
for any £ € C2(Q), £>0.

Proof of Lemma [5.9] The proof of this lemma follows the same steps of [2].
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