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Abstract: The paper deals with the singularly perturbed Benjamin-Bona-Mahony
equation with variable coefficients. It plays an important role in various applica-
tions, in particular, for the description of waves in liquid. The equation appears in
mathematical modeling of the wave processes in the media with small dispersion and
variable characteristics. In the case of constant coefficients, this equation is known
as the regularized long-wave equation or the regularized Korteweg-de Vries equation.
We study the problem of estimating the difference between the exact solution and
asymptotic soliton-like solution to the Cauchy problem for the singularly perturbed
Benjamin-Bona-Mahony equation with variable coefficients. The initial data for the
Cauchy problem are defined according to the concept of asymptotic soliton-like solu-
tion. It means that the approximate solutions are deformations of the soliton solutions
to the Benjamin-Bona-Mahony equation with corresponding constant coefficients.
Asymptotic estimates for the difference between the exact solution to the Benjamin-
Bona-Mahony equation and the N-th approximation for the asymptotic soliton-like
solution are obtained. In particular, the case of the main term of the solution is
considered in detail. Similarly to the case of the singularly perturbed Korteweg-de
Vries equation with variable coefficients these estimates are local. Nevertheless, they
show that the asymptotic soliton-like solutions constructed through the nonlinear
WKB method for the singularly perturbed Benjamin-Bona-Mahony equation with
variable coefficients are sufficiently suitable as approximate solutions.
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1 Introduction

The paper deals with asymptotic estimates for the difference between the exact solution
and asymptotic soliton-like solution to the singularly perturbed Benjamin-Bona-Mahony
equation with variable coefficients

a(z,t,e)us + b(w,t,€)uy + c(z,t, €)utty — 2Uger = 0, (z,t) € R x (0;7), (1)

where a(z,t,¢), b(z,t,¢), c(z,t,e) are some functions described below, and € > 0 is a
small parameter. At ¢ = 1 and constant coefficients, equation coincides with the
following one:

U + Uy + Uy — Uggt = 0, (2)

that has been deduced in [1], where it was studied through the numerical methods for
the case of the wave form initial data.

In the sequel, Benjamin T.B., Bona J.L., and Mahony J.J. |2] studied the initial
value problem for equation whose solution was supposed to be a real smooth non-
periodic function. In particular, they pointed the following: “We shall refer to (@ as the
reqularized long wave equation, reflecting in this term our view that the Korteweg-de Vries
equation is an unsuitably posed model for long waves”. Therefore, at present, equation
is known as the regularized long wave equation or the regularized Korteweg-de Vries
equation. It is also called the Benjamin-Bona-Mahony equation [3], abbreviated to the
BBM equation.

The different properties of equation , as well as those of its generalizations, were
studied by Eilbeck J.C., and McGruire G.R. [4], [5], Wang B. [6], Wazwaz A.M. [7,[38],
Arora R., and Kumar A. 9], Seadway A.R., and Sayed A. [10], El G.A., Hoefer M.A.,
and Shearer M. [11], and other authors. It was found that the BBM equation possesses
soliton solutions [7]

1 -1
u(z,t) = 3(a — 1) cosh™? <2 a4

(z — at) + C) , (3)

where a, C' are some real constants, and the inelastic collision of two solitary waves of the
BBM equation was discovered [12], but it has neither two- nor multi-soliton solutions |13].

Equation , as well as the Korteweg-de Vries equation, describes propagation of
soliton waves and cnoidal waves in different media, in particular, in shallow water. Similar
waves have also appeared in many areas of science such as solid physics, biology [14],
telecommunications [15], etc. Therefore, in the case of the medium with variable characte-
ristics |[16] and small dispersion [17,[18] the equation of type should be studied.

One of the most effective methods of constructing approximate solutions to the singu-
larly perturbed equations is the asymptotic analysis [19,[20]. Asymptotic soliton-like so-
lutions to equation were constructed in paper [21] through the approach based on the
nonlinear WKB method that has been successfully applied for constructing asymptotic
soliton-like solutions to many different problems (see, for example, [22], [23], [24], [25]).
In the sequel, the nonlinear WKB technique was used for constructing the asymptotic
soliton-like solutions to a number of partial differential equations of integrable type with
singular perturbation [23].

Elaboration of algorithms for finding asymptotic expansions of different kinds and
their justification consisting of determining asymptotic accuracy with which the solu-
tions satisfy the equation under consideration are the main tasks of the perturbation
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theory. This traditionally completes the asymptotic analysis of equations with small
perturbations.

On the other hand, in many cases it is necessary to examine the question of how much
the constructed approximate solution differs from the exact solution to the equation.
This problem is usually given much less attention than the previous one [26] since it
is necessary to study the equation under additional conditions, for example, under the
initial data. Thus, a problem on studying asymptotic solutions to the Cauchy problem
for equations with small perturbations appears.

For the case of the asymptotic soliton-like solutions we need to take into account the
properties of soliton solutions to the corresponding equation with constant coefficients
[21]. Therefore, the initial conditions for the appropriate Cauchy problem should be
selected in a special way. In particular, the initial functions must belong to certain
functional spaces, for example, the space of quickly decreasing functions.

The problem on estimation of the difference between the exact solution and asymp-
totic approximation under the same initial condition appears naturally. Namely, this
task is considered in the present paper.

The paper is organized as follows. Firstly, the problem under consideration is formu-
lated, then necessary definitions and notations are given. In the sequel, the algorithm
of constructing the asymptotic soliton-like solutions to equation is briefly described,
and statements on asymptotic estimates for the norm of difference between the exact
solution and its constructed asymptotic approximation are finally proved. There is con-
sidered the case of the main term of the asymptotic solution as well as the case of the
N-th asymptotic approximation.

2 Formulation of the Problem, Preliminary Notes and Definitions

We are facing a problem of constructing the asymptotic soliton-like solution to the Cauchy
problem for the singularly perturbed BBM equation with variable coefficients under
the initial condition

u(x,t,s)| o= [f(z,8), zER. (4)

It should be noted that the choice of the initial condition essentially influences the
asymptotic estimate between the exact solution to the Cauchy problem [27] in question
and its constructed asymptotic approximation. We consider the problem with the initial
function f(z,e) obtained from the formulae for asymptotic soliton-like solution [21] to
equation . The coefficients a(z,t,¢), b(z,t,¢€), c(x,t, &) of equation are supposed
to be represented as

N N
a(z,t,e) = Zskak(x,t) +OENTY, bz, te) = Zskbk(x,t) + 0N,
k=0 k=0

N
c(w,t,e) = erer(z,t) + O(ENT), (5)

k=0

where the functions ag(z,t), bo(x,t), co(x,t) do not equal zero for all (z,t) € R x [0; 1.
Now we recall some notions and definitions.
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Let S = S(R) be a space of quickly decreasing functions, i.e., the space of infinitely
differentiable on R functions satisfying, for any integers m,n > 0, the condition

n

sup |z™ p u(z) | < +oo.

zeER

By C*(R x(0;T);.S) we denote a space of infinitely differentiable functions of (z,t) €
R x (0; T) such that, for any integers k, m, n > 0, the following inequality

+oo 2 +oo 2
su / w dx + /(1 +zH)™ a—ku dx | <+o0
te[Og“] Oxn otk otk

holds.
Let G1 = G1(R x [0;T] x R) be a space of infinitely differentiable functions f =
flz,t,7), (x,t,7) € R x [0;T] x R, for which the following conditions are fulfilled [23]:
19. the relation

20 200"
T—+o0  OJxP Ot? 01"

flz,t,7) =0, (2,1) €K,
takes place;

20, there exists a differentiable function f~(x,t) such that the condition

i 0 000"
rtoo ! aP Ot1 D17

(f(amt,r) —f_(x,t)) =0, (z,¢) €K,

is satisfied uniformly in (z,¢) € K for any non-negative integers n, p, ¢, r and every
compact set K C R x [0;7].

Let GY = GY(R x [0;T] x R) C G; be a space of functions f = f(z,t,7) € Gj,
(x,t,7) € R x [0;T] x R, for which the following condition Tiimoof(x,t,r) = 0 takes

place uniformly in (z,t) on every compact K C R x [0;T].

Definition 2.1 A function u = u(z,t,¢), where ¢ is a small parameter, is called an
asymptotic soliton-like function [23| if for any integer N > 0, it can be represented in
the form

& uy (1) + V(7)) + O, 7= 2P0 (6)

t,e) =
u(e,t,2) .

1M

where ¢(t) € C*°([0;T]) is a scalar real function; wu;(z,t) € C*(R x [0;T1]), j =0, N;
VO(x,taT) € G(l)ﬂ ‘/j(xataT) € le ] = 17N

The function = — ¢(t) is called a phase of the soliton-like function u(z,t, <), and the
curve I' = {(z,t) : @ = p(t), t € [0;T]} is called a discontinuity curve.

Here and below we use the notation ¥(z,t,e) = O(eV). It means that |¥(z,t,¢)| <
Cne™ for all € € (0;¢0), where Cy, &g are some positive values, (z,t) € K C R x [0;7]
and K is a compact set.

The constant C'y depends only on the number N and the set K.
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Remark 2.1 The term “soliton-like solution” reflects the following property of the
asymptotic solution to the equations with constant coefficients having soliton solutions.
In the case of such a partial differential equation in the presence of variable coefficients,
it is expected that its solutions are certain deformations of the soliton-type solutions.
Therefore, it is natural to look for asymptotic solutions to the singularly perturbed
Benjamin-Bona-Mahony equation with variable coefficients in the form that is similar to
the representation of soliton solutions. Moreover, in the case of constant coefficients, the
singular part of the asymptotic solution constructed through the nonlinear WKB method
coincides with soliton solution to the singularly perturbed Benjamin-Bona-Mahony
equation with account of calibrate transformations.

2.1 Scheme of constructing the asymptotic solution

Now we briefly describe the algorithm of constructing the asymptotic soliton-like solution
to the BBM equation . The asymptotic solution is represented as |21]

N

. —(t
u(z,te) =Y & [uj(x,t) + Vj(z,t,7)] + OV, 7= %‘P(). (7)
§=0
N .
Here the function Up(z,t,e) = Zsj uj(z,t) is called a regular part of asymptotic
3=0

N

solution (7) and the function Vy(x,t,7,¢e) = ZsjVj(z,t,T) gives a singular part of
j=0

asymptotic solution . The terms of the regular part solve the equations

Qo duy duy
Ou; Ou; Oug Ouj\
a0, )2 4 bofar, ) 2 4o, 1) (“Jax Fuf) - )

:fj($7t,U/0,U17...,Uj,1>, j:15N7

and the terms of the singular part satisfy the equations

3V, oVy aVy
! 573 + [bo(x,t) — ag(z,t) o’ (1)) B + co(z, t) [ug + Vol 5 = 0, (10)
3V, aV; oV, 0
@’ 873] + (bo(z,t) — ao(x,t) @' (t)) 87; + co(z,1) ( 057 =+ 9 (VOV)> = Fj(z,t,7),

(11)

t 1), j = 1, N, are obtained recurrently through

the terms uo(z,t), ui(x,t), ..., uj_1(z,t), j = 1,N, and the functions Fj(z,t,7) =

Fi(t, Vo(z, t,71), ..., Vi1 t), ..., u;j(x,t)), are determined recurrently

through the terms uo(z,t), ui(z,t), ..., u;(z,t), Vo(z,t,7), Vi(z,t,7), ..., Vioi(z,t,7),
j=1,N.

Solutions to equations , (@ can be found through the method of characteristics.

The singular part of asymptotic solution is constructed in a special way [21]. Firstly,

equations , are studied on the discontinuity curve I' that is determined through

where the functions f;(z,¢,
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the solution ¢ = ¢(t), t € [0;T], of certain second order ordinary differential equation
(see equation ) The functions v; = v;(t,7) = Vj(;zz,t,7')|r7 j = 0,N, solve the
following partial differential equations:

B3y Ovg vy
@/(t)ﬁ + (bo(, ) — ao(p, t) () 4 o, t)uo(p, t)) 5 T co(pst) Vg = 0, (12)
v, Ov; 0
Spl(t) 67'?’] —|—(b0((p, t) - aO(‘% t)(p/(t) + CO((Pv t)u0(<p7 t)) 87;"’_00(@7 t)a (Uo’l}j) = ]:j (t7 7—)7
(13)
where F;(t,7) = Fj(z,t, T)’F . In particular,
]:1(75’ T) = _ao(@at)UOt - CO(@vt)UOI(SD7t) Vo— (14)

— [cozuo(p,t) + co(p, )uo 2 (9, 1) — aos (@, 1)@ (t) + box (@, )] T vo - —
- [Cor(@v t)T +c (907 t)} VoVor — [CO (907 t)u1(907 t) + Cl(@a t)u()((pﬂ t)f
—ay1(p, 1)@’ (t) + bi(w, )] vor + Vo rre-

Later, an extension of the functions v;(t,7), j = 0, N, is constructed from the curve
I" into its neighborhood.
All details of the algorithm can be found in [21].

3 Principal Results

3.1 Main term of the asymptotic solution ([7))

At first, we consider a main term of asymptotic expansion . The term is determined
through the solution to equation and is given by the formula

. . - A((pﬂ t) -2 A(@v t) T — T
Volz,t,7) = Vo(t,7) = vo(t,7) = 3 (o) cosh ( i . 0 ) 7 (15)

where A(p,t) = ag(p,t) ¢’ — bo(p,t) — co(p, t)ug(p,t), To is a constant of integration,
and function ug(z,t) is found through the method of characteristics from the Hopf type
equation . Here the following condition

Alp,t)p'(t) >0, te0;T], (16)
is supposed to be satisfied.

Remark 3.1 The function Vy(t, 7) is an exact solution to equation in the space
GY. Tts partial derivative Vo, (t,7) satisfies equation as the right side function
F;(t,7) = 0. The last property can be easily verified by direct calculations.

Now we define the initial data of problem , more exactly. Let us put

folxz,e) =3 :((ZZZ:?))) cosh™? ( A(%:;Z 0 (m ;;00 - 7;)) ; (17)

where g = ©(0), @) = ¢’(0) # 0, 790 € R are parameters, and let us denote the set of
functions by My(e).

The following statements are true.
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Theorem 3.1 Let us suppose the following propositions are fulfilled:

19, the functions ag(x,t), bo(x,t), co(x,t) € C°(R x [0;T]) and they do not equal zero
for all (z,t) € R x [0;T7];

20, the function f(z,¢) in initial condition can be represented as f(x,e) = go(x) +
fo(z,€), where go(z) € C®(R), fo(z,e) € Moy(e);

30, the Cauchy problem for equation @ with  the initial  condition
uo(z,0) = go(x) has the solution ug(x,t) € C*(R x [0;T]);

49, there exists a function o(t) € C*([0;T)) satisfying (@ and p(0) = o, ¢’ (0) =
¢ # 0.

Then the main term of the asymptotic soliton-like solution to the Cauchy problem

, s given by the formula
Yo(iﬁ,t,€) ZUO(xat) +V0(t77-)a (18)

where uo(z,t) is a solution to equation (§) with the initial condition u(z,0) = go(z) and
Vo(t, ) is defined through formula .

Function @ satisfies the Cauchy problem , with accuracy O(1) on the set
R x [0;T]. Moreover, as 7 — +00, it satisfies the Cauchy problem , with accuracy
O(e) on the set R x [0;T].

Proof. It is clear that function satisfies initial condition . The other statement
of Theorem is proved according to the scheme of proof for Theorem 1 in [21]. That
is why we omit the details here.

Theorem 3.2 Let the following propositions hold:

19, the  functions a(x,t,e), b(x,t,e), c(x,t,e) satisfy the assumptions
a(z,t,e) = a(z,e) € C®R), b, te) € C®R x [0;7)),
c(z,t,e) = c(t,e) € C>°([0;T));

20, the inequalities rr < alze) < g, |b(x,t,e)] < I,
|bs(x,t,€)] < ly take place for all x € R, ¢t € [0;T], where r1, 1o, l1, la are
some positive constants;

30, the Cauchy problem , has a solution u(x,t,e) € C>(0,T;5);

49, the functions ag(x) € C*(R), by(z,t) € C(R x [0;T]), co(t) € C>([0;T]) do not
equal zero for allz € R, t € [0;T] and ag(x), bo(x,t) are absolutely bounded for all
zeR,te|0;T];

50. the function f(x,€) in initial condition can be represented as f(x,e) = go(x) +
fo(z,€), where go(z) € S(R), fo(z,e) € Mo(e);

6°. the Cauchy problem for equation (@ with  the initial  condition
uo(z,0) = go(x), € R, has a solution in the space C>°(0,T;5);

70, there exists a function ¢(t) € C([0;T)]) satisfying (@ and p(0) = o, ¢’ (0) =
¢ # 0.
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Then for the exact solution and the asymptotic soliton-like solution to the Cauchy
problem , the following estimate

llu(z,t,e) = Yo(z,t,e)[[| < Ce, T €[0;0), (19)

is true, where C is a constat not depending on the parameter €, © > 0 is a real number,

and
NAI1Z = [V a(z,e) fII? + || f2]]%, ||f||2=/\f(r,t7€)l2dx~
R

Proof. For proving the theorem let us consider the function
OJ(IL'ﬂf,E) :u(xat,g) —Yo(l',t,€), (20)
where u(z,t,€) is an exact solution to the Cauchy problem 7 and Yy(z,t,¢) is given

by formula (18)). Substituting u(z,t,¢) = w(x, t,£)+Yy(, t,¢) into (I)), multiplying both
sides by w(x,t,e) and integrating the obtained expression in x from —oo to +00, we get

+00 +o0
%di/ (z,t,€) %%/a(m,s)w%x,t,s)dw— (21)
—o0 —o0
+o0 +o00
—% / by (2,1, €) (2, 1, £)d — / ot €)Yo (@, t, (@, , € )wn (x, £, €)d+
+o00
+/g(:c,t,5)w(z,t,5)dx,

where

g(x,t,€) = —e*Youpur(x,t,€) + alx, e)You (x,t, )+
+ b(z,t,e)You(x,t,€) + c(t,e)Yo(z,t,e)You (2, t,€).

Taking into account the conditions of Theorem and the technique of constructing
the asymptotic soliton-like solution to the Cauchy problem , we conclude that the
function g(z,t,e) belongs to the space C'*°(0,T’; S). Moreover, it satisfies the asymptotic
relation g(z,t,e) = O(1) as € — 0.

From equality we find

1d
——E?<pE?4¢E, 22
5 % pE®+q (22)
where

E? = ||w(z, t, o)l = [[Valz,e) w(z,t,e)||* + ®||wz (z, 8, )|, (23)

1 b:c )1 Y 52
p=L pax @49 oft, ) 2@ t:€) (24)

2 (znerx[0;T] | a(z, &) (z,t) ERX[0;T) a(x,e)

1
- t? Y 7t7 ’
€ (;c,t)Ienlgi([O;T] | et &) Yo(a,t,€) |
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+oo
g = max /
te[0;T]
— 00

According to the algorithm of constructing the main term of the asymptotic solution
the values p, ¢ satisfy the following asymptotic relations:

) 1/2
gzt )
a(x, )

dx

p:O<1)7 g=0(1) as e—0.

e

To estimate the value y = E(t,e) we consider the differential inequality

dy
dt_py q

under the initial condition y(0) = 0 according to notations and (23).
Similarly to the proof of the Gronwall-Bellman lemma we find the relation

y(t) < = (eP' —1).

hSEES

As a result, we obtain estimate (|19)).

3.2 Higher terms of the asymptotic soliton-like solution

Let us describe the initial data of the Cauchy problem , corresponding to the higher
terms of asymptotic soliton-like solutions . As in the previous case, the initial data is a
sum of two functions. One of these functions is a sufficiently smooth one connected with
the regular part of asymptotic solution . The other function belongs to the defined
above space G1 and is associated with the singular part of asymptotic solution .

To clarify the type of the last element of the initial data we go back to the algorithm
of constructing the singular part of asymptotic solution @ and recall some results of
paper |21]. The terms of the singular part are represented as follows:

Vi(z,t,7) =uj (z,t)n;(t,7) +¥;(t,7), j=1N, (25)

where u; (z,t), j = 1, N, is a solution to the Cauchy problem
Auj (z,t) = f5 (2, 1), (26)
uy (z,t)|. = v;(t), j=1,N. (27)

Here the differential operator A is written as

0 0
A= ao(x,t)ﬁ + [bo(x,t) + co(z, t)ug(x, t)] 92 + co(x, t)uge(x, t),

the right side functions fj— (x,t), j = 1, N, are recursively determined, and, for example,
fi (z,t) =0,

_ ou ou
fo (x,t) = —al(m,t)a—tl — bl(x,t)a—; —cp(z,t)

_ 8“0

Uy (28)
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_Ou ouy _OJuy Uy
—co(, t)u] ({T; - CO(mvt)ulT; — ¢o(x, t)u] 6—; — q(fﬂi)anT;
v;(t) = [—ao(p, t)¢'(t) + bo(p, t) + cole, t)uo(ep, t) ]71 Tgmoo Q;(t,7),

“+ o0
éﬂmﬁri/ﬂmO%,jzfﬁ

n;(t,7) € G is a function such that lim n;(¢,7) = 1; the function v,(¢, ) belongs to
T——00

the space GY, and ug(z,t) is the main term of the regular part of asymptotic solution

(7).
Besides, the function ¢ = ¢(t), t € [0;T], is a solution to the second order ordinary
differential equation of the following form:

[A1p" 2 + A" + A3] 0" + As" "+ As 0" P + As 0P+ A7" =0,  (29)
where the coefficients Ax, = Ag(p,t), k = 1,7, are given as follows:
A1 = 24CL(2) Co, A2 = -8 agp Co ¢,y A3 = —Cp Otz, A4 = 740001 a(z) + 300,0 apz Co,

As = 60 ag cop @ + 20 ag agr co — 24 ag cor — 30 ag co ay — 15 ag, cog a + 20ag cg Uz
Ag = —20ag coay — Sagy coar + 15 ¢ v e + 28 ag cop @ — 20 cguogﬁ a — 20 cop 02,
A7 =5¢coaay — 20 cor 2,
where o = by + couo, ap = ao(p,t), bo = bo(i,t), co = colp,t), uo = uo(p, ).
Ordinary differential equation is nonlinear and, in general, it possesses a solution
on the finite time interval denoted by [0; 7).
We suppose that the Cauchy problem , has a solution in the domain {(z,1t) :

x < ¢(t), t € [0;T]}. In the case, asymptotic solution (7)) to the Cauchy problem (),
is written as

Y (z,t,€) =
]i_vjo &l [u;(z,t) + Vi(z,t,7)], (z,t) € Q,(T),
= uo(z,t) + Jé & [uj(x,t) +u; (2,0)], (2,t) € D7\Qu(D), (30)
jNO elu;(x,t), (z,) € DH\Q,(T),

where
Q1) ={(z,1) e R x [0;T] : [z — p(t)| < pu},

D™ ={(z.t) e R x [0;T] : & < (1)},
D ={(z,t) e R x [0:T] : 2 > (1)},

W is a positive number.
Taking into account Remark we find the representation of the initial values in .
So, by substituting 7 = (z — ¢(t))/e and putting t = 0, we get

fi(z,e) = Vj(x,t,T)’

- T — Yo
e = (x,0)n; (O, 5) + (31)
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’ jil,N,

TP
t_O,‘r_T0

v
+; <0, 5900) + p;Vor (t,7)

where p;, j = 1, N, are real parameters.
The set of values f;(x,¢) is denoted by M (e) for any j = 1, N.
So, the following theorem is true.

Theorem 3.3 Let the following propositions be fulfilled:

19, the functions ay(x,t), bi(x,t), cp(x,t) € C°(R x [0;T)]), k = 0,N, and the in-
equality ag(x,t) bo(x,t) co(x,t) # 0 holds for all (x,t) € R x [0;T];

20, the function f(x,€) in initial condition can be represented as

N

f(z,e) = Z‘Sj [gj(m) —‘rfj(l‘,&)],

=0

where g;j(z) € C*(R) and fj(z,e) € Mj(e), 7 =0,N;

3%, equation @ with the initial condition ug(x,0) = go(x), € R, as well as equation
(9) with the initial condition u;(x,0) = g;(x), € R, has the solution u;(z,t) €
C*(R x [0;T]), j=0,N;

40, the function Fj(t,7) € G?, j =1, N, and the orthogonality condition

—+oo
/ Fi(t,m)vo(t,7)dr =0, j=1,N; (32)

1s satisfied;

5. the function F;(t,7), j =1, N, is such that the property

lim ®;(t,7)=0, j=1

T——00

N, (33)

)

takes place;

6°. equation (@) has a solution p(t) € C°°([0;T]) such that inequality @ is true and
©(0) = o, ©'(0) = o’ # 0 hold.

Then the asymptotic soliton-like solution to the Cauchy problem , can be written

as
N

Yn(z,t,e) = Zsj [uj(x,t) + Vj(z,t,7)]. (34)
3=0
It satisfies the Cauchy problem with accuracy O(e™) for all (z,t) € R x [0;T].

Moreover, as T — +00, function satisfies the Cauchy problem , with accuracy
O(eN*t1), N e N.

Proof. 1t is clear that function satisfies initial condition (4). The other part of
Theorem is proved according to the scheme of proof for Theorem 1 in [21].
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Remark 3.2 Condition 5° of Theorem provides solution , singular part of
which belongs to the space GY. Therefore, we can put V;(z,t,7) = V;(z,t,7) }F = v;(t, 1),
j=0,N.

In the opposite case, the asymptotic soliton-like solution to the Cauchy problem ,

can be written as .

Theorem 3.4 Suppose the following propositions are fulfilled:
19, conditions 1° — 4%, 6° of Theorem|[3.9 are true;
20, the Cauchy problem @, has a solution in the domain D~.

Then the asymptotic soliton-like solution to problem , is written as (@/ and
satisfies the Cauchy problem with accuracy O(e™), N € N, for all (z,t) € R x [0; 7.
Moreover, as T — +00, function (@/ satisfies the Cauchy problem , with accuracy
O(eN+), N e N.

Proof. 1t is obvious that function satisfies initial condition . The last part
of Theorem [3.4]is proved according to the scheme of proof for Theorem 2 in [21].

Now let us consider the estimate for the difference between the exact solution and
asymptotic soliton-like solution to the Cauchy problem , .

The following theorem is true.

Theorem 3.5 Suppose the following propositions are satisfied:

19, the functions a(x,t,e), b(x,t,e), c(x,t,e) satisfy the assumptions
a(x,t,e) = a(x,¢) e C>®R), bz, te) e C>®R x [0;T)),
c(z,t,e) = c(t,e) € C([0; T]);

20, the inequalities 1 < a(x,e) <ra, |b(x,t,e)| <li, |bz(zm,t,€)] <o take place for
all z € R, t € [0;T], where r1, o, l1, lo are some positive constants;

390, the Cauchy problem , has a solution u(z, t,€)
e C>(0,T;S5);

49, the functions arp(x) € C*®(R), br(z,t) € C®(R x [0;T)), cx(t) € C>([0;T)),
k = 0,N, are absolutely bounded for all x € R, t € [0;T], and the inequality
ao(x) bo(xz,t) co(t) # 0 holds for allx € R, t € [0;T);

50. the function f(x,€) in initial condition can be represented as

2

flz,e) = & lgi(@) + fila,e)],

Jj=0

where g;(z) € S(R), fij(z,e) € Mj(e), j =0,N;

6°. equation (@ with the initial condition ug(x,0) = go(x), z € R, as well as equation
(@ with the initial condition u;(x,0) = g;(x), x € R, j = 1, N, has the solution
uj(x,t) € C>*(0,T;S5), j =0,N;

70, the conditions 4° — 6° of Theorem are true.
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Then for the exact solution u(x,t,e) and asymptotic solution to the Cauchy
problem , the following asymptotic estimate

[[|u(z,t,e) — Yn(z,t,e)||] < ceNtote [0;e0], (35)

is true, where C is a constant not depending on the parameter €, and © is a positive
number.

Proof. Similarly to the proof of Theorem [3.2] let us consider the difference
wn(z,t,e) =u(z,t,e) — Yn(x,t,e). As above, we obtain

+00 +oo
24 1d
f%a / |wN:c(:1:,t,5)\2 dnga/a(x,s)w?v(x,t,e)dzf (36)
1 +oo +oo
_§/bx(x7t,5)w]2\,(m7t,5)dx—/c(t,E)YN(:U,t7E)o.)N(m,t,E)wNm(x,t,s)dx—&—
—o0 —o0
+o0
+/gN(a:,t,6)wN(z,t,s)da:,
where

gn(z,te) = — %Y Npai(x,t,€) + a(xz,e)Yni(x, t,e)+
+b(z,t,e)Yna (2, t,e) + c(t,e)Yn(z,t,e) Yo (2, t, €).

According to Theorem [3.3] and the technique of constructing the asymptotic soliton-
like solution to problem , , the function gy (z, ¢, ) belongs to the space C*(0,T}; S).
Moreover, it satisfies the asymptotic relation g (x,t,e) = O(s™V) as e — 0.

From we find
1d

iaEﬁl <pE{ +qEn, (37)
where
EJ%J = |||WN(w7t75)|||2 = || V a(x,s)wN(ac7t,5)||2 +52||wNm(x7t75)||27 (38)
1 by (z,t,€) Yn(z,t,¢€)
== AN A te) ———= 39
P=73 (ac,t)renRai([O;T] a(x,€) (z,t)glr?f[o;ﬂ c(t,¢) a(x,€) + (39)
1
+-  max |c(t,e)Yn(x, t,e)],
€ (z,t)eRx[0;T]
+oo 2 1/2
t

¢ = max / vl te) dz . (40)

te[0;T] a(z,€)

It is easy to see that the values p, ¢ satisfy the asymptotic equalities

pZO(i>, q=0(N) as £—0.
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Inequality is equivalent to the relation

d
L <py+a y0)=0, (41)

where y = y(t) = En(2,t,¢).
It now follows that

y(t) < = (eP' —1)

T

providing asymptotic estimate (35).

4 Conclusions

The problem of estimating the difference between the exact solution and asymptotic
soliton-like solution to the Cauchy problem for the singularly perturbed BBM equation
with variable coefficients is considered. The initial data for the Cauchy problem are
defined according to the concept of asymptotic soliton-like solution. In other words, it is
taken into account that the asymptotic soliton-like solution is a certain deformation of
the soliton solution for the corresponding BBM equation with constant coefficients.

We present asymptotic estimates for the difference between the exact solution to the
BBM equation and the N-th approximation for the constructed asymptotic soliton-like so-
lution. Similarly to the singularly perturbed Korteweg-de Vries equation, these estimates
are local [27][28]. Nevertheless, they show that the asymptotic soliton-like solutions con-
structed through the nonlinear WKB method for the singularly perturbed BBM equation
with variable coefficients are sufficiently suitable as the approximate solutions.
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