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Abstract: The purpose of this paper is to discuss a comparative evaluation of the
performance of two different controllers, namely a controller based on the forwarding
control and a hybrid controller based on the PID-backstepping control in the quadro-
tor dynamic system which is a sub-system actuated with a high non-linearity. As only
four states can be controlled at the same time in the quadrotor, the trajectories are
designed on the basis of the four states while the position and the three-dimensional
rotation along the axis, called yaw movement, are taken into account.

This paper deals with the forwarding controller and the hybrid controller composed
of PID controllers for attitude control and backstepping for controlling the position.
The forwarding approach is applied for the nonlinear model of the quadrotor to track
the trajectories. Meanwhile the hybrid controller approach for nonlinear model is
designed on the basis of a linear model for the PID controller and a nonlinear model
for the controller backstepping quadrotor because the performance of the linear model
and the nonlinear model around some nominal points is almost similar. Simulink and
MATLAB software are used to design the controllers and evaluate the performance
of both controllers.
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1 Introduction

Quadrotors are flying robots that have been investigated in recent years, this is due to
their low manufacturing cost as well as their maneuverability, their ability to execute
vertical takeoffs and landings and their large fields of application, both military and
civil, and, in particular, when human intervention becomes difficult or dangerous [5].
The quadrotors consist of four rotors; two of these rotors rotate in one direction and the
two others in the opposite direction. By varying the rotational speeds of these rotors,
the quadrotor can make different movements both in translation and in rotation [9).

The quadrotor is classified in the category of the most complex flying systems given
the number of physical effects that affect its dynamics, namely aerodynamic effects,
gravity, gyroscopic effects, friction and moment of inertia [|7]. This complexity results
essentially from the fact that the expression of these effects differs for each flight mode.
The operation of the quadrotor is so particular. While varying astutely rotors throttles,
it is possible to make it go up/go down, to incline it on the left/right (rolling motion:
rotation around the x-axis) or forward /back (pitching motion: rotation around the y-
axis) or to make it swivel on itself (yaw motion: rotation around the z-axis) The desired
roll and pitch angles are deduced from nonholonomic constraints [6].

Finally, all synthesized control laws are validated by simulations for the complete
model [6]. A quadrotor is a dynamic vehicle with four input forces, six output coordi-
nators, highly coupled and unstable dynamics [5]. Hence the design of a control law is
an interesting challenge [15]. Based on the dynamical system of UAV, many researchers
focus on the stability of the attitude control. This is because the moving of the UAV
depends on the torque, and the torque has a strong relationship with the UAV atti-
tude [15]. [4] presented the optimized PID method to control the UAV attitude. [13]
proposed the fuzzy-PD controller structure with the purpose of combining the behaviors
of several PD controller configurations. [3] developed a hybrid optimal backstepping and
adaptive fuzzy control for the quadrotor with time-varying disturbance. [18] proposed
the synthesis control method to perform the position and attitude tracking control of the
dynamical model of the small quadrotor. [7] has combined the backstepping control with
the sliding mode control.

Several linear methods, such as the PID and LQR control methods have been applied
to control a quadrotor [5,[9L[10]. Since the quadrotor is a nonlinear system, and for
a good performance, the nonlinear control methods have been attempted such as the
feedback linearization, sliding mode [19], and backstepping control [2/9,/15]. In [17] the
authors used the backstepping strategy and BP nerual network. |9] proposed a PID
cascade control of a quadrotor path tracking problem when velocity and acceleration are
small. [20] has developped a forwarding algorithm for designing a tracking controller for
a high-order nonlinear system in the presence of bounded unknown disturbances. [8] has
developped an adaptive backstepping controller design for a quadrotor with unknown
disturbances. [15] proposed a trajectory tracking control method for a quadrotor, by
using the backstepping control and the dual-loop cascade control.

This paper presents two control techniques applied to a quadrotor for developing a
reliable control system for stabilization and trajectory tracking.

A nonlinear forwarding control technique forces the whole system to be able to drive
the quadrotor to the desired trajectory of the Cartesian position and yaw angle [20].
A forwarding control algorithm was proposed to stabilize the desired trajectory of po-
sition and attitude. Then, we present a control technique based on the development
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and the synthesis of a control algorithm based upon a hybrid approach, which combines
the backstepping and the PID classic regulation controls to navigate a quadrotor. The
backstepping controller was developed to ensure the Lyapunov stability and to follow the
desired trajectories |15].

2 Dynamics Models

The quadrotor essentially contains a reticulated rigid structure with four independent
rotors propellers launched. Three basic movements are needed to describe all the move-
ments of a quadrotor. The rotational movement about the x-axis is described as a roll
motion () and about the y-axis is noted as a pitching motion (). The roll motion and
the pitching motion can be achieved by balancing the motor speed 2 and 4 and motor
1 and 3, respectively. Lateral and longitudinal acceleration are possible, respectively, by
changing the angle ¢ and 6.

Let F = {Ew,ﬁy,ﬁz} be the fixed inertial reference, and B = {Bl,gy,gz} be
the reference associated with the center of mass of the quadrotor (see Figure [1)).

Figure 1: Definition of the frame.

3 The Transformation Matrix

Since it is necessary to deal with two different coordinate systems, namely an inertial
marker and a reference linked to the quadrotor’s center of mass to explain the position
and motion of a quadrotor, a matrix transformation must be used. Here, R is the required
transformation matrix that can describe the position and movement of the earth-inertial
frame to the fixed frame of the body [9].

The rotation matrix connecting the two marks is defined by the orthogonal matrix:
R(h) : B — E;R(h) = RgRpRg in which : C, and S, denote cos(z) and sin(z),
respectively, and :

Cy —Sv O Co —Suv 5o 1 0 0
Ry = Se Cy 0|, Rg= 0 1 0 |, Ro = 0 Co —So
0 0 1 —Sp 0 Gy 0 Se Cs
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So
CoCy  SeS¢Cy — CoSy CapSpCy + SeSw
R(h) = CoSy  SeSpSw + S6Cy  CoSpSy — SeCy | . (2)
—Se S@C@ C<I>Ct9

4 Translational Movement

The gravitational force (F,) and the aerodynamic drag force (F,) must be introduced
to describe the translational motion of a quadrotor while these forces must be overcome
by the thrust of the engines (Fy,) to achieve any horizontal motion or movement lace.
Here, the translational motion of the quadrotor is described by Newton’s second law as
follows:

x 0 0 T
m g | = 0 + R 0 -kl v |- (3)
Z mg —-U; z

5 Rotary Mouvement

The Newton-Euler method is used to obtain rotational motion equations for the quadrotor
[10].

P P p 0 op p
I,=— q | xI| g |- ¢qg | x 0 + | IUs | =k | ¢ |- (4
r r r 1w, 11U, r

The state model of  the  quadrotor is given as follows:
[y 2 2 ¢ 2 ® 06 U & 6 U]T. A representation of the state space
can be obtained as follows by considering equations for the dynamic model :

Jbl = T4,

Tg = s,

i.3 = T,

. Uy

Ty = 7UZL’7
m

. Uy

Iy — 7Uy,
m

i = L (CarrCas) — g,
m

T7 = T10, (5)

g = T11,

Tg = T12,

_ . o ) d

10 = 1211712 + 01Uz with :ay = Iy - 317a2 = j-val = -,
Jx Jz x

Z11 = azT10T12 +b2Us  with : a3 = Iz ._jmaa4 = —&752 = —,
Jy y Y
] 1

T12 = asxiox11 + b3Us  with : a5 = J - jy,bg = -,
z Jz
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where w; represents the speed of the engine, U, = Cx7Sx3Cx9 + Sx7Sx9 and U, =
Cz7Sxgsxg — Sx7Cxg. So, we end up with the following dynamic model:

jjl = T4,
Tg = s,
i'?) = Ts,

:'54 — %(CacpS'xBC'xg + S(E7S§E9)7

. U,
5 = — (Cxrsxgsrg — sx7Cxg),
m

Tg = %(CmC’xg) —q, (6)
T7 = 10,
Tg = 11,
Tg = T12,

Z10 = 01211712 + b1 U>,

%11 = a3x10712 + baUs,

Z12 = asx10T11 + b3Us.

The writing of the control inputs according to the rotational speeds of the rotors is
as follows:

Uy b b b b w?
Uy | | o -1 0 Ib w2 .
Us | | =1b 0 Ib 0 wi |’ (™)
Uy d —d d —-d || w?

where w; represents the speed of the rotor i. Notice that from the equation of wu,
and u, we find &4 = arcsin(Uysin(¥q) — Uycos(¥q)) and g = arcsin(Uzcos(¥q) +
Uysin(Uq))/(cos(Pq)).

Lateral / A NMeonlinear

X (3] Longimadin  #a%s Attitude L oae of _——
x N al I /Adtitude I Quadrotor
- control -
Lo,

1 B I

Figure 2: General structure of the quadrotor control system.

In what follows, we develop two strategies to stabilize the orientation and position
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of the quadrotor. Their performance is then compared in the next section, based on the
numerical simulation results.

6 Strategy of Control

State and output feedback controllers design for dynamic systems with the prescribed
and desired properties is a key problem of the strategy of control. At the same time, the
properties of control systems such as asymptotic stability, robustness and optimality of
the performance indexes are in the foreground [1].

7 The Forwarding Control

It is a non-linear control technique that is considered robust; the synthesis of such a
control is done in a systematic way and based on the Lyapunov approach as well as the
control in a recursive way for a system that can be written in the following form [14] :
.’1.3'1 = fl(x2>' o ,l‘n) +gl($2, e ,xn)u,

o = fi(xe, -+ ,Tn) +g1(x2, -, 20y,

Tp—1 = fn—l(xn) + gn—l(xn)u7

Ty, = U,

where 2 € R",u € Rand g = [g1, -+ ,gn_1, 1]

The aim is to determine a control law that ensures the overall stabilization of the
system. This is done in several steps. First, we try to stabilize x,, through u. Taking
a function of Lyapunov V,, which is positive definite on R, one seeks to find a return of
state u = a,(z,,) to stabilize x,,. The next step is to increase the system from x,, to ,,_1,
and replace the control u, with u = a,(x,) + V,—1. By taking a function of Lyapunov
V,—1 being positive definite on R?, one seeks to find a return of state V,,_; = a,,—1 which
stabilizes the augmented system. The same procedure is repeated until the last step,
where a control u which makes it possible to have an overall stabilization of the system,
will be calculated.

8 The Steps of the Synthesis

The synthesis of the control law for the system is carried out in several steps |14].

8.1 First step

We take the system @,, = u. Let the function of Lyapunov be V,, = %xi Its derivative is
given by Vn = x,u. To make Vn nggative definite, we can take u = a,(x,) = — A, LgV,, =
—Anxy with A, > 0, which gives V,, = —)\nmi which is negative definite on R.

8.2 Second step

Let the system be increased:

{jfn—l = fn—l(xn) + gn—l('r”)u’

Ty = U.
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For u = a, (), the system becomes
j:n—l = ¢n—1(mn);
En = —An(Tn), (10)
¢n—1(xn) = fn—l(l'n) - Angn—l(l'n)xn

The term ¢,,_1 is called the interconnection term. The temporal solution of the pre-
vious system will be : T, (t) = z,(0)e~ Mt T, _1(t) = fot(fn_l(%n) — AnGn-1(Tp)Tp)dt +
Zn—1(0). The new control input for the system (9) will be [14]: u = a(zn) + vp_1.

The function of Lyapunov for the system is given by [14]

1 > ~
Vn—l = Vn + 51'?1_1 +/0 In—l(t)¢n—1(xn(t))dt

=V,+ ilimtﬁwii—l(t)'

9 Synthesis of the Control Laws for the Quadrotor

All tracking errors are written in the following form:

LTi — Lid, 1€ 172a3577879;
€; = . 3 (12)
T — T-1d, ©€4,56,10,11,12.
All the functions of Lyapunov take the form
1
563, i€ {4,5,6,10,11,12};
v = (13)

1
VvH»l + glzmtﬂoog;zv 1€ {1a2;3,77879}7

where e; presents the temporal solution of the system. The steps of the order summary
will be shown for the subsystem

T7 = T10, (14)
10 = 1211712 + b1 Us.

Let the tracking error be defined by e; = x7 — x74. Its dynamics is described by é7 =
T10 — Z7q. If we set e19 = 19 — 474, the system becomes

€7 = e, €10 =a1T11%12 — E7q + b1Us. (15)

The synthesis is done in two steps.

9.1 The first step

We consider only the second equation of the system . Let the function of Lyapunov

be Vig = %6%0. Its derivative is Vig = e1pé19. To make Vip negative definite, we can

choose the control

1 .
Us = ayo(x) = F(—a1$11$12 — Aoe1o + E7q)A10 > 0. (16)
1
We will have Vlo = —)\10@%0 which is negative on R. This control will ensure the

convergence of ejg towards the origin.
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9.2 The second step

By replacing the control found in the previous step in the system q we get é7 = e1o and
€10 = —A10€10. The temporal solution of this system is e7(t) = € erot +e7(0)+

/\imelo(()), elo(t) = 610(0) —Aot We put 610(0) = ey1p and 67( )
of Lyapunov be V; = Vo + %limt_>ooe7( ). So, V7 = [610 + (er + /\10 e10)?]. If we put
U2 = alo(x) + w10, the derivative of V7 will be V7 7A10610 + [;; + (>\2 + 1)610}()111}10

er. Let the function

To make V» negative, we can take

>\7 1
= — 41 A7 > 0. 17
wlo bl [)\10 + (A%O + )610]7 7T = ( )
The control Us becomes Uy = ( a1T11T12 — ):\170 er — (;‘% + A7 4+ Aio)ero + Era.
10

This control will stabilize the system . The same steps are taken to determine
Ui,Us, U4, U, Uy. The system controls with forwarding are given as follows:

1 A A7
Us = —(—aizn1s — ——e7 — (5 + A7 + Aio)ero + E7d,
b1 Ao Ao
1 As
Us = —(—aizn1s — —es — (o 5~ + As + Atn)enn + Fsa,
bo PYRLEA
1 A A
Uy = —(—asz10%11 — —eg — (o + Ag + Miz)erz + Fod,
bs e T, as)
U= —2 ( —ée —(/\34—)\ + X¢)eg + &
1= CT7CTa g X 3 )\2 3 6)€6 3d;
m )\1 /\1 .
U,=—(—— AL+ A
=0 ( W ey — ()\2 + A1+ A)es + Z14,
m )\2 /\
U, = a(_geQ ()\2 + A2+ As)es + Zag,

with A; > 0 for ¢ € [1,12].

10 The PID-Backstepping Controller

The PID regulator (proportional-integral-derivative) serves to reduce the error between
the measurement and the set point; it is used in most industrial processors thanks to its
simplicity and efficiency especially in linear systems. It is based on three operations |12]:
proportional action (P): in which a gain K, is applied to the error, an integral action (I):
in which we integrate the error, and we multiply the result by a gain K;, and a derivative
action (D): in which one derives the error, and one multiplies the result by a gain K.

The architecture of the cascade PID has been extended to the non-linear case by
separating the translation and rotation dynamics from the equations of motion. A linear
control is then applied to the dynamics of rotation and a nonlinear control has been
applied to the dynamics translation by the backstepping control.

11 Attitude and Altitude Control by PID:

The linear control by a PID is well adapted to the quasi-stationary flight, for which the
angles of inclination of the vehicle are small. This makes it possible to obtain a decoupled
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model in several SISO (Single Input Single Output) chains of the dynamics of the drone.
Let €p = ¢q — ¢, and Uy = Kp¢6¢(t) + K]¢ f(f 6¢(7‘)d7’ + KD,z)dc%t(t).
The same applies to the pitch and yaw angle and altitude control

eg =04 —0,
t deg(t (19)
Us = Kppeo(t) + Kze/ eg(T)dr + KDG%a
0
and
€ = \I/d - \I’,
¢ deg(t (20)
Uy = Kp\p&p(t) + K]q;/ eqz(T)dT + Kpw C\Il}t( ),
0
and
e=2zq4— 2,
¢ de,(t (21)
Uy = Kp.e.(t)+ KIZ/ e.(T)dr + KDZ%.
0

The parameters K., K1z, Kpy, respectively, define the proportional, integral and
derivative gains of the angles ¢, 6, ¥ and altitude Z.

12 Control in Position with the Backstepping Controller

The backstepping represents a recursive method that allows to build a control law which
guarantees, at any time, the stability of the system. Writing states in pure parametric
form highlights the subsystems. For each of these parts, it is necessary to find, using a
Lyapunov function, a control which makes it possible to stabilize this subsystem [L1].

To do this, the next state is considered as the new controller input (the virtual
control). The order of the subsystem is then increased and the previous development is
restarted. At the end, a control law is obtained [5].

13 The Steps of the Synthesis

The backstepping is, in fact, only the construction of the Lyapunov function as well as
the step-by-step control for a system that can be written in the form, called cascade, as
follows:

&y =z + ¢1(21),

&y = x3 + ¢2(x1,22),

(22)
Ep—1 = Tn + Pp—1(x1, %2, , Tn_1),
-'I.f‘n =u+ (bn(ajlyx% T 7mn)7
Yy =x,

where r € R"™ and u € R.
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The aim is to find a law of control which ensures the continuation of a reference y .
It is carried out in several stages. In our case, we applied the backstepping control to
stabilize the position of the quadrotor along the xz and y axes, so we apply it to these two
subsystems in cascade [16]. We used backstepping control to stabilize the outer loop and
the PID to stabilize the inner loop. The steps of the synthesis are: The first subsystem
is given by the following equations:

"1.71 = T4,
. Uy (23)
g = Cypr * Spg *x —.
m
Consider e; = x4 — x1 as a tracking error of the x-axis, and its time derivative

é1 = ¢4 — @1. The analysis of stability is treated by Lyapunov’s theorem considering a
positive definite function V(e;) and its negative semi-definite temporal derivative. Put
Vi= %(md —x1)? and Vi = (xg —x1)(Zq — 1) = (xg — 21)(£q — z4). To ensure stability
for this equation let us take x4 = ¢4 = —A(xq — 1) + £14. The desired new reference
will be the control variable for the preceding subsystem x4 = ¢4.

The regulation error is e; = ¢4 — x4. Its derivative is é; = ¢4 — 4. The extended
Lyapunov function for this system is Vy = V; + %eg, and

1
Vi= (e + ) (24)

Its derivative is : V4 = Vl + eséy and

Vi = (24— 21) (84 — &1) + (b1 — x4) (s — i4)

. : U, (25)
= (g —x1)(Za — ¢a) + (P4 — s — pg — Cpy * Spg * E)
and Cu7 * Syg * % = (g — x4) + (19 — x1) + b4 — 1 + 214, in which 6, = xg =

aresin]([—Ag(¢dq — x4) + (xg — 1) + ¢54 — a1+ 214) *m)/(Cr7 % Up)]. In the same way for
the subsystem

:t2 = Ts,
Uy (26)

X5 = —Szg * —.
m

We end up with the control that stabilizes x5, which is ¢5 = —Xo(wog — w2) + X2, and
¢a = x5 = arcsin[(—m[—-s(¢s — x5) + @5 — T2 + 124])/(U1)].

14 Simulation Results

The parameters of the quadrotor are given as follows: mass (m = 0.650 Kg), moment
of inertia of the quadrotor compared to z (j, = 7.5e-3 Kg.m?), moment of inertia of
the quadrotor compared to y (j, = 7.5e-3 K g-m?), moment of inertia of the quadrotor
compared to z (j, = 1.3e-2 Kg.m?), coefficient of lift (b = 3.13e-5 Ns?), coefficient
of drag (k = 7.5e-5 N'ms?), moment of inertia of the rotor compared to z (j,. = 6e-5
Kg.m?), distance between the rotor and the center of gravity (d = 0.23 m).

In order to validate the robustness and disturbance resistance of the proposed controls
schemes for stabilizing the quadrotor at trajectory tracking, the simulation is conducted
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in MATLAB SIMULINK 2016, a programming environment on an Intel Core i5 - PC
running under Windows 10. Similarly, linear and aleatory disturbances are added to the
outputs of the quadrotor.

The two control techniques, the forwarding controller and the PID-backstepping hy-
brid controller, were implemented on a non-linear model of the quadcopter. Numerical
simulation was performed using MATLAB SIMULINK software. The resolution of the
systems of differential equations was made by the Runge-Kutta method of order 4 with
a simulation step t = 0.0001 sec, and a final time tf = 20 sec.

The control parameters of the PID controllers are tuned by the tune function of
SIMULINK.

= E
=z 1 -~ =z 1 —
S e S g
B 0.5 (] T 0.5 |
o | o f
f= o I (=1 o i
> 1] 5 10 15 20 > o 5 10 15 20
time(sec) time(sec)
—_ T 05
£ T
_ o 1] Ik_
o 0.5 =
= =
o e 05
0 5 10 15 20 o 5 10 15 20
time(sec) time(sec)
E os T os
g | T I~
= L = o M
s 0 s
£ 05 8 05
0 5 10 15 20 o 5 10 15 20
time(sec) time(sec)

Figure 3: The forwarding system response.

15 Disturbance Rejection with the Forwarding Control

We introduced a disturbance of the order of 10% on the outputs z,y,z and ¥ and the
results are given in the figures below. We note that this control was able to eliminate the
effect of the disturbance which confirms its robustness. The control parameters of the PID
controllers are tuned by the tune function of SIMULINK. The tuned parameters are given
as follows using a unit step response case: altitude : (Kp,=132.3356, K,=205.1444,
I(DZZQOQ622)7 roll : (Kp¢ 206054, K[¢202834, KDd) :03175), pltCh : (Kp0:06054,
K19=0.2834, Kpp=0.3175), yaw : (Kp,=24.1383, K, =113.0029, Kp, =1.2660.

The responses of the quadrotor to the PID control and backstepping are given in the
following figures. To test the robustness of this control, we introduced a disturbance of
the order of 10% of the input signal on the outputs z,y, z and ¥ from the 10th second,
we obtain the following response. In the comparative simulation, the quadrotor follows
a referenced trajectory of x,y,z and ® and 6 are equal to zero, which is shown in the
figures above. Linear and noise signals are applied at the 10** second. From the result,
the response of the forwarding is slightly faster than that of the PID-backstepping. As
the noise signal increases, the tracking error becomes bigger. Nevertheless, it is obvious
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Figure 4: Rejection of the disturbance applied at the moment of 30 sec.
phi teta
f
0.05 / 0.1 AI‘
|
of | S oos |
|| ® \
\ |
005 of | —
17
\ \
\ \ /
01 7| -0.05 A
|
|
Times(s) Times(s)
psi x
; 2
o8
Ll =
o6
o o8- /
02 [
ost |
E o [
|
oz| |
06 /
o
. 0z
o 2 & 6 & 0 = wu 15 1w o 2 4 s 5 0 1= 4w 1w =
Timesi(s) Times(s)
12 % 12 =
1 T \
/ N
0.8 {
i 08
06 ."
E | £ 06
J
04
|
! 0.4
oz |
o3 0
o 2 4 6 8 10 12 14 16 18 20 o 2 4 8 10 12 14 16 18 20
Times(s) Times(s)

Figure 5: The system response with the PID-backstepping control.
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Figure 6: The system response with the PID-backstepping control with disturbances.

that the steady state error of forwarding is smaller than that of PID-backsteppig. In
conclusion, the forwarding has a strong ability of disturbance compensation.

16 Conclusion

In this paper, we presented a control law of stabilization of the trajectory of a quadrotor
synthesized by the forwarding control based primarily on the development of the dynamic
model of the quadrotor, all this by taking into account the different forces and couples
that can influence the evolution of this drone and the development of non-holonomic
constraints of high order imposed on the movements of the system. These control laws
allowed the follow-up of the different desired trajectories expressed in terms of coordinates
of the center of mass of the system in spite of the complexity of the proposed model. The
forwarding control gave satisfactory results of the follow-up of the imposed trajectories
and the rejects of disturbances. The simulations show the good performance of the
proposed controller.

To ensure the robustness of the forwarding control we compared its performance
with another hybrid control that is based on the PID-backstepping control. Unlike the
forwarding control, the PID-backstepping control gives satisfactory results as long as we
are close to the operating point where the effect of disturbances on system responses is
studied by different simulations. The proposed approaches have proved their robustness
and efficiency in simulation for the stability of the position and attitude of the system.
Our perspectives are to test the effectiveness of these strategies on the real system.
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Figure 7: The system response with the forwarding control with variation of parameters.
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Figure 8: The system response with the PID-backstepping control with variation of parameters.
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Figure 9: The system response with the forwarding control with aleatory disturbances.
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Figure 10: The system response with the PID-backstepping control with aleatory disturbances.
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