Nonlinear Dynamics and Systems Theory, 20 (5) (2020)

&\IFOR %

M s
Publishing
Group

Almost Periodic Solutions for a Class of Nonlinear
Duffing System with Time-Varying Coefficients and
Stepanov-Almost Periodic Forcing Terms

Md. Magbul *

Department of Mathematics, National Institute of Technology Silchar,
Cachar, Assam — 788010, India.

Received: May 22, 2018;  Revised: October 30, 2020

Abstract: In this paper, we study the existence of almost periodic solutions for a
class of nonlinear Duffing system with time-varying coefficients and Stepanov-almost
periodic forcing terms. Some sufficient conditions for the existence and uniqueness of
an almost periodic solution of the system are established. We provide an example to
illustrate the main result.
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1 Introduction

In recent years, various kinds of dynamic behaviors of nonlinear Duffing equations have
been investigated by many authors due to its applications in many fields such as physics,
mechanics, engineering and other scientific fields, for example, see [4,5,/14]. In such
applications, the existence of almost periodic solutions for nonlinear Duffing equations
is an important topic. Many authors have studied the existence of periodic and almost
periodic solutions of nonlinear differential equations, for more details we refer, [1H3L(6L/9}
11/13,|15H18| and the references cited therein.

Peng and Wang [13] considered the following model for a nonlinear Duffing equation
with deviating argument

u(t) + et/ (t) — au(t) + bu™ (t — ¢(t)) = (1), (1)
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where ¢(t) and ¥ (t) are almost periodic functions on R, m > 1 is an integer, and a, b, ¢
are constants. By considering

v=u'+E&u—Qi(t), Qa(t) = Y(t) + ( — c)Qu(t) — Q1 (1), (2)

where @Q1(t) is a continuous and differentiable function on R and £ > 1 is a constant,
Peng and Wang [13] transformed into the following system of differential equations

(1) = —(c — )o(t) + (a + £(c — E)ult) — bum(t — 6(8)) + Qal), ®)

and then proved the existence of positive almost periodic solutions of , and . Xu [15]
extended the system to the following nonlinear Duffing system with time-varying
coefficients and delay

{u’(t) = —&u(t) +v(t) + Q1(t),

{uf(t) = —01(t)u(t) + v(t) + Qu(t) (4)

() = d2(t)o(t) + [u(t) — 03 ()]u(t) — v(t)u™(t — 6(t)) + Q2(t),

where u(t),v(t), ¢(t),01(t), d2(t), Q1(t), Q2(t) are all almost periodic functions on R, m
is an integer with m > 1, u(t) > 0,v(t) # 0, and established some sufficient conditions
for the existence of almost periodic solutions of .
In this paper, we extend the systems and to the following Duffing system
u'(t) = —fi(t)u(t) + v(t) + Fu(D), (5)
v'(t) = —fa(t)u(t) + [a(t) + f3(O)]u(t) — BE)u™ (t = 6(t)) + Fa(t),

where fi(t) is a bounded continuous function on R with inficr f1(t) > 0; f2(), a(?),
B(t), #(t) are almost periodic functions on R; Fy(¢), Fz(t) are Stepanov-almost periodic
continuous functions on R, and inf;eg fo(t) > 0, m > 1 is an integer.

In |150[16L|18], the authors considered the following almost periodic system

() = A)x(t) + f(t), teR, (6)

where f : R — R"™ is an almost periodic function and A(t) is an n x n almost periodic
matrix defined on R, to prove the existence of almost periodic solutions for a class of
nonlinear Duffing systems. In this paper, we first study the existence of almost periodic
solutions of @ when f : R — R" is a Stepanov-almost periodic continuous function
and A(t) is an n x n bounded continuous matrix defined on R satisfying some suitable
conditions, and using these results we find sufficient conditions for the existence and
uniqueness of almost periodic solution of . Finally, we provide an example to illustrate
the results.

2 Preliminaries

In this section we give some basic definitions, notations, and results. In the rest of this
paper R stands for a set of real numbers. We let x = (21,72, ,7,)T € R" to denote a
column vector, in which the symbol ()7 denotes the transpose of a vector, and if z € R",
then we define ||z|| = maxi<i<n |2
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Definition 2.1 A continuous function u : R — R" is said to be almost periodic if for
every € > 0 there exists a positive number [ such that every interval of length [ contains
a number 7 such that

lu(t+7) —u@)|| <e VteR.

Lemma 2.1 If u : R — R” and g : R — R are almost periodic functions, then
u(-—g(+)) : R = R™ is also an almost periodic function.

For a detailed proof of the above lemma see |7, Lemma 2.4].
Throughout the rest of the paper we fix p,1 < p < oo. Denote by LY. (R;R") the

loc
space of all functions from R into R™ which are locally p-integrable in the Bochner-

Lebesgue sense. We say that a function, f € L} (R;R™) is p-Stepanov bounded (SP-
bounded) if

t+1 1/p
7l =sup ([ 1r@lras) " < oc
teR t
We indicate by L2(R;R™) the set of all SP-bounded functions R into R™.

Definition 2.2 A function f € LE(R;R"™) is said to be almost periodic in the sense
of Stepanov (SP-almost periodic) if for every e > 0 there exists a positive number [ such
that every interval of length [ contains a number 7 such that

1/p

o ([ 16547 - slspras) <

teR
Lemma 2.2 ( [12]) Let A(t) = (a;;) be an n x n continuous matriz defined on R. If
(i) A(t) is bounded,
(ii) |det A(t)| > Kk on R for some k > 0,

(1) a;;i(t) <0 fori=1,2,--- ,n and for allt € R,
() |ai;| > Z laj;| for alli=1,2,--- ,n and for allt € R,
j=1,j#i
then there exist positive constants M, vy, and the fundamental solution matriz X (t) of
the linear system
2'(t) = A(t)z(t), teR, (7)
satisfying
I X)X (s)|| < MeT ) for t>s. (8)

In the rest of the paper, we assume that A(t) satisfies all conditions given in Lemma
2.2

Lemma 2.3 ( [8]) Let f : R — R™ be a continuous function. Then the solution
z:R—R"™ of @ is given by

z(t) = X() X (a)z(a) +/ X)X 1(s)f(s)ds, t>a, acR. (9)
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Lemma 2.4 If f : R — R" is an SP-almost periodic continuous function, then the
function A : R — R"™ defined by

At) = [ X(OX1(s)f(s)ds, tER,

is an almost periodic function.

Proof. We consider

Then

t—k+1
IO < [ XX @)p ) s

t—k+1
-1
< /H IX X ()£ (5)]ds

t—k+1

<M eV £ () ds
t—k

t—k+1 1/(] t—k+1 1/p
<u( [ e ([ serds)
t—k t—Fk

Me—'vk Vera — 1
vay

£ lls-

oo

Since the series Ze"yk is convergent, from the Weierstrass test it follows that the

k=1
n

sequence of functions Z Ak (t) is uniformly convergent on R. Thus we have
k=1

A(t) = i Ay(t).
k=1

Let € > 0. Then there exists a number [ > 0 such that every interval of length ! contains
a number 7 such that

t+1 /
sup ([ 7t +7) = fo)Pas) " < e

teR

where

€§/q7

M(er —1)(¢err = 1)

0<e <
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Now, we consider

[Ak(s +7) = A ()]

s+7— k+1 s—k+1
= /+ X+ DXT (@ (2)dz - /% X(s)X7(2) f(2)dz]
57k+1 ) s—k+1

= || » X(s—1-7'))(71(2—&—7')]“(2’—1—7')dz—/71C X(5)X 7 H2) f(2)dz||
SS—k-‘rl ) s—k+1

= || B X(s)X(T)X—l(T)X—l(z)f(z+7')dz—/_k X ()X~ (2)f(2)dz|
‘ s—k+1 s—k+1

=/ ‘H$X*@ﬁ@+TMz—/ X (5)X () f(2)dz

s—k

s—k+1
S/ IX ()X IF(r+2) = f(2)]ldz

—k
s—k+1

<M e A f(r + 2) — f(2)||dz
s—k

s—k+1 1/ s—k+1 1/

<u([ et ([ e - s pa)
s—k s—k

s—k+1 1/ Me 7k (erv — 1

qu(/ eﬂwwua‘lfle %ﬁz)

< €.
s—k

Therefore,

oo

M qv_
D lAk(s +7) = Aus)| < Lze * e

k=1
Hence, A(t) is an almost periodic function.

Lemma 2.5 If f : R — R" is an SP-almost periodic continuous function, then the
system (@ has an almost periodic solution x : R — R™ if and only if

xﬂz[rX@XAQﬁ@@,teR (10)

Moreover, the system @ has a unique almost periodic solution.

Proof. Let x : R — R™ be an almost periodic solution of @ Then
t
z(t) = X)X a)z(a) +/ X)X Y (s)f(s)ds, t>a, acR.
a

For t > a, we have

X)X (@)z(a)ll < Me™ =V a(a)|

< Me 79 gup ||z (t))).
teR

Therefore,
lim [ X(t)X ™! (a)z(a)] = 0.

a—r — o0
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Hence,

t):/_ X()X~(s)f(s)ds, tER.

Conversely, let x : R — R™ be a function satisfying the integral representation .
Then, by Lemma , « is almost periodic. For t > a, we have

= [ X)X s)f(s)ds

/aoo X)X ds+/ X(t )f(s)ds

= X(t )X*l(a)/ X(a)X~! ds+/ X(t )£ (s)ds
= X(H)X / X(t )f(5)ds.

Hence z is an almost periodic solution of @ Suppose x and y are two almost periodic
solutions of @, then u = x — y is an almost periodic solution of , hence u = 0. Thus
(@ has a unique almost periodic solution.

3 Main Result

In this section, we prove the existence of almost periodic solution of .
Consider the following assumptions:

(H1) m > 1is an integer, 1 < p < oo and ¢ is the conjugate index of p.

(H2) f1(t) is a bounded continuous function defined from R into R, and
infier f1(t) > 0.

(H3) fa(t), alt), B(t), ¢(t) are all almost periodic functions defined from R into R, and
infier f2(t) > 0.

(H4) Fi(t), Fa(t) are SP-almost periodic continuous functions defined from R into R.

Consider the following notations:

o1 = tllelﬂfgﬁ( ), 0 ggﬂgfz(t), 6 =min{é1, d2},
u « 2
ezmax{%’ sl + BOLE O, i + 0]+ i)
q qd _
A= V2D sl s [ Fallse )

© Ygd(ed — 1)

We indicate by E the set of all functions of the form (t) = (p1(t), p2(t))?, where
©1(t), p2(t) are almost periodic functions defined from R into R. Then F forms a Banach
space with respect to the norm || - ||g given by

Il = max { sup |1 (0], sup |2 (1) |-
teR teR
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Theorem 3.1 Suppose the assumptions (H1)-(H4) hold, and the positive constants

A0 and o satisfy

max{l,0} <4, <1, (11)

1-0
then there exists a unique almost periodic solution of system in the region
. D)
E* = {SOEE: H‘P_QPOHES m}

where
T

t t
ooty = ([ Tnsp s, [ eSO R )
Proof. Since m > 1, we have

sup(la(t) + f3 ()] + 1B(1)]) < ig}g(la(t) + 2] +mlBH)]),

teR

hence § < max{%, 2} < 1. Clearly, E* is a closed convex subset of E. We consider

t t
leolle = max{sup| e e @2 gy (6)ds), sup | e~ I 2B By (5)ds|)
teR —o0 teR —00
t t
< max{sup/ eI fl(z)dZ|F1(s)|ds,sup/ e Ji 22 By (6)|ds)
teR J —oo teR J—oo
t t
< max{sup/ e_fst5d2|F1(s)\ds7sup/ e ) 94z oy (s)|ds}
teR J —oco teR J—co
t t
< max{sup/ e_é(t_s)|F1(s)|ds,sup/ e 909 | Fy(s)|ds}
teR J —oo teR J—o0o
0 nt—k+1 S
= max{sup / e 9|y (s)|ds,
00 -kl St
—o(t—s
sup / e |Fy(s)|ds}
tesz::I t—k
00 pt—k+1
< max{supZ(/ e 0= ds) 9| Fy || s,
terR 15 Ji—k

o] t—k+1
sup 3 / (=95 ds) /|y o0}
k=1 t—k

S Al S I Fals)

q/(eq6
max{[|F1| s, [ F2 [ sr} = A

_ 1)
/qd(e® — 1)

:ma{

Therefore, for any ¢ € E*, we get

A

2
< <—4+A=—< 1. 12
lelle < lle = wolle + lleolle < =5 + 3= 175 < (12)



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 20 (5) (2020) 519

Now, let ¢ € E, and consider the following nonlinear system

( o ) - ( Y _he ) ( o ) * ( palt) s ) SNGE)

where 1 (t) = (a(t) + f3 ()01 (t) — B(£)T" (t = ¢(t)) + Fa(t). By Lemma 2.1} o1 (t — (1))

is almost periodic, and hence ¢(¢) is a Stepanov-almost periodic function. Since the

matrix ( _fé(t) fO ) > satisfies all conditions given in Lemma by Lemma
—J2

the system has a unique almost periodic solution and is given by

t
/ e I N0y (5) + Fi(s))ds
t ..
/ e~ i (=5 (5)ds

. . . u®(t)
Therefore, for each ¢ € E, has a unique almost periodic solution ( v? (1) > .

Define amap T : E — E by

To prove T is a self-mapping from E* into E*, we consider, for any ¢ € E*,

1Te — voll&
t t
= max{sup | e I fl(z)d'z(pQ(s)dSL
teR —00
t
sup | e L@ (o) + f3(s))er(s) — Bls)et (¢ — (s))ds|}

t
< max{sup/ 6751(t73)||g0||Eds,
teR J —co

sw/ 2= (ja(s) + F2(s)) I ¢lls + 1B(s)] I ell]ds}

teR J —co

t t
<msfpup [ e Ddsgp [ o) + 560 + B

teR teR
< max( L, Mren o) BOLH 8O0y
< mas( L, W)+ BOLHIBOD
= fllgls < <2

Therefore, T maps E* into itself. Next, we prove that T is a contraction mapping from
E* into itself. For ¢, € E*, we have
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IT(p) = T()ll e

t t
=max{sup| [ e [ O [py(s) — po(s)]ds|,sup | [ e S 2 (as)
teR — 00 teR

+ f3(5))(pr(s) = 91(s)) = B(s)(@1' (s — () — 9" (s — b(s)))]ds|}

¢ ¢
< max{sup | e~ Je 51dz||<p—¢||15ds,2uﬂ1g/ e I 20 a(s) + f3(s)| x
€

teR J—-oco —00

lp1(8) = ()] + [B()[[T"(s — d(s)) — ¢T" (s — &(s))1ds}

t

1
Smax{g”@*w\\migﬂg/ e la(s) + f2(s)llle — e + 1B(s)]x

—0o0

(Ier(s = () = (s = A(s)I(I7" " (s = SN + 7" (5 = b(s)) ] x
[Y1(s = @(s)| + -+ + loa(s = A(s) [V (s = b(s))| + [ (s — (s))]))]ds}

t

1
SmaX{EH@—wHE,jgﬂg[ e a(s) + f3(s)lle — Yllm +18(s)|x

o0

le = vllelelz ™ + ez 1¢le + -+ lellelvlz = + lvlElds})

1 t
<wx(llo = vlsup [ e alo) + Ol - vl
+ml3(s)lllp — lslds)

< maX{iHﬁP — Y, k= sup(Ja(t) + f3(t)] + m| Bl — ¢l £}
o 02 teRr

—0o0

1 1

< max{<|lo = ¥le 5 il@lﬂg(la(t) + O +mB®Dlle - ¥l e}
11

< max{ <, < sup(|a(t) + f3(t)| + mlB(®))}He — ¢lle
0 0 teRr
1l o

= max{5, THlle — lls

Since max{%, %} < 1, T is a contraction map on E*. Therefore, T has a unique fixed

point *(t) = (u*(t),v*(¢))T € E*, ie., To* = *. By (13), ¢* satisfies (f]), hence ¢* is
an almost periodic solution of the system in E*.

4 Application

Example 4.1 The following nonlinear Duffing equation with time-varying coeffi-
cients

u”(t) + (20 + sint + sint?)u/(t) + (100.5 4+ 10sint — sin® ¢ + sin ¢ sin t* 4 10 sin t2
+ 2t cos t?)u(t) + 0.5 cos t(u®(t — sint) — sint — 10) — 0.5sin V2t = 0 (14)

has at least one almost periodic solution.
Proof. Consider

v(t) = u'(t) + (10 + sint?)u(t) — 0.5 cost, (15)
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then we can transform into the following system of differential equations
u'(t) = —(10 + sint?)u(t) + v(t) + 0.5 cost,
V' (t) = —(10 + sint)v(t) + (sin® ¢t — 0.5)u(t) — 0.5 cos tu>(t — sint) (16)
+0.5sint + 0.5 sin v/2t.
Since f1(t) = 10 + sint?, fo(t) = 10 + sint, a(t) = —100.5 — 20sint, B(t) = 0.5cost,

Fi(t) = 0.5cost, Fp(t) = 0.5sint + 0.5sinv/2t, ¢(t) = sint, p = 2, m = 3, we have
512522529,(]:2,

1 sup;ep(lo(t) + f3(8)] + [B()])

0 = max{g, 5 }
_ max{l, supyeg (| — 0.5 4+ sin? | +10.5 cost|)}
9 9
1 1 1
= max{§, §} = §

Since
0 < ||Fillgz <sup|0.5cost| =0.5 and
teR

0 < || Fa|lg> < sup(]0.5sint + 0.5sinv/2t]) =1,
teR

/(e = 1)

0O<A = WmaX{HFmS”?”FQHSP}
(el® —1) (e'®—1)

= VB 1) max{|| F1[|s>, [ F2lls=} <
1) 1 1 3
—t )\2 < (67 = — [ — ——
S W@ -1 B @D "1

3 8 A
o< So1o AN

o = sup(|a(t) + f2(t)] + m|B(t)]) = sup(| — 0.5 +sin*#| + 3]0.5cost|) =2 < 9 = 6.
teR teR

Therefore, all the assumptions given in Theorem are satisfied, hence has at least
one almost periodic solution. Thus, the nonlinear Duffing equation has at least one
almost periodic solution.

VI8(e? — 1)

Remark 4.1 Notice that the function fi(¢t) = 10 + sint? is not almost periodic
and the coefficient of u(t) in is unbounded. Thus, the results of this paper are
substantially extended and improved the main results of [13}15}/16}18].

5 Conclusion

In this paper, we considered a class of nonlinear Duffing system with time-varying
coefficients and Stepanov-almost periodic forcing terms. We first considered the almost
periodic system @ with a Stepanov-almost periodic continuous forcing function and
then studied the existence of almost periodic solutions of @ Using these results, we
established some sufficient conditions for the existence and uniqueness of an almost pe-
riodic solution of the system . Finally, we provided an example to illustrate the main
result.
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