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Abstract: In this paper, we show that for a wide range of parameter values,
the Gray-Scott model of families of traveling wave solutions posses two degenerate
Bogdanov-Takens points. Furthermore, we explicitly define a unique compact form
for the critical normal form coefficients of order 3 and 4. This is guaranteed by apply-
ing suitable solvability conditions to singular linear systems coming from the center
manifold reduction combined with a normalization technique.
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1 Introduction

One of the most important contributions to the bifurcation theory has been developed
independently and simultaneously by Bogdanov [3/4] and Takens [19], where the topolog-
ical normal form of the so-called “Bogdanov-Takens (BT) bifurcation” is derived. This
bifurcation plays an important role in the analysis of dynamical systems because it gives
the appearance of local bifurcations (Saddle-node bifurcation and Hopf bifurcation) and
global bifurcations (homoclinic orbits to saddle equilibria) near the critical parameter
values [12].

The exact bifurcation scenario near a BT point is determined by an unfolding of the
critical ODE on the 2D center manifold, with as many unfolding parameters as the co-
dimension of the bifurcation. More precisely, the bifurcation diagram of the unfolding
depends on the coefficients of the critical normal form on the center manifold. The

* Corresponding author: mailto:b.alhdaibat@hu.edu. jo

(© 2019 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.ua253


mailto:b.alhdaibat@hu.edu.jo
http://e-ndst.kiev.ua

254 B. AL-HDAIBAT, M.F.M. NASER AND M.A. SAFI

restriction of a system of ODEs to any center manifold at the critical parameter values
can be transformed by formal smooth coordinate changes to the form [24|13]

wp = wi,
. k k=1, k (1)
w; = g arwy + brwy ™ wy,

k>2

where w = (wp,wy) € R? are the center manifold coordinates and ay, by are the critical
normal form coefficients.

The Gray-Scott model consists of the following coupled pair of reaction-diffusion
equations:

U DU —UV? 4+ an(1-U),

ot

av (2)
E = DUVQV‘i'UVQ _062‘/,

where o1 and «s are the rate constants, D, and D, are the diffusivities, U = U(x,t)
and V = V(x,t) are the concentration of the chemical species U (the inhibitor of the
reaction) and V (the catalyst or the activator). A standard notation, V2 is the Laplacian
operator. Equation (1) was proposed by P. Gray and S. K. Scott in 1983 [8]; that’s why
it’s called the Gray-Scott model. We refer the interested reader to [9|10] more physical
and chemical backgrounds of the model. Motivated by the experiments and simulations
of Pearson [17] (see also [1621]), attention is primarily focused on the case in which the
diffusivity of the inhibitor U is greater than that of the activator V. In this case, U
is able to rapidly reach the localized regions of high V' concentration and hence sustain
the reaction, while the relatively slow diffusion of V' makes it possible for these localized
regions to persist. We thus set D, = 1 and introduce the small parameter € by setting
D, = g, with 0 < € << 1. This choice of the diffusion coefficient D, will enable us to
explore a wide region of the parameter space. The existence of the saddle-node, Hopf, and
nondegenrate BT bifurcations in (1) was studied by many authors, see [6,14H16,(18}[20].
They pointed out that the homoclinic bifurcation occurs.

The purpose of this study is to derive conditions for the appearance of degenerate
BT bifurcation (where the nondegeneracy condition asbs # 0 is no longer satisfied). For
a range of parameter values, we show that the Gray-Scott model of families of traveling
wave solutions posses two degenerate BT points. Under certain conditions, we explicitly
define a unique formula from the critical normal form coefficients, namely {ay, by} for
k = 3,4. This is guaranteed by defining a unique compact form explicitly for the Taylor
expansion of the center manifold near the critical parameter values under reasonable
conditions. To this end, we apply suitable solvability conditions to singular linear systems
coming from the center manifold reduction combined with the normalization technique.

The paper is organized as follows. In Section 2, we describe the model to be studied
in the paper and its equilibria. A traveling wave ansatz will be introduced, such that
one variable will describe both the spatial and the temporal behavior. This reduces
the system of PDEs to a system of ODEs. Also, we provide explicit formulas for the
equilibrium points. In Section 3, a unique explicit formula for the Taylor expansion of
the 2D center manifold up to order 4 and the critical normal form coefficients of order
3 and 4 will then be derived for not only the Gray-Scott model, but also for any n-
dimensional ODEs using the combined reduction-normalization technique. Numerical
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examples and discussions are given in Section 4. All the computations shown in this
paper have been performed using the symbolic algebra system MAPLE.

2 The Model under Study

Consider the traveling wave ansatz U = u(xz — ct), V = v(x — ct) 6],

oUu 2
il —cu!, VU = % (u(z —ct)) =u",
%—‘; = -, VIV = aa—;g (v(x — ct)) =",

where ¢ € R is the wave speed and ¢ = 0 corresponds to stationary states, ’ is the
derivative with respect to the independent variable x — c¢t. Substituting this traveling
wave ansatz in and by assuming that v’ = p and v’ = ¢, we obtain the following
wave system:

w o = p,
p = —cp+uv? —ay(l—u),
, 3)
ev = g,
e = —p-— wv? + asv.

This system possesses fast-slow time scales. As ¢ — 0, the system reduces into a fast
subsystem

v = p,
p = —cp+uv? —aq(l—u).

c

On the other hand, introducing v by v = £ and rescaling the independent variable

x — ct = en yield

U = €D,

p = ¢ (—67p +uv? — ay(1 — u)) ,

. (4)
vo= q

¢ = —vg—uw’+ag,

where " denotes the derivative with respect to the new independent variable 7. Hence, as
€ — 0, the systems reduces into a slow subsystem

vo= 4q
i = —vq—w?+ ayv.

Any bounded orbit of (3]) corresponds to a traveling wave solution of the model (2) at
the parameter value (aq, s, €) propagating with wave velocity ¢. For ¢ > 0, the system
has equilibrium points (u., 0, v, 0) with the solution sets of

uev? —ay (1 —ue) =0, —uv? 4+ asve = 0.

Therefore, the system has the following equilibria 1 = (1,0, 0,0) for all (a1, as, €, ¢),

and N
TR oq a1 7
Eo=(——,0,—(1-— 0 =4/a2 —4 2
2 ( 2041 ) 70[2( 20[1 )7 )a T al 041042,
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for all ay > 4a. The Jacobian matrix of the system is given by

0 1 0 0

Ug + a1 —c 2UeVe 0 5)
- 0 0 0 1
é(—vz) = %(—2ueve +az) 0

The eigenvalues of the Jacobian matrix corresponding to the equilibrium E; are given
by A = %‘/@, % (—1 + Ve + 4a1)}. It is clear that for the case ay = 0, the Jacobian
®

€
matrix (5)) has a double zero eigenvalue. On the other hand, at the equilibrium point
FE, the characteristic polynomial is

P() =M 4o — (20D _ ag) 24 coseid)y (G FE,

2e2 g
where k = /a2 — 4apa3. If we consider the case when oy = 4a3 and ¢ = 0, then

_ (%) (80(252 — 1) )\2

2

\/804%62—02 \/8a§52—a2
€ ’ £ :

P\ =\

)

which has a double-zero root given by A =0, 0,

3 Center Manifold Reduction Combined with Normalization

In this section, we discuss the computation of normal form coefficients aj and by of the
critical normal form . First, suppose that at g = 0, the Jacobian matrix A = f,(x0)
of a generic smooth family of autonomous ODEs

= f(z), f:R"—=>R" (6)

has a double (and not semi-simple) zero eigenvalue, i.e. xo is a BT point. Then, there
exist two real linearly independent (generalized) eigenvectors go,1 € R”, of A, and two
adjoint eigenvectors pg 1 € R™, of AT, such that

A 0 qo AT 0 D1
()G (G ) () ”

Assume that the vectors {qo, q1,po, p1} satisfy
Podo=piai =1, pyar=pigo=0. )
If we impose the conditions (see [13])
%0 =1 a'q=0, (9)

then the vectors {qo, q1,po, 1} are uniquely defined up to a + sign. We can parametrize
the critical center manifold for @ with respect to w = (wg,w;) € R? as

r=H(w), H:R>-R" (10)
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The invariance of the center manifold implies the homological equation (57,11

O o+ 0 oy = pH (). (1)
Wo 1

We write the Taylor expansions of H and f as

1 1
flx) = A$+2B(I x) + C’(:c x m)—|—24D(m z,z,2) + O (||z]]°), (12a)
1
H(w) = qowo + qrwn + Tk,ijﬂ%% +O(|[w] ), (12b)
2<j+k<a 7

where B, C, D, and E are vector-valued functions with n-components. The i*® compo-
nent of these functions are defined by

_ N 29 A " |
)_ Z afjﬁfk ‘520$Jyk7 1’ y Y, 2 kz fjafkafl}ﬁ o TYk2L,

jk=1

3 M’
j,k,l,m=1 agjafkaflafm £=0

We insert the expansions and into together with (wp,w;) as we defined
in . Then, collecting the terms with equal components in w’** at the homological
equation gives a linear systems that can be solved for the coefficients H;, € R™ by a
recursive procedure based on Fredholm’s solvability condition.

The quadratic w-terms in the homological equation lead to (see [1,/11,/13]):

Di(x,y,z,w) = TjYrpzWm .

ag = %plTB(qo,qo), (13)
by = py B(qo, 90) + 1 B(go, q1), (14)
Hao = —A™Y (B(qo, q0) — 2a2q1) + Y040, (15)
Hyy = =A™V (B(qo, q1) — Hao — b2q1) , (16)
Hyy = =A™ (B(q1,q1) — 2Hn1), (17)

where g := %p}“B(ql,ql) + pg (B(qo,q1) — Hao). Note that ypqo is added to Hag to
ensure that the right-hand side of the system for Hys is in the range of A (see Section
8.7 in [12] for more details).

Collecting the terms with equal components in w of order three at the homological
equation gives the following equations.

wiy: AHso + C(qo, g0, qo) + 3B(qo, Ha0) — 6aH11 — 6azqy = 0, (18)

wywy: AHa1 + C(qo, o, 1) + 2B(qo, H11) + B(q1, Hao) — 2a2Hoo
—2boHyy — H3p — 2b3q1 = 0, (19)

wow?: AHiz + C(qo, q1,q1) + 2B(q1, Hi1) + B(qo, Hoz) — 2baHoz — 2Ha1 =0, (20)

wi: AHos + C(q1,q1,q1) + 3B(q1, Hoz2) — 3Hyz = 0. (21)
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The solvability condition implies the following expressions for the cubic coefficients (see
[13]):

1
az = 6p1T (C(g0, 90, 0) + 3B(qo, H2o) — 6az Hi1) (22)

Hso = —A™Y (C(q0, 90, q0) + 3B(q0, H20) — 6azH11 — 6azqi) , (23)

1
by = iplf (C(q0,90, 1) + 2B(qo, H11) + B(q1, Hao) — 2a2Ho2 — 2boHyy — Hsp) ,
(24)

Hay = —A™Y(C(qo,q0,q1) + 2B(q0, H11) + B(qu, Ha) — 2a2Hpz
— 2byHyy — H3o — 2b3qq), (25)

Hip = —A™YV (C(qo,q1,q1) + 2B(q1, Hi1) + B(qo, Hoz) — 2baHoz — 2Ho1) (26)

Hoz = —A™YV (C(q1,q1,q1) + 3B(q1, Hoz) — 3Hi2) . (27)

However, given as and bs, the solutions to the singular linear system , — are
not unique. The uniqueness of the solutions can be guaranteed by requiring that
and are solvable for Hio and Hys, respectively, i.e. Hio and Hys are in the range
of A. Multiply the equations and by pT, then the solvability condition requires
that

1
pi Hop — §p1T (C(qo,q1,q1) +2B(q1, H11) + B(qo, Ho2) — 2baHp2) = 0, (28)

1
pi Hiz — gpir (Clar, a1, 1) + 3B(ar, Hoz)) = 0. (29)

Multiply the equation by pd, Then using the substitution
Hso — Hso + 1140 (30)
gives
pi Ha1 = —p) (C(q0, 40, 1) + 2B(qo, H11) + B(q1, Hao) — 2asHoz — 2b2Hyy — Hzg) + 71
Substituting this into with
7 =g (C(g0, 90, @) + 2B(qo, Hi1) + B(qr, Hao) — 2a2Hoz — 2b2Hiy — Hzo)

1
+ 517? (C(go0,q1,q1) + 2B(q1, H11) + B(qo, Ho2) — 2baHys)

makes the left-hand side of equal to zero. So, the substitution for Hzy implies that
is solvable for Hi5. Note that adding a scalar multiple of ¢g to H3y does not affect
the coefficient b3 given by 7 since (p1,qo) = 0. On the other hand, to ensure that
is solvable for Hys, one can use the substitution

(31)

H1 — Hoa1 + 72490, (32)
then multiplying the equation by pd gives

pi Hiz = —pg (C(q0,q1,91) + 2B(q1, Hi1) + B(qo, Hoz) — 2baHoa — 2Hoy) + 27s.
(33)
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Substitute this into (29]) with

1

1
Yo 1= gplT (C(q1,q1,q1) +3B(q1, Ho2)) + ipoT(C(QO, q1,q1)

+2B(q1, Hi1) + B(qo, Ho2) — 2b2Hog — 2Ha:);

(34)

makes the left-hand side of is equal to zero. So, this substitution implies that
is solvable for Hps. Note that the substitution for Ha; does not affect the coefficients ay
and by, as we will see in equations and .

Finally, the homological equation implies the following expressions for the coefficients
of the w-terms |13]:

1
ag = ﬁp}‘(D(QOJ]Oa 90, q0) + 6C(qo, qo, Hao) + 4B(qo, H30) + 3B(Hao, Hao)

— 12a2H21 — 240,3H11), (35)

Hyo = —A™Y (D(q0, 90, 90, 90) + 6C(qo, g0, Ha2o) + 4B(qo, Hzo)
+3B(Hao, Hao) — 12a9Ho1 — 24asH11 — 24a4q1) , (36)

1
by = 6P1T (D(qo0, 90,90, q1) + 3C(qo, 1, H20) + 3C(qo, q0, H11)

+3B(qo, H21) + 3B(Hao, Hi1) + B(q1, H30) — Hao — 3b2Hoay
—6@2H12 - 6(13H02 - 6b3H11) . (37)

In systems (15)-(17), (23), (23), (26), and (B6)), the expression 2 = A™NVy is defined

by uSing the nOn—Singular bOI‘dered Sys‘em
A pl X (y)
qT O S O '

4 Degenerate Bogdanov-Takens Bifurcation in the Gray-Scott Model

where y is in the range of A.

In this section, we will use the analytical results obtained in Section 3 to prove that the
Gray-Scott model has two degenerate BT points at its equilibria F; and Es. Recall that
the Gray-Scott model (3|) exhibits a BT bifurcation of the equilibrium Fs occurring at the
parameter values (aq,az,¢,¢) = (4a3, as,¢,0). First, we apply the change of variables
(u,p,v,q) = Es + (x1,x2,x3,x4), which brings the equilibrium point Es to the origin
(0,0,0,0). Then the Jacobian matrix evaluated at (0,0,0,0) is

0 1 0 0
804% 0 2a9 O
A: ].
0 0 0 -
) 1)
4
(4o @

4] 4]
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The following vectors
T T
qdo = my (_17 07 4|a2|7 O) , g1 =M1 (Oa - 17 0’ 4|042|5)

)

b1 =m (17 07 2527 O)Ta Po="n1 (07 17 07 26)T7

a2

. Toa] 1 1 .
th my = ——22l — — (— =), satisfy (7)-(9). The vector-valued
W1 mi ]_GQ% T 1, ny m <852a2 — 1) Satisry € vector-value

function B : R* x R* — R* can be defined for arbitrary vectors z, r € R* as follows:

day T
B(z,r) = — (0, —z1r3 — 2113 — 2373, 0, 2173 + 2173 + 2373)

Therefore, the vectors B(qo, qo) and B(qo, q1) can be expressed as

16a3m?

B(quqO) = ! (07 -, O, 1)Ta B(quql) = (Oa Oa y 0, O)T

Thus, the formulas and give the values of the critical normal form coefficients

2
8as

=" d by =0.
852(12—1 an 2 0

az

These values confirm that the Gray-Scott model has a degenerate BT point of codimen-
sion > 3. Similarly, one can compute the normal form coefficients at the BT of the

equilibrium E; occurring at the parameter values az = 0, and satisfy a; = —— and
€
b 2c (54 +c%e+ 02)
2T B E N+ )y
the parameter values (a1, as,¢,¢) = (a1,0,¢,0).

. Therefore, the case ¢ = 0 indicates a degenerate BT point for

5 Example

Based on the analysis carried out in Section 2, we are going to perform numerical studies
of the degenerate BT bifurcation of the equilibrium Fs (1)|] which occurs at (a1, ag, €, ¢) =
(402, az,¢,0). To simplify, we fix the variables ap = 1 and € = 0.1. At the bifurcation

14356
parameter, we compute the following expressions for —: as = G307 by = 0 and

T T
21151 —9600 21151 —960
Hoo = 0 0 Hiy=(0 0
20 (990682’ " 78993 ) roH (’990682’ ’ 8993> ’

5423 5807 T
H =
02 (1079523’ 0. J623852° O)

It is clear that the system is solvable for Hyq; this can be easily shown by multiplying
both sides of (17) by pT which is indeed

pi (2H11 — B(q1,q1)) = 0.

(1) Similar results can be derived for the BT point of the equilibrium point E;.
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—6441
Later, we compute the value of the system —: az = 329 bs = 0 and

T T
—4608 73432 —4358 12276
H30 = < 07 0) ; Hy = (O; 0 > )

88283’ 36131’ 1405517 7 60245

T T
—1266 —633 —3798 —2539
Hyy = 0 0 Hys = (0 0 :
2 <253087’ " 506174 ) roe <’253087’ ’6767645)

The systems Hs1, Hi2 and Hyz are uniquely defined such that the solvability conditions
(128) and are satisfied. Finally, — is given by

aq

100212 ~31070 15535 \ '
40 = , ba=0.

~ 120473 ~ 252637 7 50526’
Thus, our unique normal form for the Gray-Scott model is
we = wi,

14356 , 6441 3+100212 A
wn — w, wq .
6807 © 5329 0 " 120473 °

wy =

6 Conclusion

In the present paper, we consider the Gray-Scott model , where a travel wave ansatz is
introduced for which one variable describes both the spatial and the temporal behavior.
This reduces the system of PDEs into a system of ODEs (3). For a wide range of
parameter values, the Gray-Scott model possesses two degenerate BT points. The
main aim of this paper is to define a unique explicit formula for the Taylor expansion of
the 2D center manifold up to a term of order 4. The uniqueness of the Taylor expansion
is guaranteed by applying the variables transformations and with the suitable
choice for «; and 5 as shown in and , respectively. The results of this paper
can be applied also for any n-dimensional system of ODEs. The theoretical results of the
paper are illustrated by an example in Section [b}] Natural directions for future research
include developing a robust predictor for the homoclinic orbits bifurcating from a BT
point in generic n-dimensional ODEs. Such a predictor needs a unique expression for the
vectors Hjj, in the Taylor expansion .

References

[1] B. Al-Hdaibat, W. Govaerts, Yu. A Kuznetsov, and H. G. E. Meijer. Initialization of homo-
clinic solutions near Bogdanov-Takens points: Lindstedt-Poincaré compared with regular
perturbation method. SIAM J. Applied Dynamical Systems 15 (2) (2016) 952-980.

[2] V. I. Arnold. Geometrical Methods in the Theory of Ordinary Differential Equations.
Springer-Verlag, New York, Heidelberg, Berlin, 1983.

[3] R. I. Bogdanov. Versal deformations of a singular point on the plane in the case of zero
eigenvalues. Functional Anal. Appl. 9 (1975) 144-145.

[4] R. I Bogdanov. The versal deformation of a singular point of a vector field on the plane in
the case of zero eigenvalues. In: Proceedings of Petrovskii Seminar. Moscow, Moscow State
University, 2 (1976) 37-65. [Russian] (English translation: Selecta Math. Soviet. 1 (1981)
389-421).



262

[5]

[10]
[11]
[12]

[13]

[14]

[15]
[16]
[17]
18]

[19]

[20]

[21]

B. AL-HDAIBAT, M.F.M. NASER AND M.A. SAFI

P. H. Coullet and E. A. Spiegel. Amplitude equations for systems with competing instabil-
ities. STAM J. Appl. Math. 43 (1983) 776-821.

A. Doelman, T.J. Kaper, and P. A. Zegeling. Pattern formation in the one-dimensional
Gray-Scott model. Nonlinearity 10 (2) (1997) 523-563.

C. Elphick, E. Tirapegui, M. E. Brachet, P. H. Coullet, and G. Iooss. A simple global
characterization for normal forms of singular vector fields. Physica D 32 (1987) 95-127.

P. Gray and S. K. Scott. Autocatalytic reactions in the isothermal, continuous stirred
tank reactor: Isolas and other forms of multistability. Chemical Engineering Science 38 (1)
(1983) 29-43.

P. Gray and S. K. Scott. Autocatalytic reactions in the isothermal, continuous stirred
tank reactor: Oscillations and instabilities in the system A + 2B—3B; B—C. Chemical
Engineering Science 39 (6) (1984) 1087-1097.

P. Gray and S. K. Scott. Sustained oscillations and other exotic patterns of behavior in
isothermal reactions. The Journal of Physical Chemistry 89 (1) (1985) 22-32.

Yu.A. Kuznetsov. Numerical normalization techniques for all codim 2 bifurcations of equi-
libria in ODEs. STAM J. Numer. Anal. 36 (1999) 1104-1124.

Yu. A. Kuznetsov. Elements of Applied Bifurcation Theory. Springer-Verlag, New York,
3rd edition, 2004.

Yu. A. Kuznetsov. Practical computation of normal forms on center manifolds at degener-
ate Bogdanov-Takens bifurcations. International Journal of Bifurcation and Chaos 15 (11)
(2005) 3535-3546.

Yu. A. Kuznetsov, H. G. E. Meijer, B. Al-Hdaibat, and W. Govaerts. Accurate approxima-
tion of homoclinic solutions in Gray-Scott kinetic model. International Journal of Bifurca-
tion and Chaos 25 (09) (2015) 1550125.

Y. N. Kyrychko, K. B. Blyuss, S. J. Hogan, and E. Schél. Control of spatiotemporal patterns
in the Gray-Scott model. Chaos 19 (4) (2009) 043126.

W. Mazin, K.E. Rasmussen, E. Mosekilde, P. Borckmans, and G. Dewel. Pattern formation
in the bistable Gray-Scott model. Mathematics and Computers in Simulation 40 (3) (1996)
371-396.

J. E. Pearson. Complex patterns in a simple system. Science, 261 (5118) (1993) 189-192.

Ai Shangbing. Homoclinic solutions to the Gray-Scott model. Applied Mathematics Letters
17 (12) (2004) 1357-1361.

F. Takens. Forced oscillations and bifurcations. Comm. Math. Inst., Rijksuniversiteit
Utrecht 2 (1974) 1-111. Reprinted in Global Analysis of Dynamical Systems, Instute of
Physics, Bristol, (2001) 1-61.

Daishin Ueyama. Dynamics of self-replicating patterns in the one-dimensional Gray-Scott
model. Hokkaido Mathematical Journal 28 (1) (1999) 175-210.

W. Wang, Y. Lin, F. Yang, L. Zhang, and Y. Tan. Numerical study of pattern formation
in an extended Gray-Scott model. Communications in Nonlinear Science and Numerical
Simulations 16 (2011) 2016-2026.



	Introduction
	The Model under Study
	Center Manifold Reduction Combined with Normalization
	Degenerate Bogdanov-Takens Bifurcation in the Gray-Scott Model
	Example
	Conclusion

