Volume 16, Number 3, 2016 ISSN 1562-8353

NONLINEAR DYNAMICS AND SYSTEMS THEORY

An International Journal of Research and Surveys

Volume 16 Number 3 2016

CONTENTS

Dwell Time Stability Analysis for Nonlinear Switched Difference
SYSLEITIS ..etiieiiieeitie ettt ee et e ettt e et eeetteesnteesaneesnneeeeas 221
A.Yu. Aleksandrov, A.A. Martynyuk and A.V. Platonov

Existence Results for Sobolev Type Fractional Differential Equation
with Nonlocal Integral Boundary Conditions...........cccccueeevieeeeieeieveecnreenee, 235
Renu Chaudhary and Dwijendra N. Pandey

Generalized Monotone Method for Multi-Order 2-Systems of
Riemann-Liouville Fractional Differential Equations ...........c.cccccoeeveevivennnenn. 246
Z. Denton and J.D. Ramirez

The Jacobi Elliptic Method and Its Applications to the Generalized
Form of the Phi-Four Equation...........ccccoeoviieiiiiniiiee e 260
R.B. Djob, E. Talla-Tebue, A. Kenfack-Jiotsa and T.C. Kofane

On Antagonistic Game With a Constant Initial Condition. Marginal
Functionals and Probability DiStributions............ccceeeeeeiiieeeeeiiieeeesiiieeeeeiieeeens 268
J.H. Dshalalow, W. Huang, H.-J. Ke and A. Treerattrakoon

Capacity and Non-linear Potential in Musielak-Orlicz Spaces...................... 276
M.C. Hassib, Y. Akdim, A. Benkirane and N. Aissaoui

Cubic Operators Corresponding to Graphs...........ceceevvieeriienieenieenieeieeneenn 294
U.U. Jamilov

Extremal Mild Solutions for Nonlocal Semilinear Differential

Equations with Finite Delay in an Ordered Banach Space..........cccccevveeeeeeeinnnneen. 300
Kamaljeet, D. Bahuguna

Co-existence of Various Synchronization-Types in Hyperchaotic Maps ............... 312
Adel Ouannas

Periodic Solutions for a Class of Superquadratic Damped Vibration

PIOBLEIMIS «.oeeeeeie ettt e e et e e e e e e e e et e e e e e e e e eaaaeeeenanaes 322

M. Timoumi

AJO3IHL SINILSAS B SOINVNAQ dVANITNON

910T ‘€ °ON ‘9] dwnjoAp

Nonlinear Dynamics
and
Systems Theory

An International Journal of Research and Surveys

EDITOR-IN-CHIEF A.A.MARTYNYUK
S.P.Timoshenko Institute of Mechanics
National Academy of Sciences of Ukraine, Kiev, Ukraine

REGIONAL EDITORS

P.BORNE, Lille, France
M.FABRIZIO, Bologna, Italy
Europe

M.BOHNER, Rolla, USA
North America

T.A.BURTON, Port Angeles, USA
C.CRUZ-HERNANDEZ, Ensenada, Mexico
USA, Central and South America

AI-GUO WU, Harbin, China
China and South East Asia

K.L.TEO, Perth, Australia
Australia and New Zealand

© 2016, InforMath Publishing Group ISSN 1562-8353 Printed in Ukraine
To receive contents and abstracts by e-mail, visit our Website at: http://www.e-ndst.kiev.ua

InforMath Publishing Group

http://www.e-ndst.Kiev.ua




Nonlinear Dynamics and Systems Theory

An International Journal of Research and Surveys

EDITOR-IN-CHIEF A.A.MARTYNYUK
The S.P.Timoshenko Institute of Mechanics, National Academy of Sciences of Ukraine,
Nesterov Str. 3, 03680 MSP, Kiev-57, UKRAINE / e-mail: journalndst@gmail.com
e-mail: amartynyuk@voliacable.com

MANAGING EDITOR [.P.STAVROULAKIS
Department of Mathematics, University of loannina
451 10 Ioannina, HELLAS (GREECE) / e-mail: ipstav(@cc.uoi.gr

REGIONAL EDITORS

AI-GUO WU (China), e-mail: agwu@]163.com
P.BORNE (France), e-mail: Pierre.Borne@ec-lille.fr

M.BOHNER (USA), e-mail: bohner@mst.edu
T.A.BURTON (USA), e-mail: taburton@olypen.com

C. CRUZ-HERNANDEZ (Mexico), e-mail: ccruz@cicese.mx

M.FABRIZIO (Italy), e-mail: mauro.fabrizio@unibo.it
K.L.TEO (Australia), e-mail: K.L.Teo@curtin.edu.au

EDITORIAL BOARD
Aleksandrov, A.Yu. (Russia) Kokologiannaki, C. (Greece)
Artstein, Z. (Israel) Lamarque C.-H. (France)
Awrejcewicz J. (Poland) Lazar, M. (The Netherlands)
Benrejeb M. (Tunisia) Leonov, G.A. (Russia)
Bevilaqua, R. (USA) Limarchenko, O.S. (Ukraine)
Braiek, N.B. (Tunisia) Lopez-Gutieres, R.M. (Mexico)
Chen Ye-Hwa (USA) Nguang Sing Kiong (New Zealand)
Corduneanu, C. (USA) Okninski, A. (Poland)
D'Anna, A. (Italy) Peng Shi (Australia)
De Angelis, M. (Italy) Peterson, A. (USA)
Dshalalow, J.H. (USA) Radziszewski, B. (Poland)
Eke, F.O. (USA) Shi Yan (Japan)
Enciso G. (USA Siljak, D.D. (USA)
Georgiou, G. (Cyprus) Sivasundaram S. (USA)
Guang-Ren Duan (China) Sree Hari Rao, V. (India)
Honglei Xu (Australia) Stavrakakis, N.M. (Greece)
Izobov, N.A. (Belarussia) Vassilyev, S.N. (Russia)
Karimi, H.R. (Italy) Vatsala, A. (USA)
Khusainov, D.Ya. (Ukraine) Wang Hao (Canada)
Kloeden, P. (Germany) Zuyev A.L. (Germany)

ADVISORY EDITOR

A.G.MAZKO, Kiev, Ukraine
e-mail: mazko@imath.kiev.ua

ADVISORY COMPUTER SCIENCE EDITORS
A N.CHERNIENKO and L.N.CHERNETSKAYA, Kiev, Ukraine

ADVISORY LINGUISTIC EDITOR
S.N.RASSHYVALOVA, Kiev, Ukraine

© 2016, InforMath Publishing Group, ISSN 1562-8353 print, ISSN 1813-7385 online, Printed in Ukraine
No part of this Journal may be reproduced or transmitted in any form or by any means without
permission from InforMath Publishing Group.

INSTRUCTIONS FOR CONTRIBUTORS

(1) General. Nonlinear Dynamics and Systems Theory (ND&ST) is an international journal
devoted to publishing peer-refereed, high quality, original papers, brief notes and review
articles focusing on nonlinear dynamics and systems theory and their practical applications in
engineering, physical and life sciences. Submission of a manuscript is a representation that the
submission has been approved by all of the authors and by the institution where the work was
carried out. It also represents that the manuscript has not been previously published, has not
been copyrighted, is not being submitted for publication elsewhere, and that the authors have
agreed that the copyright in the article shall be assigned exclusively to InforMath Publishing
Group by signing a transfer of copyright form. Before submission, the authors should visit the
website:
http://www.e-ndst.kiev.ua
for information on the preparation of accepted manuscripts. Please download the archive
Sample NDST.zip  containing example of article file (you can edit only the file
Samplefilename.tex).
(2) Manuscript and Correspondence. Manuscripts should be in English and must meet
common standards of usage and grammar. To submit a paper, send by e-mail a file in PDF
format directly to
Professor A.A. Martynyuk, Institute of Mechanics,
Nesterov str.3, 03057, MSP 680, Kiev-57, Ukraine
e-mail: journalndst@gmail.com; amartynyuk@voliacable.com
or to one of the Regional Editors or to a member of the Editorial Board. Final version of the
manuscript must typeset using LaTex program which is prepared in accordance with the style
file of the Journal. Manuscript texts should contain the title of the article, name(s) of the
author(s) and complete affiliations. Each article requires an abstract not exceeding 150 words.
Formulas and citations should not be included in the abstract. AMS subject classifications and
key words must be included in all accepted papers. Each article requires a running head
(abbreviated form of the title) of no more than 30 characters. The sizes for regular papers,
survey articles, brief notes, letters to editors and book reviews are: (i) 10-14 pages for regular
papers, (ii) up to 24 pages for survey articles, and (iii) 2-3 pages for brief notes, letters to the
editor and book reviews.
(3) Tables, Graphs and Illustrations. Each figure must be of a quality suitable for direct
reproduction and must include a caption. Drawings should include all relevant details and
should be drawn professionally in black ink on plain white drawing paper. In addition to a
hard copy of the artwork, it is necessary to attach the electronic file of the artwork (preferably
in PCX format).
(4) References. References should be listed alphabetically and numbered, typed and
punctuated according to the following examples. Each entry must be cited in the text in form
of author(s) together with the number of the referred article or in the form of the number of
the referred article alone.
Journal: [1] Poincare, H. Title of the article. Title of the Journal Vol. 1
(No.l), Year, Pages. [Language]
Book: [2] Liapunov, A.M. Title of the book. Name of the Publishers,
Town, Year.
Proceeding: [3] Bellman, R. Title of the article. In: Title of the book. (Eds.).

Name of the Publishers, Town, Year, Pages. [Language]
(5) Proofs and Sample Copy. Proofs sent to authors should be returned to the Editorial
Office with corrections within three days after receipt. The corresponding author will receive
a sample copy of the issue of the Journal for which his/her paper is published.
(6) Editorial Policy. Every submission will undergo a stringent peer review process. An
editor will be assigned to handle the review process of the paper. He/she will secure at least
two reviewers’ reports. The decision on acceptance, rejection or acceptance subject to revision
will be made based on these reviewers’ reports and the editor’s own reading of the paper.




NONLINEAR DYNAMICS AND SYSTEMS THEORY
An International Journal of Research and Surveys
Published by InforMath Publishing Group since 2001

Volume 16 Number 3 2016

CONTENTS

Dwell Time Stability Analysis for Nonlinear Switched Difference
SYSTEINIS . o ottt 221
A.Yu. Aleksandrov, A.A. Martynyuk and A.V. Platonov

Existence Results for Sobolev Type Fractional Differential Equation
with Nonlocal Integral Boundary Conditions ......................... 235
Renu Chaudhary and Dwijendra N. Pandey

Generalized Monotone Method for Multi-Order 2-Systems of
Riemann-Liouville Fractional Differential Equations .................. 246
Z. Denton and J.D. Ramirez

The Jacobi Elliptic Method and Its Applications to the Generalized
Form of the Phi-Four Equation ........... ... ... ... .. ... ... ... 260
R.B. Djob, E. Tala-Tebue, A. Kenfack-Jiotsa and T.C. Kofane

On Antagonistic Game With a Constant Initial Condition. Marginal

Functionals and Probability Distributions ............................ 268
J.H. Dshalalow, W. Huang, H.-J. Ke and A. Treerattrakoon
Capacity and Non-linear Potential in Musielak-Orlicz Spaces ......... 276
M.C. Hassib, Y. Akdim, A. Benkirane and N. Aissaoui

Cubic Operators Corresponding to Graphs ........................ ... 294
U.U. Jamilov

Extremal Mild Solutions for Nonlocal Semilinear Differential

Equations with Finite Delay in an Ordered Banach Space ............ 300

Kamaljeet, D. Bahuguna

Co-existence of Various Types of Synchronization Between
Hyper-chaotic Maps ... 312
Adel Ouannas

Periodic Solutions for a Class of Superquadratic Damped Vibration
Problems ... .. 322
M. Timoums

Founded by A.A. Martynyuk in 2001.
Registered in Ukraine Number: KB 5267 / 04.07.2001.



NONLINEAR DYNAMICS AND SYSTEMS THEORY

An International Journal of Research and Surveys

Impact Factor from SCOPUS for 2013: SNIP — 1.108, IPP - 0.809, SJR — 0.496

Nonlinear Dynamics and Systems Theory (ISSN 1562-8353 (Print), ISSN 1813—
7385 (Online)) is an international journal published under the auspices of the S.P. Timo-
shenko Institute of Mechanics of National Academy of Sciences of Ukraine and Curtin
University of Technology (Perth, Australia). It aims to publish high quality original
scientific papers and surveys in areas of nonlinear dynamics and systems theory and
their real world applications.

AIMS AND SCOPE

Nonlinear Dynamics and Systems Theory is a multidisciplinary journal. It pub-
lishes papers focusing on proofs of important theorems as well as papers presenting new
ideas and new theory, conjectures, numerical algorithms and physical experiments in
areas related to nonlinear dynamics and systems theory. Papers that deal with theo-
retical aspects of nonlinear dynamics and/or systems theory should contain significant
mathematical results with an indication of their possible applications. Papers that em-
phasize applications should contain new mathematical models of real world phenomena
and/or description of engineering problems. They should include rigorous analysis of
data used and results obtained. Papers that integrate and interrelate ideas and methods
of nonlinear dynamics and systems theory will be particularly welcomed. This journal
and the individual contributions published therein are protected under the copyright by
International InforMath Publishing Group.

PUBLICATION AND SUBSCRIPTION INFORMATION

Nonlinear Dynamics and Systems Theory will have 4 issues in 2016,
printed in hard copy (ISSN 1562-8353) and available online (ISSN 1813-7385),
by InforMath Publishing Group, Nesterov str., 3, Institute of Mechanics, Kiev,
MSP 680, Ukraine, 03057. Subscription prices are available upon request
from the Publisher (mailto:journalndst@gmail.com), EBSCO Information Services
(mailto: journals@ebsco.com), or website of the Journal: http://e-ndst.kiev.ual
Subscriptions are accepted on a calendar year basis. Issues are sent by airmail to all
countries of the world. Claims for missing issues should be made within six months of
the date of dispatch.

ABSTRACTING AND INDEXING SERVICES

Papers published in this journal are indexed or abstracted in: Mathematical Reviews /
MathSciNet, Zentralblatt MATH / Mathematics Abstracts, PASCAL database (INIST—
CNRS) and SCOPUS.


mailto:journalndst@gmail.com
mailto:journals@ebsco.com
http://e-ndst.kiev.ua

Nonlinear Dynamics and Systems Theory, 16 (3) (2016) 22IH234]

NEOR $
2

Publishing
Group

Dwell Time Stability Analysis
for Nonlinear Switched Difference Systems

A.Yu. Aleksandrov*, A.A. Martynyuk? and A.V. Platonov®

Y Saint Petersburg State University, 7/9 Universitetskaya Nab., St. Petersburg, 199034, Russia
2 Institute of Mechanics, National Academy of Science of Ukraine, Nesterov Str. 3, Kyiv,
03057, Ukraine

Received: January 31, 2016; Revised: June 8, 2016

Abstract: This paper addresses the stability problem for a set of switched nonlinear
difference equations with parametric uncertainties. For the corresponding family
of subsystems, a regularization procedure is suggested, and a multiple Lyapunov
function is constructed. With the aid of the Lyapunov function, classes of switching
signals are determined for which the asymptotic stability of a stationary solution of a
given set of equations may be guaranteed. An application of the proposed approach
to the stability analysis of multiconnected switched difference systems by nonlinear
approximation is presented. An example is given to illustrate our results.

Keywords: difference systems; switching law; stability; comparison equations; dwell-
time; multiple Lyapunov functions; complex systems.

Mathematics Subject Classification (2010): 39A22, 39A30.

1 Introduction

A general outline of the theory of set equations is presented in the monograph [18], where
it is shown that classical results of qualitative theory of equations under an appropriate
adaptation can be applied to the analysis of equations in metric spaces. The most effective
methods are the method of integral inequalities [19], the Lyapunov direct method [22,
28] and the comparison method based on the use of scalar [11, 12], vector [25] and
matrix-valued Lyapunov functions [22].

Difference equations are of great interest due to their wide applications in the model-
ing of real world processes in which states of systems are measured not continuously but
at some fixed instants of time [1, 3, 16, 20]. Sets of difference equations with switching are
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a new subject for research designed to describe more accurately situations where the phe-
nomena under study possess variable structure. This paper focuses on the development
of methods for analysis of such systems.

The stability problem of a stationary solution for a set of nonlinear switched difference
equations with parametric uncertainties is studied. First, for the corresponding family
of subsystems, a regularization procedure and an approach for finding partial Lyapunov
functions are proposed. Next, with the aid of these partial functions, a multiple Lyapunov
function [10] is constructed for the original set of switched equations. On the basis
of a development of dwell-time approach [2, 10, 29], restrictions on the switching law
are determined under which the asymptotic stability of the stationary solution can be
guaranteed.

Furthermore, it is shown that the proposed approaches can be applied to the stability
analysis of multiconnected switched difference systems describing interaction of essen-
tially nonlinear homogeneous subsystems, and, for these systems, sufficient conditions of
the asymptotic stability by nonlinear approximation can be obtained.

2 Preliminaries

Further we shall need the following notions and results, see [18] and the references cited
therein.

Let Kc(R?) denote a family of all nonempty compact and convex subsets in the
Euclidean space R?; K (R?) contain all nonempty compact subsets in R?, and C(R?) be
a subset of all nonempty closed subsets in R%. The distance between nonempty closed
subsets A and B of the space R? is specified by the formula

DI[A, B] = max{dy (A, B), dy(B,A)},

where dp (B, A) =sup{d(b, A) : b € B} is a Hausdorff separation of the sets A and B,
and d(b, A) = inf{||b—al| : a € A} is a distance from the point b to the set A, || - || is
the Euclidean norm of a vector.

The following operations can be defined on K¢ (R?):

A+B={a+b: ac A bec B}, M ={)a: aec A},

where A, B € K¢(RY), and A is an arbitrary nonnegative number.

The pair (C(R?), D) is a complete separable metric space, where K (R?) and K¢ (R?)
are closed subsets.

The set W € K¢(R?) is called the Hukuhara difference for the sets A, B € K¢ (R?),
itA=B+W.

Let F' be a mapping of the domain @ of the space R? into the metric space
(Kc(R?), D), ie., F: Q — Kc(RY), which is equivalent to the inclusion F(t) € K¢ (RY)
for all t € ). Such mappings are called the multivalued mappings of ) into R<.

Let R% be the nonnegative cone of RY; N denote a set of positive integers, N; =
NU {0}, and we designate by N,,, the set

Npy ={no,no +1,...,n0 +k,...},

where k£ € N and ng € N;.
Next, let us introduce the concept of homogeneity, see [27, 30], for the following
analysis.
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Definition 2.1 A function f(x) : R? — R is called homogeneous of the order v with
respect to the dilation (myq,...,mg), where v,mq, ..., my are positive rationals with the
odd denominators, if

FO™xy, .o, A zy) = N f(x) (1)
for all A € R and x € RY. In the case when v, my, ..., mq are positive real numbers, and
equality (1) holds for A > 0 and x € R?, the function f(x) is called positive homogeneous
of the order v with respect to the dilation (mq,...,my).

Definition 2.2 A vector field F(x) = (f1(x),..., f;(x))T : R? — RY is called positive
homogeneous of the order p with respect to the dilation (mq, ..., my), where m; > 0 and

pAm; >0,0=1,...,qif fi(N™z1,..., N x,) = N fi(zy,...,2,),i=1,...,q, for
all A > 0 and x € RY.

Let the system of differential equations

x(t) = F(x(t)) (2)
be given, where x(t) € R? is the state vector, and components of the vector F(x) are

continuous for all x € RY.

Definition 2.3 System (2) is called positive homogeneous if its vector field F(x) is
positive homogeneous.

Moreover, we will use the following lemmas, see [6] and [14] respectively.

Lemma 2.1 If a sequence {v,} satisfies the condition 0 < v,41 < v, — av:te,
n €Ny, witha>0,£ >0, vg >0, and a1 +§)Ué <1, then

€

v, < g (1 + a&vgn) for neNy.

Lemma 2.2 For any positive numbers x,y and ( the estimate
(z+y) =27 (2 +y°)
holds, where w = min{¢ — 1; 0}.

3 Statement of the Problem

Consider a set of switched difference equations
Xnt1 = F (n, Xn,a) (3)

with initial conditions X,, = Xo, where X,, € K¢ (R?) for all n > ng; the function o =
o(n), with o(n) € {1,...,8}, defines the switching law; a € & C R? is the uncertainty
parameter; the mappings F(®) : N; x Ko(R?) x § — Kc(R?) are continuous with
respect to X, for every n € Ny and a € S.

Thus, we assume that the system under consideration depends on an uncertain param-
eter. Moreover, while operating, the system switches between several operation modes,
and, for every n > ng, one of the subsystems

Xp1 =F(n,Xp,0), s=1,...,5, (4)

is active.
Let X,,(ng, Xo) be the solution of (3) satisfying the condition X,,, = Xj.
For the set of equations (3) we introduce the following assumptions:
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H;. For equations (3) there exists a set of stationary solutions 0y € K¢ (R?), i.e.,
FG)(n,00,0) =6 forallneN,, a €3, s=1,...,8S.

Hy. For any Xy € K¢(RY9) and Yy € K¢ (RY) there exists the Hukuhara difference
Wy € Kc(Rq).

Definition 3.1 The stationary solution © of the set of equations (3) is

(i) stable, if for any ny € N4 and € > 0 there exists a 6 = §(ng,&) > 0 such that
the inequality D[Wp, O] < ¢ implies the estimate D[X,,,©¢] < & for all n > ny,
where Wy = X — Yo, Xo € Ko(RY), Yy € Ko(RY), and X, = X, (10, Xo — Yo) =
Xn(no, Wo) is the solution of (3);

(ii) attractive, if for any ng € N there exists S(no) > 0, and for any £ > 0 there exists
7(ng, Wo, €) € N such that the inequality D[Wy, Og] < 6(ng) implies the estimate
DI[X,,0¢] < ¢ for any n > ng + 7(ng, Wo, £);

(iii) asymptotically stable, if it is both stable and attractive.

We will look for stability conditions for a stationary solution ©q of the set of switched
systems of difference equations (3).

It should be noted that the general stability theory of classical difference equations is
well-developed, see [1, 3, 8, 15-17, 20] and references cited therein, whereas the stability
theory of a set of difference equations is in a primitive state.

In particular, in [9] and [18] an extension of some results obtained for a set of contin-
uous systems with Hukuhara derivative was proposed for a set of difference equations.
Unsolved problem is that of constructing an appropriate Lyapunov function satisfying
special properties providing the stability of a stationary solution.

In [4], an approach to the stability analysis for sets of difference equations of the form
(3) has been developed in the case of absence of switching. In the present paper, we will
extend this approach to the set of switched difference equations.

4 Construction of Matrix Lyapunov Functions and Comparison Equations

Let the symbol ¢o mean the closure of convex shell of the corresponding set.
Together with subsystems (4) we will consider the following families of sets of differ-
ence equations

Xp1 =FP(n,X,), s=1,...,85, (5)
where FJS)(n,Xn) =c U F®(n,X,,q);
1SN
Xp1=FPn,X,), s=1,...,8, (6)
where Féf)(n,Xn) =% N FO(n, X,,a);
aEY
Xn-‘rl:Fﬁ(S)(naXn)a 8213"'757 (7)

where F§ (n, X,,) = Fy3 (n, X,)8 + FY (n, X,)(1 = B), B € 0,1].

In what follows it is assumed that F,gf ), F 1(;) and F és) € K.(R9).
For every s € {1,...,S}, we introduce an auxiliary matrix function, see [4],

U (n,8,X,) = [US (n, 8, X)), i, =1,2, )
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where the element Ul(f)(n,Xn) is associated with the s-th set from the family (5),
UQ(;)(n,Xn) is associated with the s-th set from the family (6), Ul(;)(n,ﬂ,Xn) =
Uéf)(n, B, X,,) is associated with the s-th set from the family (7).

In terms of function (8) we construct a scalar function [22]

Vi(n, X, B,05) = 07U (n, B, X,,)05, 05 € R%, (9)

and assume that V, : N x Ko (R?) x [0,1] x R — Ry
Function (9) is a partial Lyapunov function for the s-th subsystem from (4) if, together
with the first difference

A‘/s(naXnvﬂvos) = ‘/S(n =+ 17X’n+175795) - ‘/s(ann;/Baes)v

it solves the problem of stability of the stationary solution ©¢ for the s-th subsystem.
Let the following assumptions be fulfilled.

Hs. For every s € {1,...,S}, there exists 0, € RZ such that for the function

Vi(n, X, B, és) and for its first difference along trajectories of the s-th set of equa-
tions from (4) the estimates

as(D[X,, 00)) < Vi(n, X, 3,05) < bs(D[X,,00)), (10)

AV, < w®(n,Vy) (11)

are valid for n € Ny, X,, € S(p), 8 € [0,1]. Here p = const > 0; S(p) = {X €
K (R?): D[X,0¢] < p}; a(-) and b(+) are class K (in the sense of Hahn) functions
[28]; functions w(®) (n,7) are continuous with respect to 7 € [0, 5] for every value of
n € Ny, and w'® (n,r)/r — 0 as r — 0; p = const > 0.

H,. The zero solutions of the equations

Uns1 = tp +w® (n,u,), s=1,...,5, (12)
are asymptotically stable.

Equations (12) are comparison ones for subsystems from the family (4). It is known,
see [4], that under assumptions Hs and Hy the stationary solution O of each subsystem
is asymptotically stable.

To obtain stability conditions for the set of switched systems of difference equations
(3), we will use multiple Lyapunov functions and the dwell-time approach.

5 Dwell Time Stability Analysis

Let us impose additional restrictions on the Lyapunov functions (9) and on the compar-
ison equations (12).

Hs. There exist positive numbers cg; such that
Vi(n, Xn, B,05) < caVi(n, Xp, 8, 01) (13)

forne Ny, X, € S(p), €[0,1];s,l=1,...,5.
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Hg. Let equations (12) be of the form

I AR [ (14)

Upt1 = Up — Q
where a(®) and £(*) are positive constants.

Remark 5.1 Equations (14) can be considered as equations of the nonlinear approx-
imation for (12).

Remark 5.2 The case where ) = 0, s = 1,...,S, is well-investigated, see, for
instance, [10, 13, 21]. Therefore, in this section we assume that £) > 0, s =1,...,S,
i.e., the switched comparison equations (14) are essentially nonlinear.

Remark 5.3 Using Lemma 2.1 and taking into account Assumptions Hs, Hy and
Hg, one can obtain estimates for solutions of subsystems (4).

Without loss of generality, we assume that the interval (0, +00) contains an infinite
number of switching instants. Let 7;, ¢ € N, be the switching times, 0 < 7 < 72 < ...,
and 79 = 0.

Denote, for brevity, «fl = ¢ G = alo(m) g e N4 & = Co(ri)o(rii)»t € N

For every m € N and L, € Ry, define a sequence Xy, (L, m) by the formulae

XO(Lma m) = L,

Xn(Lm7 m) = é;ﬁ:;jjfl (anl(Lm; m))§m+nil/§m+n72 + OA‘ernfléernfleJrn

forn € N, where T; = 7, — 75_1, 1 € N.

Theorem 5.1 Let Assumptions Hy-Hg be fulfilled. If there exists a positive constant
L such that
Xn(L,1) = 400 as n — +oo, (15)

then the stationary solution ©¢ of the set of equations (3) is asymptotically stable.

Proof. Using partial Lyapunov functions Vi (n, X,, 8, 01),...,Vs (n, Xn, B, 675), con-
struct a multiple Lyapunov function V) (n, Xn, 3, éa(n)) corresponding to the switching
law o(n).

Choose a number € such that 0 < € < p, and

o (146N VE (0, X, 8,0) <1, s=1,...,8,

for n € Ny, X,, € S(¢), B €[0,1].

Consider the solution X, of (3) satisfying the condition X,, = Wy, where ng € N4,
Wy € S(¢). Find a positive integer m such that ng € [f;—1,7m). Let X,, € S(g) for
n="ng,...,"N.

If ng < 7 < 7y, then applying Lemma 2.1 to the o(7,,—1)-th inequality from (11), we
obtain that

V7£m71 (ﬁ; Xz, 57 éa’(’l’m—l)) 2 Vai(f::i) (n07 Wo, 6’ é"("'m—l)) + dm_lém_l(ﬁ - no)

>V, 5t (00, Wos B.0or ) ) - (16)
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In the case of n > 7,, there exists a positive integer p satisfying the condition
Tm4p—1 < T < Tpyyp. It should be noted that p — 400 as 7 — +o00. Applying succes-
sively Lemma 2.1 to the corresponding inequalities from (11) and taking into account
estimates (13), we obtain

V7£m+p71 (ﬁ‘a X 6; éa(fm+p,1)) > Vﬁ§m+p71 (Tm-l-p—la X‘rm+p71 ) 6; éa(fm+p,1))

U(TWLerfl) U(TWLerfl)
+mtp—1&mtp—1(7 = Tigp—1)

Z Afém#»p*l ( 7ém+P*2

~ é7n+p—1/é7n+p—2
Cm+p—1 o(Tm4p—2) (Tm+p_1’ XTmﬂJ*l e 90’(7—771+P*2)))

— Am 1 _ Am7 ~ é7n+p—1/é7n+p—2
> .2 Cmibtpl (prl (Vg(fmill) (RO; Wo, ﬂa 90(7'7,7,,1)) 5m)) . (17)
From (10), (16) and (17), it follows that
D[X7,00] < max agfl) (bs (D[Wo, B0))) (18)

.....

for n =ng,...,Tm, and

i ~1/¢®

D[Xs,60) < max _a{™ <csk (w1 (6757 (DIWo, ©0)) ;) ) ) (19)
s,k g=1,...,

for n = Tyqp—1+1,...,Tm4p and p > 1. Here a(_l)(~) is inverse of the function as(-),

s=1,...,5.

Let there exist a positive constant L such that condition (15) is fulfilled. It is easy to
check that if L., = xm-1(L, 1), then xpn(Lm,m) = Xn+m—1(L,1). Hence, xn(Lm,m) —
+00 as n — +00. o

Find a number §; such that 0 < d; < ¢, and b; ¢ (D[Wo, Oq]) > Ly for Wy € S(41),
j=1,...,5. Using estimate (19), one can choose a positive integer po satisfying the
following condition: if Wy € S(d1) and p > po, then Xj; € S(e).

From (17) it follows that

D[X5,0] < max ag_l) (€Pb; (D[Wy, ©¢))) (20)
5,5=1,...,
for n = Tppqp—1+1,...,Tmyp and p > 1. Here ¢ = krillax csk. Taking into account

(18) and (20), one can find a number d5, 0 < d2 < €, such that if Wy € S(d2) and p < po,
then X5 € S(e).

Let 6 = min{dy; d2}. We obtain that D[Wp, O] < ¢ implies the estimate D[X,,, O] <
e for all n > ng.

Moreover, from (19) it follows that D[X,,, ©¢] — 0 as n — +o00. Thus, the stationary
solution Oy of the set of equations (3) is asymptotically stable. This completes the proof.

Corollary 5.1 Let Assumptions Hi-Hg be fulfilled. If there exists a positive constant
L such that xn(L,m) — 400 as n — 400 uniformly with respect to m € N, then the
stationary solution ©g of the set of equations (3) is uniformly asymptotically stable.

Corollary 5.2 Let Assumptions Hi—Hg be fulfilled. If T; — 400 as i — +o0o, then
the stationary solution Oq of the set of equations (3) is uniformly asymptotically stable.
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Next, let us show that the use of Lemma 2.2 permits us to replace condition (15) in
Theorem 5.1 by a condition though more conservative but more convenient for applica-
tions.

Construct a sequence v, by the formulae ¢, = &1€1T2,

n—1

. 2 N R _¢ “ ~ én/én—i
"/)n = anfnTnJrl + Z Qenom =1t i (Cn - CnfiJrl) & (anfignfiTnfiJrl)
i=1
forn =2,3,..., where w, ; = min{én/éj -1;0},j=1,...,n— 1
Corollary 5.3 Let Assumptions Hy—Hg be fulfilled. If
Y — +00 as n — +oo, (21)

then the stationary solution ©¢ of the set of equations (3) is asymptotically stable.

Proof. With the aid of Lemma 2.2, it is easy to check that x,(L,1) > 1, for any
L > 0 and for any n € N.
Really, xo(L,1) =L > 0,

X1(L,1) = &% (xo(L, 1))/ + @i éi Ty = &7 L% gy > 4y,

and, for n > 1, we obtain

Xn(Ly 1) = &6 (xne1(L, 1)/ 4 4,6, T

én/énfl .2
) + an&nTnt1

= éggn (67:57171 (XH—Q(La 1))§n71/§n72 + dn—lén—lTn
_¢ ¢ E £ R o n/€n1
> 29mn=t (Eplpo1) & (Xn—2(L, 1))&/&'72 + 2wn'n710n5n (an—l‘fn—lTn)
FanbnTnpr > ... > 2@mn—1tetona (@ a8 pEn/So Ly > g

Hence, from (21) follows the fulfilment of condition (15). This completes the proof.

Remark 5.4 The results of the present section can be extended to the case where
Assumtion Hj is replaced by the following one:

Hf. There exist positive numbers ¢y and vy such that
‘/s(n; Xn7 ﬂv és) S Csl‘/lVSl (TL, Xn7 ﬂv él)

forne Ny, X,, € S(p), B€0,1];s,0=1,...,5.

6 Stability Analysis of Multiconnected Switched Systems

Consider the system

k
xi(n+1) = x;(n) + F'7 (x;(n)) + Z 7 (n,x(n), i=1,....k, (22)
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which describes the dynamics of a complex system composed of k interconnected systems
[19, 22]. Here x;(n) = (.’I]il(ﬂ),...,l‘iqi(n))T, x(n) = (xF'(n),...,xF(n)T; n € Ny;
function o = o(n), with o(n) € {1,...,S5}, defines the switching law; vector fields

F( )(xz) are continuous for x; € R% and positive homogeneous of the order u( *) with

respect to the dilation (m;1,...,miq, ), where u( s) ,Mi1, ..., Mg, are positive numbers;
T

(n,x),. \115;31 (n,x)) are defined for n € Ny,

Ix|] < H, 0 < H < +00, and continuous with respect to x for every fixed n; i,j =

1,...,k; s=1,...,5. We assume that the estimates

vector functions \Ilgjs) (n,x) = (‘I’gﬁ

0 (n, )] < )y ()

ijg iigTi
hold for n € Ny, ||x|| < H, where r; (x;) = f: | |1/mjp ) >0, a2 >0, g =
+> ) J\Xj) = Jp 0 Cijg = YU Qijg 9=
p=1
1,...,¢;;6,7=1,...,k;s=1,...,8S.
Thus, at each time instant, one of the subsystems
xi(n+ 1) = x;(n) + F' (x;(n) Z\Il(s)nx i=1,....k, s=1,...,8, (23)

is active.
From the properties of the right-hand sides of (22) it follows that the system admits
the zero solution. We will look for conditions of asymptotic stability of the solution.
For every ¢ € {1,...,k}, consider the family of isolated difference subsystems

xi(n+1) =x;(n) + FV(x;(n)), s=1,...,5, (24)
and the corresponding family of subsystems of differential equations
z:(t) = F\(zs(t)), s=1,...,8. (25)
Let us impose some additional conditions on the right-hand sides of (22).

H;. There exist numbers hq, ..., hi such that h; > 2max{m;1,...,mig, }, i =1,...,k,
and, for every s € {1,...,5}, the inequalities

() )+m
”gé) (S;g for w;ﬁo g=1,...,q;, i,5=1,...,k,  (26)
thuj hiJrui
hold.

Remark 6.1 Assumption H7 means that the orders of the right-hand sides of the
isolated subsystems (24) are, in a certain sense, less than or equal to the orders of
functions characterizing interconnections between the subsystems.

Hg. Foreveryi € {1,...,k}, the zero solutions of all subsystems (25) are asymptotically
stable.

Remark 6.2 Tt is known, see [7, 26], that the fulfilment of Assumption Hg implies
that the zero solutions of all difference subsystems (24) are asymptotically stable as well.
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Hg. For every i € {1,...,k}, for the family of subsystems (25), Lyapunov functions

v;1(2;), ..., vis(z;) are constructed so that wv;s(z;) is twice continuously differ-
entiable for z; € R% positive definite and positive homogeneous of the order
vi > 2max{m;1,...,Miq } with respect to the dilation (m;1,...,m,q) function,

and the derivative of v;s(z;) with respect to the s-th subsystem from the family
(25) is negative definite, s =1,...,S.

Remark 6.3 In [27, 30], it was proved that the fulfilment of Assumption Hg implies
the existence of the required Lyapunov functions.

Remark 6.4 In view of homogeneous functions properties, see [30], the estimates

i i v; (Z) i —m;
afr (@) < vis(m) < a0 (@), ]a— < agiyrl ™ ().
Qis (2:) | i+ul”)
(250" 00 < a2
3
hold for z; € R%, where agj), aéj), agjz, afj), s=1,...,8, are positive constants depend-
ing on chosen Lyapunov functions; g =1,...,¢;;1=1,...,k.
In what follows, we will assume, without loss of generality, that v, = h;, i =1,...,k,
where numbers h, ..., hi satisfy the conditions specified in Assumption Hr.

Hyp. For every s € {1,...,S}, the inequality system

Vo Ly F al®
—aET LS A TS et <0, =1,k (20)

g=1 j=1
admits a positive solution.

Remark 6.5 Assumption Hjg is the Martynyuk-Obolenskii condition [23, 24] of
asymptotic stability for the zero solutions of the corresponding Wazewskij systems

k
() 5 al®)
4(t) = =l (1 +Za3j>g )Y e ), i=1,. 0k s=1,...,8.

j=1
From the results of [5] it follows that if Assumptions H7—Hjo are fulfilled, then, for

every s € {1,...,S5}, one can find positive numbers §1S), e ,C,is) for which the first
difference of the function

k
2) = 3 (Mois(z) (28)

with respect to solutions of the corresponding subsystem from family (23) will be negative
definite.

It is easy to show the existence of positive numbers g0V, ..., 35 oM . a5 and
H such that H € (0, H), and for the first difference of Vi(z) with respect to solutions of
the s-th subsystem from (23) the inequalities

k
. (s) s
AVi] ) < =89 37 (i) < —alVE (x())
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hold for ||x(n)|| < H. Here £) = ,max uz /%, s=1,...,8.

Thus, for subsystems (23) we obtaln comparison equations of the form (14). Hence,
for the subsequent stability analysis of (22) one can use the results of Section 5.

7 Example

Let system (22) be of the form

x1(n+ = x1(n) + z2(n),
x2014-1 = 22(n) — agad(n) — bylza(n)| /% xa(n) + {7 (x3(n)), (29)
z3(n+1) = z3(n) — doxy? (n) + 57 (2(n)).

Here x1(n), x2(n), z3(n) are scalar variables; o = o(n) € {1,2}; a1 = ba =2, a2 = by =1,
dy =8,dy =4, )\ = 3, A2 = 5; functions 1/115) (z3) and 1/155) (z2) are continuous for |z3| < H
and |za| < H respectively and satisfy the conditions

91 (23)] < W57 (22)] < esloal®,  s=1,2,

where ag = 12/5, ap = 4, 1 = 15/8, B2 = 31/8, and ¢1, ¢a, €1, e are positive parameters.
Thus, switching in (29) occurs between the subsystems

zi(n+1) = z1(n)+ x2(n),
za(n+1) = 2(n) —2x3(n) — w2 ()2 22(n) + 1" (z3(n)), (30)
z3(n+1) = w3(n) —8xd(n) + v (wa(n)),

and
zi(n+1) = z1(n)+ x2(n),
ra(n+1) = 2(n) — 23(n) — 2aa(n)/? 22(n) + 1V (z3(n)), (31)
z3(n+1) = w3(n) —4x§(n) + v (22 (n)).

System (29) can be treated as a complex system describing the interaction of two
(k = 2) systems

{xl(n+1) = x1(n) + z2(n),
wa(n+1) = @2(n) — agai(n) — belea(n)[V/? x2(n),

and
z3(n+1) = z3(n) — dg:cg" (n).

The differential systems

{% - (32)

3 1/2 —
22 —a523 — bg|za|? 2y, s5=1,2,

are homogeneous ones of the order 1/2 with respect to the dilation (1/2,1), and the
differential equations
iy = —dszy, s=1,2, (33)



232 A.Yu. ALEKSANDROV, A.A. MARTYNYUK AND A.V. PLATONOV

are homogeneous ones of the orders 2 and 4 with respect to the dilation 1.
Construct inequalities (26) corresponding to complex system (29). We obtain

8 5 8 8
: < < mi : .
max{5(h2+2)’ 3(h2+4)} = on +1 —mm{5(h2+2)’ 3(h2+4)}

These inequalities admit positive solutions. For example, one can choose hy = hy = 2.
Hence, Assumption Hy is fulfilled.

Lyapunov functions for systems (32) and equations (33) can be constructed in the
forms ) )
v15(21,22) = 45 21 + 22§+1_0|21|le2’ s=1,2,

and 1
vos(23) = 5232), s=1,2,

respectively. Thus, Assumptions Hg and Hg are fulfilled as well.
In the present case inequalities (27) take the form

~0.167 + 1616°° <0, —8¢4 +er&at”® < (34)
for s =1, and
—0.066)% + 26168 <0, —4€5 + eaat? <0 (35)

for s = 2. System (34) admits a positive solution if and only if
e}/® < 8%%/10 ~ 0.52, (36)

whereas system (35) admits a positive solution for any positive values of ¢y and es.
Assume that inequality (36) is valid. Let, for instance, ¢; = ea = 1/2, o = e = 2/3.
Thus, Assumption Hjq is fulfilled.
It is easy to check that if

s 1 1 1
‘/;(z):(zL il—i— 22+—|z1|z12:2—|—423, s=1,2,
then there exists H > 0 such that
Avl\(30)< —0.004 VZ(x(n)), m/g\(31)< —0.32 V3 (x(n))

for ||x(n)|| < H. Here z = (21,22, 23)T, x(n) = (x1(n), x2(n), z3(n))~.

Moreover, the estimates V;(z) < 2Va(z), Va(z) < Vi(z) hold for all z € R3.

Next, with the aid of the results of Section 5, it easy to derive sufficient conditions of
asymptotic stability of the zero solution of system (29).

Assume, for definiteness, that subsystem (30) is active for n = 79;,...,72i41 — 1,
whereas subsystem (31) is active for n = 79,41, ..., 72142 — 154 € N,
Consider the sequence xo = L = const > 0,
1

= (X2i+1)1/2 + 0.004T2i+3, xS NJr.

X2i+1 = (X2i)2 4+ 0.64T%42, X2i42 = 5

If there exists L > 0 such that

Xn — +00 as n — 400, (37)
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then, by Theorem 5.1, the zero solution of system (29) is asymptotically stable.
For instance, condition (37) is fulfilled in the case when

T +0.64T> > 4p7,  (pi +0.004Toi41)* +0.64Ths0 > 4p7,, €N,

where {pl}:;of is a sequence of positive numbers, such that p; = +o00 as i — +o0.

8 Conclusion

In the present paper, for a set of switched difference equations, a regularization procedure
with respect to the uncertainty parameter of the original system is developed. On the
basis of the procedure, an approach to constructing Lyapunov functions and compari-
son systems for the corresponding family of subsystems is suggested. By means of the
multiple Lyapunov function method, classes of switching law are determined for which
the asymptotic stability of a stationary solution of the set of switched equations can be
guaranteed. The developed approaches are applied to the stability analysis of a nonlinear
multiconnected switched difference system.

An interesting problem for further research is that of estimating attraction domains
of stationary solutions and finding restrictions on switching laws providing preassigned
estimates.
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Abstract: In this paper, a Sobolev type fractional differential equation with non-
local integral boundary condition is investigated. The theory of resolvent operators,
fractional calculus and fixed point techniques are used to study the existence results
to the given equation. In the end, an example is provided to illustrate the applications
of the abstract results.
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1 Introduction

In a few decades, fractional differential equations have received much attention of re-
searchers mainly due to their extensive interesting applications in physics, mechanics
and engineering such as electrochemistry, control theory, signal and image processing,
porous media, electromagnetism etc.(see [23], [24], [29]). The fact, that fractional deriva-
tive (integral) is an operator which includes integer order derivatives (integrals) as special
case and describes the hereditary properties and memory effects of various materials, is
the reason why fractional differential equations are more precise in the modeling of many
phenomena. Many physical phenomena such as seepage flow in porous media and in fluid
dynamic traffic models [20] and nonlinear oscillations of earthquakes [21] can be described
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by the fractional differential equations. For a good introduction and applications to frac-
tional differential equations we refer the reader to [25], [30] and [33]. Recently, boundary
value problems for nonlinear fractional differential equations have been investigated by
many researchers, see [I]- [5], [26]- [28], [34] and [36].

The Sobolev type fractional differential equations can be considered as an abstract
formulation of partial differential equations which occurs in various applications such as
the flow of fluid through fissured rocks [6], thermodynamics [I4], and shear in second order
fluids [22], [35]. There are many papers dealing with the investigation on the existence
of solutions for Sobolev type differential equations in Banach spaces see [7]- [11].

In [I8] Hernandez et al. talked about an error in some papers regarding the problem of
existence of a solution for abstract fractional differential equation and proposed a different
approach to treat a general class of abstract fractional differential equation based on the
theory of resolvent operators. But the results in [I8] were not relevant for the problems
with nonlocal conditions. Then in [I9] Hernandez et al. studied the theory of abstract
fractional differential equations with nonlocal conditions and proved the existence results
using resolvent operators. In [10], [I1] Balachandran et al. studied the existence of mild
solution for fractional integro-differential equation with nonlocal conditions and abstract
fractional integro-differential equation of Sobolev type respectively by using the theory
of resolvent operator. In [12] Belmekki et al. established the sufficient conditions for
existence and uniqueness results for semilinear fractional differential equations with finite
delay via resolvent operators. In [I3] Belmekki et al. extended the results given in [12]
to cover the case of infinite delay. Recently in [I6] Chadha et al. discussed the existence
results of history valued neutral fractional differential equation with the help of the theory
of resolvent operators. For more details on resolvent operators see [15], [17], [31].

Up to now, to the best of our knowledge, there is a little gap in the literature on the
Sobolev type fractional differential equation of order 1 < 8 < 2 with nonlocal integral
boundary condition using resolvent operators. Motivated by the above papers, to fill this
gap, in this paper we consider the following Sobolev type fractional differential equation
with nonlocal integral boundary conditions

CDB[Bsc(t)] = A:C(t) + ]:(t,z(t)), 1<B<2, te (0, 1)7 X
z(0) = 0, QC(E)ZCfnlx(s)ds, 0<e<n<l, (1)

where €D” is the Caputo fractional derivative of order 3. A is a closed linear unbounded
operator, B is linear operator. F : [0,1] x X — X is continuous function. ¢ is a positive
real constant. The nonlocal integral boundary condition z(g) = ¢ fnl x(s)ds shows that
the value of the unknown function at a nonlocal point € € (0,1) with 0 <e <n < 1 is
proportional to the integration over a sub-strip (n,1) of an unknown function.

2 Preliminaries

In this segment, we have some basic notations, definitions, theorems and lemmas of

fractional calculus and resolvent operators which will be used in the further sections. Let

(X,]]-]]) be a Banach space and C = C([0, 1], X) be the Banach space of all continuous

functions from [0, 1] to X equipped with the norm ||z|| = sup |z(¢)||x. Xg denotes the
te[0,1]

domain of H := B~ A endowed with the graph norm ||z||g = ||z| + | Hz|. Let LP(J, X)
be the Banach space of all Bochner measurable functions x : J — X such that ||z(¢)|/%
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is integrable equipped with the norm

1/p
T ( / ||x<s>||§(ds) |

Definition 2.1 [33] The fractional integral of order 3 for a function F € L*(R¥) is
defined by

3 e B-1
18, F(t) = )/O(t—s) F(s)ds, t>0, B>0.

(5)

Definition 2.2 [24] The Caputo fractional derivative of order g for a function F €
C™=YR*T) N LY(RY) is defined by
5 1 t p-1
‘Dy, F(t :7/ t—s)m P F(s)ds,
LFO = g | =) (5
where m — 1 < f <m, m =[] + 1 and [3] denotes the integral part of the real number

B.
Lemma 2.1 [30] Let ¢ > 0, then
D7PDPF(t) = F(t) + CitP =L + CotP~2 .. 4+ CptP L,
for some C; eR,i=1,2,...,n, n=[F]+ 1.
To prove the existence results we admit the following hypotheses:

(H1) The linear unbounded operator A : D(A) C X — X and linear bijective operator
B:D(B) C D(A) C X — X are closed linear operators.

(H2) B~!: X — D(B) is a continuous operator.
(H3) The function F : [0,1] x X — X is a continuous function such that
[F(t,z) = Ft,y)l < Lllz -yl (2)
for all x,y € X, ¢t € [0,1] and L is a positive constant.
Lemma 2.2 For any functions F € C(]0,1] x X, X), the solution of Sobolev type

fractional boundary value problem
CDP[Bx(t)] = Ax(t) + F(t,z(t)), 1<pB<2, te(0,1), 3
z(0) =0, z(e)= cfnl x(s)ds, 0<e<n<l,

s given by

t

w0 = Cit+ o (=) B ) + BU F(rale)dr, (@)
B Jo

where

o= %{%/ﬂl [/05(5—7)5-1(3—1/1:5(7)+B—1f(7,x(7)))d7] ds
*rlﬁ /05(5 — 1)~ YB Y Ax(r) + B~ F(r, :c(T)))dT} (5)

with A =¢ — §(1—n?) #0.
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Proof. Using Lemma 27] the solution z of ([B]) can be written as
I I
t(t) =Cit+Co+ — [ (t—7) 1B Ax(r)dr + — | (t — 1)’ 1B F (7, z(7))dr,
Fﬁ 0 FB 0

for some constants C7, Cy € R.
On applying boundary conditions, we get Co = 0 and

rj3

71 ) — 7)Y (B Az (T “LF(r, x(7))dr
05 | €= B str) 4 B a(rar .

O = %{ c /n1 [/Os(s7)5_1(3_1Az(7)+B_1]-“(7,:c(7)))d7] ds

Equation () can also be written as

e “1p-1
z(t) = k(t) + T3/, (t — 7)1 B~ Ax(7)dr, (6)

t 1

where k(t) = Cit + % Jot— TV 1B= F (7, (7))dr.

Let B~'A = H. To demonstrate existence results, let us assume that integral equation
(@) has an associated resolvent operator {S(t), t > 0} on X.

Definition 2.3 [3I] A one parameter family of bounded linear operators {S(¢), t >
0} on X is called a resolvent operator for (6] if the following conditions are satisfied.

1. S(t) is strongly continuous on Ry and S(0) = 1,
2. SG)D(H) C D(H) and HS(t)xr = S(t)Hz Yo € D(H) and ¢t > 0,
3. for every x € D(H) and t > 0,

St)x=x+ % ; (t — 1) THS(7)xdr. (7)

Definition 2.4 [31] A resolvent operator {S(¢), t > 0} for (@) is called differentiable
if S()z € Wh(RT, X) (WL(RT, X) is the space of all functions having distributional

derivatives)for all x € D(H) and there exists ¢y € L} (RT) such that ||S'(t)z| <
¢u ()|l x, Vo € D(H).

Definition 2.5 [31] A resolvent operator {S(t), t > 0} for (@) is called analytic if the
operator S(t) : (0,00) = L(X) (L(X) denotes the space of all bounded linear operators
from X to X) admits an analytic extension to a sector Y99 = {\ € C : |arg(\)| < 0o}
for some 0 < 6y < /2.

Definition 2.6 A function x € C is called a mild solution of the integral equation
@) it [ (t — 1) 'a(r)dr € D(H) for all t € [0,1], k(t) € C and
H t
z(t) = k() + = [ (t—7)°"ta(r)dr. (8)
s Jo

Lemma 2.3 [31] If S(t) is the resolvent operator for (G).
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(1) If z is a solution of {@) on [0,1], then the function t — f(fS(t — s)k(s)ds is continu-
ously differential on [0,1] and

x(t) = %/0 S(t — s)k(s)ds,Vt € 0, 1]. 9)

(ii) IfS(¢) is analytic and k € C*([0, 1], X) for some a € (0, 1), then the function defined
by

z(t) = S(t)(k(t) — k(0)) —l—/o S'(t — s)[k(s) — k(t)]ds + S(t)k(0),Vt € [0,1], (10)

is a mild solution of (@).

(iii) If S(t) is differentiable and k € C([0,1], X ), then the function x : [0,1] — X given
by

/ S'(t — s)k(s)ds,Vt € [0,1], (11)
is a mild solution of (@).

3 Existence of Mild Solution

In this segment, we discuss the existence of mild solution for boundary value problem
@). Throughout this paper, we assume that the resolvent operator {S(t),t > 0} is a
differential operator and function F is continuous in X .

By the help of Lemma (Z3))(iii), we introduce the mild solution of (@) given by

x(t) = C’ltJr—/ TP LBTLF (7, x(7))dr

/ S/ t—s)(C1S+ T3
For simplification, let N = max F(¢,0), R = ||B*1||, P=|B71A|.

S

(s - T)ﬂ_lB_IJ:(T,w(T))dT) ds.  (12)

t€[0,1]
Theorem 3.1 Let (H1) — (H4) hold with
B (LR+P)[c(l =t  &F }
0= 1+ lonlr) A [ RS (13)

Then there exists a mild solution of (1) on [0,1].
Proof. Let B, = {x € C: ||z|| < r} such that

(Pr+R(LT+N)){c(1 /i } R(Lr + N)
Al rg+2) TIB+1) L(B+1)

Introduce the map ® : C — C by

P> (4 ol |

da(t) = Cyt+ F_lﬁ t(t — )P BT F (7, a(r))dr
/ S’ t—S)(C1S+ T3

S

(s — 1) IBTL (7, :E(T))dT) ds. (15)
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Decompose the map ® into ®; and P on B, for ¢ € [0,1] such that

Di2(t) = %{F_Cﬂ/n (/05(5_7)6—1(3—1,495(7)+B—1f(7,x(7)))dr)ds

—iﬂ e — 1)1 (B Ax(r) + B-lf(T,x(T)))dT}
/S’t s{ { /(/U(u 7P (B Aa(r) + B~ F(r, 2(r)))dr)dv
fm/ B~ Aa(r )+Bl]-"(7,z(7)))d7}]ds.
Daz(t) = Fﬁ/ )P BT F (7, a(r))dr

+/O S'(t—s) (F_lﬂ /Os(s - T)B_IB_I]:(T,.T(T))CZT) ds.

Step 1. We show that &1z + ®oy € B, for every x, y € B,., we have

t e [t [ B-1/| p—1
T < u — — s—T Allllz(7
ooyl < s (Gl ([ =t At

te[0,1]
BT F (7. 2(r)) = F(r,0) + F(r,0))dr)ds

—3—075—ﬂﬁ1mBlAmmvm

HIBTHIIF (T, 2(7)) = F(r,0) + F(r, O)II)dT}

[}?uﬁhg{c /QAQvTW*uB*AHuﬂ|

+|| B~ F(r, z(7)) = F(r,0) + F(r,0)|)dr)dv
1 1>
T8 J

+HBil||||]~'(T x(71)) — F(1,0) + F(r, O)||)d7}]ds

(e =) H(IB7 Al ()]

HB 1||

B=Y F(r,y(7)) — F(r,0) + F(r,0)|/dr

/|w (“B”O@TW*

|F(r,y(r)) — F(7,0) + F(r, 0)||d7) ds}

(Pr—i—R(Lr—i—N)){c(l —nfth 3 b }
Al rg+2 TE+1

< <1+|an»[

R(Lr+ N)
Nﬂ+1)}<

Thus 12 + P2y € B,

+
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Step 2. We show that ®; is a contraction. For z, y € B, and ¢ € [0, 1], we have
1 s
R et g Y AR A (LR [ECRET
HIBIF( o) st
“15 | €= B Al - (o)
HIBIF(r 2(r)) - f(ﬂy(f))ll)df}
1 v
/ ¢ o \B-1 -1y _
v [ se-oi{ss [ emmram e o

Bt )~ Flee) i
~15 | €= B Al o))
HIB I F(ra(r) - f@yv))n)dTH s}

(P + RL) [ c(1 —nf+h) el
A (rw+n F(6+1)>”xy|

< (T4 llomll)
< e -y

By assumption, § < 1 and therefore ®; is a contraction.
Step 3. Next, we prove that ®5 is continuous and compact. The continuity of map @4
can be obtained from the continuity of F. Also for ¢t € [0, 1]

ool < sw (5 [ €= P B ar

tel0,1]

+/o 180l (% /OS(S - T)ﬁ1|Bl||]:(Tv~’C(T))|dT> ds)

< lonl) S

i.e. @5 is uniformly bounded B,. Now we show that the set {®az(t) : « € B, } is relatively
compact in Y for all ¢ € [0, 1]. Clearly the set {®22(0) : x € B, } is compact. Fix ¢ € (0, 1],
let § be a real number satisfying 0 < § < 1. For x € B,., define the operator ®$ by

t— (5
dox(t) = Fﬁ/ 7V AB Y F(r, x(7))dr

+ St—s) (L [ (s =P B F(r,(r)dr ) ds.
[ (m/ )

By assumption (H4), F is completely continuous, the set {®3x(t) : € B,} is precompact
in X, for every § € (0, 1]. Furthermore, for every x € B,., we have

z(t) — P i t — 7)Y B! T, x(T T
[@22:(t) — ®oz(t)]| < Fﬁ/t_g(t "B TIF (s a(n)ld

+/t;5/(t =) (1“_15 /OS(S - T)B‘lllB‘lllllf(T,z(T))ndT) ds
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It shows that the precompact sets {®3z(t) : = € B,} are arbitrary close to the set
{®22(t) : © € B, }. Hence the set {®o2(t) : © € B,.} is precompact in X.

Step 4. Now, we show that {®oxz(t) : z € B,.} is equicontinuous. Clearly {®ox(t) : €
B,} are equicontinuous at t = 0. For t <t+h < 1, h > 0, we have

|P2z(t + h) — Pax(t)]| < iH /Hh(t +h— T)B_IB_l]:(T x(7))dr
2 2 X Fﬂ 0 9

_/0 (t— T)B_lB_l]:(T,.T(T))dT

h s
+FL6H/OH S’(tJrhs)/O (s — 1) 1B=YF(r,z(7))drds

- /Ot S'(t—s) /Os(s — )P BT F (7, (7)) drds

N

& t O (R -t 7,2(7))||dr
A e e L (LR

t+h
+=> (t+h— 1) BH|IF(7,2(r))lldr
IgJ,

h 1 S
! —3)||=— s—1)P~1 B! 7,2(7))||dTds
= 18 tn=s)g [ =B 1F () ara

rg
—/ (s — 7)Y F (7, x(r))dr

0

+ /Ot IS’ (t — s)|| (=] H /05+h(s +h - 7)5_1.7:(7, x(7))dr

ds.

Which tends to zero as h — 0, therefore the set {®ax(t) : © € B,} is equicontinuous.
Thus P, is relatively compact for ¢ € [0,1]. By Arzela-Ascoli’s theorem ®5 is compact.
Hence by Krasnoselskii fixed point theorem [32] there exists a fixed point « € C such that
®x = x which is a mild solution of the boundary value problem ().

4 Example

Let X = L?(0,7), 1 < B <2 and t € [0,1]. Consider the following partial differential
equation with fractional derivative

B 2 2 w(t,x
667 (w(t,x) — %w(ﬁ,x)) = %w(t,x) + %,
w(t,0) = w(t,©) =0, (16)
w(0,z) =0, w(e,x) = cfnl w(t, s)ds.
Define the operators A: D(A) C X — X and B: D(B) C X — X by

1 1
Aw =w", Bw=w-—w",

D(A) = D(B) = {w € X, w,w’are absolutely continuous, w” € X, w(0) = w(w) = 0}.
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Then A and B can be written as

Aw = ZnQ(w,wn)wn, w € D(A),
n=1

Bw = Z(1+n2)(w,wn)wn, w € D(B),
n=1

where wy, () = \/2/7sinnz, n = 1,2, ..., is the original set of vectors A. Moreover, we
have

=1
-1
B w= 3:1 T (w, Wy )W,
1 — —n?
Huw=B"Aw="Y " (w,w,)w,.
w w n:11+n2(w,w)w

The equation (I8) can be reformulated as the following Sobolev type fractional differential
equation with nonlocal integral boundary condition

= Aw(t) + F(t,w(t)), 1<p<2,te(0,1),

)ZCfnlw(S) , 0<e<n<l. (17)

g
—~
o
Nl
I
<o
g ~—
)
L
[Va)

Clearly all the assumptions (H1) — (H4) are satisfied.

Theorem 4.1 Suppose (H1) — (H4) hold and A generates a differential resolvent
operator {S(t)} with

(LR+P)[c(l =7t  &F
A rig+2) TB+1)

Then the problem (I7) has a solution.

<1.

6=+ ¢mlL)
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1 Introduction

Fractional differential equations have various applications in widespread fields of science,
such as engineering [6], chemistry [7|[I4[I5], physics [IL2L[8], and others [9,[10]. Despite
the number of existence theorems for nonlinear fractional differential equations this does
not necessarily imply that calculating a solution explicitly will be possible. Therefore, it
may be necessary to employ an iterative technique to numerically approximate a needed
solution. In this paper we construct such a method.

Specifically, we construct a technique to approximate solutions to the nonlinear
Riemann-Liouville (R-L) fractional differential multi-order 2-system. A multi-order sys-
tem is a fractional differential system where each component is of unique order. That is,
a fractional system of the type

D% xy = fi(t, x1, x2),

Dq2.%'2 = fg(t,l‘l,l‘g).

This is a generalization of normal R-L systems and yields a type of hybrid system of
a fractional type. We note that various complications arise from systems of this type
as many known properties used in the study of fractional differential equations require
modification, but at the same time multi-order systems present far more possibilities
for applications. For example, consider allowing each species in a population model to
have their own order of derivative. Though we will consider a numerical example for
this study, it will not be a specific physical application, we hope this will add to the
groundwork of future studies.

The iterative technique we construct will be a generalization of the monotone method
for multi-order R-L 2-systems of order ¢, g2, where 0 < ¢1,92 < 1. The monotone
method, in broad terms, is a technique in which unique solutions of linear differential
equations are used to construct sequences that converge uniformly and monotonically,
from above and below, to maximal and minimal solutions of the nonlinear equation. If
the nonlinear DE considered has a unique solution then both sequences will converge
uniformly and monotonically to that unique solution. The advantage of the monotone
method is that it allows us to approximate solutions to nonlinear DEs using linear DEs.
Further, the sequences are constructed initially using upper and lower solutions of the
original DE, which guarantees the interval of existence. For more information on the
monotone method for ordinary DEs see [I1].

One notable complication when developing the monotone method for multi-order
systems is that, unlike in the integer order case, the initially constructed sequences,
{vn},{wn} do not converge uniformly on their own. Instead, the weighted sequences
{tt=%v,. }, {t'7%w,,} converge uniformly to t'~%wv; and t'~%w; respectively, where
i € {1,2} and v, w are maximal and minimal solutions of the original equation. We note
that there are other complications that derive from multi-order systems, but many of
these were previously resolved in [3].

For our main method we consider the generalization of the monotone method where
the nonlinear function can be split into two functions f (¢, 2)+g(t, «) where f is increasing
in x and g is decreasing in x. This generalization allows for various constructions utilizing
different types of lower and upper solutions that we will detail in Section 3. Finally, in
Section 4 we will develop a numerical application to exemplify our results. We note that
the standard monotone method has been established for multi-order fractional systems
in [3].
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2 Preliminary Results

In this section, we will first consider basic results regarding scalar Riemann-Liouville
differential equations of order ¢, 0 < ¢ < 1. We will recall basic definitions and results
in this case for simplicity, and we note that many of these results carry over naturally to
the multi-order case. Then we will consider existence and comparison results for multi-
order systems of order 0 < ¢1,q2 < 1 which will be used in our main result. In the
next section, we will apply these preliminary results to develop the monotone method
for these multi-order R-L systems. Note, for simplicity we only consider results on the

interval J = (0, 7], where T > 0. Further, we will let Jy = [0,T], that is Jy = J.

Definition 2.1 Let p = 1—g, a function ¢(t) € C(J,R) is a C}, continuous function if
tPo(t) € C(Jo,R). The set of C), functions is denoted C,(J, R). Further, given a function
#(t) € Cp(J,R) we call the function t¢(t) the continuous extension of ¢(t).

Now we define the R-L integral and derivative of order g on the interval J.

Definition 2.2 Let ¢ € C,(J,R), then D{¢(t) is the g-th R-L derivative of ¢ with
respect to t € J defined as

DI = Fr—ay 7 | (£ =) o(s)as.

and I]¢(t) is the g-th R-L integral of ¢ with respect to ¢t € J defined as

136(t) = ﬁ / (t— )7 g(s)ds.

Note that in cases where the initial value may be different or ambiguous, we will write
out the definition explicitly. The next definition is related to the solution of linear R-L
fractional differential equations and is also of great importance in the study of the R-L
derivative.

Definition 2.3 The Mittag-Lefller function with parameters «, 8 € R, denoted E, g,
is defined as

oo K
Eop(z) = kZ:O m,
which is entire for «, 8 > 0.
Of particular importance to the Riemann-Liouville derivative is the weighted Mittag-
Leffler function of order g,
> \kpak+a—1

E=t"'E, ()= Z—F —
QJJ( ) i F(qk+q)

where ) is a constant. £ has the following properties which we present in the following
remark.

Remark 2.1 We note that the weighted Mittag-Leffler function £ is strictly positive,
converges uniformly on compacta of J, and D& = \E.
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The next result gives us that the ¢-th R-L integral of a C, continuous function is also
a () continuous function. This result will give us that the solutions of R-L differential
equations are also C), continuous.

Lemma 2.1 Let f € C,(J,R), then I} f(t) € C,(J,R), i.e. the g-th integral of a C)

continuous function is C, continuous.

Note the proof of this theorem for ¢ € RT can be found in [5]. Now we consider
results for the nonhomogeneous linear R-L differential equation,

Diz(t) = Mx(t) + 2(t), (1)

with initial condition
tpx(t)’tzo = a0,

where 2V is a constant, y € C(Jo,R), and 2 € C,(J,R), which has unique solution

x(t) = F(q)zotqflEqﬁq()\tq) + /0 (t— s)qflEqﬁq()\(t —5)1)z(s) ds.

For more details see [12].

Now, we will turn our attention to results for the nonlinear R-L fractional multi-order
systems, and in doing so we must discuss any changes. First, we will consider systems
of orders ¢; and g2, 0 < ¢1,92 < 1. For simplicity we will let ¢ = (¢1,¢2), and when
we write inequalities x < gy, we mean it is true for both components. Further, from
this point on, we will use the subscript ¢ which we will always assume is in {1,2}. For
defining C), continuity for multi-order systems we define p; = 1 — ¢; and for simplicity of
notation we will define the function x, such that x, (t) = tPix,(t) for t € Jo. We also
note that at times it will be convenient to ephasize the product of P, therefore we will
define tPx(t) = x,(t) for t € Jy. Now, we define the set of C), continuous functions as

Cp(J,R?) = {z € O(J,R?) |z, € C(Jo, R}

For the rest of our results we will be considering the nonlinear R-L fractional multi-order
system

D%g; = fi(tax)a (2)
:sz(o) = SC?,

where f € C(Jy x R?,R?), and 2° is a constant. Note that just as in the scalar case, a
solution = € C,(J,R?) of (@) also satisfies the equivalent R-L integral equation

zi(t) = 20t4 7 ¢

t
o /0 (t - 5)" " fi(s, 2(5))ds. (3)
Thus, if f € C(Jp x R? R?) then (@) is equivalent to ([B)). See [9[12] for details.

The following comparison theorem is utilized throughout the construction of the
monotone method. This theorem gives conditions for when lower and upper solutions
v, w behave in an expected manner, that is v < w. This theorem is of great importance
to the monotone method since it is used to prove that the constructed sequences in the
method are actually monotone.
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Theorem 2.1 Let v,w € Cp(J, R?) be lower and upper solutions of the nonlinear
multiorder 2-system, i.e.
D%v; < fi(t,v), vp,(0) = V< a2? (4)
Dlw; > fi(t,w), wy,(0) = ? > ?
If f is quasimonotone nondecreasing and satisfies the following Lipschitz condition for
1=1,2,
filt,x) — fi(t,y) < Li[(x1 — y1) + (22 — y2)], (5)

for x>y, then v(t) < w(t) on J provided v° < w°.

We note that the proof of this theorem can be found in [3]. In the development of
the monotone methods we will use a specific corollary from this theorem, which we give
below.

Corollary 2.1 Let m € Cy,(J,R?) be such that
D%my(t) <0, my,(0)=0.
Then we have from Theorem [2]] that
m(t) <0,
forte J.

Now, if we know of the existence of lower and upper solutions v and w such that
v < w, we can prove the existence of a solution in the set

Q=A{(t,y) : v(t) <y <w(t), t € J}.
We consider this result in the following theorem.

Theorem 2.2 Let v,w € Cp(J,R?) be lower and upper solutions of (@) such that
v(t) < w(t) on J and let f € C(Q,R), where Q is defined as above. Then there exists a
solution x € Cp(J,R?) of (@) such that v(t) < x(t) < w(t) on J.

This theorem is proved in the same way as seen in [5], with only minor additions to
apply it to multi-order 2-systems.
For our main results we will be considering the following generalized form of (2))

D%g; = fi(tax) +gi(ta$)a xpi(o) = x?a (6)

where f,g € C(Jy x R%2,R?) such that f is increasing in x and g is decreasing in .
We will be constructing the generalized monotone methods for this nonlinear fractional
differential equation. This generalization also allows us to consider various different types
of lower and upper solutions given in the following definition.

Definition 2.4 Let v,w € Cp(J,R?) with v,,(0) = v) < ¥ and w,,;(0) = w) >
e v, w are natural lower and upper solutions of (@) if

invi S fi(f,’l)) + gi(t,’U), inwi Z fz(taw) + gz(taw)
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e v, w are Type I lower and upper solutions of (@) if

D%y; < fi(t,v) + gi(t,w), D%w; > fi(t,w) + gi(t,v).
e v, w are Type IT lower and upper solutions of (@) if

D¥v; < fi(t,w) + gi(t,v), D¥w; > fi(t,v) + gi(t, w).
e v, w are unnatural lower and upper solutions of (@) if

D¥v; < fi(t,w) + gi(t,w), DTw; > fi(t,v) + gi(t, v).

Further we can define coupled quasisolutions of these types by incorporating equalities
in the previous expressions. We give the two we use in our main results in the following
definition.

Definition 2.5 Let v, w € Cp(J,R?) with v,,;(0) = wy,(0) = .
e v,w are Type I coupled quasisolutions of (6 if

D%y, = fi(t,v) + ¢i(t,w), DYw; = fi(t,w) + gi(t,v).
e v, w are Type IT coupled quasisolutions of (@) if

invi = fz(taw) + gi(tav)a inwi = fi(tav) + gt(taw)

We can extend Theorem to incorporate these coupled types of lower and upper
solutions. We will only look at the cases for Type I and II since those will be the form
we use in our monotone method constructions. We note that the proof of the following
theorem is constructed in the same manner as Theorem 2.2 needing only very minor
alterations.

Theorem 2.3 Let v,w € C,(J,R?) be Type I or Type II coupled lower and upper
solutions such that v(t) < w(t) on J and let f + g € C(,R), where Q is defined as
above. Then there exists a solution x € Cp(J,R?) of (@) such that v(t) < z(t) < w(t) on
J.

3 Monotone Method

In this section we develop the generalized monotone method for fractional system ().
The first method we will construct is developed from Type I lower and upper solutions.
The sequences are constructed as linear equations in a recursive manner resembling Type
I quasisolutions.

Theorem 3.1 Suppose that

(A1) vo,wo € Cp(J,R?) are coupled lower and upper solutions of Type I for (@) with
vo < wo on J.

(A2) f,g € C(Jo x R%2,R?), where f(t, ) is increasing in x and g(t,x) is decreasing in
T.
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Then the sequences defined by

invn-i-li = fi(ta U") + gl(ta wn)a U"+1Pi(0) ZC?, (7)
D% Wn+1; = fi(ta wn) + gi (ta Un)a wn+1pi (0) ?’ (8)

|
8

are such that
tPu, — tPv, tPw, — tPw

uniformly and monotonically on Jy, where v,w are Type I coupled minimal and mazimal
quasisolutions of (B) respectively, that is, if z is a solution of (@) such that that vo < x <
wo, then v <z < w.

Proof. We begin by considering v; and wy. We note that both exist and are unique
since both are linear in v; and w; respectively. Now letting m = vg — v1, we get that
mp,(0) = 0 and

inmi S 07

implying by Corollary 1] that m; < 0 for each i. Therefore vg < vy, and similarly we
can show that w; < wg. Now using a similar process by letting m = v; —w;, we get that
mp,(0) = 0 and

D%m; = fi(t,vo) — fi(t, wo) + gi(t, wo) — gi(t,v0) < 0.

Thus, by Corollary 2.1l we have that m; < 0 for each ¢, giving us that vy < v; < w; <
wp. Using these same arguments we can inductively show that

Un—1 S Un S Wnp, S Wn—1

on J for all n > 1, giving us that {v,} and {w,} are monotonic.

Now we will show that the weighted sequences {tv,,} and {tPw, } converge uniformly
on Jy. To do so we will use the Arzela-Ascoli theorem. First we will show that these
sequences are uniformly bounded on Jy. To do so, for each n and each i note that

[tPivn;| < [P (v — voi)| + [P 00| < [#P (wo; — vo,)| + [P v,

Therefore we can choose an M & Ri such that [tPiv,;| < M; for each n and each 1,
implying that {t?v,} is uniformly bounded. Similarly we can prove the same result for
{tPwy, }.

Now we will show that the weighted sequences are equicontinuous. For simplicity, let
F,, be defined as F,, = f(t,v,) + g(t,wy,) for each n > 0. Since f, g are continuous on Jy,
and since each vy, w, are C}, continuous then there exist continuous functions f, g such
that

f(ta ’Un) + g(tvwn) = f(tvtpvn) + g(ta tpwn)'

Given this, and that the weighted sequences are uniformly bounded we can choose an
N € R? such that |F,;| < N; for each 1.
Now, choose t,7 such that 0 < t < 7 < T. In the following proof of equicontinuity
we use the fact that
TPt (7_ _ S)ql—l — Pt (t _ S)q1—1 <0
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for 0 < s < t. To show why this is true, consider the function ¢(t) = tP1(t — s)1~1 =
tP1(t — s)7P' and note that

26(0) = it Lt = 5)P — put? (¢ — )7
= "7t — )Pl s <0,

This implies that ¢ is nonincreasing, therefore ¢(7) — ¢(t) < 0. Now consider,

P 00sr) = P 0ns)] < T [ = 9 s s 6(7) = 60| Facr I ds
< ]FVZ(Z]_: /tT(T — s)qiflds + 1_‘](\;1) /Ot [(b(t) — ¢(T>]d8
i t t
- FJ(\;) [%(7— — )% P /0 (t— s)Qi_lds — 7Pi /0 (r— 5)91ds
= qzli\?Qz) {27”” (r—0)% +t— T}
< 7;(2?1?) (1t —1t)%.

In the case when t = 0, we note that

N, TP /T - N, TP ,
T—8)%4%"ds = —— 1%,
@) Jo 7Y T+ 1)

This result is not dependent on n or ¢, therefore if we define K > 0 such that

|77 vn(7) — 2 /T (qi)] <

2N, TP
K = max {7},
ie{r2y \I(g; +1)

then we have that
[P 0 (T) =t ()| < K| —t

qi
)

for 0 <t < 7 < T, for each 7 and for all n > 1. With this, it is now routine to
show that {tPv,} is equicontinuous. Likewise, {tPw,} is also equicontinuous. So by the
Arzela-Ascoli theorem there exist subsequences of both weighted sequences that converge
uniformly, but since both sequences are monotone we have that both {t?v,} and {t’w,}
converge uniformly on Jy. Let tPv and tPw be the uniform limits of these weighted
sequences respectively. We wish to show that v and w are Type 1 coupled minimal and
maximal quasisolutions of ([@]). To do so, first note that for each i and n > 1 we have

tPi
F(‘]i)

Now, since the weighted sequences {tPv,}, {tPw,} converge uniformly on Jy we have
that the non-weighted sequences converge pointwise on J. Therefore, by the continuity
of f, g the above expression converges uniformly to

/0 (t—s)t [fi(S, Vp—1) + gi(s,wn_1)]d8-

Di — 20
tYup; = x; +

tPi
F(‘]i)

/0 (t—s)% " fi(s,v) + gi(s, w)]ds

ip 0
triv;, =z, +
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on Jy. Thus

v; = ot 4

t
implying that v is a Type 1 coupled quasisolution of (6]), similarly w is as well.

Now, to show that v and w are minimal and maximal, we let = be a solution of (&)
such that z,(0) = 0 and vy <z < wg. We know such a solution exists thanks to Theorem
Now letting m = v;1 — x, M = & — w; and using the same method as we used above
we have that vg < vy < x < w; < wy. Further, as before, we can inductively prove that
vy < x < wy on J for all n > 1, therefore v < x < w implying that v, w are minimal
and maximal Type 1 coupled quasisolutions. This completes the proof. We note that if
f + g possesses an adequate condition for uniqueness then v = w = x which is the unique
solution. Now we will present more variations of the generalized monotone method,
specifically incorporating Type II solutions. First, in the following theorem we construct
the sequences in a manner resembling Type II coupled quasisolutions, but still beginning
with Type I lower and upper solutions. In this case we get alternating sequences which
are described in the statement of the theorem.

Theorem 3.2 Suppose that conditions (A1) and (A2) of Theorem[3l are true. Then
the sequences given by

D¥vni1; = filt,wn) + gi(t,vn),  Unt1,,(0) = a?, (9)
DY wpir; = fi(t,vn) + gi(t,wn),  wnt1,,(0) = xy, (10)
yield alternating monotone sequences {vapn, want1} and {vapi1, waen} that satisfy
Vap < Wapt1 < & < Vapt1 < Wan,
for each n >0 on J, provided vog < x < wg. Further, the weighted sequences
tPugy, tPwanr1 — tPp,  tPuonyr, tPwe, — tPr

uniformly and monotonically on Jy, where p,r are Type 1 coupled minimal and mazimal
quasisolutions of ().

We note that the proof of this theorem follows in much the same way as that of
Theorem B, as do the proofs of the remaining monotone method proofs, therefore we
will not show these proofs directly.

For the next form of the generalized monotone method we switch the initial lower and
upper solutions to Type II, and the sequences are also constructed like Type IT coupled
quasisolutions, i.e. in the manner found in Theorem B2 and also yield alternating
sequences. For this case to work we must further assume that vg < w; and vy < wy.

Theorem 3.3 Suppose that condition (A2) of Theorem[31l is true. Further suppose
that

(B1) wvo,wo are coupled lower and upper solutions of Type II for (@) such that vy < wo.

Then the sequences defined by (@) and {I0) yield alternating sequences {van, wany1} and
{vont1,wan} satisfying

Vo < Wopt1 ST < Vopg1 < Wap,
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for each n > 0 on J, provided that vo < w1 < x < v1 < wg. Further, the weighted
sequences
tp’Ugn, tpw2n+1 — tpp, tp’Ugn_H, tp’wgn — tPr

uniformly and monotonically on Jy, where p,r are Type 1 coupled minimal and mazimal
quasisolutions of ().

For our final construction of the monotone method we will also consider the case where
we begin with Type II lower and upper solutions, but construct the sequences as Type
I quasisolutions, i.e. in the manner found in Theorem Bl We do not get alternating
sequences in this case, but for it to work we must further assume that vy < v; and
w1 S wo.

Theorem 3.4 Suppose that conditions (B1) and (A2) of Theorems[Z.3 and [Z1l are
true. Then the sequences defined by (7) and (8) are such that

tPu, — tPv, tPw, — w

uniformly and monotonically on Jy provided that vo < vy <z < wy < wy, where v, w are
Type I coupled minimal and mazimal quasisolutions of (@) respectively.

4 Numerical Example

In this section we present an example that illustrates the result of Theorem B.11

Example 4.1 Consider the fractional system of the form (@) with ¢; = % and g = %,

D%xl(t) = %+%t+1_1f3($1(t)2_i Q(t)) ‘TIH(O):O’ (11>
Dizp(t) = L+ittok(m®) ),  2p(0)=0,
where p; = %, pa = % and call
b (@,20)) = 5+ othon (@ falban(t),m2(0) = 5 + 51+ 5 (0)
nlt.n@).) = 15 (7020) = -G, ot 0.220) = 55

If J = (0,1] and Jo = [0,1] then f(¢,x) and g(¢, z) satisfy condition (A2) in Theorem
B Now let

Vo1 = \/E/Qa Voo = 0)

w01:3, w02:3_t.

We will illustrate graphically in Figures 1-4 that vo(t) and wo(t) satisfy (Al). We
have that

’Uopi(O) = wopi(()) =0.

Since D1/2U01( )= f , then
T 1 5 1 1
D1/2v01(t) = % < 5 + gt + 16 <001 (t)2 - Zw02(t>>
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Similarly,
3 1 5 1 1
DY 2oy (1) = —= S+t — )2 — ~wpa(t
wo1 (t) 7 2 2+8 +16 wo1(t) 4U02()
= f1(t,wo1(t), wo2(t)) + g1(t, vo1(t), vo2(t)),
DYViun(t) =0 <~ 114 X (uou(t) - woalt))
- 6 2 20
= fa(t,v01(¢), v02(t)) + g2(t, wo1(t), wo2(t)),
and
6 — 3t 1 1 1
D1/3w02(t) = > —+ —t+ — (wOl(t) - ’Uoz(t))
- N 2
2Vt (3) 6 2 20
= fa(t,wo1(t), wo2(t)) + g2(t, vor(t), voz(t)).
We show the graphs below.
o T
of
oof e
0.4 ,"‘
0.2
0'%.0 0}2 o.‘4 0.‘6 ov‘s 1.‘0

Figure 1: Solid: D1/2U01 (t)7 Dashed: f1 (t, Vo1 (t), Vo2 (t)) + g1 (t, wWo1 (t), wo2 (t))

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: Solid: D1/2w01 (t), Dashed: f1 (t7 wo1 (t), wo2 (t)) + g1 (t, Vo1 (t), V02 (t))
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0.8
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0.0
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0.2 0.4 0.6 0.8 1.0

Figure 3: Solid: D/3ugz(t), Dashed: fa(t,vo1 (), vo2(t)) + go(t, wor (t), woz (t)).

Figure 4: Solid: D1/3w02 (t), Dashed: f2 (t7 wo1 (t), wo2 (t)) + gz(t, Vo1 (t), V02 (t))

After verifying that

we have indeed coupled lower and upper solutions of Type I

we computed four iterates of {t'/2v,1(t)} and {t'/%w,(t)}, as well as four iterates of
{t1 30,5 (1)} and {t*/3wn5(t)} according to Theorem Bl for t € Jy = [0,1].

Figure 5: Solid: {tl/Qvnl(t)}, Dashed: {tl/anl(t)}, 0<n<4
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Figure 6: Solid: {tl/?’vng(t)}, Dashed: {tl/swng(t)}, 0<n<4

Finally we show a table of ten values of {tPivy;(t)} and {tPiwy,;(t)} on the interval
[0,1].

t | Puga(t) | 1Pwa0(t) | 1 P0g0(t) | 1 Pwa ()
0 |0 0 0 0

0.1 | 0.0610930 | 0.0610933 | 0.0310197 | 0.0310208
0.2 | 0.1318091 | 0.1318108 | 0.0790014 | 0.0790066
0.3 | 0.2122992 | 0.2123045 | 0.1437895 | 0.1438034
0.4 | 0.3027222 | 0.3027352 | 0.2253221 | 0.2253509
0.5 | 0.4032596 | 0.4032874 | 0.3235653 | 0.3236175
0.6 | 0.5141177 | 0.5141722 | 0.4384997 | 0.4385866
0.7 | 0.6355296 | 0.6356297 | 0.5701140 | 0.5702515
0.8 | 0.7677574 | 0.7679318 | 0.7184090 | 0.7186130
0.9 | 0.9110939 | 0.9113858 | 0.8833827 | 0.8836781
1.0 | 1.0658661 | 1.0663374 | 1.0650431 | 1.0654591

We have developed a monotone iterative technique for multi-order 2-systems of Riemann-
Liouville fractional differential equations with initial condition and presented an example
that illustrates one of the main theorems. An advantage of this method is that the linear
iterates do not require the computation of the Mittag-Leffler function. In our example
the iterates appear to converge to a unique solution, we plan to work on establishing
conditions for uniqueness in the near future. In the future we would also like to expand
this method to N-systems as well as consider further generalizations of the monotone
method. One such expansion would be the quasilinearization method, where the hy-
potheses are strengthened yet the convergence becomes quadratic, for more information
see [413]. And ultimately we hope that these results help further the study of R-L
fractional multi-order systems.
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Abstract: In order to investigate the generalized periodic solutions of the generalized
phi-four equation, we use the Jacobi elliptic functions. Many kinds of solutions are
obtained. For some parameters, these envelope periodic solutions can degenerate
to the envelope shock wave solutions (dark solitons) and the envelope solitary wave
solutions (bright solitons). The existence of these solutions is determined by the
parameters of the initial equation. The solutions found in this work can be used in
many areas of physics such as telecommunications.
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1 Introduction

Before the discovery of solitons, scientists had taken the nonlinear terms in an equation
as perturbations. The history of solitons (the wave of translation), in fact, dates back
to 1834, the year in which John Scott Russell observed that a heap of water in a canal
propagated undistorted over several kilometers. The results obtained in the linear theory
of waves, by ignoring the nonlinear parts, are most frequently too far from reality to be
useful. The transition from linear to nonlinear description is justified by the necessity
to take into account all the details of the observed phenomena. The wave of translation
was regarded as a curiosity until the 1960s, when scientists began to use computers
to study nonlinear wave propagation. The discovery of mathematical solutions started
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with the analysis of nonlinear partial differential equations, such as in the works of
Boussinesq and Rayleigh, carried out independently. Recently, a new direction related
to the investigation of nonlinear phenomena and processes has been actively developed
in various areas, including hydrodynamics, nonlinear optics, plasma physics, and biology
[1HS], to mention a few. A remarkable number of evolution equations (sine-Gordon,
Korteweg de Vries, Boussinesq, Schrodinger and others) considered by the end of the 19"
century, radically changed the thinking of scientists about the nature of nonlinearity. It
then becomes necessary to solve these nonlinear equations. The exact analytical solutions
of nonlinear equations are hardly obtained. In recent years, quite a few methods for
obtaining explicit traveling and solitary wave solutions of nonlinear evolution equations
in mathematics and physics have been proposed. We can list the generalized iterative
methods [9], computational methods [I0], travelling wave solutions method [I1], the sine-
cosine method [T213], Backlund transform method [14], the sinc-collocation method [I5],
Darboux transform method [16], Painleve’s singularity structure analysis [I7], homotopy
perturbation method [I8], variational iteration method [19], inverse scattering transform
method [20], the (G’/G)-expansion method [21], the Hirota’s bilinear method [22], exp-
function method [23], tanh method [24,25], extended three-wave method [26]. These
methods, however, can only obtain the shock and solitary wave solutions or the periodic
solutions with the elementary functions [27H32], but cannot get the generalized periodic
solutions of nonlinear equations. The objective of this work is to use the Jacobi elliptic
method [33] to obtain the generalized periodic solutions with the phi-four equation.

The standard form of phi-four equation
utt7u1z+u37u:0 (1)

arises in many branches of mathematical physics. Its special solutions are known as kink
and antikink solitons. In our investigations, we consider the following form of equation

(@D:
(u) it — a(u™)pe — bu™ + cu™ = 0, (2)

where a, b and ¢ are arbitrary nonzero constants and I, m and n are integers; u(z,t) is
the unknown function depending on the spatial variable x and the temporal variable t.
The subscripts  and t denote partial derivatives with respect to these variables. The
technique that will be used is the most effective direct method to construct generalized
wave solutions of nonlinear evolution equations.

2 Jacobi Elliptic sn Function
By means of the Jacobi elliptic function, u(z,t) can be expressed as follows:
u(.CC, t) = Asnpf, §= q(l‘ - UOt)a (3)

where p > 0 is a constant which will be determined later. A represents the amplitude of
the wave, while vy is the velocity of the wave; ¢ can represent the inverse width of the
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wave. From equation (3), we have:

u™ = AMsnPmE,

u” = A" snP"E,

(u)ye = A'plg?03 [(pl — D)snr=2€ — pl(1 + k2)smP'¢ + (pl + k242
(U™) 2w = A"png? | (pn — 1)snP"=2€ — pn(1 + k?)snP™E + (pn + 1)k25np"+2§]

(4)

The following relations are taken into account:
en® (k) +sn(§, k) =1, dn?(&.k) + K?sn?(€. k) = 1. (5)

Substituting the expression (@) into (2) yields

Alplg*v? {(pl — 1)snP! =26 — pl(1 + k?)snPlé + (pl + 1)k25npl+2§}
—aA"png? [(pn — 1)snP"72¢ — pn(1 4 k?)snP"¢ + (pn + 1)/{:23np"+2£}
—bA™snP™E + cA"snPE = 0. (6)
From equation (@), equating the exponents of snP"*2¢ and snP™¢ functions we get

2

m-—n

p= (7)

Also from equation (@), equating the exponents of snP'¢ and snP™¢ functions we have
l=n. (8)

If we make the same gymnastic with the exponents of snP'*2¢ and snP"*t2¢ and for
snP'=2¢ and snP"~2¢ functions, we also obtain | = n. Now, in view of equation (&), the
functions snP't7¢ with j = —2,0,2 in (@) are linearly independent. Thus, their respective
coefficients must vanish. Setting their coefficients to zero gives the system of algebraic
equations:

A"png®(pn — 1)(v5 —a) =0, 9)
A"p*n2? (1 + k) (a — v3) 4+ cA™ = 0, (10)
A"png*k* (pn 4+ 1) (v — a) — bA™ = 0. (11)

If v3 — a # 0, then equation (@) gives the relation between the two parameters p and n,
that is

p=o, (12)

and using relation (), we have:
m=3n (13)

From equation (I, one obtains
¢ = : (14)
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Inserting (I4)) into (II) yields
2k%c 13
_ 15
[b(l + k:?)} (15)

Thus, the generalized solutions of equation (B]) are given by

u(w,?) = { b(lQleQ)Sn{\/(l + /{:2)6(1)8 —a) (- v0t>] }; (16)

We clearly observe that these solutions exist if and only if ¢(v3 — a) > 0 and be > 0. As
k — 1, corresponding envelope solitary wave solutions are

u(z,t) = {\/%tanh [ m(x - Uot)} }%. (17)

Namely dark solitons of equation ([IT) look like those found by Triki and Wazwaz in [34].
This justifies the fact that the present method is more explicit.

3 Jacobi Elliptic cn Function
In this section, u(z,t) is expressed as follows:

u(z,t) = AenP€, € = q(x — vot). (18)
In this equation, p > 0. From equation (I¥)), we get:

u™ = A™enP™mE,
u™ = A"enPE,
() = Alplg®v2 | (pl — 1)(1 — k2)enP'=2¢ + pl(2k* — 1)enPlé — (pl + 1)k:20npl+2§} ,
(")a = A"pg? [ (pn — 1)(1—2)en™~2€ + pr(2k? — enPns — (pn + DkZenr+2¢].
(19)
Inserting (I9) into (@), one obtains:
Alplg*v? {(pl — 1)1 — EHenP'72¢ + pl(2k2 — 1)enP'e — (pl + 1)k2cnpl+2§}

—aA"png? [(pn —1)(1 = EHenP™2¢ + pn(2k? — 1)enP™¢ — (pn + 1)k20np”+2£}
—bA™enP™E + cAMenPE = 0. (20)
In equation (20), equating the exponents of en?"*2¢ and cn?™¢ functions gives

2

m—-n

p= (21)

Also from equation (20), equating the exponents of cnP!¢ and enP™¢ functions we get
l=n. (22)

The same work can be done with the exponents of cn?'*2¢ and enP"+2¢ and for enP!=2¢
and enP™~2¢ functions; we also obtain [ = n. Now, the functions cn?!t7¢ with j = —2,0,2
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in (20) are linearly independent. Thus, their respective coefficients must vanish. Setting
their coefficients to zero gives the system of algebraic equations:

A"png®(pn— 1)(1 = k*)(v§ — a) =0, (23)
A"p*n2q? (2k* — 1)(vg — a) + cA™ =0, (24)
A"png*k*(pn 4+ 1)(a — v3) — bA™ = 0. (25)

If v2 — a # 0, then equation ([23) gives the following two relations, that is

Equation ([24) gives

= PR — D) (a— @) @)
and (20 yields
(pn + Vk?*c 17
- [bpn(2k2 - 1)} (2)

Thus, the generalized solutions of equation(3]) are given by:

1

. 2., 2n
Case 1: b=, 0. M= 3TL, q2 = m, A= [%} and

u(a, 1) = { b(;;;2C " [\/(W = 1§(a — - )]} (29)

Case 2: k2 — 1’ q2 — M A= |:(m+n)c:| m—n and

4n2(a—v2)’ 2nb
_ ((m+n)c 9 c¢(m —n)? e
u(z,t) = { 5D sech [ (e =) (x vot)} } . (30)

It is evident that these solutions have a physical sense if and only if ¢(a — v3) > 0 and
bc > 0. k must be different from zero in ([29). Equation (30) is an exact bright soliton
solution of (B]).

4 Jacobi Elliptic dn Function

In this section, u(x,t) is expressed as follows:
u(z,t) = AdnP€, € = q(x — vot). (31)
Here again, p has to be positive. From (BII), we get:

u™ = A™dnP™E,

u™ = A"dnP"E,

(Yoo = Aplg?d [ (pl — 1)(K2 — )26 + pl(2 — )€ — (pl + D' %€,

(") = Apng? [ (pm — 1)(? — 1)dn?™ =26 + pn(2 — K2)dn™€ — (pn + 1) +2¢].
(32)
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Inserting ([B2)) into (B)), one obtains:
Alplg?v? [(pl Sk — V)P 2 4 pl(2 — k2)dnPle — (pl + 1)dnpl+2§}
—aA"png? [(pn — 1)(k? — 1)dnP""2¢ 4+ pn(2 — k*)dnP"¢ — (pn + 1)dnp"+2£}
DA ARPTE + cATdnPE = 0. (33)

In ([B3), equating the exponents of dnP"*2¢ and dnP™¢ functions gives
2

p= : (34)
m-—n
Also from (B3)), equating the exponents of dnP'¢ and dnP"¢ functions we have
l=n (35)
which is also obtained by equating the exponents’ pairs pl+2 and pn—+2, pl —2 and pn—2.
Setting the coefficients of the linearly independent functions dnP"*7¢, where j = —2,0, 2,
to zero gives the system of algebraic equations:
A"png®(pn — 1)(k* — 1)(v§ — a) = 0, (36)
A"p*n2¢? (2 — k*)(vi — a) + cA™ = 0, (37)
A"png*(pn + 1)(a — v3) — bA™ = 0. (38)
If v3 — a # 0, then equation (B8] gives the following two relations
-1
{ zz 7"17 (39)
Equation [&1) gives
9 c
= 40
T R R ) 10
and ([B]) yields
(pn+1)c 17=
e u
bpn(2 — k?) (41)

The generalized solutions of equation () are given by:
1

Case 1: p= % i.e. m = 8n; * = Goprigmy A= || and

u(,t) = { b2 23@) dn {\/(2 - k2)c(a — - wt)] | (42)

Case 2: k? =1; ¢*> = lmmn)? g [(er")c} " and

T 4n2(a—v3)’

(m+n)c c(m —n)?

u(x, t) = {WsechQ[ m(m — vot)] }mfn, (43)

with c(a —v3) > 0 and be > 0.

These soliton solutions can be controlled well by adjusting the parameters of the
system. From one ansatz, we carry out many types of solutions, and we conclude that
the present method is straightforward and concise.
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5 Conclusion

In this work, we have considered a generalized phi-four equation with arbitrary constant
coefficients and general values of the exponents in the dissipation and nonlinear terms.
With the aid of Jacobi elliptic functions, the generalized periodic solutions are obtained.
We have noted that the existence of these solutions depends on whether c(vg —a) > 0
or ¢c(a —v3) > 0 and be > 0. We have also pointed out that for some parameters,
these envelope periodic solutions can degenerate to the non-topological and topological
solitons.
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1 Introduction

In this paper we continue our studies of a stochastic game of two players of a fully
antagonistic nature initiated in [1] by the same authors. The game evolves as a mutual
conflict involving two players A and B hitting each other at random and continued until
one of the players is “exhausted.” In short, the players attack each other in accordance
with two independent marked point processes

A= ijssj, and B := szstk_, s1,t1 >0,
Jj=>1 k>1
representing respective attacks to players A and B. Here ¢, is the Dirac point mass at
point a € R, Zj>1 €s;,and ), &, are underlying point random measures of the times
of attacks, while the marks w;’s and zj’s represent respective damages to players A and
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B. Players A and B can sustain the attacks until their respective cumulative casualties
cross thresholds M and N (positive real numbers). At a time when it takes place (at
the first passage time), i.e., when one of the players loses the game, the game should
formally stop. However, the game was assumed to be tracked by a third party observer
upon random epochs of time 79, 79,... and consequently, the outcome of the game is
unknown in real time. The first passage time is then shifted to epoch 7, (called the first
observed passage time) that takes place upon one of the observation epochs. Thus, the
narrative of the game is delayed allowing the players to continue fighting even after one
of the players lost the game thereby letting the game to proceeed in a more realistic
scenario.

We further assumed in [1] that A and B are marked Poisson random measures and
T =) .~ Er, To > 0 was a renewal process with interrenewal times being exponentially
distributed. If X; and Y; are increments of the casualties to players A and B on (7;_1, 7]
observed at time 7;, then

Ak:XO+X1+---+Xk, B.=Yy+Y1+...4Y;

form the cumulative damages to players A and B by time 7. With the exit indices
,usz{yZOAJ:XO—i—Xl—i— +XJ >M}

and
vi=inf{k>0:B,=Yy+Y1+ ...4Y, >N}

A, and B, are the respective cumulative damages to players A and B at their respective
observed or virtual ruin times. In [1], the functional of interest was

Py = @,W(a, B,0) = EeiaAuiﬂBuieTul{u<u}

giving the joint transform of the first observed passage time 7, (the ruin time of player
A), along with the status of the respective casualties to players A and B at 7, = 7, on the
confine o-algebra F (2) N {y < v}. This functional was obtained in terms of the double
Laplace-Carson and Laplace-Stieltjes transforms under the claim that it was analytically
invertible. We succeeded in doing this. The inverse formulas contained various special
functions but seemed to be cumbersome. We go on the further claim that the results are
numerically tame.

We ended [1] with obtaining the marginal functional Ee~*411 {u<v} in terms of mod-
ified Bessel functions and their integrals. The objective of this paper is to continue with
other marginal functionals and a subsequent inversion of their Laplace-Stieltjes trans-
forms to arrive at explicit probability distributions and then illustrate the result with
computational examples. Note that either the present paper and [1] are abridged and
their complete version is available in [2].

2 Further Cases of Marginal Functionals

Our next goal is to get the other marginal transforms. They are to be obtained from
(e, B,0) = BemAn=FBu=0mu1, v in (2.27) and (3.21-3.73) of [1]. In Case 1 [1], we
gave @, (,0,0) = Ee= 41y, .. We continue with the other cases.

Case 2. Setting @ =0 = 0 in @, (c, ,0) leads us to the marginal Laplace-Stieltjes
transform of the casualties to player B at the exit from the game to be lost by player A,
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®,,(0,5,0) := Ee PBuly, .\, After setting a = 6 = Oin (3.70-3.71) [1], we arrive at
the following.
(¢) Case d # A 4. Proceeding as in Case 1 (see more details in [2]) we have

)\A6 _ (- 2BI V(M_X,) —( DAl N—Y,
@(1) 0,8,0) = . Np ()\A+)\ ) 0) ()\A+* )( 0)
#U( B ) (>\A+)\B)(5+>\B) e e B B
Aadphg(M — Xo)(N — Yo)
x Iy(2
0( \/ ()\A +)\B)2 )
N /NYU [ ( Aadf Aah(6% + 2X\p0) N AaALh26
2=0 Aa+2A)(0+A5)  (Aa+2A5)(0+AB)2  (Aa+Ap)(6 +Ap)?
R % o~ (Yot2)8 .~ (i B ) (M—=Xo) (53455 )2
B+ s
AaAghg(M — X, ~Aar4h26 1
><Io(2 AAshg( 20)2)]dz+ ACB 3
(Aa + AB) (Aa+AB)(6+AB)® B+ FEpys
% o= NB =GB (M=Xo0) ,~ (545 ) (N=Y0)
N-Y,
[ R 4 AaAphg(M = Xo)z) .
2z=0 ()‘A + )‘3)2
X ]-(Xg,oo)(M)]-(Yg,oo)(N)- (2.1)
(i) Case 8§ = A 4. Furthermore,
A2 _( 2By Aah_y(n_
2 _ A -Ng_—( J(M=Xo) ,~( )(N—Yo)
égw)((),ﬁ,o) = {m -e e AA“B 0 XAT3B 0
)\A)\Bhg(M - Xo)(N — Yo)
x Ig(2
of \/ (A4 +Ap)? )
N /N—YO K 228 bV + 2 adg)  AGABR® 1
2=0 (Aa + Ap)? (Aa + )3 (Aa+2AB)t B+ /\;\i};s
X e_(Y"Jrz)ﬂe*(ﬁ)(M*XO)ef(ﬁ)zlo (2 Aadphg(M XO)Z)} dz
(Aa +Ap)?
— A4 A4 n? N —Yp , 1 e N8~ (B ) (M —Xo)
(A4 +Ap)3 | Aadphg(M — Xo) B+ b
~(RBF N (9 Aadphg(M — Xo)(N — Yo))
(Aa + AB)?
X 1(X0700)(M)1(y0100)(N). (2.2)

Case 3. With a = 8 = 0 we obtain the Laplace-Stieltjes transform of the exit time
of the game to be lost by player A, &,,(0,0,6) := Ee‘eTﬂl{H<U}.
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(¢) Case § # A 4.

2 0:0.0) = {ﬁ Tl A
B
y 10(2\/AAABhg(M X2)(0)(zv — Yo)) A(A;ﬁ&@) (o= M) (M- X)
N=Yo Aarphg(M — X
x /_O e—(h—kfih)zlo(Q\/ AAB 95\2 O)Z)dz
2
+ G +9)>E§iB:i o7 e (g=249) (M—Xo) |~ (h— 5555 ) (N —Y0)
B
N-Y(
. / 06(%_%%%(2\%}1@@(1\4Xo)z)dz}
z=0 A2
X 1(X07OO)(M)1(Y0,00)(N)' (23)
(i) Case § = Aa.
(2 AA 9=y (M=Xo) —(h—2B")(N—Y0)
$,,(0,0,0) = A2 ¢ 9= "4 oe A 0
X 10(2\/)\A>\Bhg(M ;\QXO)(N — YO)) A(G)\%h)\ 3 o~ (9= 242) (M—Xo)
+ A4
N=Yo Aarphg(M — X
X /_0 e_(h_kﬁh)zlo(Q\/ AZB 95\2 O)Z)dz
—M\aMBh N=Yo (=249 (M-X0) - (h—282)(N-¥0)
A2(0 4+ Xa) \| AaAphg(M — Xo)
Marshg(M — Xo)(N — Yo)
XIl(Q\/ A2 0 0 ) 1(X0700)(M)1(y0700)(N). (2.4)

Here I;’s are modified Bessel functions.

3 The Probability Distribution of the Casualties Values to Players A and B

Here we will find the probability distribution function Fs of the exit value of casualties to
player A (special case 1) by taking the inverse Laplace transform with respect to variable
a. The Laplace inverse formula that we use, along with (3.64-3.67) [1], is:

1
(y +0)?

Ly e

Y

)(q) = (¢ — a)e P71, ) (q). (3.1)

The above formula can be found in references [3,4] as well. After that, we apply the
Laplace inverse to @, (a,0,0) = Ee‘O‘Aﬂl{#<V}, arriving at
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_ Aagd -(s5as% ) )
Fa(t)=£-Ya,, = e e
a(t) =L, { u (a,o,o)}(t) {()\A+>\B)(5+)\A+)\B) ‘ ’

o (38 00~ (388, Yo oy [Aadshg(M — Xo)(N — Yo),
(Aa + )\3)2

N—
N Aahgd ef(égﬁA)(th)ef( L )(foo)/ o~ (xatsg)
(Aa+AB)(6 + Aa) =0

_ N-Yo _ 2
y Io(2 Aarghg(M XO)Z)dZ+/ |: AaAghgd
(Aa + AB)? =0 Aa+AB)(0+Aa)(0+ Aa + AB)?

e*%fijfi;)(tfw[o@ AaAphg(N — Yo — 2)(t — M))

2 2 t—M
N —NaAghg™d e*<%><t*M>/ ey yee il
()\A+)\B)(5+>\A)2(5+>\A+>\B) w=0
Aarphg(N — Yy — AN Aghg?é
x Ip(24 ) 2225 9 0 QZ)w)dw AABNT 5
(0 4+ Xa+ ) (Aa +AB)(0+Aa + Ap)
t—M ,ef(sfijiiig)(tfmh@ AaAphg(N — Yo — 2)(t — M)
Aadphg(N — Yy — 2) (0 + X4+ Ap)?
o~ A ) (M=Xo) ,~GEGAK; (N =Y0) (BT )2
AaAshg(M — Xo)z
X IO (2\/ ()\A n )\3)2 )dz l(Xo,oo)(M)]-(Yo,oo) (N)]-(M,oo) (t) (32)

4 The Loss Probability

Another special case is the probability that player A loses to player B. This can be directly
obtained from @,,(«,,0) = Ee=®Aw—BBu—07, 1;,<y) by setting a = 3 =60 = 0:
0,,(0,0,0) := Ely,,y = P{p <v} = P{r, <7} (4.1)

With a = =6 = 0in (3.70-3.73) [1], we have
(¢) Case § # A4,

Aa0 _Ap9(M—Xg) _ Aph(N-Yp)
@1(0,0,0) = { . e o
,Lw( ) ()‘A+>\B)(5+)\B) e B e B
AaAphg(M — Xo)(N — Yo) Aah _ABg(M=Xp)
Ip(2 . PYESY
8 0(\/ (Aa + Ap)? )+)\A+)\B ‘ e
B T VP ES S ¥ 1
z=0 ()\A+>\B)2 ()\A+>\B)(5+>\B)2

_ _ N-Y/ _ _
e R [N ety o) Mo X))
2=0 (A4 +Ap)?

x 1(X0700) (M)l(Yo,oo) (N) (42)
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(i) Case § = Aa,

2 — —
#2)(0,0,0) = {(Aj—iA)\)? AR g
A B
Aadphg(M — Xo)(N — Y, Aah Ape(M-Xg)
X 10(2 arshg( 0>§ 0)) A e Eyesya
(Aa +AB) Aa+ Ap
"N —-Y, Aah )\A)\Bhg(]\/[ — X())Z
XA 5 A (2 d
X/Z_O e ATAB O( \/ ()\A+)\B)2 ) z
D [N T
(Aa 4+ AB)2\ Aaiphg(M — Xo)
AaAphg(M — Xo)(N — YY)
”1(2\/ ) [t (D1 (V) (43)

5 Numerical Results

Even though the above formulas are totally explicit, they may look quite bulky. We
would like to illustrate their tameness by means of simple computations. They also show
how changing input parameters alters the trend of the game. For a full version of these
computations including a MATLAB routine, see [2]. The program utilizes (4.2) and (4.3)
with the results placed in the tables below.

WA 45 45 45 45 45
Y 45 45 45 15 15
g 18 18 18 18 18
h 18 18 18 18 18
M 35 34 33 32 31
N 33 33 33 33 33
Xo 13 13 13 13 13
Yo 13 13 13 13 13
5 15 15 15 15 15

Probability of A losing | 0.1708 | 0.3106 | 0.4895 | 0.6749 | 0.8279

WA 45 45 45 15 15
Yy 45 45 45 45 45
g 18 18 18 18 18
h 18 18 18 18 18
M 33 33 33 33 33
N 33 33 33 33 33
X, 10 115 |13 145 |16
Yo 13 13 13 13 13
5 45 45 45 45 45

Probability of A losing | 0.0811 | 0.2345 | 0.4895 | 0.7574 | 0.9268
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YN 18 18 18 18 18
5 20 20 20 20 20

g 14 14 14 14 14

h 16 12 11 10 6

M 20 20 20 20 20

N 24 24 24 24 24

Xo 7 7 7 7 7

Yo 5 5 5 5 5

5 100 100 100 100 100
Probability of A losing | 0.9991 | 0.8014 | 0.5875 | 0.3324 | 0.0003
W 18 18 18 18 18

Y 20 20 20 20 20

g 14 14 14 14 14

h 16 16 16 16 16

M 32 28 26 24 20

N 24 24 24 24 24

X 7 7 7 7 7

Yo 5 5 5 5 5

5 100 100 100 100 100
Probability of A losing | 0.0129 | 0.2650 | 0.5910 | 0.8717 | 0.9991
M 18 18 18 18 18

5 20 20 20 20 20

g 14 14 14 14 14

h 16 16 16 16 16

M 20 20 20 20 20

N 24 24 24 24 24

Xo 0.0001 | 0.01 |1 2 7

Yo 5 5 5 5 5

5 100 100 100 100 100
Probability of A losing | 0.4191 | 0.4207 | 0.5910 | 0.7505 | 0.9991
Y 8 8 8 8 8

5 10 10 10 10 10

g 28 28 28 28 28

h 24 32 35 38 16

M 10 10 10 10 10

N 12 12 12 12 12

X 2 2 2 2 2

Yo 1 1 1 1 1

5 50 50 50 50 50
Probability of A losing | 0.0033 | 0.2419 | 0.4963 | 0.7431 | 0.9803
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A 3 8 8 8 8
5 10 10 10 10 10

g 28 28 28 28 28

h 24 24 24 24 24

M 10 10 10 10 10

N 12 12 12 12 12

Xo 7 5 45 1 2

Yo 1 1 1 1 1

5 50 50 50 50 50
Probability of A losing | 0.9996 | 0.7190 | 0.4888 | 0.2712 | 0.0033

where

A4, Ag = rates of strikes to player A by player B and player B to player A;
g ', h~! = mean magnitudes of strikes to A by B and B to A;

M, N = thresholds of players A and B;

Xo, Yo = initial casualties to players A and B;

57! = observations frequency.
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Abstract: In this paper we are going to introduce the theory of capacity in Musielak-
Orlicz space. We will define the CY,, capacity and the Dy,, capacity, prove their main
properties, and establish relationship between C,, and Dy,,. We shall introduce the
theory of non-linear potential and give some of its properties.
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Introduction

The theory of capacity and non-linear potential in the Lebesgue space LP studied by
Maz’ya and Khavin in [10] and Meyers in [I1] introduced the concept of capacity and
non-linear potential in these spaces and provided very rich applications in functional
analysis, harmonic analysis and the theory of partial differential equations. The previous
concept was generalised by N. Aissaoui and A. Benkirane in [2] and [3], by replacing L
by Orlicz space.

The main purpose of this paper is to study the theory of capacity and non-linear
potential in Musielak-Orlicz space. Our results generalize those of N. Aissaoui and A.
Benkirane in the case of Orlicz spaces [see [3] and [2]]. Let us note that this gener-
alization was touched upon by Fumi-Yuki Maeda, Yoshihiro Mizuta, Takao Ohno and
Tetsu Shimomura in [9] [see the third paragraph], but we are going to deal with another
method.

* Corresponding author: mailto:cherif_hassib@yahoo.fr
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The present paper is organized as follows. In the first section, we recall the main
results for the Musielak-Orlicz spaces and Radon measure spaces. In the second section,
we define the capacity Cy,, in the Musielak-Orlicz spaces, give some of its properties,
introduce a Dy, capacity in terms of Radon measures and give its relations with C,.
In the third section, we introduce the theory of the non-linear potential and give some
of its properties.

1 Preliminaries

1.1 Musielak-Orlicz function

Let © be an open set in RY and let ¢ be a real-valued function defined in © x RT and
satisfying the following conditions:
a) ¢(x,.) is an N-function [convex, increasing, continuous, ¢(z,0) = 0, p(z,t) > 0Vt > 0

t t
M%O ast — 0, @%ooast%oo].

b) ¢(.,t) is a measurable function.
A function ¢(z,t), which satisfies the conditions a) and b) is called a Musielak-Orlicz
function. Equivalently, ¢ admits the representation:

t
o(y,t) = / a(y,7)dr, for all y € Q and t > 0, where a(y,.) : R" — R* is non-

0
decreasing, right continuous, for all y € Q: a(y,0) =0,
a(y,t) > 0 for t;0 and , 1121 a(y,t) = +oo.
— 100

The function a(y,.) is called the derivative of ¢(y,.). The Musielak-Orlicz function
@ is said to satisfy the As-condition if there exists K > 2 such that

o(y,2t) < Kp(y,t), forallye and t=0.

The smallest K is called the Ag-constant of ¢. When the last inequality holds only for
t > some tg > 0 then ¢ is said to satisfy the As-condition near infinity.

1.2 Musielak-Orlicz spaces

Let ¢ be a Musielak-Orlicz function, we define the functional

0o (1) = / o, [u@)]) e,

where u : Q — R is a Lebesgue measurable function.
In the following the measurability of a function u : Q — R means the Lebesgue
measurability.
The set
K, (Q) = {u:Q— R, measurable/p,,q (u) < oo}

is called the Musielak-Orlicz class.
The Musielak-Orlicz space L,(f2) is the vector space generated by K,(€2), that is
L, () is the smallest linear space containing the set K,(f2). Equivalently:
L,(Q) ={u:Q+— R, measurable/g,,o (%) < +oofor some A > 0}.

K () is a convex subset of Lp(€). If @ = RY then L,(RY) is denoted by L.
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Let
Y(x,s) = sup{st — ¢p(x,t) /t = 0}.
That is, 9 is the Musielak-Orlicz function complementary to ¢(z, t) in the sense of Young

with respect to the variable s. For two complementary Musielak-Orlicz functions ¢ and
¥ the following inequality is called the Young inequality [12]

t.s < oz, t) +(x,s) foralls, t >0,z € Q. (1)
If s = a(z,t) then
t.a(z,t) = o(z,t) + P(x,a(z,t)) for all t > 0,2 € Q. (2)

In the space L, (£2) we define the following two norms:

. u
l[ullpro=1inf{A > 0: Q%Q(X) <1}

called the Luxemburg norm and the so-called Orlicz norm by :

lullon= swp_ [ fua)ota)lds
l[olly, o<1 /0
where 1) is the Musielak-Orlicz function complementary to ¢. These two norms are
equivalent [12].
For two complementary Musielak-Orlicz functions ¢ and 9 let uw € L,(2) and v €
Ly (), we have the Hélder inequality [12]

|/§2U($)U($)d$| < lullgsa lloflly 0 - 3)
In L,(§2) we have the relation with the norm and the modular:
Hulllg0 < 0ps0 (u) + 1, (4)
lullga < 0ps0 (w) S if[[ullp0> 1, (5)
lullgsa 2 0ps0 () S if[[ullp0 < 1. (6)
If @ = R" then two norms ||.||, g~ and [||.|[|, g~ are denoted respectively by ||.||,. and
I-1l]-

We say that a sequence of function w,, € L,(2) is modular convergent to u € L (£2)
if there exists a constant k ; 0 such that

Up — U
If  satisfies the Ay condition, then modular convergence coincides with norm conver-
gence.

The closure in L,(Q2) of the set of bounded measurable functions with compact sup-
port in © is denoted by E,() and it is a separable space. The equality K,(2) =
E,(Q2) = L,(9) holds if and only if ¢ satisfies the Ay condition, for all t or for large t,

according to whether 2 has infinite measure or not. The dual of E,(Q) can be identi-
fied with L, (€2) by means of the pairing / u(z)v(z)dx and the dual norm on L () is

Q
equivalent to ||.||4. The space L, (1) is reflexive if and only if ¢ and 1 satisfy the A
condition, for all ¢ or for large ¢ according to whether ) has infinite measure or not.
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Lemma 1.1 [8§] Let ¢ be a Musielak-Orlicz function and fn, f, g be measurable func-
tions.
(a) If fr, — f, almost everywhere , then 4,0 (f) < limJirnf 00,0 (fn)-
n—-+0oo

(0) If |fal 7 |f1, almost everywhere, then op0(f) = lm op.0 (fa)-
n—r—+00

(c) If fn— f, almost everywhere, |fn| <|g|, almost everywhere and p,,0 (Ag) < 0o
for every A >0, then f, — f strongly in L,(Q).
Theorem 1.1 [8] Let ¢ be a Musielak-Orlicz function.
(@) [[fllooa= I 1| llos2 for all f € Ly(9).
(b) If f € Ly,(Q), gis a measurable function, and 0 < |g| < |f| almost everywhere, then:

9 € Lo(Q) and ||glle.0 <|[fllps-

(c) If fn— f almost everywhere, then: ||fl||,.0 < limJirnf [l frllpa -
n——+00
(d) If |fal S 1f| almost everywhere with fn, € L,(Q2) and sup||fnllp,o < oo then:

felo(Q) and ||fallga 7 | fllgsn-

Theorem 1.2 [5] Let ¢ and ¢ be two complementary Musielak-Orlicz functions.

1
Assume that there exists a constant A > 0 such that for all z,y € Q: |z —y| < 5 we

have:
e(,t)
(y,1)

forallt > 1. If D C Q is a bounded measurable set, then / o(x,1)dx < .
D

Al
A (7)

S

¥ satisfies the following condition:
AC >0 : P(x,1) < C, almost everywhere in Q. (8)

Under the previous conditions, with Q = RN ; C5°(RY) is dense in L,(RY) with respect
to the modular topology.

1.3 Measures space

M designates the vector space of Radon measures. M is endowed with the weak topology
for which a sequence (u,,) converges weakly to pu, if for any continuous function f with

compact support
lim /fdun = /fdu-
n—+oo

M is the cone of positive elements of M.
For all measures p < oo, for all X ¢ R”, the variation of p is defined by:

[le||(X) = sup{z |(X)| s (Xi)iz1..m is an X partiton}.
1

||| |(RY) = ||u|| is called the total variation of . M; designates the Banach space
of measures, endowed with the norm total variation. M;" designates the subset of M;
consisting of positive measures.

Definition 1.1 Let yu € M;". We say that u is concentrated on X if u(Y') = 0 for all
1 — measurable set Y, such that Y C X°.
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2 Capacity in Musielak-Orlicz Space

2.1 Cj,,-capacity

Lemma 2.1 Let  be an open set in RY and ¢ be a Musielak-Orlicz function such
that

t
oy, t) = / a(y,7)dr, Yy € Q and t > 0.
0
Let u : Q — R be measurable function and o > 0, we define a measurable function
g:Q — R so that
lu(y)l

If (E) € K, () then g € Ky(QY), where ¢ is the Musielak-Orlicz function comple-
e

mentary to .

2t 2t
Proof. Forally € Qand t > O : ¢(y,2t) = / a(y, 7)dr > / aly, 7)dr.
t
u u
o !l

0
Hence ¢(y, 2t) > ta(y,t), thus for all y € Q : ¢(y, |u£)éy)| Z =, 5y
lu@)l  |u(y)l |u(y)| u(y)|
TG( W) = 1(y, aly, %0 )-
lu(y)] u(y)|

Y, T) - So(ya
) — (v, 2—), this implies that
«

On the other hand, we have:

Therefore, (y,a(y, @)) < o(y,
a

|lu(y)] @l , [u(y)]
Qw(y,a(y, ))dy</Q o(y, )dy /an(y, )dy,

2c « 2c
then u u
v (9) < e () — o (o)
Since 94,0 (i) < lgw,g (ﬁ) and 0,,0 (ﬁ) < 00, the proof is complete.
2c 2 « «

Lemma 2.2 If (f,) is a sequence in L,(S) such that for alln € N, f, >0, then

[[sup fallgse < 1Y fallos < D falloa-
n
n n

Proof. Since 0 < sup fp, < an, thus || sup frllp,0 < || anH(P,Q.
n n
n n

Let g, = ka and f = an, we have
k=0 n
/

gn
R

Yon lfnllo0
By Lemma [[LT] we obtain

almost everywhere.

gn

f . 9n .
oo (=)= lim oso(=—r7—) < lm opo(——
O fallesn” notee TN fallesn” T nmtee T lgallgnn
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Then
/

D RTA

||‘P7Q < L.

Therefore,

1D fallea <D M allea
n n

Lemma 2.3 Let ¢ be a Musielak-Orlicz function, which satisfies the Ao condition,
and such that

t
oy, t) = / a(y,7)dr, for allyeQ and t>0.
0

Let f € L,(QY), such that f >0, and || fl|4.0 # 0.
We define a measurable function g : Q@ — R such that for all y € Q; g(y) =

aly, %) then [ F)g)ds = e lllglloa

Proof. By Lemma 2] we have g € Ly(2) and by the Hélder inequality we have

/Qf(SC)g(x)dx < I lesa lllglllee -

For the opposite inequality, let h = , and v € L,(Q), such that ||v]],,0 < 1.

o
£ 1les0

For all y € €2, we have

gW)h(y) = ¢y, h(y)) + (v, 9(v))
and

9()v(y) < ey, v(y)) + ¥y, 9(y)).
Hence for all y € Q:

gv(y) < gWh(y) — vy, M(y)) + vy, v(y)).

Then
/Qg(y)v(y)dy</Qg(y)h(y)dy—/Qw(y,h(y))dy+/Q<p(y,v(y))dy-

Thus
/Qg(y)v(y)dy < / 9Wh(y)dy — 0p0 (h) + 0p,0 (v).

Q

We have g,,0 (v) < 1. On the other hand ¢ satisfies the Ay condition, then, g,,q is
a continuous modular[see [§] Lemma 2.4.3 ]. We have ||h||,,0= 1, then g,,0(h) =1
[see [8] Lemma 2.1.14].

Thus,

/g(y)v(y)dy < /g(y)h(y)dy
implies

sup /g(y)v(y)dy < /g(y)h(y)dy-

lvlle,0<1
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Then
olllva 1 F e < / F)a(y)dy.

Definition 2.1 Let T be a class of Borel sets in R, and a function C' : T — [0, +00].
1) C is called a capacity if the following axioms are satisfied:
i) C(0) = 0.
i) X CY=C(X)<C(), forall X and Y in T.
iii) For all sequences (X,) C T

C(JXn) <D C(X).

2) C is called an outer capacity if for all X € T :
C(X)=inf{C(O): 0D X, Ois open}.
3) C is called an interior capacity if for all X C T :
C(X)=sup{C(K): K C X, K iscompact}.
4) A property, that holds true except perhaps on a set of zero capacity is said to be true
C-quasi-everywhere, (C-q.e).
5) f and (f,) are real-valued finite functions C-q.e. We say that (f,) convergesto f

in C-capacity if:
Ves 0. lm C({e: [fale) — f(@)] > ) =0.
6) f and (f,) are real-valued function finite C-q.e. We say that (f,) convergesto f
C-quasi- uniformly, (C-q.u) if
Ve>0),3XeT) : CX)<e and (fn) converges to f uniformly on X¢.

Remark 2.1 In the following @ = R", ¢ is a Musielak-Orlicz function, and L:g =
{fely/ =0}

Theorem 2.1 Let k be a positive integrable function on RY. For all X ¢ RY, we

put Cop (X) =inf{||f|lo : f €L, andkxf>1on X}, wherekx f is the convolution
of kand f. Cy,, is an outer capacity.

Remark 2.2 Let By, (X) = inf{||f|l,: f € L} and kxf>1 on X}, then
Cka«p (X) = Bkag@ (X>
Indeed, it is obvious that Cj,, (X) < Bg,, (X). On the other hand, let f € L, then

|fl € L7 and if k* f >1on X, then k*|f[ > 1 on X. Thus By,, (X) < [|fl],; and
therefore By, (X) < Chyp (X).
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Proof of Theorem 2.1. It is obvious that Cy,, (0) = 0 and Ci,, (X) < Chup (V)
if X CVY.Let (X,)CT, sothat » Ch (X;) < 400, then (Vi € N) Ci,y (X;) < +00.

3

Thus, (Vi € N)(Ve > 0), (3f; € L) sothat kxf; > 1 on X; and ||fi||, < Ch,y (Xl)—i—?

Let f =sup f;. By Lemma 2.2 we have:

11l < 3 1Al

We can write

||f||so < cha<,9 (XZ> + ¢,

which implies that, f € L.
Sincekx f>1 on UX“

Crop (JXi) €D Chp (Xi) +&, Ve >0.

Hence,

Chr,p (U X;) < Z Chyp (Xi).

It remains to show that Cy,, is outer. Let X C RY, we have:

Chryp (X) <inf{Ci,, (0): O D X, O is open}.

For the reverse inequality, if Cj,, (X) = 400 there is nothing to show.
Assume that C,, (X) < 400, andlet 0 <e <1, then3d g€ L:g sothat kxg>1 on X
and [|gl, < Ch.p (X) +&.

Let gsz%ig and O ={z: (k*g.) > 1}, thus O, is open and
1

Hence, X C O.. On the other hand, we have Ck,, (O:) < ||gc/|,, and we deduce that

1 1
Crop (Oe) < 7—llglle < 7

— [Chp (X) + el

Therefore,

1
inf{C(0): 0> X, O isopen} < 1—[C’kw (X)+¢], Ye>0.

— &

Thus,
inf{C(0) : O D X, O isopen} < Cj,, (X).
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Theorem 2.2 1) If there exists f € L, such that |k * f| = +oo on X, then
Ck,gg (X) =0.
2) If Cy,, (X) = 0 then there exists f € L such that k* f = 400 on X.

Proof. 1) Let f € L, such that |k f| = 400 on X, then Voo > 0, |k* f| > o on X.
Then C,, (X) < %, Vo > 0; this means that C,, (X) = 0.
2) If Chpp (X)=0thenVieN, 3fi e LT : kxfi>1 on X and ||fill, <27"
Let f=) fi ByLemmaZZ |[|fll, <D |Ifilly, then ||f[|s < +oc.

We deduce that f € LY and k* f=+oo on X.

Theorem 2.3 Consider the following propositions :
i) fn —> f strongly in L.
ii) k* fn — kx* f, Ch,,—capacity.
ii1) There is a subsequence (fn;); such that : kx fn, — k* f Ci,, —q.u.
W) k* frn, — kx [ in Cr,, —q.e.
We have

i) = @) = i) = iv).

Proof. We show i) = ii).
By Theorem 2.2, we have k* f and k x f, are finite Cy,, —g.e, Vn.
Let € > 0; then

Cuo (o 6% fu = 7l(0) > e < L2 Tle,

We show ii) = iii).
Let e >0 3 fp, such that
Crop ({z |k fr, — k= fl(z) >277}) <e277.

We put
Ej={z : |k« fo, —kxfl(z) >277} and G,, = U E;.
jzm
We have Cy,, (Gm) < Z €27 <e.
j=m
On the other hand :

Vo € (Gm), Vizm: |kxfo, —k*fl(x) <277

Thus kx* fr, — k* f Ci,p —q.u.
1
We show iii) = iv). We have Vj € N,3X; : Cp,, (X;) < —~ and k* f,, —
J
kxf on (X;)° Weput X = ﬂXj, then Cy,, (X) =0 and kx* f,, — kxf on X°.
J
Theorem 2.4 Let ¢ be a Musielak-Orlicz function that satisfies the Ao condition,
and (fn) be a sequence in L, such that Z |fn| € Ly. Then,

Z(k * fn) =k * (Z fn) Cryp —q.e.

n
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Proof. First step: Assume that f,, > 0 Vn € N, and let g,, = Z fi and f = Z fn-
i=1 n

We have g, — f almost everywhere and g, < f. On the other hand, 0o(Af) <
oo YA >0 because f € L, and ¢ satisfies the Ay condition [see [§] paragraph 2.5].
By (c) of Lemma [[I] we have

gn — f strongly in L.

Theorem 23] implies that there is a subsequence (gy,) such that k* g,, = k* f, Ci,o-q.e.
Since f, 20, Yn €N kx*g, = kx* f, Cy,p-q.e.

Second step: If f,, has any sign, then Z fF and Z fn are in L, because

YLD Ul 1D f I <D | ful and D | ful € Lo

n n n n
By the first step the result follows.

n

Theorem 2.5 Let (K,) be a decreasing sequence of compact and K = ﬂKn Then

n

lim Ck;’(,p (Kn) = Ckal,a (K)

n—-+o0o
Proof. First, we observe that C,, (K) < hIJIrl Clyp (K5). On the other hand, let
n—-+0oo
O be an open set containing K. By the compactness of K, K; C O for all sufficiently
large 7. Therefore lirJIrl Clyp (Kp) < Ciyp (0), and since Cy,, is an outer capacity, we
n—-+0oo

obtain the claim by taking infimum over open set O containing K.

Theorem 2.6 Let ¢ be a Musielak-Orlicz function, uniformly convex that satisfies
the Ay condition. If f, ,f € L, such that f, — f weakly in L, then:

liminf(k % f,) < (k= f) <limsup(k = f,) Chk,p —g.e.

Proof. (L, , ||.||) is uniformly convex therefore reflexive. By the Banach-Saks
theorem, there is a subsequence denoted again by (f,) such that the sequence

1 n
Gn = — Z fi converges to f strongly in L,. By Theorem [Z3] there is a subsequence of
n
i=1
(g9n) denoted again by (gn) such that
lim (k*gn) = (kxf) Cryp—q.e.

n—-+o0o

On the other hand,
liminf(k % f,) < lim (kx*gy,) .

n—-+o0o

Therefore,

n—-+o0o

For the second inequality, it suffices to replace f,, by (—f,) in the first inequality.

Theorem 2.7 Let ¢ be a Musielak-Orlicz function, uniformly convex that satisfies
the Ay condition, (X,,) be an increasing sequence of sets and X = UX"' Then
n

lim Ck,g; (Xn) = Ckacp (X)

n—-+oo
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Proof. We have HEIEOO Ch.p (Xn) < Ciyp (X). For the reverse inequality, if

Ch,p (X) = +00, there is nothing to show.
Assuming that Cy,, (X) < 400, we have

1
Vn € N, Efneng ckxf,>1o0n X, and ||fn||¢<Ck,¢(Xn)+ﬁ.

Thus, (f,) is a bounded sequence in L.

On the other hand, L, is uniformly convex, then it is reflexive because ¢ is uniformly
convex and satisfies the Ay condition, [see [§] Remark 2.4.15]. Hence there exists a
subsequence which is denoted again by (f,), and converges weakly to a function f € L.
Then by Theorem [2.6]

VneN :kxf2>21 on X,, Cg,—q.e.

Therefore,
kxf>1 on X, Cg,, —q.e.

Let Y be a subset of X where k* f > 1, then Cj,, (X) = Cj,, (Y). On the other
hand we know that

t
o(y,t) = / a(y,7)dr, forall y€ RN andt>0.
0

/(W)

Y,
I1f1le
By Lemma [21] g € Ly, and since ¢ satisfies the Ay condition, we have Ly = (Ly)*.

Thus,

Let the function ¢:RY — R be defined by g(y) = a( ) forall y € RV,

/ Ful0)g(w)dy — / F@)9(v)dy.
By Lemma 23] we have
/ F)g@)dy = 111Nl

By the Holder inequality we have:

/ Fu@)g@)dy < [|fall gl

Therefore,

1

< i < i ).
171l < T [1fullo < T (Crop (Xa) + )

Thus,
Crip (X) < lim Ch,e (Xn).

n—-+o0o

Corollary 2.1 Let ¢ be a Musielak-Orlicz function, uniformly convex, that satisfies
the Ny condition. Let E, C RN then Ci,p (liminf E,,) <liminf Cy,, (Ey,).
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Proof. Let F =liminf E,, , we have E = U(ﬂ E;).
n o izn
We put G,, = ﬂ E;. Thus a sequence (G,,) is increasing and by Theorem[27, Cy,, (E) =
izn
lim C,, (G ). On the other hand, C,, is increasing, then Cy,, (Gp) < Ci,p (Ey); there-

fore
Ckalp (E) < lim inf Ckalp (En)

Theorem 2.8 Let ¢ be a Musielak-Orlicz function which satisfies the assumptions
of Theorem [L2. If ¢ satisfies the Ny condition, then for each f € L, there is a Ci,p-
quasicontinuous function g € L, such that kx f =g Ci,,—q.c.

Proof. Let f € Ly, by Theorem [[L2], there exists a sequence (fy,) in C§° (RY) such
that f, — f in L,. By Theorem 23] there exists a subsequence of (f,) denoted again
by (fn) such that

kxfn—Fkxf C,—qu.

Since k is integrable function and f,, is continuous Vn, then k * f, is continuous. Thus,
the proof is complete.

Definition 2.2 In the terminology of Choquet, C is called a capacity if it satisfies
the following four properties:
i) C(0) = 0.
ii) C is increasing.
iii) If (E,) is an increasing sequence of sets, then sup C'(X,,) = C’(U Xn)-

iv) If (K,,) is a decreasing sequence of compacts, then inf C(K,) = C(ﬂ Kp,).

Remark 2.3 Let ¢ be a Musielak-Orlicz function, uniformly convex, that satisfies
the Ay condition. By Theorems 2.1] and 27 Cy,, is a capacity, in the sense of
Choquet.

Definition 2.3 Let C be a capacity in the sense of Choquet, and X ¢ RV,
X is called capacitable if

C(X)=sup{C(K): K C X, K iscompact}.

Theorem 2.9 Let ¢ be a Musielak-Orlicz function, uniformly convex that satisfies
the Ay condition. Then all analytic sets are Cl,,- capacitable .

Proof. 1t is an immediate consequence of Choquet theorem [7].

2.2 Capacity in terms of measure

Theorem 2.10 Let ¢ be a Musielak-Orlicz function, k be a positive integrable func-
tion on R, and X be a p-measurable set, for all positive measures p. We put
Diyy (X) =sup{||u|| : p€ M;",puis concentrated on X and ||k * p|ly <1}

where (k* p)(x) = /k:(x —y)du(y). Then, Dy,, is an interior capacity.
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Proof. Tt is clear that Dy, () = 0 and Dy, (X) < D, (V) if X CY.
Let 4 € M, (X,) be a sequence of y-measurable sets and p,, = p|x, be defined by

n(Y) = (X, NY), forall pu— measurable set Y.

First we assume that the X,, are pairwise disjoint, then
M(U Xn) = Z :U’(Xn)
n n

If 14 is concentrated on U X, and ||k*p||y <1, then Vn; p, € M{; p, is concentrated

n
on X, and ||k * pn ||y < 1.
On the other hand, we have

il = S il € 37 D (Xa).

Thus,
Dkw (U XN) < ZDIWP (Xn)

If the X,, are not pairwise disjoint, then by the first case and the fact that Dy,, is
increasing, we have

Dkw (U Xn) < ZDkw (Xn>

It remains to show that Dy, is interior.
By monotonicity we have

sup{Dg,, (K) : K C X, K compact} < Dy, (X).

Let u € M;" and X be a y-measurable set such that p is concentrated on X and ||k*pu||y <
1.
Let a compact K be such that K C X, then u|x € M;", u|x is concentrated on K and
[|k % p|k ||y < 1. Therefore,

il lly < Dryp (K).

On the other hand,
sup{||u \r || : K C X, K is compact} = ||ul|.

Thus,
Dp, (X) < sup{Dg,, (K): K C X, K iscompact}.

Theorem 2.11 1) Dy, is the outer capacity associated with Dy,,, defined by:
D, (X) =inf{ Dy, (O) : O isopen and X C O}.
Then,
Dltw (X) = CkNP (X)

2) If v is a Musielak-Orlicz function, uniformly convex that satisfies the Ao condition,
then for all analytic set X we have:

Diyp (X) = Chiyp (X).
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Proof. It is the same as that given in [2], Theorem 11.

Theorem 2.12 Let ¢ be a Musielak-Orlicz function.
Let K be a compact of RN. The following assertions are equivalents.
1)C,yp (K) = 0.
2) Di,,p (K) = o0.
3) Dy, (K) = 00.
4) There exists xg € K such that k(xo —y) = 0 almost everywhere.

Proof. 1t is the same as that given in [3], Theorem 5.

3 Non-linear Potential in Musielak-Orlicz Space

Let ¢ be a Musielak-Orlicz function. In this section, we propose to study the following
variational problem: let X be a subset of RY such that Cj,, (X) < co. There exists
foe€ L;r such that kx fo > 1 Cy,, —g.e on X, and

[l folle =inf{l||flle: f € L: and k+f>1Cy,p—qeon X}

If fo exists, it will be called a distribution function of X, and k * fy is called a potential
of X for the Cy,, capacity.

Theorem 3.1 Let ¢ be a Musielak-Orlicz function and X be a subset of RY such
that C,p (X) < 00. Qx ={f € L 1 kx f 21 Cr,p—q.e on X}, and Cl*(Qx) is the
closure of Qx for the topology o(Ly,; Ey). Then:

1) There exists a unique fo € L; such that:

I folle = inf{llfllo = f e Cl(Qx)}.

2) If ¢ and ¢ satisfy the As condition, then there exits a unique f € L;r such that:
i)kxf>1onX and ||f|l, = Ch,e (X).
ii) If Ci,p (X) > 0, then for all g € L, such that k+g >0 on X:

f(z)
/a(ac, ||f||w)g(x)dx >0,

where the function a(z,.) is the derivative of the function ¢(x,.).

Proof. 1) Let the function 6 : L, —]—00; +00] be defined by 0(f) = || f||¢ ; Vf € L.
6 is lower semi continuous on Ly, for topology o(L,; Ey) and coercive. Then, there exists
a unique fy € L:g such that

folle = inf{llflle : f € CU(2x)}

2) i) Since ¢ and ® satisfy the Ay condition, then the space L, is reflexive. By Theorem
23] Qx is strongly closed in L,. On the other hand, Qx is convex, then there exists a
unique f € L, such that:

Iflle = inf{llglle - g € Qx}

Let Y be a subset of X where kx f < 1. Then, Ci,, (X) = Ci,p (X =Y). Since kx f > 1
on X-Y, i (X =Y) <[]
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On the other hand, we have {g € L] : k+g>1on X} C Qx; then [|f||, < Ch,p (X).
ii) Let g € L, such that k* g > 0 on X. Then for all ¢ > 0:

Ex(f+tg) =21 Crp—qe on X and (f +tg) € L.

Then,

1f +tglle = 11£1le-
Therefore,

1
| (f +t9)llp > 1.

I1f1le ’

Thus,
1
7]

On the other hand,
1
op(7rr ) < 1.
Al

Then, for all £ > 0

Lo e, @)
| jle 7, )~ @i, e >0
f + tol(@)

Let ¢(z,t) = p(x, T
@

On the other hand,

). Then, the function 2 — ¢(x,t) is in L' for all ¢t € R.

e f +tgl(=)

90— ale g(x)
g = 1) = al@

£ 1le

)-(T)-sng (f + tg) ().

For 0 <t < 1 we have:

9 e ST 9l@) 9(z)
(0 < ale, S =G,

ot
|f +9l(x)
11l

g(z) is in L1
i) S

By Lemma 2] the function: @ — a(z,

|f +9l(x)
1£1le

) isin Ly.

Then the function: z +— a(z,

)-(

By Lebesgue’s theorem

Lo L T tgl(@), L@y, 1 |f(2)]
el Sy, ) e = e [ at )

lim
t—0+ t

a\x
Il

= U.

oz,
1F1le

Remark 3.1 Under the assumptions of Theorem B} 2) ii), if Ck,, (X) > 0, then
for all g € L, such that k* g =0 on X:

f(x) _
/a(z, ||f||¢)g(:c)dx =0
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Theorem 3.2 Let ¢ be a Musielak-Orlicz function such that ¢ and i satisfy the Ao
condition. Let X C RY such that 0 < Cj,, (X) < 0o and f be the distribution function
of X for the Cy,, capacity. For all g € L,

[ ate. L@z < K, sup k<@L

where K, is a constant that depends only on ¢.

Proof. The inequality is obvious if sup [(k * g)(x)| = +o0.
On the other hand, if sup |[(k x g)(z)| = 0 then by Remark B.1] we have
reX

f(z) _
/a(:z:, ||f||¢).g($)d$ =

If 0 < a=sup |(kxg)(x)] < +oo, thenk*(f—g)(x) >0 for all z € X.
reX «@
By Theorem B.I] we have:

F@ e 9y de
/“@wum”” 9) () > 0.

Thus,

f(x) f(x)
/a(:z:, ||f||¢).g($)d$ < a/a(m, ||f||¢)f($)d$

On the other hand, we have for all z € RY and t > 0 :

o(z,t) :/0 a(z, t)dt 2[ a(x,t)dt > (%)a(m, %)

t
2

Then,

flz) | f(=z) f(z) / f(x)

Al 111l 11l P e
because ¢ satisfies the Ay condition.
Therefore,

f(x) / f
a(z, ).g(x)dr < a. K .00(—).

| e e # 2T,

Since Qw(ﬁ) < 1, the proof is complete.
%)

Theorem 3.3 Let ¢ be a Musielak-Orlicz function, uniformly convex which satisfies
the Ao condition. Let (X;); C RN, For each i, f; is the distribution function of X; for
the Ci,, capacity. Let X C RY and f be its distribution function for the Chyp capacity.
If X C liminf X; and lim Cy,,, (X;) = C,p (X) then, fi — f in Ly,.

We have the same result, particularly if (X;); is increasing and X = UXi or (X;); is a
decreasing sequence of compacts and X = ﬂ X;.

%
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Proof. (fi)i is bounded in L. Since the space L, is reflexive, there exists a subse-
quence denoted again by (f;); which converges weakly in L;’j to a function g in L.
By Theorem 2.0] k£ * g > 1 on X C},, —q.e. Therefore,

Clrp (X) < |[g]le-
On the other hand for all h € Ly,
/fl(x)h(z)dz — /g(z)h(x)d:c.

ByHolder inequality, we have:

/fi(x)h(z)dw < il 1Al -

Thus, /g(w)h(w)dw < liminf || fillo[[[A[l[y < [1F 1A

, 9() ) for all z € RY.
llglle

By Lemma 2.1l h € Ly, and by Lemma 23]

Let the function h: 2 — a(z

lgllo[lAllly = /g(:v)h(w)dw < A1l Al

Then,
||g||<,a < Ckazp (X)
Thus,
19l = Ch,p (X) and therefore f = g.

On the other hand, f is the unique adhesion value of the sequence (f;); for the topology
o(Ly, Ly). Then, f; — f weakly in L. Since L, is uniformly convex, we have f; — f
strongly in L.

Theorem 3.4 Let ¢ be a Musielak-Orlicz function. Let F be a closed subset of RY
such that Dy,, (F) < 00. For allr € R%.: F, = Fn{z e RY : |z| > r}.
If lirf Dy, (F) = 0 then there exists a measure p € Myt such that p is concentrated
T—>100

on F; ||k *p|ly <1 and Dy,, (F) = ||u||, where p is called a distribution measure of F
for Dy,,. Particularly, if K is a compact such that Dy, (K) < oo then K possesses a
distribution measure for Dy,,.

Proof. 1t is the same as that given in [3], Theorem 4.
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1 Introduction

The history of quadratic stochastic operator (QSO) can be traced to Bernshtein’s work
[1]. Since then the theory of QSOs has been further developed motivated by their frequent
occurrence in several problems of physical, economical and biological systems, where
QSOs serve as a tool for the study of dynamical properties and modeling, see [2|[4HT2IT5]
19H23]. While they were originally introduced as “evolutionary operators” to describe
the dynamics of gene frequencies for given laws of heredity in mathematical population
genetics, QSOs and the dynamical systems they describe have become interesting objects
of study in their own right from a purely mathematical point of view. For a recent review
on the theory of quadratic operators see [7].

In modern scientific investigations non-linear operators of higher order arise. Nowa-
days another class of nonlinear operators which are different from QSOs arises. In par-
ticular, cubic stochastic operator (CSO) can be obtained in gene engineering and free
population with ternary production. In paper [I7] the concept of cubic stochastic
operator was introduced.
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One such subclass that arises naturally in the biological context is given by the
additional restriction

pijeg =0, if 1 ¢ {3,5,k} forall 4,35 k,L. (1)

These CSOs describe a reproductory behaviour where the offspring is a genetic copy of one
of its parents and are called Volterra operators. The asymptotic behaviour of trajectories
of this kind of CSOs for some particular cases were analysed in [I3}14}[17l18].

However, in the non-Volterra case (i.e. when condition () is violated), many questions
remain open and there seems to be no general theory available.

In all of the above-mentioned references the authors investigated trajectories of a CSO
on finite dimensional unit simplex. However, it seems natural to consider the problem
for an infinite dimensional CSO. This can be done, e.g., by using a method of infinite
dimensional Volterra quadratic stochastic operator considered in [16].

The paper is organised as follows. In Section [2] we recall definitions and well known
results from the theory of Volterra and non-Volterra CSOs . In Section Blwe define a new
class of non-Volterra CSOs and show that a CSO from this class has a unique fixed point.
Moreover, we prove that the trajectory of such operators has the regularity property and
consequently the ergodic hypothesis is verified.

2 Preliminaries and Known Results

Let [m] = {1,2,...,m}. By the (m — 1)— simplex we mean the set

sgm—1 — {x=(x1,...,xm) € R™ : 2; >0, Z:m =1}

i=1

Each element x € S™~! is a probability measure on [m] and so it may be looked upon
as the state of a biological (physical and so on) system of m elements.

A cubic stochastic operator (CSO) V : S™~1 s §™~! has the form
m
Vix) = Z PijkiTiTiTE, (I=1,...,m), (2)
i k=1
where p;ji; is a coeficient of heredity and

m
Dijk,l > 0; Zpijk,l = 1) (iuja k7l = 17 7m) (3)
=1

More precisely p;;x, is the conditional probability P(I|4, j, k) with which the ith, jth and
kth species interbreed successfully, when they produce an individual [. We assume that
there is no difference whatever the "next” is, and in any generation the “parents” i,7j, k
are independent, that is P(7, j, k) = P(i)P(j)P(k) = x;xjzk, i.e. we consider models of
free population.

For a given x(°) € ™1 the trajectory {x(™}, n=0,1,2,... of an initial point x()
under the action of CSO (@) with () is defined by x("*+1) = V(x(), where n = 0,1,2,...

A point x € S™1 is called a fixed point of V if V(x) = x. A CSO V on S™ ! is
called regular if for any initial point x € S™~! the limit nl;ngo V™ (x) exists. The biological
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interpretation of the regularity of a CSO is rather clear: in the long run the distribution
of species in the next generation coincides with the distribution of species in the previous
one, i.e., it is stable.

For a nonlinear dynamical system, Ulam [2I] suggested an analogue of a measure-
theoretic ergodicity in the form of the following ergodic hypothesis: a QSO V is said to

n—1
be ergodic if the limit lim L > V*(x) exists for any x € S™~1.

On the basis of numerical calculations, Ulam [2I] conjectured that for any QSO
the ergodic hypothesis holds. In [22], Zakharevich proved that this conjecture is false
in general. In [I7], the authors proved that a class of Volterra CSOs has the ergodic
property. The biological interpretation of non-ergodicity of a CSO is the following: in
the long run the behavior of the distributions of species is unpredictable.

Evidently, any regular CSO and, more generally, any CSO for which every trajectory
converges to a (not necessarily strict) periodic orbit is ergodic, but the converse is not
true.

In [I8 a construction of a cubic stochastic operator is given. This construction
depends on a probability measure p which is initially given on a fixed graph G. Using
the construction of CSO for u defined as product of measures given on components of G
a wide class of non-Volterra CSOs is described. It is proved that the non-Volterra CSOs
can be reduced to N number of Volterra CSOs defined on the components, where N is
the number of components.

In [3] a class of non-Volterra cubic operators is given and the dynamical systems
generated by these CSOs are studied.

3 Asymptotic Behaviour of CSOCGs

Recall the notion of infinite dimensional simplex following [16]. Denote by S the following
set:

S={x=(x;):2; >0,i €N, Zsz‘:l}-
i=1
Clearly, S is the closed convex hull of vectors of the form e; = (0,0,...,,1,0,0,...),
where the unite is the k—th position, and precisely these vectors are the extreme elements
of S.
We define an operator V : S — S as follows

(V(X))l = Z Pijk,1T;T; Xk, l e N, X = (:CZ> S S, (4)
i, k=1
where
Dijk,l Z 0; Zpijk,l = 15 ivja kvl S N. (5)
=1

and the values p;;r,; do not change for any permutation of ¢, j, and k.

Definition 3.1 An operator defined by conditions ) and (@) is called an infinite
dimensional cubic stochastic operator.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 16 (3) (2016) 297

Let G = (A,L) be a graph without multiple edges, where A is the set of vertices
which is at most a countable set, L is the set of edges of the graph G. Enumerate the
vertices of the graph G by elements of [m]o = {0} UN. For the vertices 4, j € A define

5oL i {ijc L
771 0, otherwise;

and we denote (i,j,k) if 0;; + dj + 0k > 1 and by )i, j,k( we denote the case
0ij + 04k + 0k < L.

We define the coefficients of heredity as follows:

17 if 1:0’ >i7j5k<7 i’j7k€ [m]o Or <i7j’k>7 OE {i5j7k};
pijk,l = Oa lf l 7é Oa >iaja k<a iajak € [m]o or <iaja k>a 0 € {’La.jak}7 (6)
>0, if (i,j,k), i,j.keN.

The biological interpretation of the coefficients (@) is obvious: the individuals ¢, j and
k might produce the offspring [ # 0 if they are neighboring points of a graph.

Definition 3.2 For any fixed graph G, CSO satisfying conditions (), (@) and (@) is
called the cubic stochastic operator corresponding to the graph (CSOCG).

Remark 3.1 Any CSOCG is non-Volterra, because pijro # 0 if )i,j,k( and
ijk # 0.
Arbitrary CSOCG has the form
:L'6 = Z ZL'? + 31'(2) Z x; + 6x¢ Z % + 6 Z T;T;Tk + 6 Z Pijk,0TiTj Tk

. ; . i,j,kEN: 1,j,k€N:
v i€[m]o €N i,jJEN )gmk( (Ji,j,k)
. /
vy =6 Y pigrizizjrg, €N
i,5,kEN:
(i,5,k)

(7)

Denote intS = {x € S :2; >0, i€ N} Let w(x?) be the set of limit points of a

trajectory {V*(x%) € S:k=0,1,2,...}. Using Lyapunov functions, one can handle the
set of limit points. Recall the definition of a Lyapunov function.

Definition 3.3 A continuous function ¢ : intS — R is called a Lyapunov function
for the operator (@) if p(V(x)) > p(x) for all x (or p(V(x)) < ¢(x) for all x).

Theorem 3.1 Any CSOCG ([@) has a unique fized point (1,0,0,...). Moreover for
an initial x(©) € S, the trajectory of operator (@) tends to this fized point exponentially
rapidly.

Proof. 1t is easy to verify that eg = (1,0,0,...) is a fixed point. We consider the
function
p(x) = . (8)

keN
The function () will be a Lyapunov function for the operator (@). Indeed,

e(V(x)) :ng ZZ Z Pijh1TiTjTp = Z Zpijk,lxixjxk

leN IEN i..keN: i,j.keN: [N
(ird k) (ir3.k)
3
< E Tixxp < ( g xl) < E x; = (x). (9)
i,j,kEN: leN leN

(i,4,k)
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It is evident, that o(x(" D) < p(x(™),n = 0,1,... implies that ¢(x) is a Lyapunov
function, that is {¢(x(™)}22, is a decreasing sequence and converges to some limit .
We claim that £ = 0. Indeed, from (@) one has

gn
P) < (o) < () ) (10)
If :I:((JO) # 0, then from (I0) using (p(x(o)) = k% ‘T]E;O) —1_ xéo) we obtain
€
lim o(x™) = 0. (11)

n—oo

If for an initial point it holds that xéo) = 0, then from (@) it is easy to see that
V() eintS ={xeS:z >0, Zxk =1}, (12)
keN

that is xj # 0.
Thus from () and ([I2) it should be

lim xl(cn) =0, for any kcN,
n—oo
consequently
lim x™ =e, for any x@ eS.
n—oo
Since the limit is obtained for any x(®) € S, we conclude that (1,0,0,...) is unique
fixed point. This completes the proof.
If an operator has the regularity property then it satisfies the ergodic hypothesis.
By Theorem Bl a CSOCG is a regular transformation, so as a corollary we have the
following theorem.

Theorem 3.2 Any CSOCG (@) is an ergodic transformation.
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1 Introduction

In this paper, we consider the following nonlocal semilinear differential equations with
finite delay in an ordered Banach space:

{ 4 2(t) Ax(t) + f(t,x, Bx(t)), teJ=][0,b],
w(t) = o(t) +9(x)(t), te€[-a,0]

where the state x(-) takes values in the Banach space X endowed with norm | - ||;
A: D(A) € X — X is a closed linear densely defined operator and an infinitesimal
generator of strongly continuous semigroup {7(¢)}:>0 of bounded linear operator in X;

(1)
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the nonlinear function f: [0,b] x D x X — X is continuous, here D = C([—a,0], X);
the term Bz (t) is given by Bz(t) = fot K (t,s)z(s)ds, here K € C(X,R") is the set of
all positive functions which are continuous on ¥ = {(£,s)[0 < s <t < T}; ¢(-) € D
and g: C([—a,b],X) — D is a continuous operator. If z: [—a,b] — X is a continuous
function, then x; denotes the function in D defined as x:(v) = z(t + v) for v € [—a, 0],
here x+(-) represents the time history of the state from the time ¢t — a up to the present
time ¢.

It is well known that time delays are frequently encountered in various industrial and
practical systems, such as chemical processing, bio engineering, fuzzy systems, automatic
control, neural networks, circuits, vehicle suspension systems and so on. Hence, in recent
years, the researchers have paid more attention to delay differential equations (see [IHT]).
Some authors have studied differential equations with nonlocal initial conditions, see for
instance, [THI3]. Nonlocal initial condition, in many cases, is more suitable and produces
better results in applications of physical problems than the classical initial value of the
type x(0) = zo.

The monotone iterative technique based on lower and upper solutions provides an ef-
fective way to investigate the existence of solutions for the nonlinear differential equations
(fractional or non-fractional ordered), see for instance, [6,I4HI8]. It constructs monotone
sequences of lower and upper solutions that converge uniformly to the extremal mild
solutions between the lower and upper solutions.

This paper is motivated by recent works [6,[7,[16]. We extend a monotone iterative
technique for nonlocal semilinear differential equations with finite delay (d) to study the
existence and uniqueness of extremal mild solutions in an ordered Banach space. We
use the semigroup theory and measures of noncompactness to obtain the results. The
existence results are discussed by assuming compact or non compact semigroup. To the
best of our knowledge, up to now, no work has been reported on nonlocal semilinear
differential equations with finite delay by using the monotone iterative technique.

The rest of the paper is organized as follows: In the next section, we introduce some
basic definitions, notations and preliminary results. In Section 3, we prove the existence
and uniqueness of extremal mild solutions of the delay system () by using monotone
iterative technique. Finally, in Section 4, we present an example to show the application
of the main result.

2 Preliminaries

Throughout this paper, we assume that X is a Banach space with the norm || - || and
P={ye X:y >0} (0is a zero element of X) is a positive cone in X which defines
a partial ordering in X by x < y if and only if y —x € P. If x < y and = # y, we
write < y. The cone P is said to be normal if there exists a positive constant N such
that 0 < z < y implies ||z|| < Nlly||. We also assume that A: D(A) C X — X is a
closed linear densely defined operator that generates a strongly continuous semigroup
{T'(t),t > 0}. By Pazy [19], there exists a constant M > 1 such that sup,c; [|T'(¢)|| < M.
For the sake of convenience, we write B* = sup, ; f(f K(t, s)ds.

C(]—a,b],X) is the Banach space of all continuous X-valued functions on inter-
val [—a,b] with norm | - [lc = supsei_qp [2(?)]l. Then C([—a,b],X) is an ordered
Banach space whose partial ordering < is induced by positive cone Po = {z €
C([—a,b],X) | 2(t) > 0, t € [—a,b]}. Similarly D is also an ordered Banach space
with norm || - [|p = supye(_q, [[2(t)|| and partial ordering < induced by Pp = {z €
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C([—a,0],X) | x(t) > 0,t € [—a,0]}. If the cone P is normal with a normal constant N,
then Po and Pp are also normal cones with the same normal constant N. For x,y €
C([—a,b], X) with < y, denote the ordered interval [x,y] = {z € C([—a,b], X), x <
z <y}in C([—a,b],X), and [z(t),y(t)] = {v e X: z(t) <u <y(t)} (t € [-a,b]) in X.

Let us recall some basic definitions and lemmas which are used to prove our main
results.

Definition 2.1 A Cy-semigroup {T'(¢)}:>0 is called a positive semigroup, if T'(¢)z
> @ for all z > 6 and ¢t > 0.

Lemma 2.1 (see [19]) If h € C*(J,X), then for every xo € D(A) the following
initial value problem

(2)

4y(t) = Az(t) + h(t), teJ,
x(0) = xp,

has a unique solution x on J given by
t
z(t) = T(t)xo +/ T(t—s)h(s))ds, te.J.
0

Definition 2.2 (see [19]) A continuous function z: [—a,b] — X is said to be a mild
solution of the system () if z(¢) = ¢(t) + g(z)(t) on [—a,0] and the following integral
equation is satisfied:

z(t) =T () (9(0) 4+ g(z)(0)) + /0 T(t—s)f(s,zs, Bx(s))ds, te.J

Lemma 2.2 (see [19]) If h € L'((0,b), X), then for every xo € X the initial value
problem (@) has a unique mild solution.

Let Ci([—a,b], X) = {u € C(]—a,b], X): v exists on J, v'|; € C(J,X) and u(t) €
D(A) for t > 0}. An abstract function u € Ci([—a,b], X) is called a solution of () if
u(t) satisfies the equation ().

Definition 2.3 (see [16]) The function x € Ci([—a,b], X) is called a lower solution
of the system () if it satisfies the following inequalities

{%x(t) < Ax(t) + f(t,a¢, Bx(t)), teJ, )

z(v) < ¢(v) +g(z)(v), veE[-a,0].
If all inequalities of () are reversed, we call 2 an upper solution of the system ().

Now we recall the definition of Kuratowski’s measure of noncompactness and its
properties.

Definition 2.4 (see [20,21]) Let X be a Banach space and B(X) be a family of
bounded subset of X. Then pu : B(X) — R*, defined by

w(S) =1inf{d > 0: S admits a finite cover by sets of diameter < J},

where S € B(X), is called the Kuratowski measure of noncompactness. Clearly 0 <
w(S) < 0.
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Lemma 2.3 (see [20,21]) Let S, S1 and Sz be bounded sets of a Banach space X .
Then

(i) u(S) =0 if and only if S is a relatively compact set in X.

(
(i) p(S1) < pu(S2) if S1 C Sa.
(iii) p(S1+ S2) < pu(S1) + p(S2).
(i) p(AS) < |Ap(S) for any A € R.

Lemma 2.4 (see [20,21]) If S C C([c,d],X) is bounded and equicontinuous on
[e,d], then u(S(t)) is continuous for t € [c,d] and

w(S) =sup{u(S()), t € [e,d]}, where S(t)={z(t): x € S} CX.

Remark 2.1 (see [20121]) If S is a bounded set in C(]c, d], X), then S(t) is bounded
in X, and u(S(8)) < u(S).

Lemma 2.5 (see [20,21]) Let S = {u,} C C([c,d],X)(n =1,2,...) be a bounded
and countable set. Then u(S(t)) is Lebesgue integrable on [c,d], and

o ({/ unp(t)dt | n = 1,2,...}) §2/ u(S(t)) dt. (4)

3 Main Result

In this section, we prove the existence and the uniqueness of extremal mild solutions of
the system ().

Theorem 3.1 Let X be an ordered Banach space, whose positive cone P is normal
with a normal constant N. Also assume that A is the infinitesimal generator of a positive
and compact Cy-semigroup {T(t)}i>0 on X. If the system ([ has a lower solution
2 ¢ C([~a,b],X) and an upper solution y© € C([—a,b], X) with (0 < y© and
satisfies the following assumptions:

(H1) The function f: Jx D x X — X satisfies that f(t,-,-): D x X — X is continuous
forte J, and f(-, ¢, x) is strongly measurable for all (p,z) € D x X.

(H2) For any t € J, the function f(t,-,-): D x X — X satisfies the following
[t e1,u1) < f(L 02, u2),

where u1,us € X with Bx(o)(t) < u; < ug < By(o)(t) and @1, p2 € D with

xio) <1 <2 < y§0)~

(H3) The function g: C([—a,bl, X) — D is increasing, continuous and compact.

Then the delay system (@) has minimal and mazimal mild solutions between ) and
(0)
y).
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Proof. Let B = [2(0,y0] = {z € C([~a,b],X) | (O <2 < yO}. Define Q: B —
C([_aa b]a X) by

Qa(t) = {T(t)(¢(0) +9@)(O0) + Jy T(t =) (5,2 Bals))ds, te 0.8, o
o(t) +g(x)(t), t€[-a,0].
For any x € B and in view of (H2), we have
F(t2®, BV (1)) < f(t,xr, Ba(t))
< f(t,y”, By© (1))
By the normality of the positive cone P, there exists a constant k£ > 0 such that
I f(t, 2, Bx(t))|| < k, € B. (6)

Firstly we prove that @) is a continuous and monotonically increasing operator from
B to B. Let ,y € B with < gy, then z(¢t) < y(t), t € [—a,b]. Therefore z; < y; in D
for all t € [0,b]. By the positivity of the semigroup T'(t) and the assumptions (H2) and
(H3), we get

Qr < Qy. (7)

Let 20 (¢) = Az(O(t) + h(t), t € J. In view of Lemma 22 and Definition 23] we get
t
ﬂm@):T@ﬂwKWAk/‘T@—sﬁdﬂds
0

¢
<T()(#(0) + g(=)(0)) + / T(t—s)f (s, 2, Ba'% (s))ds
0
=Qz 1), telJ
Also zO(t) < ¢(t) + g(z@)(t) = QzO(t), t € [~a,0]. Thus () < Q2 (¢), t €
[~a,b]. Similarly we can show that Qy(®(t) < y©(t), t € [~a,b]. Now let {z(™} c B
with (") — z € B as n — oo. By (@), (H1) and (H3) for any t € J, we have
() St 2", Be () = f(t,a0, Ba(t)).
(it) g(z™) = g(@).
(i) (121", Bat (1) = f(t, 00, Ba(t)) | < 2k

These, together with Lebesgue’s dominated convergence theorem, imply that

1Qz™) () — Qa(t)] <Mllg(z)(0) — g(2)(0)] +M/O 1£ (s, 2{, Ba(s))

— f(s, x5, Ba(s))| ds
— 0 asn — oco.

In view of (H3), for any t € [—a, 0], we have ||Qz™ (t)—Qx(t)|| = ||g(=™)(t)—g(z)(t)|| —
0 asn — 0. Therefore Q) : B — B is a monotonically increasing and continuous operator.
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Next we show that Q(B) is equicontinuous on [—a, b]. Since semigroup 7'(¢) is compact
for t > 0, T'(t) is continuous in uniform operator topology for ¢ > 0. For any « € B and
t1,to € J with t; < ty, we have that

|Qz(t2) — Qu(tr)|| <||T(t2)(¢(0) + g(x)(0)) — T'(t1)(¢(0) + g(x)(0))]|
+ H /O 1 [T(t2 — s) = T(t1 — )] f(s, x5, Ba(s)) dSH

+ H /t ’ T(ta — s)f(s,xs, Bx(s))ds
<IT(#2)(#(0) + g(2)(0)) = T(t1)(¢(0) + g(2)(0))]]

t1—e
+k/ IT(ts — ) — T(ts — 5)]| ds
0

+ k/tl ||T(t2 — S) — T(tl — S)H ds + Mk(tg — tl)
<IT(E2)(4(0) + g(2)(0)) = T (£1)(4(0) + g(2)(0)) ]l
+h(t—€) S IT(t2 = s) = T(tr — 5)||
+ 2M]€6 + Mk(tQ — tl),

where € € (0,%1) is arbitrary. Therefore ||Qz(t2) — Qz(t1)|| — 0 as t1 — t2 and € — 0
independently of 2 € B. Thus Q(B) is equicontinuous on J. Since g : C([—a,b], X) = D
is continuously compact operator and ¢ € D, Q(B) is equicontinuous on [—a,0]. Hence
Q(DB) is equicontinuous on [—a, b].

Further we show that for each ¢ € [—a,b], the set G(t) = {Qz(t) : = € B} is
relatively compact in X. Let ¢t € (0,b] be a fixed real number and x be a given real
number satisfying 0 < x < t. For x € B, we define

Q" x(t) =T'(£)(4(0) + g(x)(0)) +/0 _HT((t*S)f(S,ws,Bx(S))ds

=T (k) |T(t — k) (qﬁ(O) + g(:E)(O)) + /0 _HT(t — K — 8)f(s,zs, Bx(s)) ds] )

By (6), (H3) and the compactness of T'(k), the set {Q"x(¢t) : = € B} is relatively compact
in X for each t € (0,b]. Also

Qo) - @0 <] [ :T(t $)f (5.2, Bu(s)) ds

<Mkk - 0ask — 0.

Thus there are relatively compact sets {(Q"x)(t): x € B} arbitrary close to the set G(t)
for each t € (0,b]. Also G(t), t € [—a,0], is relatively compact in X as g: C([—a,b], X) —
D is a continuously compact operator and ¢(-) € D. Hence the set G(t) is relatively
compact in X for all ¢ € [—a, b].

In view of Ascoli-Arzela theorem, we conclude that Q(B) is relatively compact. Now
we define the sequences as

™ = Qz Y and y™ = Qy Y, n=1,2,..., (8)
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and from (), we have
2O <M <™ < <y <<y <y, (9)

Since Q(B) is relatively compact, the sequence {2(™} has a convergent subsequence
{z(")}. Let 2* be its limit. Then for each & > 0 there exists an n; (depending upon ¢)
such that

€

(ny) _ o
|z o < T

To show that the sequence {z(™)} converges to z*, take any n > n; and in view of (@),
we have
() < () < g

that is
0< 2™ — () < g% 2,

By normality of cone P of X, we have
2 — o < Ne® - 2o,
This implies

2™ — 2%l <[]z — 2 || o + N2 — 2% o
<IN + D2 - 2*[|e
<e.

Hence the sequence {z(™} converges to z*. By () and (§), we have that

T(t)(6(0) + g(2=)(0))
dM(t) =S+ LTt —s)f(s,28" ", Bz (s)) ds, te[0,0],
(1) + g(aD)(t), ¢ € [—a,0].

In view of Lebesgue’s dominated convergence theorem and taking n — oo, we get

oty = { TGO +9G)O) + 3 T (5,5, Bar(s)) ds, 1€ [0,8],
#(t) + 9(a)(O), 1 € [~a,0]

Thus z* € C([—a,b],X) and z* = Qx*. It means that 2* is a mild solution of ().
Similarly we can prove that there exists y* € C([—a, b], X) such that ) — y* as n — oo
and y* = Qu*. Let « € B be any fixed point of @, then by (1), M =Qz0 < Qr=2z<
Qy® =y, By induction, 2™ < x < 5. Using @) and taking the limit as n — oo,
we conclude that (0 < z* < z < yt < y(o). Hence x*, y* are the minimal and maximal
mild solutions of the nonlocal semilinear differential equations with finite delay () on
[2(9), 4] respectively.

In the next theorem, we again discuss the existence of extremal mild solution of ()
with the help of the measure of noncompactness and the monotone iterative procedure.
In this result, semigroup {7'(¢)};>0 does not have to be compact.
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Theorem 3.2 Let X be an ordered Banach space whose positive cone P is nor-
mal with a normal constant N and A be the infinitesimal generator of a positive Cy-
semigroup {T(t)}+>0 on X. Also suppose that the delay system ([d) has a lower solution
2 € C([~a,b],X) and an upper solution y© € C([—a,b], X) with () < y©) and the
assumptions (H1)-(H3) hold. If the following hypotheses are satisfied

(H4) The operator T(t) is continuous in the sense of uniform operator topology fort > 0.

(H5) There exists a constant L > 0 such that

u(f(t,B,8) < L[ sup p(Bw)+u(S)],

—a<vr<0
forte Jand ECD, S CX, where E(v) = {o(v): ¢ € E},

and 2MLb(1 + 2B*) < 1, then the delay system () has minimal and mazimal mild
solutions between z(©) and y(©).

Proof. Let B = [2(9 yO] = {z € C([~a,b], X) | 2® <z <y®}. We define a map
Q : B — C([—a,b], X) as defined in Theorem Bl Proceeding as in the proof of Theorem
BIand in view of (H4), we get that the operator Q : B — B is monotonically increasing
and continuous, and Q(B) is equicontinuous on [—a,b]. Also we define the sequences
™ and y™ as defined by (&) in Theorem BI Since z(®) < Qz(®, Qy® < y©) and the
map @ is increasing, the equation (@) holds.

Let S = {z(™}2,. By @) and the normality of positive cone Pg , the set S is
bounded. As g is a continuously compact operator, we get

p({S(6)}) = p({o(t) + g (B)}5y)
< ul{o(1)}) + u({g(@"D)(8)}22y) = 0 for t € [~a,0].

Since S(t) = {xM ()} U{Q(S)(t)} for any t € J, u(S(t)) = u(Q(S)(t)), t € J. From
(H3), (H5), @) and (), we get for ¢ € J that

u(S®) =u({T®)16(0) + g(™)(0)) + / Tt 3)f(5,2, Bat™(5) ds})
<2M/ )| B (s ))ds})

n({se
§2ML [_53520” :I:(")(s—i—u)}) +u ({/SK(S,T),T(")(T) dr})} ds
/]

sup ,u ™ (r +2/ K(s,r)u (")(r)}) dr] ds

0<r<s

§2ML

<2ML(1+2B* )/ sup u({z(")(r)}) ds

0 0<r<s
<2MLb(1+2B*) sup p({S(r)}).

—a<r<b

Since {Qx(”)}zo: , l.e. {x(")} 1> is equicontinuous on [—a,b] and by Lemma 24 we
get

1(S) < 2MLb(1 + 2B*)u(S).
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Since 2M Lb(1 + 2B*) < 1, this implies that u(S) = 0, i.e. u({z™}22,) = 0. Therefore
the set {2(™): n > 1} is relatively compact in B. So the sequence {2(™} has a convergent
subsequence in B. By the proof of Theorem [B.1] the sequence {:I:(")} is itself convergent
sequence. So there exists 2* € B such that 2™ — z* as n — oo. Similarly there exists
y* € B such that y™) — y* asn — oo. Again by Theorem B z* and y* become
the minimal and maximal mild solutions of the nonlocal semilinear differential equations
with finite delay (I) in B respectively.

In the next theorem, we shall prove the uniqueness of the solution of the system
(@) by using monotone iterative procedure. For this purpose, we make the following
assumptions:

(H6) The function f: J x D x X — X is continuous and there exists a constant n > 0
such that for some v € [—a, 0],

f(t,02,u2) — f(t,01,u1) <nl(p2(v) — p1(v)) + (u2 — u1)],

for any t € J, u1,us € X with Bz(®) (t) <up <ug < By (t) and @1, p2 € D with

) (0)

:E§O <1 <2 <y

(H7) For any t € [—a,0] and z,y € B with « < y, there exists a constant v(0 < v < %)
such that

9(y) (@) = g(x)(t) <~(y(t) — 2(1)).

Theorem 3.3 Let X be an ordered Banach space whose positive cone P is nor-
mal with a normal constant N and A be the infinitesimal generator of a positive Cy-
semigroup {T(t)}i>0 on X. Also suppose that the system () has a lower solution
0 € C([—a,b],X) and an upper solution y© € C([—a,b],X) with £(© < 4O [f
the assumptions (H2), (H3), (H4), (H6) and (H7) hold, and 2M Lb(1 +2B*) < 1, where
L = N, then the delay system (@) has a unique mild solution between z© and y(©.

Proof. Let {¢,} C D and {u,} C X be two monotone increasing sequences. Take

any m,n = 1,2,..., with m > n. By (H2), (H3) and (H6), we get for some v € [—a, 0]
that

0 < £(t,ms ) = F(t Pn un) <0 (P (V) = @n () + (tm = n)]|-

Using the normality of the positive cone P, we get

1 s tm) = St s wn)ll < N[l om() = on(0) |+l = wall]|. (10)
By the definition of measure of noncompactness, we get

1 ({7 (5 00)}) <L [ (Lon()}) + p ()]
<L { sup 1 ({gn()}) +u<{un}>} ,

—a<v<0

where L = N7). Clearly the assumption (H5) is satisfied. The assumption (H1) is satisfied
by the inequality (I0)). Thus the assumptions (H1)-(H5) hold and 2M Lb(1+2B*) < 1. So



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 16 (3) (2016) 309

by Theorem B.2] the delay system () has minimal and maximal mild solutions between
z(© and y(©.

Let z*(t) and y*(t) be the minimal and maximal solutions of the delay system ()
respectively on the ordered interval B = [2(?), ()], By (@) and H(7) for any t € [—a, 0],
we have

0 <y"(t) —2"(t) = Qu*(t) — Qz™(t)
=9(y")(®) —g(z")(#)
<y (t) — 27 (1))

By using the normality of positive cone P, we get ||y*(¢t) — «*(¢)|| < N~|ly*(t) — z*(t)]]
for all t € [—a,0]. This implies that y*(¢) = z*(t) for all t € [—a,0] as Ny < 1. Let
t €[0,b]. In view of (@) and (H6), we have

0 <y*(t) —z*(t) = Qy*(t) — Qz™(t)
- / T(t - 3)[f (5,47 By™(s)) — £ (5,27, B (s))] ds

<o [ 7069 [0:0) w00 + [ Kl ) - ) ] as

where v € [—a,0]. By applying the normality of the positive cone P, we get
t
Iy ()= Ol < Na| [ 7 =) [t520) = a20)
Jr/ K(s,r)(y*(r) —z*(r)) dr] ds
0

<2 [l (s 4) =G+ )]

+ [ Kl @) - o o) ] ds
0
< MNwb(1+ BY)y* — .

Since y*(t) = x*(¢t) for t € [—a,0] and due to the inequality (), we get that |Jy* —
¥l < MNnb(1 + B*)|ly* — z*||c. But MLb(1 +2B*) < 1, so0 |ly* —2*|c = 0, ie.,
y*(t) = 2*(¢), t € [—a,b]. Hence y* = z* is the unique mild solutlon of the delay system
@ between z(®) and y©

4 Example

Consider the following nonlocal semilinear partial differential equations with finite delay
of the form:

PR = Laa(t,6) +f (a+)F (~V) T2t + v, dv

+ ¢)ds, ¢e(0,7, tel0,b],
2(t,0) = z(t,7) f(? tE[O B, (12)
20, €) = oW, &) + [y p(s,v)log(1 + |2(s,€))ds, —a<v <0,
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where ¢ € D = C([—a,0] x [0,7]: RT), the operator p(s,v): [0,b] X [—a,0] — RT is
continuous.

Let X = L?([0,7],R) and P = {v € X: v(¢) >0, £ € [0,7]}. Then P is a normal
cone in Banach space X. We define an operator A : X — X by Av = v” with domain

D(A) = {v € X: v,v" is absolutely continuous v" € X,v(0) = v(r) = 0}.

It is well known that A is an infinitesimal generator of a strongly continuous semigroup
{T(t),t > 0} of uniformly bounded linear operators in X. Novv we deﬁne z(t)(&) =
2(t,€), 2(v,§) = z(t +v,§), o(v)(§) = ¢(,§), B fo [t o,u)(§) =
[ (a4 )7 (—v) T o, &) dv + u(€) and g(z)(v )(g) = g(z fo s,v)log(1 +
|z(s,€)])ds. Therefore, the above nonlocal semilinear partial d1fferent1al equations with
finite delay ([I2)) can be written as the abstract form ().

Since T'(t) is continuous in the sense of uniform operator topology for ¢ > 0, the
assumption (H4) is satisfied. We can also easily see that function f satisfies the as-
sumptions (H1) and (H2). For t € [0,b], ¢1,¢92 € C([—a,0],X) with 0 < ¢1 < @2 and
u1, Uy € X with 0 < uy < ug, then

0 Sf(ta(anUQ)(E) - f(t,<p1,U1)(€)
< / (a+1)= (—1) = [p2(0)(€) — 1 () ()] dv + [us(€) — ur (€))-

—a
By normality of cone P, we have
0

(¢, 02, uz) — f(tprou)| < / (a+1)= (—0) 7 [2(v) — o1 (V)| dv + uz — ua].

—a

Hence, for any bounded set £ C C([—a,0],X) and S C X, we have

WP B 8) < [ _sup ulB0) +(5)|.
Thus f satisfies the assumption H(5). Clearly the function g : PC([0,b],X) — X is
increasing, continuous and compact. Thus g satisfies the assumption (H3).
Let v(t,&) = 0, (¢,€) € [—a,b] x [0,7]. Then f(t,v¢, Bv(t)) = 0 for ¢ € [0,b] and
v(r, &) < (v, &) + g( (v, 9)) for v € [—a,0]. Now we assume that there is a function
w(t, &) > 0 such that w(t,0) = w(t, ﬂ') =0,

P8 > Tt )+ St Bult),

and w(v, &) > o(v, &) + g(w(v,§)) for v € [—a,0]. Thus v, w become lower and upper
solutions of the system ([2)) respectively and v < w. If 2Mb(w + 2b) < 1, then all the
conditions of Theorem [3:2] are satisfied. Hence, by Theorem B.2] the system (I2]) has the
minimal and maximal mild solutions lying between the lower solution 0 and the upper
solution w.
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Abstract: In this paper, we propose a new type of hybrid synchronization combining
projective synchronization (PS), full state hybrid projective synchronization (FSHPS)
and generalized synchronization (GS). We present, based on nonlinear controllers, a
new control scheme to study the co-existence of (PS), (FSHPS) and (GS) between
general 3D hyperchaotic maps. The capability of the proposed approach is illustrated
by numerical example.
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1 Introduction

Historically, hyperchaos in discrete-time systems was firstly reported by Roéssler [I]. A
hyperchaotic system is usually defined as a chaotic system with more than one posi-
tive Lyapunov exponent. The occurrence of hyperchaotic behavior has been found in
an electronic circuit [2], NMR laser [3], in a semi-conductor system [4] and in a chem-
ical reaction system [5]. Some interesting hyperchaotic systems in discrete-time were
presented in the past two decades such as Baier-Klain system [6], Hitzl-Zele map [7],
Stefanski map [8], Wang map [9], Rossler discrete-time system [I0] and Grassi-Miller
map [I1] etc. Since hyperchaotic maps are more complex than chaotic maps, their dy-
namics have been investigated extensively owing to their useful potential applications in
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secure communications [I2HI7]. Thus it is a more important subject to study hyperchaos
synchronization.

Recently, more and more attention has been paid to the synchronization of chaos (hy-
perchaos) in discrete-time dynamical systems [I8H22]. Different synchronization types
have been proposed for discrete-time chaotic and hyperchaotic maps such as projective
synchronization [23], adaptive function projective synchronization [24}[25], function cas-
cade synchronization [26], generalized synchronization [27,[28], lag synchronization [29],
impulsive synchronization [30], hybrid synchronization [31], Q-S synchronization [32] and
full state hybrid projective synchronization [33,34]. Among all synchronization types,
projective synchronization (PS), full-state hybrid projective synchronization (FSHPS)
and generalized synchronization (GS) are effective approaches for achieving the syn-
chronization of chaotic and hyperchaotic discrete-time systems. (PS) means that the
drive chaotic system and the response chaotic system synchronize up to scaling constant,
FSHPS means that each drive system state synchronizes with a linear combination of re-
sponse system states and (GS) appears when there exists functional relationship between
the states of the drive and the response chaotic systems.

In this paper, a new general scheme of synchronization which includes (PS), (FSHPS)
and (GS) between coupled 3D hyperchaotic maps is constructed. Based on stability
theory of linear discrete-time systems, Lyapunov stability theory and using nonlinear
controllers, a new criterion of co-existence of (PS), (FSHPS) and (GS) is derived. The
derived synchronization results can have an important effect in the application due to
complexity of the proposed scheme and the difficulty of the prediction of the scaling
factors. To validate the proposed approach numerically, we apply it to two hyperchaotic
maps: the hyperchoatic Wang map and the hyperchoatic Stefanski map.

This paper is organized as follows. In Section 2, the problem of co-existence of
synchronization types is introduced. Our approach of synchronization is described in
Section 3. In Section 4, numerical example is used to show the effectiveness of the
proposed synchronization method. In Section 5, conclusion is made.

2 Problem Statement

We consider the following drive and response chaotic systems

w(k+1) = fi(X(K), 1<i<3, 1)

where (21(k), z2(k), z3(k))", (y1(k),y2(k),ys(k))" are the states of the drive and the
response systems, respectively, f;, g; : R’ 5 R,1<i<3 andu;, 1 <i<3, are
controllers to be determined.

The error system between the drive system (1) and the response system (2) is defined
as

e1 (k) = (k) =0z (k), (3)
3

e2 (k) = 2 (k)= 3 A (k).

es(k) = ys3(k)— & (1,22,73) (K),

where § e R*, \; e R* j =1,2,3,and ¢ : R} >R isa continuously bounded function.
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We said that projective synchronization (PS), full-state hybrid projective synchro-
nization (FSHPS ) and generalized synchronization (GS) co-exist in the synchronization
of the systems () and (2)), if there exist controllers u;, 1 <4 < 3, such that the synchro-
nization errors (3] satisfy

lim e;(k)=0, i=123. (4)

k— 400

3 Synchronization Approach
As the drive system, we consider the following hyperchaotic map
zi(k+1) = fi(X(k)), 1<i<3, ()

where X (k) = (z1(k), z2(k), 23(k))" is the state vector of the drive system,
fi :R®* — R, 1 < i < 3. As the response, we consider the following chaotic system

yi(k +1) Zbuyj +gi(Y (k) +ui, 1<i<3, (6)

where Y (k) = (y1(k), y2(k), ys(k))" is the state vector of the response systems, (bij) €
R**3 is the linear part of the response system, ¢g; : R> — R, 1 < i < 3, are nonlinear
functions and w;, 1 < ¢ < 3, are controllers to be designed.

The error system, according to (B]), between the drive system (B)) and the response
system (@) can be derived as

er(k+1) = (k+1)—9x1(k:+1) (7)
ex(k+1) = yo(k+1) Z)\z]kJrl
63(k/’+1) = 3(k+1)—¢( (k+1))

Then, the error system (7)) can be written as

er(k+1) = Zbly% )+ 1 (Y (k) + 1w — 0f1(X (k)), (8)
ea(k+1) = szjyj<k>+gz(Y<k>>+uzilAijX(k))

es(k+1) = Zbgjyj )+ g3(Y (k) +uz — ¢ (f1(X(k), fa(X(K)), f3(X(K))).

To achieve synchronization between the drive system (B]) and the response system
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(@), we propose the following synchronization controllers

3 3
U1 = N1 — 5119,@1(/{3) — b12 Z )\J.T](k?) - lejej (k) , (9)
j=1 j=1
3 3
U = N2 — 5219,@1(/{3) — b22 Z )\J.T](k?) — Zlgjej (k) ,
j=1 j=1
3 3
us = Ng — bglewl(k/’) — b32 Z )\J.T](k?) — Zl3j€j (k) ,
j=1 j=1
where
N1 = 0fi(X(k)) — biso (X (k)) — g1(Y(k)), (10)

3
No = STALXR) — baad (X(1) - ga(¥ (1),
N = (AL, FOXR), Jo(X() —bsso (X () — galY (1)),

and (l;;) € R>*? are control constants to be determined later.
By substituting the control law (@) into (8], the error system can be described as

3
er(k+1) = Z (b1j — l1y) ej(k), (11)
3
e2(k+1) = Z (b2j — laj) e (k),
"
€3 (k+1) = Z(bgj 713]')6]'(]{3).

Now, rewrite the error system described in () in the compact form

e(k+1)=(B—L)e(k), (12)

where e(k) = (el(k), eg(k), eg(k))T, B = (b”) and L = (l”)
Hence, we have the following result.

3x3 3x3"

Theorem 3.1 If the control matrix L is chosen such that one of the following con-
ditions is satisfied:

(i) All eigenvalues of B — L are strictly inside the unit disk.

(ii) (B — L)T(B — L) — I is negative definite matriz.

(iti) (lij),<;, j<3 are chosen such that

(bip - lip) (biq - llq) = 0) b,q = 13 2) 37 b 7& q, (13)

M- 1D

(bij —1ij)° <1, j=1,2,3.
1

.
Il
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Then, (PS), (FSHPS) and (GS) co-exist between the drive system (5) and the response
system (6).

Proof. Firstly, according to stability theory of linear discrete-time systems, we can
conclude that if condition (i) is satisfied it is immediate that lim e;(k) =0, i =1,2,3.
+oo

Therefore, systems (@) and (6) are globally synchronized.
Secondly, we construct the Lyapunov function in the form V (e(k)) = eT (k)e(k), we
obtain

AV (e(k)) = el(k+e(k+1)— el (k)e(k)
= " (k)(B~L)" (B~ L)e(k) — e’ (k)e(k)
= e'(k)[(B—L)"(B—L)—1I]e(k),
and by using condition (ii) we get AV (e(k)) < 0. Thus, from the Lyapunov stability
theory, it is immediate that kgnioo e;(k) =0 (¢ =1,2,3) then the synchronization is
achieved between systems (5) and (6). s

Finally, consider the candidate Lyapunov function: V (e(k)) = > ;_, e7 (k), we get

=1 "1

3 3
AV (e(k)) = > el (k+1)—=> el (k)

1=1

R

j=1 \i=1

3
(Z Ly m) ep(k)eq (k).

and by using conditions (iii), we obtain AV (e(k)) < 0. Then, it is immediate that
i lim e;(k)=0 (i =1,2,3), and we conclude that the systems (@) and () are globally
—+o0

synchronized.

4 Numerical Example

We consider hyperchaotic Stefanski map as the drive system and the controlled hyper-
chaotic Wang map as the response system. The drive system is described as

xy(k+1) = 1+ax3(k)—axs(k),
xo (k+1) = 14 Baa(k) —am% (k),
T3 (k + 1) = ﬂl‘l (k) y

which has a chaotic attractor, when («, £) = (1.4, 0.2) [36]. The hyperchaotic attractor
of Stefanski map is shown in Figure[Il The response system can be defined as

(14)

y1(k+1) = aszdys (k) + (asd + 1) y1 (k) + uq, (15)
Y2 (k+1) a16y1 (k) + ya2 (k) + a20ys (k) + uz,
ys (k+1) (a70 + 1) y3 (k) + asdyz (k) y3 (k) + as0 + us,
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Figure 1: Hyperchaotic attractor of Stefanski map.

where U = (Ul,Ug,Ug)T is the wvector controller. The hyperchaotic
Wang map has a chaotic attractor, when (a1,a2,as,a4,as,a6,a7,0) =
(-1.9,0.2,0.5,-2.3,2,—-0.6,—1.9,1) [35]. The hyperchaotic attractor of Wang map is
shown in Figure @2l According to our control scheme proposed in the previous section

1 o
05 S
4
Q05 o
-1 i
-15
2 P
1
0\:\ : 0 )
y1 L y

Figure 2: Hyperchaotic attractor of Wang map.

the synchronization errors between the drive system ([4) and the response system (I5)
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are defined as follows

er(k+1) = ypk+1)— 9:01 (k+1), (16)
ea(k+1) = y(k+1) Z)\x]kz—i—l
e3(k+1) = 3(k+1)7¢(x1(k+1),z2(k+1),x3(k+1)).

In this example, the scaling constants €, A1, A2 and A3 are chosen as

=2,
M= 1,
2 (17)
A3 = 3,

and the map ¢ : R> — R is selected as
¢ (21(k), x2(k), 23(k)) = w1(k) — 22 (k)23 (k). (18)

Then, the errors system (I6) can be described as

el (k/’—f— 1) = (a45+1) el (k)+R1 +uy,, (19)
ea(k+1) = ez (k)+ R+ us,
es(k+1) = (a70+1)es(k)+ us,
where
Ry = a3dy2(k)+ Z iz (k) + 2ax3 (k) — 2, (20)
Ry = a1dy1 (k) + a2dys (k) + Z oy (k) + axd (k) + 2ax? (k) — 3,
Ry = agdyz(k)ys(k) + Z pizz (k) — (a76 + 1) zo(k)xs (k) + By (k) (k)

— apad(k) + axs(k )+a55—1

where p111 = 2 (a40 + 1), p12 = 0, pr13 = =2, po1 = =3B+ 1, paz = 2(1 = B), paz = 2,
ps1 =a7rd +1— 0, pu31 = azd + 1+ B3, pz2 =0, and pzz = —1.

To achieve synchronization between systems (I4) and (IH)), we choose the synchro-
nization controllers u; (i =1,2,3), as

U; = 7RZ - lieia 1= 17 25 37 (21)
where the control constants (I;), <i<3 are selected as follows
l1 = a45, (22)

|12| < 1,
l3 = a75.
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Theorem 4.1 The hyperchaotic Stefanski map ({I{]) and the controlled hyperchaotic
Wang map (I3) are globally synchronized under the controllers (Z1).

Proof. By substituting (21)) into (I9]), the synchronization errors can be written as

el (]C + 1) = e (k) s (23)
€9 (k+1) = (1712)62 (k),
€3 (]C + 1) = €3 (k) .

To prove the zero-stability of synchronization errors (23), we consider the quadratic

Lyapunov function V (e (k)) = 2?21 e? (k) , then we obtain

3 3
AV (e(k) = > el (k+1)—> el (k)

= (1-1)%e (k) <o0.

Thus, by Lyapunov stability it is immediate that limy_oc e; (k) =0 (i =1,2,3).
Finally, we get the numeric results that are shown in Figure Bl

ﬂ3[ T T T T T T, T T q]
. i ; { ! : ! latistiatie 11
. e
02 e e i AT
[ RS i ' '*-
0 Bt e o )
‘1|“', __"_____-,: s : ] ' ' H

Figure 3: Time evolution of errors between systems (14) and (15).

5 Conclusion

In this paper, the co-existence of some synchronization types in general 3D coupled
hyperchaotic maps has been investigated. Sufficient conditions have been derived for
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achieving a new synchronization scheme of co-existence of (PS), (FSHPS) and (GS)
between hyperchaotic maps. The new synchronization criterion has been demonstrated
using nonlinear controllers, stability theory of linear discrete-time systems and Lyapunov
stability theory. An example of application and numerical simulations have been used to
show the effectiveness of the derived result.
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Abstract: In the present paper, the following damped vibration problems

{ i(t) + q(t)a(t) — L(t)u(t) + VW (t,u(t)) =0,
w(0) — u(T) = u(0) — u(T) =0,

are studied, where T' > 0, ¢ € C(R,R) is T—periodic with fOT q(t)dt = 0, L(t)
is a continuous T'—periodic and symmetric N X N matrix-valued function and
W € C'(R x RN, R) is T—periodic in the first variable. We use a new kind of su-
perquadratic condition instead of the global Ambrosetti-Rabinowitz superquadratic
condidition and we obtain a nontrivial T'—periodic solution for the above system. The
main idea here lies in the application of a variant of generalized weak linking theorem
for strongly indefinite problem developed by Schechter and Zou.

Keywords: periodic solutions; damped vibration problems; superquadradicity; weak
linking theorem.
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1 Introduction
Consider the following damped vibration problems

(DY) { i(t) + q(t)u(t) — L(t)u(t) + VW (t, u(t)) =0,

w(0) — u(T) = a(0) — a(T) = 0,

where T" > 0, ¢ : R — R is a continuous T—periodic function with fOT q(t)dt = 0,
Q) = fot q(s)ds, L(t) is a continuous T'—periodic and symmetric N x N matrix-valued
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function and W : R x RY — R is a continuous function, T—periodic in the first variable
and differentiable in the second variable with continuous derivative VW (¢, z) = %—VX (t,x).
Equation (DV) is a basic mathematical model for the representation of damped nonlinear
oscillatory phenomena.

When ¢(t) = 0 for all t € R, (DV) is just the following second-order Hamiltonian
system

(HS) ii(t) — Lt)u(t) + VW (¢, u(t)) = 0,

which is a classical equation describing many mechanical systems, such as a pendulum.
The system (HS) has been thoroughly studied and a lot of existence results have been
obtained, for example see [1-6] and references therein.

As far as the case ¢(t) # 0 is concerned, to our best knowledge, there are few research
about the existence of periodic solutions for (DY), see [7-9]. Recently, the existence of
periodic solutions for (DV) has been studied in [9] when W has a superquadratic growth
at infinity satisfying the global Ambrosetti-Rabinowitz superquadratic condition: there
exist constants p > 2 and R > 0 such that

(AR) 0 < puW(t,z) < VW(t,z).x

for allt € R and |z| > R, where 2.y denotes the Euclidean inner product of z,y € R and
|.| denotes the corresponding Euclidean norm. Our paper is motivated by the following
reason: when dealing with superlinear differential equations, one often meets functionals
which do not satisfy (AR )-condition. Without (AR )-condition, we do not know whether
a Palais-Smale sequence is bounded. In the present paper, we shall study the existence of
periodic solutions for (DV) under a new kind of superquadratic condition given in [10] by
Ding and Luan for Schrodinger’s equation. Our approach is based on an application of
a variant of generalized weak linking theorem for strongly indefinite problem developed
by Schechter and Zou [11], where the authors developed the idea of monotonicity tric for
strongly indefinite problems; the original idea is due to Struwe [12].
Our main result reads as follows:

Theorem 1.1 Assume the following assumptions hold:
L) Zero is not an eigenvalue of L= —2 + L(t);

(
(W) VW (t,z) = o(|z]) as |x| — 0, uniformly on t € [0,T];
(W2) —‘;"zm — 400, as x| — oo, Vt € [0,T];
(W3) W(t,z) >0 and W(t,x) = AVW (t,2).x — W(t,z) >0, Vt € [0,T),x € RN — {0};
(Wy) There exist constants ¢, > 0 and o > 1 such that
Wit g ~
(w) < cW(t,x), Y|z| >r, Vt€0,T].
x

Then (DY) has at least one nontrivial T— periodic solution.

€

Example 1.1 [10] Let W (t,z) = a(t)(|z|*+(u—2) |z[* " sin?(12")), where a : R —
R7 is a continuous T'— periodic function, g > 2 and 0 < € < p — 2. A straigborhood
calculation shows that W satisfies the conditions of Theorem 1.1, but does not satisfy
the (AR) condition.
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2 Abstract Critical Point Theorem [11]

For the existence of periodic solutions for (DV), we appeal to the following abstract
critical point theorem. Let E be a Hilbert space with norm ||.|] and have an orthogonal
decomposition £ = N @ N+, N C E is a closed and separable subspace. Since N is
separable, there exists a norm |.| , that satisfies [v|, < ||v|| for all v € N and induces a
topology equivalent to the weak topology of N on bounded subset of N. For u =v+2 €
N @ Nt with v € N, z € N*, we define |[ul>, = o> + 2|2, then |u|, < |ul, Yu € E.
Particularly, if (u,, = v, + 2,) is ||.|| =bounded and wu,, —lv u, then v, — v weakly in
N, z, — z strongly in N+, u,, — v+ 2z weakly in E. Next, let us recall some definitions:
(i) A functional f : E — R is said to be |.| , —upper semi-continuous, i.e., uy — oy
in E implies limsup,, . f(un) < f(u).

(ii) Let f € CY(E,R). f'is said to be weakly sequentially continuously, i.e., u, — u
in F implies lim,,—, o0 f/(un)w = f/(u)w for all w € E.

Let E = E+ & E—, z € E* with ||z = 1. Let N = E~ & Rz and Bff = N+ =
(B~ ®Rz)t. For R >0, let

M={u=u" +sz/scR",u” € E~,|ul| < R}
with Py = sgzg € M, sg > 0. We define
D= {u =sz+2"/seR, 2T € B, HszoJerrH = so} .
For f € CY(E,R), let I" be the set of vy : [0,1] x M — F satisfying

v is |.|, — continuous, B

Y(0,u) = w and f(y(s,u)) < f(u) for all u€ M,

for any (so,uo) € [0,1] x M, there is a |.|, — neighborhood
Utsoruo) St {U —(s,u)/(t,u) € Uisy ) N ([0,1] N M)} C Efin,

where Fy;, denotes various finite dimensional subspaces of F, I' is not empty since id € T'.

Theorem 2.1 Let (f)) be a family of C1—functionals having the form
Hin(u) =g(u) — Ah(u), ue E, A€ ll,2].

a) h(u) >0, Vu e E, fi = f;
b) g(u) — 400 or h(u) — 400 as |ju]| — oo;
c) fxis ||, — upper semi— continuous, f; is weakly sequentially continuous on E.

Moreover, f\ maps bounded sets into bounded sets;
d) sup fi < inf fi, VA € [1,2].
oM D
Then for almost all X € [1,2], there exists a sequence (uy,) such that
sup ||un|| < 0o, fialun) — ea, f;(un) — 0 as n — o0,
where

cx = inf sup fa(y(1,u)) € [inf f,sup f].
€T e M D M
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As usual, we say f € C'(E,R) satisfies the Palais-Smale condition ((PS) in short)
if any sequence (up) C E for which (f(uy)) is bounded and f'(u,) — 0 as n — oo,
possesses a convergent subsequence.

3 Proof of Theorem 1.1

For 1 < s < oo, let LZ’Q(O, T;R™) be the Banach space of measurable functions u defined
on [0, 7] with values in RY satisfying fOT eQW |u(t)|* dt < oo, with the norm

T
Jullg, = ([ €@ ut)"dt)*
0

and L (0,75 RY) denote the Banach space of measurable functions u defined on [0, 7]
with values in RY under the norm

Q)
[ull g = esssupreo,me = u(t)]-

The space Lé(O, T;RY) provided with the inner product

T
<u,v>pz= / eQWy(t).v(t)dt, u,v e L4(0,T; RN)
0

is a Hilbert space. Let E be the space defined by
E={uecLj(0,T;RY): 0 e L§H0,T;RY), u(0) =u(T)}.
The space E provided with the inner product

<u,v >g= / ! QO u(t).o(t) + u(t).o(t))dt, u,v € E
0

and the associated norm
T 2 27 21
lully = ([ 2O 1P +1iOPlan?, we B
is a Hilbert space. Define an operator K : E — E by
T
< Ku,v >o= / eQW (Inwn — L(t))u(t).v(t)dt
0

for all u,v € F, where I« is the N x N identity matrix. Then it is easy to check that
K is a bounded self-adjoint linear operator. By the assumption (£) and the classical
spectral theory, we can decompose E into the orthogonal sum of invariant subspaces
for [ — K: E=FE~ ® E", where E~ (respectively ET) is the subspace of E on which
I — K is negative (respectively positive) definite. Here, I denotes the identity operator.
Besides, E~ is finite dimensional since K is compact. Furthermore, we introduce on F
the equivalent new inner product

<u,v>=< (I - K)ut,v" > —< (I —K)u",v~ >g
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for u=u"+ut and v = v~ + vt € E and the equivalent norm |.|| =< .,. >2. It is
well known that E is compactly embedded in L (0, 7;RY) for all s € [1,00] and as a
consequence for all s € [1,00], there exists a constant s > 0 such that

[ellps, < ps llull, Vu € E. (3.1)
By definition of < .,. >, E~ and ET we have
< (I - K)u,u>o=+ |u||®, Yu e E*.

For (DV), we consider the functional f(u) = x(u) — g(u) defined on the space E, where
X is the quadratic form

x(u) = 5/ QO (a()* + L(t)u(t)u(t)dt

0

and -
g(u) = / eCOW (¢, u)dt.
0

By the definition of K, the functional f can be rewritten as

< (I-K)u,u>p—g(u) = %(Hu"’”2 - Hu_H2) —g(u), u € E.

N~

flu) =
By (Wy), for || > r and t € [0,T], we have

VW (t,2)|7 < W (t,z) |z]” < = [VW (¢t )] =],

c
-2
thus c )

VW ()| < (5)7

where p = 2;‘1 Let ¢1 = maxyc(o,7),|z|<r | VW (t, )], then

VW (t,2)| < e + (%)ﬁ 2”1, vt e [0,T], = € RY. (3.2)
By (Wh), for all € > 0, there exists 7. > 0 such that

VW (t,z)| < 2¢|z|, Vt €[0,T], |z| <re. (3.3)

For |z| > r., we have by (3.2), [VW(t,z)| < pC |z[P™", where C, = %(T,fil + (%)ﬁ)
So
VW (t,z)| < 2€|x| +pCe |z’ , vt €[0,T], z € RV. (3.4)

Hence, for all t € [0,7] and z € RY

1
W(t,z) = / VW (t,sz).xds < e|z|> + C. |z, Vt € [0,T], z € RV. (3.5)
0

By Proposition B.37 in [13], the inequality (3.4) implies that the functional g is contin-
uously differentiable on E and for all u,v € E

T
g’(u)v:/ eCOTW (¢, u).vdt.
0
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It is easy to see that the quadratic form x is continuously differentiable and for all
u,v € F, we have

X' (u)v = /O QO [i.0 + L(t)u.v]dt.

Therefore the functional f is continuously differentiable on E and for all u,v € E

f@ﬁ)téiﬂwwﬁ+LQMmVWﬁﬂﬁﬂﬁ

T
=<ut, vt > - <uT, 07 > —/ eQOVW (t,u).vdt.
0

Lemma 3.1 Ifu is a T—periodic solution of the Fuler equation f'(u) =0, then u is
a solution of problem (DV).

Proof. Since f'(u) =0, then for all v € F
T T
0=fww=/‘£@umu+/ eCOL(tyu — VW (t,u)).vdt.
0 0

By the fundamental lemma and remarks in ([14], pages 6,9), we know that e has a
weak derivative and

d

E(eQu) = eQ(L(t)u — VW (t,u)) a.e. t € [0,T], (3.6)
QW (t) = /t Q" [L(s)u(s) — VW (s,u(s))]ds + c a.e. t € [0,T], (3.7)
0
T
A e [L(s)u(s) — VW (s, u(s))]ds = 0, (3.8)

where ¢ is a constant. We identify the equivalence class e?®)u(t) and its continuous
representation fot eQG)[L(s)u(s) — VW (s,u(s))]ds + c. Thus by (3.7), (3.8) and the
existence of 1, one has

4(0) — w(T) = u(0) — u(T) = 0.

In order to apply Theorem 2.1, we consider the family of functionals
L 12—t 2 [ e@®
faw) = 2 o F =2 P+ [ eCOw e wan,
0

A € [1,2]. Tt is easy to see that f) satisfies conditions a),b) in Theorem 2.1. To verify
condition ¢), let u,, —!"lv u, then v}t — u* and u;; — u~ in E. Taking a subsequence
if necessary, we have u,, — u a.e. on [0,T]. By (W3), Fatou’s lemma and the weak
lower semi-continuity of the norm, we have

lim sup fx(un) < fa(u),

n—-o0o

which means that fy is |.|, —upper semi-continuous. f ;\ is weakly sequentially continuous
on E is due to [15].
To continue the discussion, it remains to verify condition d) in Theorem 2.1.
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Lemma 3.2 Under assumptions (L), (W1) — (Wy), we have
(i) There exists p > 0 independent of A € [1,2] such that m = inf fx(S}) > 0, where

S5 ={ue B/ |ul = p}.

(it) For fived 29 € ET with ||20]| = 1 and any X € [1,2], there is R > p > 0 such that
sup fA(OM) <0, where

M={u=u" +sz/scR", u" € E~, |lu]| <R}.

Proof. (i) By (3.5) and (2.1), for any u € ET, we have

1 2 2
Paw) 2 5 llull” = Aellully —AC ||U|\Zzg2

1 2 2
2 5 llull” - 2epts |Jul|” — 2Cepd ||ull” .

Taking € = we get

_1_
8uZ’
1 2
) = 2 llull” = 2Cepg [Jul” .
4
Since p > 2, there exists a constant p > 0 independent of A € [1, 2] satisfying inf fA(S;r) >

0.
(1) Assume by contradiction that there exists u, € E~ & R™ zo such that fy(uy) > 0 for

all n and ||u,|| — 0o as n — oco. Let v, = m = Sp20 + v, , then
n 1 T W t; n
o< Dln) Lo o |IP) — /\/ eQ<t>(7Z> v |2 dt. (3.9)
lunll 2 0 |t

It follows from (W3) that

_2 _2 9 2
lon ]l < Mo [” < sh =1 =[loa "

ol
therefore ||v,, H2 < % and 1 — % < s, < 1. Taking a subsequence if necessary, we can
assume that s, — s # 0, v, — v and v, — v almost everywhere on [0,7]. Hence

v = szo+v~ # 0, and since |u,| — 0o almost everywhere on [0, T'], it follows from (W3)
and Fatou’s lemma that

T
W (t, un
/ eQ(t)(i’t;) [on|® dt — 00 as n — oo
0 |un|
which contradicts (3.9). The proof is finished.
Under assumptions (£) and (W7) — (Wy), we obtain by applying Theorem 2.1, that
for all A € [1, 2], there exists a sequence (uy,) such that

sup [[un | < 00, fa(un) =0, fa(un) —> ex € [m,sup f]. (3.10)
n M

Lemma 3.3 Under assumptions (L) and (Wr) — (W), for all X € [1,2], there exists
uy € E— {0} such that

Falur) =0, fa(uy) < sup f. (3.11)
M
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Proof. Let (u,) be the sequence obtained in (3.10), write u, = u, + ul with
uf € E*. Since (uy) is bounded, then (u;}) is bounded, so u, — uy and u;} — u} in E,
after going to a subsequence.

We claim that uj\r # 0. If not, then after going to a subsequence, we can assume that
uf — 0 in L3(R,RY) for all s € [1,00] since F is compactly embedded in L*(R, RY).
It follows from inequality (3.4) and Hélder’s inequality that

T T T
0< / e@® |VW (t,u).f | dt < 26/ ] [u| dt + pCG/ €@ |y, |P7T || dt
0 0 0

< 2efunllg loitll g, + lualzy oy — 0

as n —» oo. Hence by (3.10), we get

T
faluy) < Hu,ﬂf = fy(un)uy + )\/ eCOVW (¢, u)utdt — 0
0

as n — 0o, which contradicts the fact that fx(u,) > m > 0. Therefore u}f # 0 and
thus uy # 0. Note that f) is weakly sequentially continuous on E, thus

f:\(u,\)w = nli_r}noo f:\(un)w =0, Ywe E,
which implies that fy(ux) = 0. By (3.10), (W3) and Fatou’s lemma, we have

sup [ > ex = T (falun) — 3 fi(un)u)

T
1
= lim )\/ eQ(t)(§VW(t,un).un—W(t,un))dt

n—>oo 0

T
> )\/ eQ<t>(1vvv(t,m).uA — W (t,uy))dt = fa(uy).
0 2

Thus we get fi(uy) < supy; f-

Lemma 3.4 Assume (L) and (W1) — (Wy) hold, then there exist a sequence (A,) of
[1,2] converging to 1 and a bounded sequence (uy,) on E such that

Fa, (wa,) =0, fa, (ux,) < sup f.
M

Proof. Let (A\,) C [1,2] be a sequence such that A\, — 1. By Lemma 3.3, there
exists a sequence (uy, ) such that

Fa (ua,) =0, fa, (ux,) < sup f.
M

It remains to prove the boundedness of (uy,). Arguing by contradiction, suppose that
llua, || — o0 as n — oco. Let vy, = ﬁ, then ||uy, || = 1. By going to a subsequence
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if necessary, we can assume that vy, — v in E and vy, —> v almost everywhere on
[0, T]. Since fy (uy,) =0, then for any w € F, we have

T
< u;\:,w > A <uy W >= /\n/ eCOVW (L, uy, ).wdt. (3.12)
0

Consequently, (v, ) satisfies

W(t
<Y w > =\, <oy, w>= )\n/ Q(t)wdt. (3.13)
" " 0 [, |
Let w = vi in (3.13) respectively. Then we have
T VW (t,uy, )oT
o = v [ e T
" [, |
VW (t,uy, )v_
oy [P = ,/ Q(t)%dt_
" [[u, |
Since 1 = |Juy, ||* = ||v)\ || + Hv/\ || we have
T VW (t,uy, ). Ao — vy
1 :/ catn YW wr)-Ony, = 0,) (3.14)
0 [, |

For s > 0, let
o(s) = inf{W(t,z)/t €[0,7T], x € RN, |z| > s} .

By (W3), we have ¢(s) > 0 for all s > 0. By (W3) and (Wy), we have for ¢ € [0,T] and

Wit2) > %(IVW(t,rwl)" > %(IW(@:@I)",

] |

so by (W) we have ¢(s) — 400 as s — 00. For 0 < a < b, let

An(a,b) ={t € [0,T]/a <fux, (t)] < b},

V(t
kap = inf{w|( |’2z>/t €07, zeRY, a<|a| < b}.
x

Since W (t, z) depends periodically on ¢, then by (W3), we have kqp > 0 for a > 0 and

W (t,ux, () > kap lux, )] for all t € A,(a,b).

Since f;n (ux,) =0 and fy, (uy,) < supj; f, there exists a constant ¢o > 0 such that for
alln e N
02 (i)~ S5, = [ QO
0

W
:/ eQOW (L, uy, )dt+/ eQOW (¢, uy, dtJr/ eCOW (L, uy, )dt
Ay (0,a) boo)
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2/ eQ(t)W(t,u,\n)dt—i—k:a,b/ eQ® |u,\n|2dt+<p(b)/ eQWdt. (3.15)
An,(O,a) An(aab) An(b,oo)

Combining (3.15) with the fact that p(s) — oo as s — oo, yields

/ eQWdt —s 0 as b —» oo, uniformly in n. (3.16)
Ay (b,00)

Let 7 €]p, co[. By Holder’s inequality and (2.1), we have

T
/ e oy, 7 dt < ( / ¥ Jox, [ di)* ( / QW )14
Ap (b,00) 0 A (b,oo)

< uz(/A ( )eQ(t)dt)l_% — 0 as b — o0, uniformly in n. (3.17)
n(b,00

By (3.15), we have
1
/ QW vy Pdt = 72/ QW fuy Pt < — " 50 (3.18)
An(ab) . * J 4 (a) Fap [[ux, |

as n — 00.
Let 0 < € < 3. By (W) there exists ac > 0 such that [VW(t,z)| < T |z| for all
2

|z] < a.. Consequently, by Holder’s inequality and (2.1)

L
/ eQ(t)VW(t’u’\")'()\"UM U’\")dt
An(oaae) Hu)\n”

t
< / eQ(t)M lux, | )\nv:r - vy ’dt
An(0,a0) lux, | " "

€ QW |y, |

< — AT — 0y ’dt
203 J A, (0.00) A

< LQ(/ Q) |%|2dt)é(/ Q)
205 ) 4,,(0,a0) An(0,ac)

< €
= 243

2 1
)\nv:rn - v;n’ dt)z

An ||mn||2% <e VneN. (3.19)

Now, by Hélder’s inequality, (Wy) and (3.17), we can take b. > r large enough so that

[ anTWemOu i),
A (be,00) [[ux, |

Aol — ’U;n‘ dt

n | An

|ux, |

vw t,u n g
< (/ eQ(t)(M) dtu(/ eQ(t)(lwnl
Ay (be,00) |ux, | Ay, (be,00)

<( / QO (t,uy, )dt) = ( / QW [uy 2 at)ze
Anp (be,00) Ay (be,00)

S/ Q) VW (t, ux,) lux
An(beaoo)

)7ty

+ _ —
)\nUM vy
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20’

.(/A , )ecz(t)‘Anv;—u;ﬂ dt)7

< (cco)* ( / Q0 [y P dr)d < e (3.20)
Ay, (be,00)

for all integer n, where 2 + 2 = 1. Since VI is continuous, there exists d = d(€) such
that [VW (t,z)| < d|z| for all t € [0,T] and = € [ac, b]. So, for all t € A, (a,b.), we
have [VW (t,uy, )| < d|uy,|. Hence by Holder’s inequalitty and (3.18), there exists an
integer ng such that

.
/ Q) VW(t,u,\n).()\nvM UA")dt
An(aeabe) ||uAnH

< / eQ(t) |VW(ta uAn>| |U)\n|
An(acbe) |ux, |

< d/ Q) loa, |
An(a€1b5)

< d( / QW) [y 2 dt)} ( / Q)
An(aeabe) An(aeabe)

< 2d/ QW oy [P dt < e (3.21)
An(aeabe)

/\nv:rn — v;n‘ dt

/\nv; — v;n‘ dt

2 1
/\nv:rn - v;n‘ dt)z

for all integer n > ng. Therefore, combining (3.19) — (3.21) yields for n > ng

-
/T Q) VW (t, ux,)-(Anv] —0y)
0

dt < 3e < 1,
[,

which contradicts (3.14). Hence (uy,) is bounded.
Lemma 3.5 Let (uy,) be the sequence obtained in Lemma 3.4, then it is a (PS)
sequence of f satisfying

lim [ (ur,) =0, lim f(u,) <sup /.
n—oo M

n—mao0

Proof. We have

n—>oo n—oo

T
lim f(uy,)= lim [f,\n(u,\n)—l—()\n—l)(% HU;RHQJF/O eQOW (t,uy, )dt)]. (3.22)

By (3.5) and (2.1), we have

T
| ROt un, )t < e s, I+ Con o, (3.23)
0

It follows from (3.22), (3.23) and the boundedness of (uy, ) that

lim f(uy,)= lim fy, (ux,) <supf.
n——00 n—00 M
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Similarly, for all w € E, we have

1 T
tin_f(un, o=l (5, G, )t 1) (5 <5 w0 >+ [ @OV, )wdt)

n—->00 2 0

= nl'g{loo f;n (u/\n)w =0,

for all w € E. The proof is complete.

Now, let (uy,) be the bounded sequence obtained in Lemma 3.4. Taking a subse-
quence if necessary, we can assume that uy, — uin £ and uy, — u in L§,(0,7') for all
s € [1,00] since E is compactly embedded in Lg)(0,T). By f} (ux,) =0, (3.4), Holder’s
inequality and (2.1), we obtain

T
o, I = X [ eCOTW )

T T
< e [ fun, [[uf, e+ 20C, [ @O fus, P |
0 0

< de g, o, g, +2Cc Nl i (1o, I,
< delunalleg, 5, 1, + 20Ce Nuna i s,

2 —2 2
< deis [|un, | +2pCeM§HUAn||’£g lJux, 17+ (2.24)

Similarly, we have

— 12 2 —2 2
[Jux, I < ded [un, | +2pCeM§HUAnH’£g lJux, 17+ (2.25)

Combining (3.24) and (3.25) yields

—2 2
lux, I” < 8epsb lfux, |I* + 4pCeps; lluna llzz” a1 (2.26)

Combining Lemma 3.3 and (3.26) yields

1 — 8epy < 4pCepir, HUAnH}zg : (3.27)

Taking € = @, we get |\u>\n||i%22 > (8purCe)™" > 0, for all n. Since uy, — w in
LZ([O,T]) then u # 0. The fact that f’ is weakly sequentially continuous on E and
uy, — v in E imply f'(u) =0.

Let K = {u € E/f'(u) = 0} be the critical set of f and my = inf {f(u)/u € K — {0}}.
For any critical point u of f, assumption (W3) implies that

T
) = ) = 5 = [ COGIW )= Wt )t > .

Therefore, mg > 0. Let (u;) C K — {0} be such that f(u;) — mg. Arguing as in the
proof of Lemma 3.4, we can prove that (u;) is bounded and by going to a subsequence
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if necessary, we can assume that u; — w in F and u; — u almost everywhere on [0, 7],
and as above u # 0. Thus by (W3) and Fatou’s lemma

T
1
mo= lim f(u;)= lim eQ<t>[§VW(t,uj).uj—W(t,uj)]dt

Jj—00 j— Jq

T
QW 1 u).u — u)|dt = f(u) > m
2/0 [QVW(t, You — W (t,u)]dt = f(u) > mg.

So mg = f(u) and mg > 0 because u # 0.
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