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1 Introduction

In this paper, we consider the following nonlocal semilinear differential equations with
finite delay in an ordered Banach space:

{ 4 2(t) Ax(t) + f(t,x, Bx(t)), teJ=][0,b],
w(t) = o(t) +9(x)(t), te€[-a,0]

where the state x(-) takes values in the Banach space X endowed with norm | - ||;
A: D(A) € X — X is a closed linear densely defined operator and an infinitesimal
generator of strongly continuous semigroup {7(¢)}:>0 of bounded linear operator in X;

(1)
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the nonlinear function f: [0,b] x D x X — X is continuous, here D = C([—a,0], X);
the term Bz (t) is given by Bz(t) = fot K (t,s)z(s)ds, here K € C(X,R") is the set of
all positive functions which are continuous on ¥ = {(£,s)[0 < s <t < T}; ¢(-) € D
and g: C([—a,b],X) — D is a continuous operator. If z: [—a,b] — X is a continuous
function, then x; denotes the function in D defined as x:(v) = z(t + v) for v € [—a, 0],
here x+(-) represents the time history of the state from the time ¢t — a up to the present
time ¢.

It is well known that time delays are frequently encountered in various industrial and
practical systems, such as chemical processing, bio engineering, fuzzy systems, automatic
control, neural networks, circuits, vehicle suspension systems and so on. Hence, in recent
years, the researchers have paid more attention to delay differential equations (see [IHT]).
Some authors have studied differential equations with nonlocal initial conditions, see for
instance, [THI3]. Nonlocal initial condition, in many cases, is more suitable and produces
better results in applications of physical problems than the classical initial value of the
type x(0) = zo.

The monotone iterative technique based on lower and upper solutions provides an ef-
fective way to investigate the existence of solutions for the nonlinear differential equations
(fractional or non-fractional ordered), see for instance, [6,I4HI8]. It constructs monotone
sequences of lower and upper solutions that converge uniformly to the extremal mild
solutions between the lower and upper solutions.

This paper is motivated by recent works [6,[7,[16]. We extend a monotone iterative
technique for nonlocal semilinear differential equations with finite delay (d) to study the
existence and uniqueness of extremal mild solutions in an ordered Banach space. We
use the semigroup theory and measures of noncompactness to obtain the results. The
existence results are discussed by assuming compact or non compact semigroup. To the
best of our knowledge, up to now, no work has been reported on nonlocal semilinear
differential equations with finite delay by using the monotone iterative technique.

The rest of the paper is organized as follows: In the next section, we introduce some
basic definitions, notations and preliminary results. In Section 3, we prove the existence
and uniqueness of extremal mild solutions of the delay system () by using monotone
iterative technique. Finally, in Section 4, we present an example to show the application
of the main result.

2 Preliminaries

Throughout this paper, we assume that X is a Banach space with the norm || - || and
P={ye X:y >0} (0is a zero element of X) is a positive cone in X which defines
a partial ordering in X by x < y if and only if y —x € P. If x < y and = # y, we
write < y. The cone P is said to be normal if there exists a positive constant N such
that 0 < z < y implies ||z|| < Nlly||. We also assume that A: D(A) C X — X is a
closed linear densely defined operator that generates a strongly continuous semigroup
{T'(t),t > 0}. By Pazy [19], there exists a constant M > 1 such that sup,c; [|T'(¢)|| < M.
For the sake of convenience, we write B* = sup, ; f(f K(t, s)ds.

C(]—a,b],X) is the Banach space of all continuous X-valued functions on inter-
val [—a,b] with norm | - [lc = supsei_qp [2(?)]l. Then C([—a,b],X) is an ordered
Banach space whose partial ordering < is induced by positive cone Po = {z €
C([—a,b],X) | 2(t) > 0, t € [—a,b]}. Similarly D is also an ordered Banach space
with norm || - [|p = supye(_q, [[2(t)|| and partial ordering < induced by Pp = {z €
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C([—a,0],X) | x(t) > 0,t € [—a,0]}. If the cone P is normal with a normal constant N,
then Po and Pp are also normal cones with the same normal constant N. For x,y €
C([—a,b], X) with < y, denote the ordered interval [x,y] = {z € C([—a,b], X), x <
z <y}in C([—a,b],X), and [z(t),y(t)] = {v e X: z(t) <u <y(t)} (t € [-a,b]) in X.

Let us recall some basic definitions and lemmas which are used to prove our main
results.

Definition 2.1 A Cy-semigroup {T'(¢)}:>0 is called a positive semigroup, if T'(¢)z
> @ for all z > 6 and ¢t > 0.

Lemma 2.1 (see [19]) If h € C*(J,X), then for every xo € D(A) the following
initial value problem

(2)

4y(t) = Az(t) + h(t), teJ,
x(0) = xp,

has a unique solution x on J given by
t
z(t) = T(t)xo +/ T(t—s)h(s))ds, te.J.
0

Definition 2.2 (see [19]) A continuous function z: [—a,b] — X is said to be a mild
solution of the system () if z(¢) = ¢(t) + g(z)(t) on [—a,0] and the following integral
equation is satisfied:

z(t) =T () (9(0) 4+ g(z)(0)) + /0 T(t—s)f(s,zs, Bx(s))ds, te.J

Lemma 2.2 (see [19]) If h € L'((0,b), X), then for every xo € X the initial value
problem (@) has a unique mild solution.

Let Ci([—a,b], X) = {u € C(]—a,b], X): v exists on J, v'|; € C(J,X) and u(t) €
D(A) for t > 0}. An abstract function u € Ci([—a,b], X) is called a solution of () if
u(t) satisfies the equation ().

Definition 2.3 (see [16]) The function x € Ci([—a,b], X) is called a lower solution
of the system () if it satisfies the following inequalities

{%x(t) < Ax(t) + f(t,a¢, Bx(t)), teJ, )

z(v) < ¢(v) +g(z)(v), veE[-a,0].
If all inequalities of () are reversed, we call 2 an upper solution of the system ().

Now we recall the definition of Kuratowski’s measure of noncompactness and its
properties.

Definition 2.4 (see [20,21]) Let X be a Banach space and B(X) be a family of
bounded subset of X. Then pu : B(X) — R*, defined by

w(S) =1inf{d > 0: S admits a finite cover by sets of diameter < J},

where S € B(X), is called the Kuratowski measure of noncompactness. Clearly 0 <
w(S) < 0.
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Lemma 2.3 (see [20,21]) Let S, S1 and Sz be bounded sets of a Banach space X .
Then

(i) u(S) =0 if and only if S is a relatively compact set in X.

(
(i) p(S1) < pu(S2) if S1 C Sa.
(iii) p(S1+ S2) < pu(S1) + p(S2).
(i) p(AS) < |Ap(S) for any A € R.

Lemma 2.4 (see [20,21]) If S C C([c,d],X) is bounded and equicontinuous on
[e,d], then u(S(t)) is continuous for t € [c,d] and

w(S) =sup{u(S()), t € [e,d]}, where S(t)={z(t): x € S} CX.

Remark 2.1 (see [20121]) If S is a bounded set in C(]c, d], X), then S(t) is bounded
in X, and u(S(8)) < u(S).

Lemma 2.5 (see [20,21]) Let S = {u,} C C([c,d],X)(n =1,2,...) be a bounded
and countable set. Then u(S(t)) is Lebesgue integrable on [c,d], and

o ({/ unp(t)dt | n = 1,2,...}) §2/ u(S(t)) dt. (4)

3 Main Result

In this section, we prove the existence and the uniqueness of extremal mild solutions of
the system ().

Theorem 3.1 Let X be an ordered Banach space, whose positive cone P is normal
with a normal constant N. Also assume that A is the infinitesimal generator of a positive
and compact Cy-semigroup {T(t)}i>0 on X. If the system ([ has a lower solution
2 ¢ C([~a,b],X) and an upper solution y© € C([—a,b], X) with (0 < y© and
satisfies the following assumptions:

(H1) The function f: Jx D x X — X satisfies that f(t,-,-): D x X — X is continuous
forte J, and f(-, ¢, x) is strongly measurable for all (p,z) € D x X.

(H2) For any t € J, the function f(t,-,-): D x X — X satisfies the following
[t e1,u1) < f(L 02, u2),

where u1,us € X with Bx(o)(t) < u; < ug < By(o)(t) and @1, p2 € D with

xio) <1 <2 < y§0)~

(H3) The function g: C([—a,bl, X) — D is increasing, continuous and compact.

Then the delay system (@) has minimal and mazimal mild solutions between ) and
(0)
y).
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Proof. Let B = [2(0,y0] = {z € C([~a,b],X) | (O <2 < yO}. Define Q: B —
C([_aa b]a X) by

Qa(t) = {T(t)(¢(0) +9@)(O0) + Jy T(t =) (5,2 Bals))ds, te 0.8, o
o(t) +g(x)(t), t€[-a,0].
For any x € B and in view of (H2), we have
F(t2®, BV (1)) < f(t,xr, Ba(t))
< f(t,y”, By© (1))
By the normality of the positive cone P, there exists a constant k£ > 0 such that
I f(t, 2, Bx(t))|| < k, € B. (6)

Firstly we prove that @) is a continuous and monotonically increasing operator from
B to B. Let ,y € B with < gy, then z(¢t) < y(t), t € [—a,b]. Therefore z; < y; in D
for all t € [0,b]. By the positivity of the semigroup T'(t) and the assumptions (H2) and
(H3), we get

Qr < Qy. (7)

Let 20 (¢) = Az(O(t) + h(t), t € J. In view of Lemma 22 and Definition 23] we get
t
ﬂm@):T@ﬂwKWAk/‘T@—sﬁdﬂds
0

¢
<T()(#(0) + g(=)(0)) + / T(t—s)f (s, 2, Ba'% (s))ds
0
=Qz 1), telJ
Also zO(t) < ¢(t) + g(z@)(t) = QzO(t), t € [~a,0]. Thus () < Q2 (¢), t €
[~a,b]. Similarly we can show that Qy(®(t) < y©(t), t € [~a,b]. Now let {z(™} c B
with (") — z € B as n — oo. By (@), (H1) and (H3) for any t € J, we have
() St 2", Be () = f(t,a0, Ba(t)).
(it) g(z™) = g(@).
(i) (121", Bat (1) = f(t, 00, Ba(t)) | < 2k

These, together with Lebesgue’s dominated convergence theorem, imply that

1Qz™) () — Qa(t)] <Mllg(z)(0) — g(2)(0)] +M/O 1£ (s, 2{, Ba(s))

— f(s, x5, Ba(s))| ds
— 0 asn — oco.

In view of (H3), for any t € [—a, 0], we have ||Qz™ (t)—Qx(t)|| = ||g(=™)(t)—g(z)(t)|| —
0 asn — 0. Therefore Q) : B — B is a monotonically increasing and continuous operator.
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Next we show that Q(B) is equicontinuous on [—a, b]. Since semigroup 7'(¢) is compact
for t > 0, T'(t) is continuous in uniform operator topology for ¢ > 0. For any « € B and
t1,to € J with t; < ty, we have that

|Qz(t2) — Qu(tr)|| <||T(t2)(¢(0) + g(x)(0)) — T'(t1)(¢(0) + g(x)(0))]|
+ H /O 1 [T(t2 — s) = T(t1 — )] f(s, x5, Ba(s)) dSH

+ H /t ’ T(ta — s)f(s,xs, Bx(s))ds
<IT(#2)(#(0) + g(2)(0)) = T(t1)(¢(0) + g(2)(0))]]

t1—e
+k/ IT(ts — ) — T(ts — 5)]| ds
0

+ k/tl ||T(t2 — S) — T(tl — S)H ds + Mk(tg — tl)
<IT(E2)(4(0) + g(2)(0)) = T (£1)(4(0) + g(2)(0)) ]l
+h(t—€) S IT(t2 = s) = T(tr — 5)||
+ 2M]€6 + Mk(tQ — tl),

where € € (0,%1) is arbitrary. Therefore ||Qz(t2) — Qz(t1)|| — 0 as t1 — t2 and € — 0
independently of 2 € B. Thus Q(B) is equicontinuous on J. Since g : C([—a,b], X) = D
is continuously compact operator and ¢ € D, Q(B) is equicontinuous on [—a,0]. Hence
Q(DB) is equicontinuous on [—a, b].

Further we show that for each ¢ € [—a,b], the set G(t) = {Qz(t) : = € B} is
relatively compact in X. Let ¢t € (0,b] be a fixed real number and x be a given real
number satisfying 0 < x < t. For x € B, we define

Q" x(t) =T'(£)(4(0) + g(x)(0)) +/0 _HT((t*S)f(S,ws,Bx(S))ds

=T (k) |T(t — k) (qﬁ(O) + g(:E)(O)) + /0 _HT(t — K — 8)f(s,zs, Bx(s)) ds] )

By (6), (H3) and the compactness of T'(k), the set {Q"x(¢t) : = € B} is relatively compact
in X for each t € (0,b]. Also

Qo) - @0 <] [ :T(t $)f (5.2, Bu(s)) ds

<Mkk - 0ask — 0.

Thus there are relatively compact sets {(Q"x)(t): x € B} arbitrary close to the set G(t)
for each t € (0,b]. Also G(t), t € [—a,0], is relatively compact in X as g: C([—a,b], X) —
D is a continuously compact operator and ¢(-) € D. Hence the set G(t) is relatively
compact in X for all ¢ € [—a, b].

In view of Ascoli-Arzela theorem, we conclude that Q(B) is relatively compact. Now
we define the sequences as

™ = Qz Y and y™ = Qy Y, n=1,2,..., (8)
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and from (), we have
2O <M <™ < <y <<y <y, (9)

Since Q(B) is relatively compact, the sequence {2(™} has a convergent subsequence
{z(")}. Let 2* be its limit. Then for each & > 0 there exists an n; (depending upon ¢)
such that

€

(ny) _ o
|z o < T

To show that the sequence {z(™)} converges to z*, take any n > n; and in view of (@),
we have
() < () < g

that is
0< 2™ — () < g% 2,

By normality of cone P of X, we have
2 — o < Ne® - 2o,
This implies

2™ — 2%l <[]z — 2 || o + N2 — 2% o
<IN + D2 - 2*[|e
<e.

Hence the sequence {z(™} converges to z*. By () and (§), we have that

T(t)(6(0) + g(2=)(0))
dM(t) =S+ LTt —s)f(s,28" ", Bz (s)) ds, te[0,0],
(1) + g(aD)(t), ¢ € [—a,0].

In view of Lebesgue’s dominated convergence theorem and taking n — oo, we get

oty = { TGO +9G)O) + 3 T (5,5, Bar(s)) ds, 1€ [0,8],
#(t) + 9(a)(O), 1 € [~a,0]

Thus z* € C([—a,b],X) and z* = Qx*. It means that 2* is a mild solution of ().
Similarly we can prove that there exists y* € C([—a, b], X) such that ) — y* as n — oo
and y* = Qu*. Let « € B be any fixed point of @, then by (1), M =Qz0 < Qr=2z<
Qy® =y, By induction, 2™ < x < 5. Using @) and taking the limit as n — oo,
we conclude that (0 < z* < z < yt < y(o). Hence x*, y* are the minimal and maximal
mild solutions of the nonlocal semilinear differential equations with finite delay () on
[2(9), 4] respectively.

In the next theorem, we again discuss the existence of extremal mild solution of ()
with the help of the measure of noncompactness and the monotone iterative procedure.
In this result, semigroup {7'(¢)};>0 does not have to be compact.
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Theorem 3.2 Let X be an ordered Banach space whose positive cone P is nor-
mal with a normal constant N and A be the infinitesimal generator of a positive Cy-
semigroup {T(t)}+>0 on X. Also suppose that the delay system ([d) has a lower solution
2 € C([~a,b],X) and an upper solution y© € C([—a,b], X) with () < y©) and the
assumptions (H1)-(H3) hold. If the following hypotheses are satisfied

(H4) The operator T(t) is continuous in the sense of uniform operator topology fort > 0.

(H5) There exists a constant L > 0 such that

u(f(t,B,8) < L[ sup p(Bw)+u(S)],

—a<vr<0
forte Jand ECD, S CX, where E(v) = {o(v): ¢ € E},

and 2MLb(1 + 2B*) < 1, then the delay system () has minimal and mazimal mild
solutions between z(©) and y(©).

Proof. Let B = [2(9 yO] = {z € C([~a,b], X) | 2® <z <y®}. We define a map
Q : B — C([—a,b], X) as defined in Theorem Bl Proceeding as in the proof of Theorem
BIand in view of (H4), we get that the operator Q : B — B is monotonically increasing
and continuous, and Q(B) is equicontinuous on [—a,b]. Also we define the sequences
™ and y™ as defined by (&) in Theorem BI Since z(®) < Qz(®, Qy® < y©) and the
map @ is increasing, the equation (@) holds.

Let S = {z(™}2,. By @) and the normality of positive cone Pg , the set S is
bounded. As g is a continuously compact operator, we get

p({S(6)}) = p({o(t) + g (B)}5y)
< ul{o(1)}) + u({g(@"D)(8)}22y) = 0 for t € [~a,0].

Since S(t) = {xM ()} U{Q(S)(t)} for any t € J, u(S(t)) = u(Q(S)(t)), t € J. From
(H3), (H5), @) and (), we get for ¢ € J that

u(S®) =u({T®)16(0) + g(™)(0)) + / Tt 3)f(5,2, Bat™(5) ds})
<2M/ )| B (s ))ds})

n({se
§2ML [_53520” :I:(")(s—i—u)}) +u ({/SK(S,T),T(")(T) dr})} ds
/]

sup ,u ™ (r +2/ K(s,r)u (")(r)}) dr] ds

0<r<s

§2ML

<2ML(1+2B* )/ sup u({z(")(r)}) ds

0 0<r<s
<2MLb(1+2B*) sup p({S(r)}).

—a<r<b

Since {Qx(”)}zo: , l.e. {x(")} 1> is equicontinuous on [—a,b] and by Lemma 24 we
get

1(S) < 2MLb(1 + 2B*)u(S).
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Since 2M Lb(1 + 2B*) < 1, this implies that u(S) = 0, i.e. u({z™}22,) = 0. Therefore
the set {2(™): n > 1} is relatively compact in B. So the sequence {2(™} has a convergent
subsequence in B. By the proof of Theorem [B.1] the sequence {:I:(")} is itself convergent
sequence. So there exists 2* € B such that 2™ — z* as n — oo. Similarly there exists
y* € B such that y™) — y* asn — oo. Again by Theorem B z* and y* become
the minimal and maximal mild solutions of the nonlocal semilinear differential equations
with finite delay (I) in B respectively.

In the next theorem, we shall prove the uniqueness of the solution of the system
(@) by using monotone iterative procedure. For this purpose, we make the following
assumptions:

(H6) The function f: J x D x X — X is continuous and there exists a constant n > 0
such that for some v € [—a, 0],

f(t,02,u2) — f(t,01,u1) <nl(p2(v) — p1(v)) + (u2 — u1)],

for any t € J, u1,us € X with Bz(®) (t) <up <ug < By (t) and @1, p2 € D with

) (0)

:E§O <1 <2 <y

(H7) For any t € [—a,0] and z,y € B with « < y, there exists a constant v(0 < v < %)
such that

9(y) (@) = g(x)(t) <~(y(t) — 2(1)).

Theorem 3.3 Let X be an ordered Banach space whose positive cone P is nor-
mal with a normal constant N and A be the infinitesimal generator of a positive Cy-
semigroup {T(t)}i>0 on X. Also suppose that the system () has a lower solution
0 € C([—a,b],X) and an upper solution y© € C([—a,b],X) with £(© < 4O [f
the assumptions (H2), (H3), (H4), (H6) and (H7) hold, and 2M Lb(1 +2B*) < 1, where
L = N, then the delay system (@) has a unique mild solution between z© and y(©.

Proof. Let {¢,} C D and {u,} C X be two monotone increasing sequences. Take

any m,n = 1,2,..., with m > n. By (H2), (H3) and (H6), we get for some v € [—a, 0]
that

0 < £(t,ms ) = F(t Pn un) <0 (P (V) = @n () + (tm = n)]|-

Using the normality of the positive cone P, we get

1 s tm) = St s wn)ll < N[l om() = on(0) |+l = wall]|. (10)
By the definition of measure of noncompactness, we get

1 ({7 (5 00)}) <L [ (Lon()}) + p ()]
<L { sup 1 ({gn()}) +u<{un}>} ,

—a<v<0

where L = N7). Clearly the assumption (H5) is satisfied. The assumption (H1) is satisfied
by the inequality (I0)). Thus the assumptions (H1)-(H5) hold and 2M Lb(1+2B*) < 1. So
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by Theorem B.2] the delay system () has minimal and maximal mild solutions between
z(© and y(©.

Let z*(t) and y*(t) be the minimal and maximal solutions of the delay system ()
respectively on the ordered interval B = [2(?), ()], By (@) and H(7) for any t € [—a, 0],
we have

0 <y"(t) —2"(t) = Qu*(t) — Qz™(t)
=9(y")(®) —g(z")(#)
<y (t) — 27 (1))

By using the normality of positive cone P, we get ||y*(¢t) — «*(¢)|| < N~|ly*(t) — z*(t)]]
for all t € [—a,0]. This implies that y*(¢) = z*(t) for all t € [—a,0] as Ny < 1. Let
t €[0,b]. In view of (@) and (H6), we have

0 <y*(t) —z*(t) = Qy*(t) — Qz™(t)
- / T(t - 3)[f (5,47 By™(s)) — £ (5,27, B (s))] ds

<o [ 7069 [0:0) w00 + [ Kl ) - ) ] as

where v € [—a,0]. By applying the normality of the positive cone P, we get
t
Iy ()= Ol < Na| [ 7 =) [t520) = a20)
Jr/ K(s,r)(y*(r) —z*(r)) dr] ds
0

<2 [l (s 4) =G+ )]

+ [ Kl @) - o o) ] ds
0
< MNwb(1+ BY)y* — .

Since y*(t) = x*(¢t) for t € [—a,0] and due to the inequality (), we get that |Jy* —
¥l < MNnb(1 + B*)|ly* — z*||c. But MLb(1 +2B*) < 1, so0 |ly* —2*|c = 0, ie.,
y*(t) = 2*(¢), t € [—a,b]. Hence y* = z* is the unique mild solutlon of the delay system
@ between z(®) and y©

4 Example

Consider the following nonlocal semilinear partial differential equations with finite delay
of the form:

PR = Laa(t,6) +f (a+)F (~V) T2t + v, dv

+ ¢)ds, ¢e(0,7, tel0,b],
2(t,0) = z(t,7) f(? tE[O B, (12)
20, €) = oW, &) + [y p(s,v)log(1 + |2(s,€))ds, —a<v <0,
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where ¢ € D = C([—a,0] x [0,7]: RT), the operator p(s,v): [0,b] X [—a,0] — RT is
continuous.

Let X = L?([0,7],R) and P = {v € X: v(¢) >0, £ € [0,7]}. Then P is a normal
cone in Banach space X. We define an operator A : X — X by Av = v” with domain

D(A) = {v € X: v,v" is absolutely continuous v" € X,v(0) = v(r) = 0}.

It is well known that A is an infinitesimal generator of a strongly continuous semigroup
{T(t),t > 0} of uniformly bounded linear operators in X. Novv we deﬁne z(t)(&) =
2(t,€), 2(v,§) = z(t +v,§), o(v)(§) = ¢(,§), B fo [t o,u)(§) =
[ (a4 )7 (—v) T o, &) dv + u(€) and g(z)(v )(g) = g(z fo s,v)log(1 +
|z(s,€)])ds. Therefore, the above nonlocal semilinear partial d1fferent1al equations with
finite delay ([I2)) can be written as the abstract form ().

Since T'(t) is continuous in the sense of uniform operator topology for ¢ > 0, the
assumption (H4) is satisfied. We can also easily see that function f satisfies the as-
sumptions (H1) and (H2). For t € [0,b], ¢1,¢92 € C([—a,0],X) with 0 < ¢1 < @2 and
u1, Uy € X with 0 < uy < ug, then

0 Sf(ta(anUQ)(E) - f(t,<p1,U1)(€)
< / (a+1)= (—1) = [p2(0)(€) — 1 () ()] dv + [us(€) — ur (€))-

—a
By normality of cone P, we have
0

(¢, 02, uz) — f(tprou)| < / (a+1)= (—0) 7 [2(v) — o1 (V)| dv + uz — ua].

—a

Hence, for any bounded set £ C C([—a,0],X) and S C X, we have

WP B 8) < [ _sup ulB0) +(5)|.
Thus f satisfies the assumption H(5). Clearly the function g : PC([0,b],X) — X is
increasing, continuous and compact. Thus g satisfies the assumption (H3).
Let v(t,&) = 0, (¢,€) € [—a,b] x [0,7]. Then f(t,v¢, Bv(t)) = 0 for ¢ € [0,b] and
v(r, &) < (v, &) + g( (v, 9)) for v € [—a,0]. Now we assume that there is a function
w(t, &) > 0 such that w(t,0) = w(t, ﬂ') =0,

P8 > Tt )+ St Bult),

and w(v, &) > o(v, &) + g(w(v,§)) for v € [—a,0]. Thus v, w become lower and upper
solutions of the system ([2)) respectively and v < w. If 2Mb(w + 2b) < 1, then all the
conditions of Theorem [3:2] are satisfied. Hence, by Theorem B.2] the system (I2]) has the
minimal and maximal mild solutions lying between the lower solution 0 and the upper
solution w.
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