(;25 NFOR %
@%ATH
Publishing
Group

Nonlinear Dynamics and Systems Theory, 2(1) (2002) 25-44

Mathematical Analysis in a Model of Obligate
Mutualism with Food Chain Populations

R. Kumar!*+ and H.I. Freedman?*

1Department of Mathematics, Dayalbagh Educational Institute,
Dayalbagh Agra (U.P.) 282005, India
2 Applied Mathematics Institute, Department of Mathematical Sciences,
University of Alberta, Edmonton, Alberta, Canada T6G 2G1
and
2School of Mathematical Sciences, Swinburne University, Hawthorn,
Victoria 8122, Australia

Received: June 26, 2000; Revised: June 14, 2001
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1 Introduction

The main thrust of this paper is to model obligate mutualism with the middle and top
predators of a three-species food chain. The cases of facultative mutualism with the prey
and middle predator populations have been considered in [24].

Previously, models of mutualism with predator-prey systems have been considered in
[2,12,16,24,27,34]. Models of obligate mutualism have been discussed in [7,12,13,14].
For general discussions of mutualism the reader is referred to [1,7,11, 32].

Most models of mutualism are two dimensional. There has been a fair amount of
work recently on three dimensional models, where the mutualism occurs between prey
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(see eg. [2,15,27]); predators (see [2,13,14,15,27]), perhaps both [30], or competitors
(see [2,9,27,29,33]), etc. However, to date the only results dealing with mutualism in
food chains are contained in [24].

Our main concern in this paper will be to develop criteria for the persistence or
extinction of populations considered in our model. Persistence and extinction criteria for
food chains and/or mutualism models have been discussed in [13,15,16,17, 18,21, 24].

At this time we give definitions of extinction, persistence and nonpersistence. First
we define extinction. We say that N(t) > 0 exhibits extinction if tlig)lo N(t) =0. We

note that nonpersistence (defined below) does not necessarily imply extinction for all
initial values N(0). If tlim N(t) =0 for all N(0) > 0, we say that our system exhibits

total extinction with respect to the N(t) population. We will employ the notation R}
to denote the positive v-axis and R/ for its closure, for any variable v. R, denotes the
positive v — w plane and R}, its closure etc.

Further if populations Ni,..., Ni exhibit total extinction in the space th-,---yve’
we denote this by &, .. .n, — 0. Here Ni,...,N; and vq,...,v, are subsets of the
set {u,z,y,z}.

We now define persistence with respect to the positive orthant in R™ (see [4, 5] for more
general definitions). We say that N(t), N(0) > 0, persists if N(t) >0 for all ¢ >0 and
litm inf N(t) > 0. We say that N(t) uniformly persists if, further, litm inf N(t) >0 >0

for all N(0) € R4, where R, is the interior of R’ . Finally, we say that a vector
(N1(t),...,Nn(t)) € R} (uniformly) persists if each component (uniformly) persists. If
any component fails to persist, we say that nonpersistence occurs.

In Section 2, we discuss our model. Section 3 contains an equilibrium analysis and a
review of known persistence criteria. Section 4, gives persistence and extinction criteria
for the total model including reversal of outcome. In particular, criteria are developed
for the first time to the best of our knowledge for the case of almost periodic dynam-
ics. Included in this are examples to illustrate our results. Section 5 contains a brief
discussion.

2 The Models

In this section we describe a general model of interactions between a mutualist population
and populations of a food chain. The mathematical formulation of obligate relationships
between the mutualist and two different trophic levels of the food chain are also described.
Finally, we estimate the region of attraction in each case, showing that the models are
well-behaved.

We consider the autonomous system,

‘%‘ — uh(u, 2,9, 2),

‘fl_gt” = azg(u, 7) — yp1 (u, ) — 2pa(u, ),

W s 9) + e (wpa ()] = 20(u9), 1
% = 2[—sa(u, 2) + ca(w)pa(u, ) + c3(w)g(u, y),

u(0) =up >0, z(0)=z0>0, y0)=yo>0, z(0)=z2 >0,
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as a model of a mutualist-food chain interaction with continuous birth and death pro-
cesses. The variable u(t) represents the density of the mutualist at time ¢ and (), y(¢),
z(t) denote the prey, predator, and superpredator densities respectively.

The function h(u,x,y, z) represents the specific growth rate of the mutualist popula-
tion. We assume that h(u,z,y, z) possesses the following properties.

(H1) h(0,2,y,2) >0, §&(u,2,y,2) <0.

(H2) There exists a unique function L(x,y, z) > 0, such that h(L(z,y, 2),z,y,z) = 0.

The function g(u,z) is the specific growth rate of the prey z in the absence of any
predation. We assume that

(G1) g(u,0) >0, %(u,x} <0.

(G2) There exists a unique K (u) > 0 such that g(u, K(u)) =0.

(G3) 22 (u,z) > 0.

Next, the functions p;(u,x), i = 1,2 and ¢(u,y) denote the predator’s functional
response to the prey and mutualist densities. We assume that,

. e
(P1) pi(u,0) =0, F (u,2) >0, i =1,2, q(u,0) =0, 5 (u,y)>0.

Opi
ox

The functions s1(u,y) and s2(u, z) are the specific death rates of the predators y and
z, in the absence of predation. We assume that

(S1) —asla(jj’y) >0, 22wz 5 g

(S2) Zulwd) <o Do2(wz) > g o (u) >0, ci(u) <0, i =2,3.

u u
The non-negative functions ¢;(u), ¢ = 1,2,3 are the conversion rates of prey biomass to
the predator biomass. The implications of the above conditions are described in detail in
[24]. Finally, we assume that all the functions are smooth enough so that existence and
uniqueness of initial value problems hold and any required analysis can be carried out.
In model (2.1), we will think of « as a bifurcation parameter.

2.1 Obligate mutualism with the bottom-predator

In this section we consider the case of obligate mutualism between the mutualist « and
the predator y. In addition to H(1-2), we assume the following for the specific growth
rate h(u,z,y, z) of the mutualist:

(H3) 2 (u,2,,2) <0, 5 (u,2,y,2) >0, 9 (u,2,y,2) <0.

(H4) lim L(0,y,0) = L < .
Yy—o0

The condition (H3) implies that u derives benefit from the predator population and
that there might be a cost to the mutualist due to its interactions with the predators.
The condition (H4) implies that v has a finite carrying capacity, no matter how much
benefit it derives.

Further we assume

(P2) 2nn) > o, n) < o, e <

This condition implies that the mutualist can benefit the bottom-predator by increas-
ing its predator’s response and/or by decreasing the response of the superpredator.

In order for system (2.1) to exhibit obligate mutualism between u and y, the food
chain must collapse in the absence of the mutualist and the predator y must become
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extinct. Thus we require that the subsystem:

(2—16 = axg(0,z) — yp1(0,x) — 2p2(0, z),
Z_g = y[~51(0,9) + c1(0)p1 (0, 2)] — 2q(0, ), (2.2)
% — 2[=52(0, 2) + c2(0)p2 (0, ) + c3(0)q(0, )],

with 2(0) > 0, y(0) > 0 and z(0) > 0, exhibits extinction and tlim y(t) = 0. As
observed in [11] this happens when either

(S3a) lim p(0,7) < —Séf?bg))

or

S3b) p1(0,4) = 200 ang & > K(0).
61(0)

In conclusion whenever hypotheses H(1-4), G(1-3), P(1,2) and S(1-3) hold, mutualism
occurs between v and y and is obligate for the predator y.

The following result establishes that under the above hypotheses, system (2.1) pos-
sesses a region of attraction. The proof is similar to one given in [24].

Theorem 2.1 Let the hypotheses H(1-4), G(1-3), P(1,2), S(1-3) hold. Then the set

C={(u2,9.2):0<u<L, 0<z<K, 0<Ga+y<M,

~ ~ ~ - 2.3
0<c(L)x+c3(L)y+2z<N, 0<c2(0)z+c3(0)y +2 < N}, (23)
where
K = max K(u), ¢ = max ci(u),
0<u<L o<u<l
— (LK. ~ ~
M = m [ag(L,0) + s1(L,0)], (2.4)
¥ = i [ OR a0+ 5200 + e (72|
and

]/51 = ma'x~pl(u7 K)u
0<u<L

is positively invariant and attracts all solutions starting with nonnegative initial-values.

2.2 Obligate mutualism with the top-predator

The system (2.1) exhibits mutualism between u and z, which is obligate for the top-
predator z, whenever in addition to H(1-2), G(1-3), P1, S(1,3), the following assumptions

hold:

oh(u,z,y,z) oh(u,z,y,z) Oh(u,x,y,2)
ox <0, dy <0, 0z > 0.

lim L(0,0,z) = L < oc.

Z—00

)
)
) 31’26(“11) >0, 9q(w,y) > 0.
)

u ou
Dsa(u) <, ch(u) > 0, ch(u) > 0.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 2(1) (2002) 25-44 29

The following condition ensures that in the absence of u, z will become extinct.
(S4%a) ¢3(0) lim pa(0.2) +¢5(0) lim g(0.3) < 5:(0,0).
or !
(S4*b) c2(0)p2(0, ) + c3(0)q(0,y) = 52(0,0), for some z and y, where z > K(0).
Finally the mutualist can indirectly benefit the predator z, by affecting the death rate,
the predator response function or the conversion rate of prey biomass to the predator
biomass of the predator y.

Under the above stated hypotheses by similar arguments as for Theorem 2.1, we can
prove the following by using standard techniques (see e.g. [17]).

Theorem 2.2 Let the hypotheses H(1,2,3*, 4*), G(1-3), P(1,2*), S(1,2*,4*) hold.
Then the set

D:{(u,:c,y,z):()gugz, 0<z<K, O§51x+y§M,

~ _ - (2.5)
0<ca(L)x+c3(L)y+2z< N},

where the constants are given in (2.4), and

51 = max_ pl(uvl})a
0<u<L

is positively invariant and attracts all solutions starting with nonnegative initial-values.

3 The Equilibria

The question of existence and non-existence of various equilibria of system (2.1) and
their stabilities are discussed in detail in [24]. Below we describe the information needed
to study the question of reversal of outcome in our system for the two cases under
consideration.

Case I: Obligate mutualism between u and y

The system (2.1) possesses the equilibrium FEy(0,0,0,0) and one dimensional equilibria
E1(Lo,0,0,0), F2(0, Ko,0,0), where Ly = L(0,0,0) and Ky = K(0). The two dimen-
sional equilibrium Es5(w, Z, 0, 0) always exists. The equilibrium F5(0, 22,0, 22) in the z—2z
plane may or may not exist. The three dimensional equilibria, if they exist are of the
form Fg(us, zs3,ys,0) and E7(u4,x4,0,24). We note that a three dimensional submodel
has an equilibrium if it is uniformly persistent (see [4]).

Case II: Obligate mutualism between v and z
In this case the equilibria Fy(0,0,0,0), E1(Lo,0,0,0), E2(0, Ko,0,0), E5(u, Z,0,0) always
exist. The equilibrium F4(0, 21, y1,0) in the  —y plane may or may not exist. The three
dimensional equilibria if they exist are of the form Fg(us,x3,ys,0) and E7(u4, 24,0, 24).
Next, we list information regarding the eigenvalues of the variational matrix, computed
at the various equilibria so that their stabilities may be discussed.
The eigenvalues of Fs in the y and z-directions are

;i = —5;(0,0) + ¢;(0)p; (0, Ko), i=1,2. (3.1)
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The eigenvalues of F3 in the y and z directions are

Bi & —si(,0) + c;i()p; (u,7), i=1,2. (3.2)
The eigenvalues of Ey in the z-direction and of Es5 in the y-direction are

v £ —52(0,0) + cap2(0, 1) + ¢3(0)q(0, 1), (3.3)

and
§ 2 —51(0,0) + ¢1(0)py (0, 22) — 22qy(0,0), (3.4)

respectively.
The eigenvalues of Fg and E7 in the z and y directions are

€2 —s5(us, 0) + c2(us)p2(us, x3) + c3(us)q(us, y3) (3.5)

and
A

n = —s1(us,0) + c1(ua)p1(ua, v4) — 24qy(us, 0), (3.6)

respectively.
The above values are computed in a straightforward manner using standard techniques
of ordinary differential equations.

4 Reversal of Outcome

Case I: Obligate mutualism between u and y

Suppose that for the system (2.1) the hypotheses H(1-4), G(1-3), P(1-2), S(1-3) hold.
The obligate relationship between v and y implies that £, in Riy and Rjyz, that is,
in the absence of mutualism, the predator y becomes extinct. However, we will show
that with mutualism present, system (2.1) can exhibit uniform persistence resulting in
a reversal of the outcome exhibited by the food chain submodel. The following result
specifies a set of conditions leading to such a reversal. The proof follows using techniques
similar to those used in [24] and is thus omitted. First we assume the following additional

hypotheses for technical mathematical reasons.

(H5) Let Ej5 (if it exists) be globally asymptotically stable with respect to solutions
initiating in R},.

(H6) Let the equilibria Eg and E7 be globally asymptotically stable in R/, and R}, _,
respectively.

Theorem 4.1 Let the hypotheses H(1-6), G(1-3), P(1,2) and S(1-3) hold. Then the
system (2.1) is uniformly persistent whenever £ > 0 and n > 0, where & and n are given
by (3.5) and (3.6), respectively.

The above theorem can be interpreted as follows. If the predator y is unable to survive
on its own, then the mutualist could help the predator population to survive. As observed
n [13], the mutualist can benefit the mutualist predator in several ways: by increasing
the prey growth rate, by increasing the rate of predation of its prey x, by providing
an alternate food source for the mutualist-predator and by enhancing the efficiency of
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utilization of the prey by the mutualist-predator. Below we illustrate each of these cases
with an example. All examples considered are of the form

du 1 U
w1
dt L+2ty)’

dzr 1 T (0 + ) 0
— =az|l-— — w)xrYy — Tz
dt K+ka) O TS
(4.1)
dy
U y[ — s10 + s11u — 512y + (10 + c11) (y0 + Mw)w — Loz,
%:z — 890 — 821U — S9222 + €20 % T c3080
dt 20 2 2 14+ co1ul+diu 1+C31uy
where all the constants are assumed to be nonnegative.
In the absence of the mutualist u, there will be an equilibrium in R;”y,
(2,y) = (K(Sw’m +asiz) a(Keipy — 510)>
’ asio+ Keiod T asio+ Kewog )’
unless Kc19v < s19. Thus for obligate mutualism we require
K010’70 S 510- (42)

Example 4.1 When ~v; = §1 = $11 = ¢11 = 821 = €21 = ¢31 = 0 and k > 0, mutualism
occurs by means of the mutualist enhancing the prey growth rate.
The region of attraction for the system is contained in the set

B={(u2y,2):0<u<L+(M, 0<z<K+k(L+M),
0<y<M, 0<z<N},
where

—510 + c10%0 (K + kL)
s12 — c1070k!

M:

1 —~ —
N = S—(—520+K02050+K(L+€M) +030§0M).
22

We assume that M and N are positive, otherwise the system will always exhibit
extinction.  The equilibria in E; are Fy(0,0,0,0), Ey(L,0,0,0), F2(0,K,0,0),
By (L, K+kL,0,0,0). The equilibrium B (0, £lusszass) o alzambienn) ) exists pro-
vided Keogdp > So9.

The subsystem in R,

+

way 18 uniformly persistent whenever

61 = —S10 + Clo’yo(K —+ kL) > 0, (44)

in which case the equilibrium in R;fmy is given by

$10 + S12Y3

Eﬁ(u37$37y370): (L+€y37 7y370)7



32 R. KUMAR AND H.I. FREEDMAN

where
b4 /b2 + dkleiong
¥ = 2k€c107§
and

b = aklcigyo — asie — 010’73 (K + kL)

The subsystem in R}, is uniformly persistent provided

B2 = —s20 + 2000 (K + kL) >0, (4.5)

and then the equilibrium in R}, is given by

(as22 + 00520) (K + kL) afs )
S92 + (K + kL)Cgo(S(Q) T aSo2 + (K + kL)0205(2) '

Er(u4, 4,0, 24) = (L7

The symmetric matrix B(u, z,y) corresponding to Eg is given by

1
(L + ty3)’

by = —akcigx
2(K + ku)(K + k(L + tys))’
lu
" 2(L + ty) (L + by3)’

_ Beio
K+ k(L + tys)’

b23 =0 and b33 = S12.

bll =

b1z =

b22

It is positive definite in the region of attraction of the subsystem in R'u"my, whenever

. ( acio Pk (K 4+ k(L + KM))2> _acol*(L+(M)? =0 (4.6)
P\L + tys AK2(K + k(L + tys)) AL2(L + fy3)? ' '
The matrix D(u, z, z) corresponding to E7 is given by
1 akespgx
din=—, dia= diz =0
11 L7 12 2(K+kL)(K+kU), 13 )
QcCa0
doo = ———, da3 =0, d33 = 5922.
22 K+ kL’ 23 ) 33 = 522
It is positive definite whenever
1 k2coo(K + kL)?
_ aken(R+RL (4.7)

L A(K+kL)K?
Thus the system (4.1) will be uniformly persistent whenever (4.4)—(4.7) hold and
§ = —s20 + 200023 + c30€0ys > 0, (4.8)

and
n = —510 + c1070%4 — 024 > 0. (4.9)
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Example 4.2 When k = 61 = s11 = ¢11 = So1 = ¢21 = ¢31 = 0 and ~; > 0, the
mutualist enhances the rate of predation of the mutualist-predator y. Here the region of
attraction is contained in the set

B={(uz,yz2):0<u<L+(M, 0<z<K, 0<y<M,

! - (4.10)
0<2z< S— (—520 + KC2050 + C30€0M)}a
22

where

7o St Keio(vo + L)
s12— Kcioml

The equilibria in }_%Iw are given by Ey(0,0,0,0), E1(L,0,0,0), E2(0, K,0,0), E5(L, K,0,0).
The subsystem in R;fmy is uniformly persistent whenever
B1 = —s10+ Kcio(yo +mL) >0, (4.11)
in which case the equilibrium Fg(us, z3,ys,0) = (L+2ys, %[a—(%—l—’yl (L+Lys))ys], ys,0),
where from Descartes’ rule of signs y3 is the unique positive root of the equation

2
v+ — (o + n L)y + (Kewo(o + 1 L)% + asiz — aKeigyif)y —afy = 0. (4.12)

Y1l
The subsystem in R, is uniformly persistent provided
62 = —890 + 02050K > 0, (413)
. . _ K (as22+d0520) af .
in which case F7(u4,x4,0,24) = (L, pysvey eyt a822+K20206§ ) Now we consider the

global asymptotic stability of Es and E7 in R, and R, respectively.

The symmetric matrix B(u, z,y) corresponding to Fg(us,x3,ys,0) is given by
1 Ny 1 tu
bi1=—, bpo=—"", bis=—|—F"— —
n=m 2 5 0 Y13 2\ us(L + ty) + clom® — s11 |,
10
K 3
It is positive definite in its region of attraction whenever
4 1 VieioM? 1 (UL +¢M)
KUg 4 K ’ngL

bay = ba3 =0, b3z = s12.

+ Kciom — 811) >0, (4.14)

S12

where M is given by (4.10). The symmetric matrix D(u,x, z) corresponding to E7 is
given by

1 1
din=—, di2=0, diz=3s2,
Uy 2
ac
dag = %, dag =0, d33 = s22.
It is positive definite in its region of attraction whenever
4895 — Ls3; > 0. (4.15)
Thus whenever (4.11), (4.13) - (4.15) hold and
§ = —s20 + c200073 + c3§oys > 0, (4.16)
and
1n = —s10+ c10(Y0 + V1u4)Ts — §o2a > 0, (4.17)

the system (4.1) is uniformly persistent.
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Example 4.3 When k = v = 61 = ¢11 = S21 = ¢21 = ¢31 = 0 and s11 > 0, the
mutualist provides the mutualist-predator with an alternate food source.
The region of attraction is contained in the set

Bz{(u,x,y,z):0§u§L+€M, 0<xz<K, Ogyg]T/f, nggﬁf}, (4.18)
where

~s10 +sul + ok
s12 — sul

=

)

(4.19)

N

1 —
S—(—520 + Kcgpdo + CB&OM)-
22

The equilibria in F:m are Fy(0,0,0,0), F1(L,0,0,0), F2(0,K,0,0) and E3(L, K,0,0).

The subsystem in Rf{wy is uniformly persistent whenever

ﬁl =—s10+suLl+ Kclo’}/o > 0. (420)

The subsystem in R}, is uniformly persistent whenever

ﬁz = —8909 + Kcogdg > 0. (421)
Whenever the inequalities (4.20) and (4.21) hold the equilibria in R, and R, are
given by
_ K(s1070 + as12 — as11£ + s11L70) api >
B (us, 3,98, 0) = <L+£y37 Kciovg — asiil + asi2 " Kc107g — as1il + asiz’
and
So0 + S2224 afs
Er(u , X ,O,Z = L7 » Yy :
7( b 4) < 62050 K6206(2) + a822)

The symmetric matrix B(u, z,y) corresponding to Eg is given by

1 fu
biy=—, bi2=0, biz=——,
us 2U3
ac
bao = %, baz =0, b3z = s12.

It is positive definite in the region of attraction whenever

2 —
519 — E—(L +M)? > 0. (4.22)
4U3

The matrix corresponding to E7, D(u,z,z) = diag(u%, 0‘;’(2“,522> is always positive

definite.

Thus the system (4.1) will be uniformly persistent whenever inequalities (4.20) - (4.22)
hold and

& = —590 + c2000%3 + c3080y3 > 0, (4.23)

and
n = —S10 + S11u4 + c1070%4 — 024 > 0. (4.24)
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Example 4.4 When k = v = 61 = s11 = 821 = ¢c21 = ¢31 = 0 and c¢11 > 0, the

mutualist enhances the efficiency of the utilization of the prey by the mutualist-predator.
Here the region of attraction is contained in the set

B:{(u,x,y,z):OSuSL—l—Hq, 0<z<K, Ogygﬂ, nggﬁ}, (4.25)
where

—s10 + K~o(c10 + enn L)
s12 — Kvyoci1l

S

N 5w + K080 4 cs0&o M

522

The equilibrium in R;f, is E3(L, K,0,0). The subsystems in R;},, and R}, are uniformly
persistent provided
61 = —S10 + (010 + CllL)'YOK >0, (426)

and
B2 = —S20 + Kcagdp > 0. (4.27)

The equilibrium

b+ /b2 + 4a 0)

K
6(u3ux37y37 ) < + Y3, o (CY 70y3), 2K011’73£ ,

where
b= a(lKci1yo — s12) — K3 (ci0 + e L).

The equilibrium

K (asgs + dpsa1)

E 0 = (L
7(U4,I4, 724) ( ) 06822+K02058 )

O, Oéﬂg) .

The symmetric matrix B(u, x,y) corresponding to Fg is given by

lu 1
— 5 C1177,

1
bi1=—. bia=0, bjzg=—
11 ’LL3, 12 ) 13 2U3(L+€y) 2

a
bao = F(CIO +ciiuz), by =0, baz = s12.

It is positive definite in its region of attraction whenever

4s12 (E(L + (M)

us U3L

2
+ Kcll’}/o) > 0. (428)

The symmetric matrix corresponding to E7 is given by

1
ID(’U/,I',Z) = dlag (Ev %7 S22>-
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Thus whenever inequalities (4.26)—(4.28) hold and
§ = —s20 — S21u3 + c200073 + c3080y3 > 0, (4.29)

and
7= —S10 + (010 + 011U4)’}/0.TE4 — 5024 > O, (430)

the given system is uniformly persistent.

In the above examples, all boundary equilibria of predator-prey type were globally
asymptotically stable in their respective predator-prey planes, i.e. we assumed that
hypotheses (H5) and (H6) hold.

We now allow for the possibility that (H5) and/or (H6) be violated, in which case there

could be periodic solutions in R}, and periodic, almost periodic, or recurrent motions in

Persistence crlteria have been obtained in three dimensional systems when periodic
solutions occur in the predator-prey planes. To the best of our knowledge the almost
periodic case for four dimensions has not yet been considered.

Hence we next demonstrate that uniform persistence can occur even when one or more
of the three-dimensional subsystems have almost periodic solutions. We note that the
closure ¥ of an almost periodic orbit is a compact, minimal set and every solution in %
is almost periodic (see [26]).

We state and prove a theorem for persistence in the case where almost periodic solu-

but that E7 is globally stable with respect to Ruwz Let there be k&

nontrivial almost periodic solutions in R}, , denoted (¢i(t),v:(t),&(t),0), with disjoint
closures >, i =1,...,k.

%

Theorem 4.2 Let the hypotheses H(1-5), G(1-3), P(1,2) and S(1-3) hold, and E

Jr
tions occur in Ry, ,

be globally stable with respect to Riyz.. Also let the omega limit sets of all solutions

k
initiating in R}, lie in the acyclic set { U EiUEg}. Then the system (2.1) is uniformly
i=1

persistent whenever € >0, n >0 and

im % [=52(¢:(r), 0) + ea(i ())p2 (i (r), s (1))
PRl (4.31)

+c3(di(r)q(pi(r), &(r))]dr >0, i=1,... k.

Proof First we observe that the limit in the inequality (4.31) exists. Also as each
¥; is a compact minimal set, it lies in R;f,, and the subsystem in R}, is uniformly
persistent. The uniform persistence of (2.1) will follow (see [5]) if we can show that the
stable sets, W*(%;) and W*(E;) do not intersect R} . and each of them is isolated

uTYZz
in Rumyz

First, we show that W*(X;) N R}, =¢, 1 <i <k. Let ®(t) = (4(t),¥(t),&(t),0)T

UTYZ
be any almost periodic solution in ¥;, and X (¢) = (u(t), z(t),y(t), z(t))T, X(0) = X, €
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R}, be any solution starting sufficiently close to ®(t). Linearizing X (t) about ®(t) we
obtain

Y'(t) = A@)Y (t), (4.32)

where Y (t) = (u1(t),z1(t),y1(t), 21(t))T is the linearized vector variable, and

¢hu + h dha dhy oh
A(t) _ g — Pp1 ag + age — 51712 —p1 —p2 ,
—)(—S1u + ¢ P1u) Pe1pi —s1 + c1p1 — €1y —q
0 0 0 —s2 + c2p2 + c3q

where all the functions are evaluated at ®(¢). Solving the last equation in (4.32) we
obtain

21(t) = z1(0) exp/[—82(¢(f“)a 0) + c2(o(r))p2((r), (1)) + ca(d(r))q((r), £(r))] dr-
0

Now since ®(¢) lies in ¥;, and the solutions through ¥, are uniformly stable in both
directions in ¥;,, the inequality (4.31) (with ¢ = i) implies that z1(¢) > 0 for ¢ > 0
and is an increasing function for sufficiently large ¢. Thus any solution in Rf{wz, starting
sufficiently close to ¥;, eventually gets away from it.

Hence, Q(Xo) ¢ ¥i,. Thus W*(X,) N R, =, 1 <i< k.

Since all boundary equilibria are hyperbolic we conclude as in [24] that W*(E;) N
Ri,,.=0,1<i<T7.

Now suppose that for some i, ¥;, is not an isolated invariant set in R, . Then
there must exist closed invariant sets in arbitrarily close neighbourhoods of ¥;,. Let
M D %;, be such a closed invariant set. Then by repeating the arguments, given above
we conclude that ¥;, repels the solutions starting in M/3;, and hence they must leave

M. However this contradicts the fact that M is invariant. Hence the proof.

Remark 4.3 The acyclic condition of the above theorem is always satisfied when each
3; is either asymptotically stable or completely unstable in R;Lmy and there do not exist

any homoclinic orbits in R}, .

Remark 4.4 In the event that almost periodic solutions exist for the subsystems in

R}, a criterion similar to the one given by the above theorem can be obtained.

Case II: Obligate mutualism between v and z

The system (2.1) exhibits obligate mutualism between the mutualist v and the top-

predator z, whenever the hypotheses H(1,2,3*,4*), G(1-3), P(1,2*) and S(1,2*,4*) hold.
Also from the hypothesis S(4*) the mutualism is obligate for the predator. Hence

E.—o in R, and R;Lyz and the equilibrium Es does not exist. To obtain the persistence

criteria in this case, we need to introduce the following additional hypothesis:
(H5*) Let the equilibrium Ey (if it exists) be globally asymptotically stable with respect
[e]
to solutions initiating in R, .

The following result holds for system (2.1).
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Theorem 4.3 Let the hypotheses H(1,2,3* 4* 5*.6), G(1-3), P(1,2*), S(1,2*,4*) hold.
Then system (2.1) is uniformly persistent whenever & >0 and n > 0.

Persistence in system (2.1) can result in any of the following ways.

The mutualist u can directly benefit the mutualist-predator z, by enhancing the growth
rate of the prey z, by providing an alternate food supply, by increasing its rate of preda-
tion or by enhancing the efficiency of utilization of the prey(s). Below we illustrate each
of these cases with an example. We also note that the mutualist’s interaction with the
predator y can also lead to a beneficial effect for the top-predator.

Consider the system

e 1_L
“ u( L—i—ﬂz)’

¢ =az(1 - —2 __n xy — (8p + 61u)xz2,

( K+ku> Ty~ G0+ o) (4.33)
. €170 B

Yy = y[ S10 + S12y + 1+71u:13y] (6o + &1u)yz,

2" = z[—820 — S21u — S22 + (20 + c21u)(dp + d1u)x + c3(&o + E1u)y],

where all the constants are assumed to be nonnegative.

It is easily seen that in the absence of the mutualist, y(t) < %ﬁcl% Hence assume
that

s10 < Keivo, (4.34)

otherwise &, .o in R}, . Furthermore for obligate mutualism to occur we require that

(=510 + Kc170) <

K02050 + Cgfo = S90.- (435)

512

Example 4.5 When v1 = §; = £ = s91 = co1 = 0 and k > 0, mutualism occurs by
means of mutualist enhancing the rate of growth of the prey z.
The region of attraction is contained in the set

C={(u,2,y,2):0<u<L+IN, 0<z<K+k(L+(N), (4.36)
0<y<DM, 0<z<N}, '
where B
M— —810+0170(K+k(L+£N))
S11
and L
]\7 =820 + 02060(K + kL) + C3§0M

S92 — C2000 + K ¥
The equilibrium in R, is (L, K + kL). The subsystems in R}, and R

. " vy ., are uniformly
persistent whenever

81 = —s10+ a1y (K + kL) > 0, (4.37)
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and
62 = —S90 + C2050(K + kL) > 0. (438)

The equilibrium

(K + kL)(’}/oSlO + CYS11) afy 0)
asi1 + (K +kL)y3er " asin + (K + kL)y3er’

Er(ug,24,0,24) = (L 4 L2y, 24,0, 24),

EG(U37$373J37 O) = (L7

where

1
Ty = E(oz — 00z4)(K + kL + klz4),

oy — b4 + \/bg + 46205801]{3662
T 2c0002kl ’

and by = a(—s22 + c2000kl) — c2003(K + kL). The symmetric matrix B(u,z,y) corre-
sponding to Fjg is given by

B —ciakx
- 2(K + kuz) (K + ku)’
aCp

K+ kug’

b13 = 07

1
bll - ) b12
us3

bao baz =0, b33z = s11.

Thus B(u,x,y) is positive definite in its region of attraction whenever
4K*(K + kuz) — auge B2 (K + EL)? > 0. (4.39)

The symmetric matrix D(u, z, z) corresponding to E; is given by

g — i do — —akeypx doe — _1 fu
U TP T 2Kt ku) (K +ku) T 2ug(L A L2)
QaCo0
22 (K+ kU4)’ 23 ) 33 522

The region of attraction of the subsystem in R, is contained in the set

Ci={(u,2,2): 0<u<L+{INy, 0<ax<K+k(L+{Ny), 0<2z< Ny},

where N; = m. The matrix D(u, z, z) is positive definite in B; whenever
2 2 2
Qu4C5522k 9 9
4 ——= = (K + kL + k{N,)” — L+ (N 0. 4.40
€20822 (K + kug) K2 (K +kL+ 1) T2, (L+EN)” > (4.40)

Thus the system (4.31) is uniformly persistent whenever the inequalities (4.35)— (4.38)
hold and
§ = —s20 + c200073 + c3€oy3 > 0 (4.41)

and
N = —810 + c1Y0xs — oz > 0. (4.42)
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Example /.6 When k = =61 =& = co1 =0 and s9; > 0, mutualism occurs by
means of providing an alternate food source to the top-predator. The region of attraction
is contained in the set

C:{(u,x,z):OSuSL—I—éﬁ, 0<z<K, OSySM, nggﬁ}, (4.43)

where

T TS0+ Keiyo

% and N — —820+821L+K0205o+03§01\7'

S11 S92 — €521

The equilibrium in R;f,, is (L, K, 0,0). The subsystems in R,},, and R}, .
persistent whenever

are uniformly

01 = —s10+ 1K >0, (4.44)

and
62 = —S90 + So1L + 62050K > 0, (445)

respectively, in which case the equilibria are

K —s10 + K
Eﬁ(u3,$3,y370) — (L, (70810 + a812) CY( S10 + 01'70) 0)

Kclﬂyg + asiy Kclﬂyg + asia

and

K — s21L)6 — s21¢
E7(u4,:c4,0,z4>=(L+Zz4, ({20 — o2 1)o0 + (o22 — s218)e) o )

KCQO&% + a(322 — 8213) T Kczoég + a(SQQ — 8215)

The symmetric matrix corresponding to Fg is B(u,xz,y) = diag(%, = 512). The sym-

metric matrix D(u, z, z), corresponding to E; is given by

1 fu
by = — bio =0 biao= ——
11 ue’ 12 ) 13 <U4(L+€z) +821>7
ac
bao = %, baz =0, b3z = s22.

The region of attraction of the subsystem in R, is contained in the set

_ B o<k OSZSL},
S92 — S214 S22 — 521/

Ci1= {(u,x,z): 0<u<L+

The matrix D(u, z, z) is positive definite in C; whenever

¢ (fs ?
S22 — U4 (S21 + L—’UJ4 (L + m)) > 0. (446)

Therefore the system (4.31) will be uniformly persistent whenever inequalities (4.42)—
(4.44) hold and
§ = —s20 + s21u3 + c200023 + c3éoys > 0, (4.47)

and
N = —810 + c1Y0xs — Enza > 0. (4.48)
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Example /.7 When k =~ =61 =& = s21 = 0 and c¢o; > 0, mutualism occurs by
mutualist enhancing the utilization of the prey by the top-predator. Here the region of
attraction is contained in

C:{(u,x,y,z):OﬁuSL—l—ﬁN, 0<z<K, Ogygﬁ, nggﬁ}, (4.49)

where
M= —s10+ Keiyo and N = 520 + (c20 + 21 L)0 K + CsﬁoM'
s11 s22 — Kca1dg
The equilibrium in R}, is E3(L, K,0,0). The subsystems in R and R, are uni-
formly persistent whenever
B1 = —s20+ Kcivo > 0, (4.50)
and
B2 = —S90 + (CQQ + CQlL)K60 > 0. (451)

The equilibrium FEg(us, z3,ys3,0) in R;“zy is the same as in Example 4.6 and the corre-

sponding matrix B(u,z,y) = diag(%, = 512). The equilibrium

—b b2 4+ 4K/¢ EY
Er(u4,24,0,24) = (L + Lz, 520 + 52224 0+ /b3 + af203c21 ),

So(c20 + co1ua)’ 202K lco

where by = asas — Kladocar + K83 (cao + c21L). The symmetric matrix D(u, z, 2) corre-
sponding to F~ is given by

1 1 fu
11 ue’ 12 ) 13 5 ((L+£z)u4 + co1 020)7

a
dyo = E(Czo + co1uq), dog =0, ds3 = 2.

The region of attraction for the subsystem in R, is contained in the set

z

B2
C = 0<u<L+/IN,, 0<2<K,0<2<—F——=Njp,.
1 {(U,CE,Z) SUS + 1, ST > ) S22 S99 _K€60021 1

The matrix D(u, z, z) is positive definite in .4; whenever

(L + (Ny)

2
oo KK 0. 4.52
Tus + c210¢9 > > ( )

4599 — Uy (

Thus if inequalities (4.48)—(4.50) hold and
§ = —s20 + (c20 + c21u3)d0x3 + c380ys > 0 (4.53)

and
1N = —510 + c1Y0T4 — &oza > 0, (4.54)

then the system will be uniformly persistent.
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Example /.8 When k =y =& = so1 = ¢c21 = 0 and 467 > 0, mutualism occurs by
means of the mutualist increasing the rate of predation by the predator z on the prey x.

C:{(u,x,y,z):0§u§L+€N, 0<z<K, Ogygﬁ, O§ZSN}, (4.55)

where

—~ = K
- $10 + £ C170

and N oo 5207 c20(00 + 01 L)K + csboM
S11 S29 — K eogldy
The equilibrium in R;f, is E3(L, K,0,0). The subsystem in R;f,, is uniformly persistent
if
ﬁl = —S109 + 01'70K > 0. (456)

The equilibrium FEjg in R‘u"my is the same as in Example 4.7 and is always globally asymp-
+

totically stable with respect to solutions initiating in R, .
The subsystem in R; . will be uniformly persistent whenever

B2 = —S90 + 620(50 + 51L)K > 0. (4.57)

The equilibrium in R}, is

K
E7(U4, T4, O, 24) = <L + 624, E(OZ - (50 + 51U4)Z4), 0, 2’4) y

where 24 is the unique positive root of the cubic equation
k€20205%23 + 2K€CQ()51 (50 + 51L>Z2 + (04522 — OAK602151 + K020(50 + 51L)2)Z — 0452 =0.

The symmetric matrix D(u, z, z) corresponding to E; is given by

1 1 1 fu
11 us’ 12 2020 1%, 13 2(u4(L+€z) + c20 196),

a
dogy = 7 €20 da3 =0, d33 = s22.

The region of attraction for the subsystem in R, is contained in

B2
C = 0<u<L+/I¢N, 0<2<K,0<2<—F—— =Njp,.
1 {(U,CE,Z) SUS + 1, ST > ) _2_822_K£c2051 1

The matrix D(u, z, z) is positive definite in 4; provided

A 2
522<—a —KCQOCS%N1> —Q<L(L+€N1)+KC2051> > 0. (4.58)
Uy ’LL4L

Thus whenever the inequalities (4.54)—(4.56) hold and

& = —590 + c20(00 + d1uz)zs + c3éoys > 0, (4.59)
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and
n = —s10 + c1Y0Z4 — §oz4 > 0, (4.60)

the given system is uniformly persistent.

5 Discussion

The main focus in this paper is to examine the possible effects of an obligate mutualist on
the middle and top predator in a food chain. In particular, it was shown how a mutualist
could reverse the outcome of extinction in the case of no mutualism to persistence in the
case of mutualism.

Such mutualisms occur in nature. Examples are cleaner mutualists. The large iguanas
of the Galapagos Islands may be thought of as either middle predators or top predators
depending on whether or not their eggs are subject to predation [10]. Similarly for
the giant tortoises [8]. Both have evolved a mutualism with finches which act as cleaner
mutualists by removing ticks and other pests from the iguanas and tortoises. Such cleaner
mutualism has been shown to be obligate in the Carribean [28]. in that if the cleaning
is not performed, the individuals (in this case certain fish) will soon die.

A remaining problem to be analyzed is the case where the mutualism is obligate on
both mutualists. This is left to future work.
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