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1 Introduction

During the last few decades, the fractional differential equations (FDEs) including
Riemann-Liouville and Caputo derivatives have attracted the interest of many re-
searchers, motivated by demonstrated applications in widespread areas of science and
engineering such as models of medicine (modeling of human tissue under mechanical
loads), electrical engineering(transmission of ultrasound waves), biochemistry (modeling
of proteins and polymers) etc. In addition, due to the memory and hereditary proper-
ties of the materials and processes, in some areas of science such as identification sys-
tems, signal processing, robotics or control theory, the fractional differential operators
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seem more appropriate in modeling than the classical integer operators. For funda-
mental certainties regarding to fractional systems, one can make reference to the pa-
pers [6}9,/14,19+H21}|25/126], the monographs [104[16/24] and references therein. Moreover,
fractional differential systems with delay are used frequently in many fields such as 3-D
printing and oil drilling, modeling of equations, panorama of natural phenomena and
porous media. For more details, see the cited papers [11[3].

On the other hand, the theory of fractional impulsive differential equations (in short,
FIDEs) also has generated a great interest among the researchers, because many real
world processes and phenomena which are effected by abrupt changes in the state at
certain moments are naturally described by FIDEs. These changes occur due to dis-
turbances, changing operational conditions and component failures of the state. For
example, mechanical and biological models subject to shocks. Generally, the abrupt
changes in the state for instant period in evolution process are formulated by impulsive
differential equations. However, it is not necessary that the dynamical systems with
evolutionary processes always be characterized by instantaneous impulses. For exam-
ple, pharmacotherapy (23], in which the hemodynamic equilibrium of a person is con-
sidered. The initiation of the drugs in the bloodstream and the resultant absorption
for the body are gradual and continuous processes. Therefore, instantaneous impulses
failed to describe such processes. To characterize these type of situations Hernandez and
O'Regan [8] introduce a new case of impulsive actions, which are triggered abruptly at
an arbitrary instant and their action remains for a finite time interval. Meanwhile, Pierri
et al. [22] extended the results of [§] with an a-normed Banach space. For the general
theory of impulsive differential equations, we refer to the monographs [4/12], research
papers [5}11,/13}15,/17,/18,/28] and references therein.

Indeed, in [9,/14}/19,/27], the authors have obtained the existence and uniqueness
results without impulsive conditions, and in [20], Pardo studied weighted pseudo almost
automorphic mild solutions for two-term time-fractional order differential equations. In
[21], Pardo and Lizama studied a nonlinear multi-term time-differential system of the
form

d
Dy(t) + Y p DY y(t) = Ay(t) + f(t.y(t), B;>0,t€[0,1,0<y<2, (1)

j=1

y(0) =0,  ¥(0) =g(y), (2)

where A : D(A) C X — Xis a closed linear operator and f and g are suitable functions. In
the foregoing cases, the initial value problems were considered, but the study of existence
of mild solutions for the system modeled as (1)) — (2) involving non-instantaneous impulses
and delay was left open. Anticipating a wide interest in the problems modeled as the
system — , this paper contributes to fill this important gap.

This paper is organized as follows. Section 2 is devoted to recall basics of fractional
calculus and mild solution which will be employed to attain our mains outcomes. In
Section 3, the existence and uniqueness results for the system — are analyzed
under the Banach and condensing map fixed point theorems. In Section 4, as a final
point, an example is provided to show the feasibility of the theory discussed in this
paper.
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2 Problem Formulation

Let X be a Banach space. Let £(X) be the space of all bounded and linear operators
on X equipped with the norm | - ||z. Let R and N stand for real numbers and natural
numbers, respectively. For a linear operator A on X, R(A), D(A) and p(A) represent
the range, domain and resolvent of A respectively. To facilitate the discussion due to
delay, we use the space PCq := C([—7,0],X) formed by the continuous functions from
[-7,0] to X equipped with the norm |[[yl[pc, = sup,c;_-q{ly(®)lx : y € PCo}. To
study the impulsive forces, we define a space PCr := PC([—7,T],X),0 <t < T of all
functions y : [—7,7] — X, which are continuous everywhere except the points t; €
(0,T7),k =1,2,...,m, at which y(¢]") and y(t; ) exist and y(¢; ) = y(t). Obviously, PCr
is a Banach space equipped with the norm [|y[|pc, = sup;ei—r r{lly(¥)[lx : y € PCr}.
In this paper, we study the existence and uniqueness of mild solutions for the following
class of multi-term time-fractional differential equations with non-instantaneous impulses

“DiPy(t) + ZaJCD%

= Ay(t) + F<t, yt,/o A(t, s)(ys)ds>, teUro(se, ter1], (3)

y(t) = Gk(t7yt)a y/(t) = Hk(tv yt)v te U$:1(tk, Sk]v (4)
y(t) +91(y) = ¢(t),  ¥'(t) + g2(y) = 0(t), te[-7,0], (5)

where A : D(A) C X — X is a closed linear operator. “D7 stands for the Caputo
derivative of order > 0 and Z = [0,7] = {0} U™ (Sk» tht1) Upy (tr,sk], T < oo such
that 0 = 59 < t1 < 851 < tg < -+ <ty < S S tm+1 = T are prefix numbers. All
vj, J = 1,2,3...n, are positive real numbers such that 0 < g <, <--- <y < 1. Gy
and Hj, are continuous functions from U, (g, sg] X PCp into X for all k = 1,2,...,m
F :Z x PCy x PCy — X is a suitable function. The history function y; : [—7,0] — X is
the element of PCy characterized by y.(6) = y(t + 0),0 € [-7,0] and also ¢, € PCy.
y' denotes the usual derivative of y with respect to t. £ is a positive and continuous
operator on Q = {(t,5) € R?: 0 < s <t < T} and k° = sup fot £(t, s)ds < oo. Here by
non-instantaneous, we mean that the impulses start abruptly at £ and their effect will
continue on the interval [ty, sg] for k =1,2,3,...,m.

Now, we recall some definitions and basic results on fractional calculus (for more
details, see [24]). Define g,(t) for n > 0 by

=l > 0;
win={ Jo"" 1

where I' denotes the gamma function Let (X % Y)(¢) be the convolution of X and YV
given by (X xY)( fo (t —s)Y(s)ds.

Definition 2.1 The Riemann-Liouville fractional integral of a function f €

L}, (R, X) of order n > 0 with the lower limit a > 0 is defined as follows

loc

Jgf(t)z/ anlt—8)f(s)ds, t>0,

and I0f(t) = f(t). This fractional integral satisfies the properties I o I} = IJ*" for
b>0and I]f(t) = (g, % )(t).
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Definition 2.2 [21] Let n > 0 be given and denote m = [n]. The Caputo fractional
derivative of order n > 0 of a function f € C™([0,00),R) with the lower limit ¢ > 0 is
given by

dm

wf(s)ds,

¢
D) = 17D ) = [ gt =)
and ‘DY f(t) = f(t). In addition, we have “D( f(t) = (gm—n * D™ f)(t).
To give an appropriate representation of mild solution in terms of certain family of
bounded and linear operators, we define the following family of operators.

Definition 2.3 [21] Let A be a closed linear operator on a Banach space X with
the domain D(A) and 8 > 0,7;,c; be the real positive numbers. Then A is called the
generator of a (3, ;)— resolvent family if there exists w > 0 and a strongly continuous
function S, : RT — L(X) such that {A\**! + > =1 @A i Red > w} C o(A) and

n —1 0o
A (Aﬁ“ + Y N - A) y = / e MSp., (tydt, Red>w,yeX.  (6)
j=1 0

The following result provides the existence of (/3,7;)— resolvent family under some suit-
able conditions.

Theorem 2.1 [21] Let 0 < 8 < v; <,---,< v <1 and o;j > 0 be given and let
A be a generator of a bounded and strongly continuous cosine family {C(t)}ier. Then A
generates a bounded (j3,7;)— resolvent family {Sp.,(t)}+>0.

Motivated by [21], we define a mild solution for the system — as follows.

Definition 2.4 A function y € PCr is called a mild solution of the system — ,

if y(t) = o(t) —g1(y),y'(t) = @(t) — g2(y) for [-7,0] and y(t) = Gi(t, y:), y'(t) = Hi(t, yr)
for ¢ € UP (tk, sk] and satisfy the following integral equations

S5, (O[6(0) — 1 (y +K&W@W@—mwws

t—s Vi
+Z%/ R g S (600 — 1)

+f(f(9/3 * Sy, )t — 8)F (s, Ys, K(ys))ds, t€[0,t1];
Spy; (t = Sk)Gk(Sk,ysk +f Sp; (58— sk)Hi(5k,Ys), )ds

n

(t—s)P=
+Z / r(1+p— v; )Sﬁ,’h (s = 51)Gr (5K Ys;, )ds

+fsk gp * SB"‘/j)(t - S)F(S,ys7 K(yS))dSﬂ te U?=1(8k»tk+1]7

where K (y,) = [ & ye)dE.

Theorem 2.2 [7, Condensing theorem] Let M be a closed, bounded and convex
subset of a Banach space X and assume that Q : M — M is a condensing map. Then
Q admits a fized point in M.
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3 Main Results

In this section, we establish the existence and uniqueness of mild solution for the system

. . We denote So = sup,cio.77 [|Sp,~; (t)l|z- In order to establish the existence
and uniqueness result by the Banach fixed point theorem, we consider the following
assumptions:

(A1) There exist positive constants pp and p% such that
1F(t91, x1) = F (8,92, x2)llx < prllvn = dallpe, + pilx: = xzllpes,
where ¢;, x; € PCo, i = 1,2.
(A2) There exist positive constants pq, ptg, and pg such that

1Gr(t, ) = Gr(t, )llx < palld = xllpeos [Hi(t, ) — Hi(t, x)|Ix < pulld = xllpe,,
lg:(z) — gi(¥)|lx < pg, llz — yllx,

forall ¥, x € PCy, z,y € X,i=1,2and k=1,2,3,...,m

Theorem 3.1 Assume that the assumptions (A1) — (Az) are fulfilled, then the system
- has a unique mild solution in T if © < 1, where

1+8—; 148
Oé]SodT S()TO 0 1.0
+ 0k,
TRt 5y T pr Trrklee

© =max |:Sod + T()Soe + Z
where d = max{ug,, pc}, € = max{pig,, pr} and Ty = max |tg41 — Skl
0<k<m

Proof. To transform the problem into a fixed point problem, we define an operator
Q : PCr — PCr by Qu(t) = ¢(t) for t € [-7,0] and Qy(t) = Gi(t,y;) for all t €
Uit (tk, si], and

SB.3; (t)[¢(0) g1 )] + Jy S5, (5)[0(0) = g2(y)]ds

+Za] [ S0, (6600~ )l

+ fo g * Sﬁfw)( )F(Svys, K(ys))d87 te [Ovt1]§
Qy(t) = Sﬁﬂ’tj (t - Sk)Gk(5k7 ysk) (8)
+ fsk Spy; (s = s) Hi(sk ys, )ds

t — S ﬂ Vi

+ Zai / 1 + 6 v )Sﬁﬂj (S - sk)Gk(ska ysk)ds

+ fsk 98 * Sy, ) (t — 8)F(s,ys, K(ys))ds, t e U (sk, trsa)-
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Let z,y € PCr. For t € [0,¢], we have

1Qz(t) — Qu(t)lx

<1, Ol (7) ~ @)+ [ 180, Ol elga(a) — g2l
+Z%/ T80, (o (0) — o) s

+/0 195 * Sp.2; )t = $)[ | F'(s, 25, K (25)(s)) = F (s, ys, K (ys)) I xds

1+B8—; 1+8
OéjS(]/ngTO S(]TO 010
F+ upk T —Y|pcy-

< |:SO;u'g1 + TOSO/J’gz + Z
j=1

For t € U™, (tg, sk], we get
1Qz(t) — Qy(t)|lx < [|Gr(sk, Tsy,) — Gr(sk, Ysi ) x < pelle —yllper, k=1,2,3,...,m

Similarly, for ¢t € UpX, (sk, tk+1] we get

1Qz(t) — Qy(t)lx

<Sp ., (= i)l 2 |Gr(sks sy,) — Gr(Sk, Ys, ) |Ix
t

+ | NS, (5 = si)llcl|Hr(sk, Ts,,) — Hi(sk, Ys,, ) [|xds

n t RY:]
X ], Ry 150 (5 = 50l Guots ) = G s

/ (g5 * Sp.y, )t = )l F (s, 26, K (25)(s)) — F(s,ys, K(ys))lIxds
oszo,uc;Tol+57w SOT1+’6

4 0
F2+p-n) T@E+5)

Gathering the above results, we have ||Qz—Qyl|pc, < Ollz—yl||pc,. Now, by the Banach
contraction theorem the system — has a unique mild solution.

In order to establish the existence results by virtue of the condensing map, we consider
the following assumptions:

< [soue TS+ 3 (e + 1K 2 = yllpey
j=1

(A3) The functions Gg, Hi,¢1 and go are continuous functions and F' is compact and
continuous, and there exist positive constants vp, V%, va, v, Vg, Vg, such that
IF 4, 0lx < velldlpe, + vlixlipes,  9i(@)lx < vg,llzlx,
1Gk(t, V) lx < val¥llpe,,  [1Hi(t¥)lx < vallyllpe,
for all x € X, ¢, x € PCo.

Theorem 3.2 Assume that the assumptions (As) — (As) are fulfilled, then the system
- has a mild solution in T if A <1, where
0 SodT, 77

7/”’G b
vi)

A =max |:S()d+Tosoe+Z 2+5
g

where d = max{jiy,, pc}, € = max{pig,, i}
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Proof. Consider the operator Q : PCr — PCr defined in Theorem [3.I] We show
that @ has a fixed point. It is easy to see that Qy(t) € PCr. Let B, := {y € PCr :
lyllper < ro}, where

OLJS()YlT 14—

, vaTro, Sovgro + ToSovhT
T2+8—7) GT0, P0VGT0 0°0VHTO

To > max |:S()Y1 + Tos()Zl + Z

+ZO[] Ol/GroT '6 ’YJ:| S()Tol—i_ﬁ
I'(248—1;) I'(2+5)

where Y1 = ||¢(0)]| +vg,70, Z1 = [|@(0)|| + vg,70. It is clear that B, is a closed, bounded
and convex subset of PCr. Let y € B,,, then for ¢ € [0,¢;], we have

[vr + I/%k‘o]’l"o, (9)

1Qy(®)x SIISB,wj(t)Ilc(II¢(0)II+||91(y)Hx)+/0 18845 ()Nl + llg2(v) I )ds

+Zaj [ RS0, (16000 + gl s

+ / (g5 * Sp,)(t — )Ll F (5, o0 K ()l xds

OAJS()YlT 1+ SoTolJr'B
L2+8-y) r'2+p)

<SoYi + ToSoZ1 + Z v + 2k ro.

For t € U™, (ty, sk], we get
1Qu(®)|Ix < [|Gr(t,ye)llx < varo, k=1,2,3,...,m
Similarly, for ¢ € U, (sk, tkt1], we get

t
1Qy()|lx <lISp.; (t = si)ll el Gr(sk, s, ) s + / 1S8,+, (5 = si)lc |1 Hi (5K, ys,, )| xds

(t—s)=
+ZaJ/ BTy (s = 30l Gl s

+ / (g8 * Sp.n; )t = S)|llF (s, ys, K (ys)) | xds
Sk
ijSQVGT()TOlJrﬁ_% n SOTOHB
L2+ 6 —;) L2+ p3)

We conclude by () that ||Qy|/pc, < ro. Thus we conclude that Q(B,,) C By,. Next,
we show that @ is a condensing operator. Let us decompose @ by Q = Q1 + @2, where
Qy(t) = Gi(t,y.) for all t € U, (tk, si] and

857, (D6(0) = 1) + Jy S, (5)2(0) = 92(v))ds

t — §)B—;
300 [ AT, (060 s, v € 0.0
Quy(t) = Sﬁj,v_j(tfsk)c:k(sk,ysk )+ [1 g (s — s1)Hi(sr, s, )ds

+ia/t(t_8)ﬁw8g (8—5k)Gr(Sk,Ys,, )ds, t € UL (Sk, thy1)
. J (1 +B 4 ) Y5 » ISk ’ k=1 ) )

n
<Sovgro + ToSovuro + Z [vr + veklro
=1

(10)
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and

Qay(t) = { fot(gﬁ * S, )t — 5)F(s,ys, K(ys))ds, te0,t]; "

t —
fstk (gﬁ * Sﬁ,’y_y’)(t - S)F(Sv Ys, K(ys))ds’ te Ukm:1 (skv tk+1]'

First, we show that )1 is continuous, so consider a sequence in B, such that y" — y €
B,,, then for t € [0,t1], we get

1Q1y"(t) — Quy(t)lx <Sollgr(¥™) — g1 (W)lIx + SoTollg2(y™) — g2(y)lIx
a~SOT1+ﬁ7W
+ Z mHm(y") = 91(y)|x-

Jj=1

n

For t € U™, (sk, tky1), we obtain

1Q1y" (1) — Quy(t)llx <SollGr(sk, s, ) — Gr(Sk, Ys,)lx
+ SOTOHHk(Ska Z/Zk) - Hk;(Sk;, ysk)”X

i o SOTOHB*“/]'

mHGk(Skaysk) — Gr(Sks Ysi ) [1x-

Jj=1

By continuity of G, Hi, g1 and ga, we have ||Q1y™ — Q1y|lpc, — 0 as n — co. Hence @
is continuous. Let x,y € PCr. As we have done in Theorem for t € [0,t;1], we have
1 ——y
0 Soptg, Ty 777
I'(2+8—1;)

1Qrz(t) — Quy(®)lx < [Soﬂgl T ToSoptgs + e = yllper.
j=1

For t € U™ (ty, sk], we get

[Qiz(t) — Quy()llx < Gr(sks s,) — Grlsk, s )lIx < pelle —yllper, k=1,2,...,m,
and for t € U™, (sk, tp41], we obtain

T01+6J/j

- ;S G
|Qua(t) — Quy(t)lx < |Sopc + ToSopn + Y — or |z — yllpey-
j=1

— T2+8-)

Gathering the above results, we have ||Q12 — Q1y|lpcy < Allz — y|lpe,. Hence, Q; is a
contraction mapping.

Next, we show that Q- is completely continuous. First, we verify that Qs is contin-
uous, so we consider a sequence in B,, such that y" — y € B,, as n — oo, then for
t €[0,t1], we get

1Q2y"™ (1) —Q2y(t)Ix
< /Ot 1095 * Sp., )t = )l F (s, 48, K(yd)) — F(s,ys, K(ys))[[xds,
for t € U™, (s, trs1], we obtain
1Q2y"™ (1) —Q2y(t)lIx

S/ 1095 * Sp.; )t = $)[ [ F(s, 5, K(yS)) — F(s,ys, K(ys))l|xds.
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By continuity of F', we get ||Q2y™ — Q2y|lpc, — 0 as n — oco. Hence Q2 is continuous.
Further, we show that @ is a family of equi-continuous functions. Let lo,1; € [0,¢1] such
that 0 <[y < ly < t1, we have

|Q2y(l2)—Qay(l1)]x

5
S/O (95 * Spy; )2 = 5) = (98 * Sp,y, )l = $) 21 (s, ys, K (ys)) [ xds

lo
+ /l 195 * Sa.ny) (12 — ) || F (5, s K (32)) cds

<Sp [/Oll ((l2 —5)° O S>B)ds + W} [vr + vk’

r1+p) T1+p) T2+ 5)
So 1+ 1+8 (12 _ l1)1+6
<tarm |7 -4 - - S e

For Iy, 1y € U™ (sk, tg41] such that s, <1y <y < tpi1, we have

Q2y(l2) — Q2y(l1)|Ix

Iy
S/ (98 * S, )12 — s) — (g5 * Sp, )11 — )l 2l F (s, ys, K (ys))|xds

Sk

l2
+ /l (95 * Spm,) (T2 — )| F (5. s K (92)) s

hrla—8)f (I —s)? (o — y)1+F
<5 [/ (m 5 T B))ds T T@ ) } e+ vpklro

So
“Te+p)

from aforemention inequalities we conclude that ||Q2y(l2) — Q2y(l1)||pcy — 0 as lo — Iy
for t € [0,T]. This shows that @3 is a family of equi-continuous functions.

Finally, we will show that Y = {Q2y(t) : vy € B, } is precompact in X. Let ¢t > 0 be
fixed and let y™ € B,,, {y™} be a bounded sequence in PCr. Let Y = {Qa2y™(t) : y™ €
B,,} be a bounded sequence in B,,. Hence, for any t* € U (s, tkt1], the sequence
{y™(t*)} is bounded in B,,. Since F is compact, it has a convergent subsequence such
that

lo —1 14+
+ 7( 2 —h) } [ve + V2K o,

F(t*ay?mK(y?*)) - F(t*ayt*aK(yt*))a
or
[F(t", yie, K(yi=)) — Py, K () Ix — 0 as n — oc.
Using the bounded convergence theorem, we can conclude that

(Q2y")(t) = (Q2y)(t), in By,.

This proves that @2 is a compact operator. Therefore Q7 is a continuous and contraction
operator and ()2 is a completely continuous operator, hence Q = @1 + ()2 is a condensing
map on B,,. Finally, by Theorem [2.2] we infer that there exists a mild solution of the

system - in By,.



316 VIKRAM SINGH AND DWIJENDRA N. PANDEY

4 Example

In this section, we provide an example to illustrate the feasibility of the established
results. Set X = L2(R"), then PCy := C([-7,0], L2(R")). Let B,v; > 0 for j =
1,2,3,...,n be given, satisfying 0 < f <7, <--- <y <1and 7 € R such that 7 >0 .
We consider the following system

-~ ) us (0,
o PPu(t, x) + ;ajag’u(t,x) =Au(t,z) + t(50 )
¢
+ / cos(t )"0 e (12)
for all (t,z) € Uiy(sk, trt1] % [0, 1],
b osin(t — £) ut(ﬁ x)
Gult.w(o.0) = [ TS &,
b ocos(t — &) uy (0, x m
snt0.0) = [ P 0 d o teU (s (19
u(6, x) +Zary (0, x), 9z+Zbry , ), (14)
where a,,b, € R,0 € [—7,0]. The points 0 = g = 59 < t1 < 81 < ta < -+ <

tm < Sm < tmg1 = 1 are prefix numbers, 3t1 +# denotes the Caputo derivative of order
(1 + ) and A is the Laplacian with a maximal domain {v € X : v € H?(R")}. The
history function u(6, z) : [—7,0] — X is the element of PCy characterized by w(0,x) =

u(t+6,z),0 € [—7,0]. Set y(t)(x) = Zar Zb x(t,) and
o(0)(z) = ¢(0, ac) (0,x) € [-7,0] x [0, 1]. Now, we have F(t P, K()) = E""f— cos(t —
&) Lde, Gilt,p) = [*. “(“;ilf Lde, Hy(t,p) = [* “g;jil)@ 2. d¢. Now, we observe that

the system . . ) has the abstract form of the system . . Moreover, for
t €10,1],4:,x: € PCo,i =1,2 and z,y € X, we have

[E(t, 1, K (x1)) = F (£, 12, K(x2))|| < *II% Vo +i||><1 —xall,

— 50
1Gk(t, x1) = Gr(t, x2)|l < %HM xXells [HHk (8 x1) — Hi(E, x2)[| < %HXl Xzl
lg1(2) = 91(y)llx < qallz —yllx; llg2(2) — g2(y)llx < gblle — yllx,
where ¢ = max |a,| and b = max |b,|. Thus the assumptions (A4;) and (As) are
1<r<q 1<r<q

satisfied. On the other hand, it follows from the theory of cosine families that A gen-
erates a bounded cosine function {C(t)};>0 on L?(R™). Moreover, by Theorem the
operator A in equation generates a bounded {Sg -, (t)}¢>o-resolvent family. Let
So = supeqo,1] [1S8,4, ()|l c. Now, by Theorem [3.1] if

= :Sod 1
max [Sod + Spe + Z 255 35 <1,
j=1

<T@+ B —7,)  B00@+H) %

where d = max{qa, 2%}, e = max{qb, 2—25}, then the system - admits a unique
mild solution.
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5 Conclusion

In this paper, an approach has been developed concerning the existence and uniqueness
of mild solutions for the system — using the Banach fixed point theorem and
condensing map theorem. The system — involves abrupt forces(impulsive effects),
hence our results generalize the results of Pardo and Lizama studied in [21]. Thus, our
results are more general and interesting.
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