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Abstract: In the following article we present the results on the asymptotic be-
havior and stability of the strong solutions for functional differential equations
(FDE). We also formulate several results on spectral properties (completeness
and basisness) of exponential solutions of the above-mentioned equations. It
is relevant to underline that our approach for researching FDE is based on the
spectral analysis of the operator pencils which are the symbols (characteristic
quasipolynomials) with operator coefficients. The article is divided into two
parts. The first part is devoted to researching FDE in a Hilbert space, the
second part to researching FDE in a finite-dimensional space.
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1 Introduction

In the first part of this article we present results on the unique solubility of initial-
boundary-value problems for a certain class of linear difference-differential equation of
neutral type with coeflicients that are operator-valued functions taking values in a set of
operators (in general, unbounded) in a Hilbert space. We consider the case of variable
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time-lag. Moreover, we establish results for asymptotic behavior and the stability of the
solutions of the above-mentioned equations.

These results extend certain results obtained in [1-3,35-38,40—43].

In the second part of this article we study the asymptotic behavior of the solutions
of difference-differential equations (in finite-dimensional space H = C™) in more com-
plicated and delicate situations in which there are the chains of roots of characteristic
quasipolynomials which are lying on or approaching the imaginary axis (so-called crit-
ical and supercritical cases). There are several results, devoted to the analysis of this
situation (see for more details [19-22]).

Besides, it is relevant to underline that our approach is seriously different to those
methods used in cited works. Our estimates of the solutions are based on Riesz basis
property of the system of exponential solutions. In turn, this result is based on the
researching of the resolvent of the generator of the C%-semigroup of the shift operator
naturally connected with the initial-value problem for difference-differential equation.

These results generalize certain results obtained in [4,35-37, 39].

It is relevant to note that at the end of Section 1 and of Section 2 we give references
for and brief comments on a comparison of our results with the results of previously
published works on the subject.

2 FDE in Infinite Dimensional Space

Let H be a separable Hilbert space, let A be a positive self-adjoint operator in H with
a bounded inverse, and let I be the identity operator in H. We convert the domain
Dom(A%) of operator A* (« > 0) into a Hilbert space H, by introducing the norm
Il = 4% - || on Dom(4®),

We denote by Wi ((a,b),A) (—oo < a < b < +0o0) the space of functions with values
in H such that A701=9)(t) € Ly((a,b), H) (j = 0,1), endowed with the norm

: }
Iolhw o = ( [+ ||Av<t>|2)dt>
Here and throughout vV (t) = gTjjv(t), j =0,1,.... See Chapter 1 in [5] for more

detailed information and a description of the space W3 ((a,b), A).
Along with Wy ((a, b), A) we introduce the two spaces Ly - ((a,b), H) and W5 _ ((a, b), A)
of functions with values in H, with norms defined by the relations

1
b 2

lollzs., = ( / exp(—m)nv(t)nwt) ,

[ollws @) = llexp (=)o) llwz @p), 7 ER

We consider the following problem on the semiaxis Ry = (0, +00)

Uu = ccll_zz + Au(t) + Bo(t)C Au(t)

+> (Bj(t)ng (Au)(t) + D;(t)S,, <Cé—1:) (t)> — 1), (1)

j=1

u(40) = ¢o. (2)
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Here By(t), Bj(t) and D;(t) (j = 1,2,...,n) are strongly continuous (see [6])
operator-valued functions with values in the ring of bounded operators in the space
H, C is a compact operator in H, and ¢g € H%.

We define the operators Sy, as follows

(Sg,0)(t) = v(g;(8),  g5(t) =0,
(Sg,v)(t) =0, gi(t) <0, 7=0,1,2,...,n,
where g;(t) (j=1,2,...,n) are real-valued functions with continuous derivatives on the
semiaxis R} such that gJ( )<t Lg;t)>0 (j=1,2,...,n), and go(t) =t¢, t € Ry.
We shall denote by g;l(t) the inverse functions of g;(¢t), h;(t) =t — g;(¢).
Definition 2.1 We call a vector-valued function u(t) a strong solution of equation

1) if this function is in the space Wi _ (R4, A) for some value of v > 0 and satisfies (1
2,y B+ Y
almost everywhere on R .

We define the quantities

ri(y) = S JAAT + A)71,
: ¥

)= s NG+ v 20
: Rl

Theorem 2.1 Let us suppose that By(t) =0 and there exists vo such that

O'(’}/Q) <1, (3)

where

Y
o) =n() Y s )[exp<—w<t—gj<t>>>|Bj<t>|| (m)]

j=1 t€[g;1(0),+oo

n

+7r2(7) Z sup
j=1 t€lg; *(0),+00)

exp (—1(t — g (ONID; ) ( o >)2

Then for every v > 7y the operator V., acting according to the rule V.Yu = (Uu, u(+0)),
takes the space W%)V(R_F, A) onto Ly Ry, H) ® H% and has a bounded inverse.

We now turn to the problem often called the initial-value problem:

Cfl—? + Au(t) + Bo(t)C Au(t)
n (1°)
+ Z t)Au(g;(t)) + D (t)u(g;(t)) = fo(t), te€ Ry,
u™ () =y (t), teR_ = (—00,0), u(+0)=dpy, m=0,1. (2°)

It is known (see, for details Chapter 1 in [8]) that problem (1°), (2°) can be reduced to
one of the form (1), (2). In this case the vector-valued function f(t) is defined as follows:

n

F) = folt) =Y [B;(T% (Ayo)(t) + Dy ()T (y1)(8)] (4)
j=1
where the operators 79 are defined in a following way

(T90)(t) =0, g;(t) =0, (T%v)(t) = v(g;(t), g;(t) <O.
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Definition 2.2 We call a wvector-valued function wu(t) belonging to the space
W3 (R4, A) for some v > 0 the strong solution of the problem (1°), (2°), if u(t) satisfies
equation (1) with the function f(¢) defined by the expression (4) and the condition (2)
in the sense of convergence in the space H 1

On the basis of Theorem 2.1 it is possible to obtain

Theorem 2.2 Let us suppose that the conditions of Theorem 2.1 are satisfied and
there exists 1 > 0, such that

o1(71) < +o0, (5)

n

(=3 sup [exp<—v<t—gj<t>>>||Bj<t>| (ﬁ@)]

j=1 t€[0,9;7'(0))

n

S lexp<_v<t—gj<t>>>|Dj<t>| (ﬁ@)”

j=1 t€[0,95(0))

Then for every v > v, = max (yo,71), every vector-valued functions (Ayo)(t), y1(t) €
Ly (R_,H), f(t) € Lay(Ry,H) and every vector ¢y € Hy there exists a unique

solution u(t) of the problem (1°), (2°) belonging to the space Wy (R4, A) and satisfying
the inequality

la@lw; @40 < d (10O, @, + 14003, &,
, (6)
iyl e, + looll} )

with constant d independent of (fo(t), (Ayo)(t), y1(t), ¢o).

In the following theorem we investigate the case 7y = 0 which is important in appli-
cations.

Theorem 2.3 Let us suppose that Bo(t) =0 and the following inequality

i N IR
Z[tgglm (1501 m) + 1m (1D, m) ]<1 ™)

Jj=1 J

satisfies.
Then the conclusion of Theorem 2.1 holds with constant vy = 0 and for v =0 and
f(t) € La(Ry, H)
Jim_[[u(t)]; = .
The following statement is connected with the equation of retarded type (D;(t) =0,
i=12,...,n).

Theorem 2.4 Let us suppose D;(t) =0, j =1,2,...,n, operator-valued functions
Bj(t) are represented by the expression B;(t) = BY(t)C;, where C; are the compact
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operators in the space H, B]Q(t) — are strongly continuous operator-valued functions
taking values in the ring of bounded operators in H and such that

1
1 2
sup [Balt)] < +o0. swp (B0 1?5 ) < o ®)
teR, teR, 9; (t)

Then there exists vo > 0 such that for every v > o the operator V., takes the space
W%)V(RJF,A) onto Ly Ry, H) ® Hy and has a bounded inverse.

Let us denote by «g the infimum of the operator A (see the definition in [6]).
Theorem 2.5 is devoted to the case of negative ~q.

Theorem 2.5 Let us suppose the conditions of Theorem 2.4 are satisfied, By(t) =0,
the inequality

n 1
1 2
S s IBOGEG ) < )
t€lg;* (0),+00) g9;(t)

Jj=1

holds and the delays h;(t) are bounded: 0 < 61 < h;(t) <60y < oo; 601, f3 = const.
Then there exists 6 > 0 such that for every vy > max(—0, —c) the operator V, takes
the space onto the Lo ~(Ry, H) & Hy and has a bounded inverse.

We present the result which is the corollary of Theorem 2.5.

Theorem 2.6 Let us suppose the conditions of Theorem 2.5 are satisfied, fo(t) =0,
and the inequality
wo=max  sup g;(t)] < +oo
I=hm 10,9, (0))

holds.

Then there exists § > 0 such that for every initial functions yo(t), y1(t) such that
Ayo(t), y1(t) € La((—wo,0), H) and every vector ¢o € Hy there exists the unique
solution u(t) of the problem (1°), (2°) (for fo =0), belonging to the space Wy _ (R, A)
(for v > max(—9, —«ap)) and satisfying the inequality

=

le™ " u(®)llw; (s a) < do (H%Hé + 11 Ay0llZ, (w00 T ”y1”%2<*w070)> (10)

with the constant dg independent of (¢o, (Ayo)(t), y1(t)).

Let us present several remarks connected with the conditions of the results that were
formulated above.

Remark 2.1 Under the additional restriction h;(t) > a >0, ¢t >0, j=1,2,...,n
the sufficient condition for the existence 7y in the inequality (3) is the following

2=y (1B %)

i=1 Ltelg; 1 (0),+00) g t)

Nl=

< +o00.

e (IB0R )

telg; 1 (0),+00) 9;
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Remark 2.2 If the inequality (11) holds and the delays h;(t) > « > 0, then the
inequality (3) holds for every 7o such that

Yo > 1 max(In A, 0). (12)
a

Remark 2.3 The condition (5) guarantees that the right-hand part of (4) belongs to
the space La (R4, H) for every vector-valued functions (Ayo)(t), y1(t) € Lo (R_, H).
Moreover, if the functions g¢,(t) satisfy the condition

wo=max  sup |g;(t)] < +oo,
J=Lm tejo,g;(0))

then the second part of (4) belongs to the space Lo (R, H) for every v € R and every
vector-valued functions yo(t), y1(¢) such that (Ayo)(t), y1(t) € La((—wo,0), H).

Remark 2.4 The inequality (7) is essential. It may be demonstrated by the following
example.

Ezample 2.1 Let us suppose H =C, n =1, A= const >0, Bi(t) = —1, Bo(t) =
D1 (t) = 0. Let us consider the following problem

2+ Ault) - Si-n(Au)(t) = X(0, )4, tE Ry, (E1)
u(+0) = ¢o = 1,

where x(0, h) is a characteristic function of the interval (0, k).

In this case the condition (7) is not satisfied (the left-hand side of (7) is equal
to 1). Equation (E1) has a unique solution u(t) = 1 which does not belong to the
space W3 (R,).

Remark 2.5 The condition (11) is also essential. It may be demonstrated by the
following example.

Ezample 2.2 Let us suppose H = C, n = 1, By(t) = D1(t) =0, g1(t) = t — 1,
A = const > 0, By(t) = —2texp(2t — (A + 1)). Let us consider the following problem

Wy Aut Biltyult—1)=0, teR,, (E2)

u(t) =y(t) =exp (t* — At), te€[-1,0], u(+0)=¢o=1.
In this case equation (E2) has the solution u(t) = exp (t2 — At) which does not belong
to the space W (R4 ) for any v € R.

Owing to the fact that

sup [ B1(t)]| = +o0,
te[l,+o0)

the condition (11) is not satisfied.

Remark 2.6 The inequality (12) is essential. It may be demonstrated by the following
example.
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Ezample 2.3 Let us suppose H = C, n =1, By(t) = Bi(t) =0, A = const > 0,
D1 (t) = D = const, h > 0. Let us consider the following equation

du du

In this case the roots of the associated quasipolynomial
IA) = A+ A+ ADe M

are asymptotically approaching the line RA = In ,‘LD‘ = A (see, for example [7]), being

on the left-hand side if

In |D|
RN, < o

Thus it is impossible to change A by A — e (for any € > 0) in the inequality (12).

The papers [30—33] were devoted to the spectral problem, namely, to studying opera-
tor-valued functions, which are symbols of the considered equations in the autonomous
case.

Now we are going to present certain results for the asymptotic behavior of the strong
solutions of FDE in the autonomous case. These results are based on information on the
symbols (characteristic quasipolynomials) of the above-mentioned equations. In turn,
these symbols are operator-valued functions (operator pencils) taking values in a set of
unbounded operators in a Hilbert space.

The papers [30—33] dealt with operator-valued functions of the form

L(\) = A + A+ BoCA+ > (B;jA+ AD;) exp(—Ah;) +

j=1

+ (/exp(—)\t)K(t) dt)A—l—)\(/eXp(—/\t)Q(t) dt).

0 0

(13)

Here By, B; and D; are bounded operators in the space H, 0 = hg < hy < --- < hy, =
h, the operator functions e~ *'K(t) and e *'Q(t) take values in the ring of bounded
operators acting in the space H and such that the operator functions e™**K(t) and
e~ *'Q(t) are Bochner integrable on the semiaxis Ry for some s > 0, and A (A € C) is
a spectral parameter.

A number of papers were devoted to studying characteristic quasipolynomials, the
distribution of its zeros, and its estimates in the case of a finite-dimensional space H.
We only mention monographs [7,9, 10] and papers [19, 29].

The operator-valued functions of the form (13) have been studied much less in the case
of infinite-dimensional spaces and, in particular, a Hilbert space H. Moreover, we do not
know any paper (except [17,18]) specifically dedicated to studying operator functions of
the form (13).

It is noteworthy that there are new unexpected phenomena in the case of infinite-
dimensional spaces. Some illustrative examples were given in [30, 32].

Let us proceed by formulating the certain results from [30—-33, 35].
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Lemma 2.1 Let By, Bj, and D; (j =1,2,...,n) be bounded operators in the space
H, let the operator functions K (t) and Q(t) take values in the ring of bounded operators,
acting in the space H, let the operator functions exp (—»t)K(t) and exp (—st)Q(t) be
Bochner integrable on the semiaxis Ry for some s > 0. Then there exists Moy > » such
that in the half-plane TI(My) = {\: RA\ > My} the operator function L~ (\) exists, is
holomorphic, and satisfies the inequality

[(EA) A+ A)"1) 7Y < const. (E4)

The following lemma defines conditions for the meromorphity of the operator-valued
function L=()).

Lemma 2.2 Let the assumptions of Lemma 2.1 be satisfied. In addition, suppose
that B; (j =1,2,...,n) are compact operators in the space H, the operator functions

K(t) and Q(t) take values in the ring of compact operators on H and additionally satisfy

the condition K(t) = Q(t) = 0 whereas t > h . Then the spectrum of ()

consists of isolated characteristic numbers of a finite algebraic multiplicity that are finite-
dimensional poles of E~(\).

The following two statements complement Lemma 2.1 in the case of delay equations,
ie. D; =0, j=1,2,...,n, Q) =0.

Lemma 2.3 Let the assumptions of Lemma 2.2 be satisfied and let D; =0, j =
1,2,...,n, and Q(t) = 0. Then for any a > 0 there exists b > 0 such that in the
domain

Q(a,b) = C\({A: RA < —a} U{X: —a <R < My, [SA| < b},

the operator-valued function £~ (\) exists, is holomorphic, and satisfies inequality (E4).

Lemma 2.4 Let the assumptions of Lemma 2.2 be satisfied, let D; = 0, j =
1,2,...,n, let Q(t) = 0, let the operators B; can be represented in the form B; =
C;A7% (j =1,2,...,n), where C; are bounded operators in the space H, 0; € (0,1],
K(s) = K1(s)A=%, where 0y € (0,1], and the operator function Ki(s) takes values in
the ring of bounded operators in the space H and is Bochner integrable on the interval
(0,h). Then there exists a constant Ny > 0 such that in the domain

B(No) = C\({A: [A| < No} U{A: RA <0, [SA] < No exp(—gRM)}),

where
N N h; h
= max X =, —
q j=1n 6‘]‘7 6‘0 ’

the operator-valued function £~ "()\) exists, is holomorphic, and satisfies inequality (E4).
Here it is useful to note the following.

Remark 2.7 Under the assumptions of Lemma 2.3, the assertion of Lemma 2.1 is
valid for any constant My > max A4, where by A\, we denote characteristic numbers of
the operator-valued function L(A).

The major parts of papers [3,30,33,35] are devoted to studying a more specific case
of problem (1), (2) related to autonomous equation (1) with fy(¢) = 0.
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We assume that By(t) = By, B;(t) = Bj, and D;(t) = D, and the functions h;(t) =
h;j (j =1,2,...,n) are independent of ¢, i.e. By, B;, and D; are bounded operators in
the space H, the operator functions K (¢) and Q(t) satisfy the assumptions of Lemma 2.1,
and h; are numbers such that 0 = hg < hy <--- < h, = h.

For convenience we formulate the resultant problem:

Cfl—? + Au(t) + BoC Au(t) + . (BjAu(t — hy) + DjuV(t — hy))
j=1
‘ (100)
+ / (K(t— s)Au(s) + Q(t — s)uV(s)) ds =0, t€Ry,

w™ () = ym(t), teR_ =(—00,0), m=0,1;
(t) =ym(t), te ( ) (2°°)
u(+0) = ¢p.

Following the lines of [24], we introduce the operators F; and Fa, acting in the space
Ls((—h,0),H):

(F10)(t) = = 3" x(~hy, 0O Byo(—t ~ by) = [ K(=s)ols —t)ds,
Jj=1 —h

(F20)(t) = = > (=13, 0)(ODju(—t = ) — [ Q(=s)ols — t)ds,
j=1 —h

t € [-h,0),

where x(—h;,0)(t) are characteristic functions of the intervals (—h;,0).
The next statement is useful when studying spectral problems.

Assertion 2.1 Let By, B;j, D; (j =1,2,...,n) be bounded operators in the space
H, and let the operator functions K(t) and Q(t) satisfy the assumptions of Lemma 2.2.
Then any strong solution u(t) of problem (1°°), (2°°) satisfies the inequalities

1/2
dillullwzon < (Ielli/z + IF1(Ayo)(t) + F2(y) ()7, —noy) "~ < dallullwzcon

with constants di and dz independent of (po, F1(Ayo), Fa(y1)).

By U, we denote the set of strong solutions of equation (1°°) such that exp (at)u(t) €
Ly(Ry, H), a € R.

On the base of the canonical system of eigenvectors and adjoint eigenvectors g 0,
Tgidy-->ZTqss (J=1,2,...,0q, s=0,1,...,7p) of the operator-valued function L(\)
we construct the system of elementary (exponential) solutions of equation (1°°):

s s—1

t
Ya,j,s(t) = exp (Aqt) (g Tq40 + [CESREER +-+ wq,j7s>-
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Lemma 2.5 Let D; =0 (j =1,2,...,n), let Q(t) =0, let B; (j =1,2,...,n)
be compact operators in the space H, let the operator function K(t) take values in the
ring of compact operators acting in the space H, and let K(t) =0, t > h. Then for an
arbitrary « > 0 any strong solution u(t) of problem (1°°), (2°°) can be expressed in the

form
Pq Tpq

u(t) = Z Z Z Cq,j,5Ya,j,s (1) + wa (t),

RA>—a j=1 5=0

where the vector-valued function wy(t) belongs to Us, and the coefficients cq s satisfy

the inequalities
1/2
leq.i.s| < dq(lloll? /2 + IF1(Ayo) 12, (—n.0)

with the constants dg independent of (o, F1(Ayo)(t)).

Corollary 2.1 Let the conditions of Lemma 2.5 be satisfied, and let the solution u(t)
belong to U,. Then there exists § > 0 such that u(t) € Uyys.

Lemma 2.6 Let By, Bj, and D; (j =1,2,...,n) be bounded operators in the space
H, let K(t) and Q(t) be operator functions taking values in the ring of bounded operators
on the space H and such that exp (—»t)K(t) and exp (—»t)Q(t) are Bochner integrable
on the semiazxis Ry for some 3 > 0. Then the assertion of Theorem 2.1 is valid for any
constant vy = My, where the constant My is defined in Lemma 2.1.

Lemma 2.7 Let the assumptions of Lemma 2.5 with » = 0 be valid, and let the
operator function (E(A)(M + A)~Y) ™! be bounded and continuous in the operator norm
on the imaginary azis and satisfy the inequality

sup ||JEQA)A+ A~ —T1| < 1.
A: RA>0

Then the assertion of Theorem 2.1 is valid with the constant o = 0; moreover, any
solution of the problem with v =~ =0 and f(t) € Lo(R4, H) satisfies the relation

Jim a2 =0.

Remark 2.8 We point out that the proposed approach to definition and understanding
the solution of the problem (1°), (2°) is by no means the only one possible.

To date there is an extensive literature (covering mainly the case of finite-dimensional
space) where one can find various approaches to the interpretation of solutions and
various methods of solution and analysis of initial-boundary-value problems for functional
differential equations. Here we restrict ourselves to drawing attention to monographs and
papers [7—12] devoted to this subject and papers [13—17] treating the case of equations
in Banach and, in particular, in Hilbert spaces.

Our approach to the interpretation of the solutions of FDE in a Hilbert space is based
on the approach presented in [8,11], and it is its development to FDE in abstract spaces.

We remark that the results that were formulated (Theorems 2.1—2.6) may be obtained
in the same way as Theorem 1 [1] and Theorem 1 [3]. Certain differences arise in estimates
of the integral operators in the description of the integral equation which is equivalent
in the sense of solvability of the problem (1), (2).
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We point out that, although there are many papers devoted to the study of functional
differential equations in a Banach space, in particular, in Hilbert space, they consider
mainly delay-type equations. We know of far fewer papers considering abstract equations
of neutral type. The papers closest to the subject of present work are [14—15, 18].

In the papers that we know ([14 15, 18]) the restrictions on the coefficients B;(¢) A and
D;(t) (j=1,2,...,n) of the delays are more severe. For example, in most papers (see,
in particular, [14 - 15]) the authors assume that the coefficients of the delays (B;(t)A and
D;(t)) are bounded operators. The authors of [13,16—17] assume in the case of delay-
type equations (D;(t) =0, j =1,2,...,n) that the coefficients B;(t) are independent
of t.

It is relevant to underline that in articles [42—46] we obtained results on Fredholm
solubility and the properties of the strong solutions of FDE of n-th order of convolution
type (including integro-differential equations) the symbols of which are operator-valued
functions representable as operator bundle of n-th order perturbed by operator-valued
functions of special type (bounded or decreasing at infinity). In [44—48] we proved also
the result about multiple minimality of the system root vectors and exponential solutions.

In turn in the papers [30—33,35,40,46,47] we proved the results on asymptotic be-
havior of the strong solutions of FDE in a Hilbert space, and in particular, the results
on the nonexistence of nontrivial solutions decreasing more rapidly than any exponent
(the problem of so-called small solutions or the Phraghmen—Lindel6f principle).

3 FDE in Finite-Dimensional Space

We are going to study the asymptotic behavior of the solutions of the following equation

h
- d
> <Bju(t — hj) + D, d—zt‘ (t— hj)> + /B(s)u(t —s)ds=0, teRy. (14)
Jj=0 0
Here Bj, D; (j=0,1,...,n) are (m x m) matrices with constant elements, the real

numbers h; satisfy the inequalities 0 = hg < hy < -+ < hy, = h, the elements B;;(s) of
the matrix B(s) belong to the space La((0, h), C).
Let us introduce the matrix-valued function

" h
Z (B;j + ADj) exp(—Ah;j) + /exp(—/\s)B(s) ds, XeC, (15)
Jj=0 0

and the complex-valued function I(A) = det £L(A) often called by the characteristic
quasipolynomial of equation (14).

Let us denote by A, the zeroes of the function I(\) numbered in increasing order of
its modulars (counting multiplicity).

The eigenvectors appearing in a canonical system of eigen and associated (root) vectors
corresponding to A, we denote by z, ;0, and associated vector of order s by z4 ;s (the
index j shows where is vector 4 ;0 in a sequence of the vectors in specially chosen basis
of subspace of solutions of the equation L£(A;)z = 0).

We introduce the system of exponential (elementary) solutions of equation (14)

s s—1

t
Ya,j,s(t) = exp (Aq t)( Tq,j,0 + m Tgj1t oo+ xq,j75>' (16)
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Let us denote by W3 ((a,b),C™) (—o0o < a < b < +00) the Sobolev space of functions
with values in C™ endowed by the norm
b

ollw; ) = (/(Ilv“)(t)ll?;m + ||v(t)||?;m)dt>

a

1
2

Along with W ((a,b),C™) we introduce Wy . ((a,b),C™) as the space of functions
with values in C™ endowed by the norm

1
b 2

lollws ) = ( R (CRIOT AR O dt> . qeR

a

We state for equation (14) the following initial conditions
u(t) =y(t), te[-h0], u(+0)=y(-0),

Definition 3.1 We call a wvector-valued function wu(t) belonging to the space
W3 ((=h,+00),C™) for certain v € R a strong solution of the problem (14), (17),
if u(t) satisfies equation (14) almost everywhere on the semiaxis Ry and condition (17).

(17)

First of all we formulate an a priori estimate for the strong solutions of the prob-
lem (14), (17).

Lemma 3.1 Let us suppose det Dy # 0. Then there exists o > 0 such, that for
every v > o the problem (14), (17) has a unique strong solution u(t) € Wy . ((—h, +00),
C™) for every initial function y(t) € W3 ((—h,0),C™), and this solution u(t) satisfy the
inequality

lullwy  ((~h4o00),0m) < dllyllw ((—n,0),0m) (18)
with constant d independent of function y(t).

Keeping in mind Lemma 2.1 let us introduce (in a way similar to that in [7]) the
semigroup U; of bounded operators, acting in the space Wy ((—h,0),C™) according to
the rule

(Uwy)(s) =u(t+s), —h<s<0, t>0.
Here u(t) is the solution of the problem (14), (17) corresponding to the initial func-

tion y(s).
In the following theorem we present the description of the generator of CY-semi-
group Uy.

Theorem 3.1 Let us suppose det Do # 0. Then Uy is CO-semigroup of the operators
acting in the space W4 ((—h,0), C™) with generator D such that

(D)) = L (5), s € (~h,0),

Dom D = {¢> € WZ((—h,0),C™), i (Bjé(=hy) + Do) (=hy))
=0

J

h
+ /B(s)¢(—s) ds = 0}.
0
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Proposition 3.1 Let us suppose det Dy # 0. Then the spectrum of the operator D
is the set A of the zeroes \q of the function l(X) and the exponential solutions yq j s(t)
(see (16)) are its root vectors and form a minimal system in the space W3 ((—h,0),C™).

In the following theorem we present the result on completeness of the system of expo-
nential solutions.

Theorem 3.2 Let us suppose det Dy # 0, det D,, # 0. Then the system of elemen-
tary solutions {y, ;.s(t)} is complete in the space W3 ((—h,0),C™).

In the following proposition we show the localization of the spectrum of the operator D.

Proposition 2.2 Let us suppose det Dy # 0, det D,, # 0. Then there exist constants
a and B such that the set A is lying in the strip {A: a < RA < 8}.

Let us denote by V), the span of the elementary solutions yg,;,s(), corresponding to

Aqgs by Vg the multiplicity of A; and by s = sup R\;, N = max,.
AgEA AgEA

Now we present one of our main results on the behavior of the strong solutions of the
problem (14), (17).
Theorem 3.3 Let us suppose that det Dy £ 0, det D,, # 0 and the set A is separate:

)\ir;f/\q (dist(Ap, Ag)) > 0.

Then any strong solution u(t) of the problem (14), (17) satisfies the inequality
[t + Mlw(—n0) < dt + DN exp Get)yllws (=n0)r 20, (20)
with constant d independent of y(t).
The theorem is based on the following result.

Theorem 3.4 Let us suppose the conditions of Theorem 3.3 are satisfied.
Then the system of subspaces Vy, (A € A) forms a Riesz basis of subspaces of the
space W3 ((—=h,0),C™).

Let B,(A\,) be a disk with radius p and with a center at the point A\,. We introduce

the domain
G, =\ | B0,
Ag€EA
Assertion 3.1 Let det Dy # 0 and det D,, # 0. Then there exists a system of closed
contours T, = {N: RA =0, ¢, <A< 1t U{NRA=a, ¢ < S < cpp1} Ulpta,
n € 7Z, which entirely lies in the domain G, for some sufficiently small p > 0. In
addition, the following conditions are satisfied:

(i) The sequence of real numbers {c,} (n € Z) lying on the semiazes Ry and R_ is
such that 0 < § < cpy1 — ¢ < A < +00; piecewise smooth curves l,, joining the
points (RA = 3,3\ = ¢,) and (R\ = a, S\ = ¢,,) do not intersect, and their
lengths d(l,,) are uniformly bounded with respect to n (here 6 and A are positive
constants).

(ii) The number N(I'y) of zeros \g (with regard to their multiplicities) lying inside
the contour Iy, is uniformly bounded with respect to n:

max N(T',) < M < +o0;

nez

(iii) There exists a constant ¢ such that sup |A ||[L7T(N)| <ec.
kel—"ﬂ
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We introduce the set {P,} of Riesz spectral projections, corresponding to the con-

tours I',:
1
(Puf) = — oo /R()\,D)fdA, nez,
27
F’Vl

in this case we assume that contours have the counterclockwise orientation.

The following Theorems 3.5 and 3.6 generalize the Theorems 3.3 and 3.4.

Theorem 3.5 Let det Dy # 0 and det D, # 0. Then there exists a system of
contours T'y, (n € Z), satisfying the conditions (i) —(ili) of Assertion 3.1, such that the
corresponding system of subspaces W, = P,W3((—h,0),C™) forms a Riesz basis of
subspaces of the space W4 ((—h,0),C™).

On the basis of Theorem 3.5 can be obtained the following

Theorem 3.6 Let det Dy # 0 and det D,, # 0. Then any strong solution u(t) of
the problem (14), (17) satisfies the inequality

u(t + Mwz (—noy,cmy < da(t+ )M exp Get)lyllwy (—noycmys =0, (21)

with the constant M defined in Assertion 3.1 and constant di independent of y(t).
The following theorem generalizes Theorem 3.3 in the case B(s) = 0.

Theorem 3.7 Let Do # 0, infy, -z, (dist(Ap, Ag)) > 0, B(s) =0.
Then any strong solution u(t) of the problem (14), (17) satisfies the inequality (20).

It is relevant to underline that the estimate (20) is also valid for the well-known
example of Gromova and Zverkin (see [20], and the remarks in the monograph [7]). In
their example m =1, n=1, Dy=—-D1 =1, Bp=By =a=const >0, N=1, »=0.
Moreover, if we introduce the following norm:

0 :
ety oy = ( [ WGR + alul)P) ds + a(u() + |u<—h>|2)>

—h

which is equivalent to the traditional norm in the space Wi ((—h,0),C) the exponen-
tial solutions e*s* will be orthogonal in scalar product (-, >;V21 associated with
norm || - H;V;(_h)o).

In addition to the Theorems 3.3, 3.4 and we present (formulate) results on the as-
ymptotic behavior of the strong solutions of scalar difference-differential equation of the
m-th order.

Let us denote by W3" ((a,b), C) weighted Sobolev space of complex-valued functions

with norm

[N

b m
||u||W277’Y(a7b) = [/exp (—2’}/t) <Z |u(]) (t)|2> dt] ) Yy S R
a J=0
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We study the following initial value problem:

M:

>

J=0

~
Il

h
aku(J)t—hk —|—/a u(t—s)ds =0, teRy; (22)
0 0

u(t) = y(t), te[=h,0]

e @)
uD(4+0) =y (=0), j=0,1,....,m—1.

Here aj; are the complex coeflicients, real numbers h; satisfy the inequalities 0 =
ho < h1 < --- < hy, = h, the function a(s) € L2((0,h),C), the initial data y(s) €
W;l((_hao)vc)

Definition 3.2 We call the complexz-valued function wu(t) belonging to the space
W3 ((—=h, +00),C) for some v > 0 the strong solution of the problem (22), (23), if
u(t) satisfies equation (22) almost everywhere on the semiaxis Ry and the initial condi-
tions (23).

Let us denote by v, the multiplicities of the zeroes A, of the function I(\)

m n h
= Z Z ar; N exp(—Ahy) + /a(s)ef)‘s ds. (24)
0

§=0 k=0
Theorem 3.8 Let us suppose aom 7# 0, anm # 0, and the set A of all zeroes Ay of
the function l(\) is separate (that’s )\i% dist(Ag, Ap) > 0).
Then the strong solution u(t) of the problem (22), (23) satisfies the inequality

lu(t +lwye —noy < dt+ 1) exp Get) lyllwy —n0), ¢ >0, (25)

with constant d independent of y(t). Here N = maxv,, 3 = sup RA,.
AgeN AgEA
This theorem is based on the following result.

Theorem 3.9 Let us suppose that the conditions of Theorem 3.7 are satisfied.
Then the following system of functions

t" exp(Aqt)

= PAGY) e A = 0,1, — 1 26
R WS A & 20

form a Riesz basis in the space Wi (—h,0).

Remark 3.1 The inequality a.,,, # 0 is essential for Riesz basisness. Indeed it is not
difficult to verify that for the following difference-differential equation

du

—+au( )+ bu(t—h)=0

dt

the system of normed exponential solutions y,(t) = azee! 1y () llwz (—n,0) = 1) is not
uniformly minimal. This fact may be easily obtained by calculating the scalar product
(Ya+1(8): T () w2 (=1.0)-
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Using the well-known asymptotics of the zeroes )\, of the quasipolynomial
I(\) =A+a+be M
one can verify that
Wgr1(8), Uy wi(—no) = 1 (g — +00). (27)

The statement (27) is a contradiction of uniform minimality of the system {y,(f)}x,ea-
Remark 3.2 Tt is relevant to underline that critical and supercritical cases are realized
for quasipolynomials (24), when

|a0m| = |anm|
(see [19,20] for more details).

Remark 3.3 It is known that in the case k(s) =0 constant N satisfies the following
inequality

N<m(n+1)-1.
It is relevant to underline that one of the first results about geometrical properties of

elementary solutions of an equation similar to [22] was obtained by Levinson and McCalla
in 1974 in [23]. In [23] a result on the completeness and minimality of the system of

exponential solutions for the equation of the retarded type (an; =0, i =1,2,...,n) was
obtained.
The generalization of this result for retarded equations D; =0, j = 1,...,n in the

space R™ was obtained by Delfour and Manitius in [24]. In turn, the strongest results on
the completeness of the exponential autonomous FDE were obtained by Lunel [25-27].
It is important to underline that in [25—27] Lunel also considered the problem of so-
called “small solutions” which is deeply connected with the problem of the completeness
of the exponential solutions.

The problem of small solutions was also researched by Hale [7], Henry [28] and Kap-
pel [29] in finite-dimensional space H = R™(C™).

Certain results about minimality of the elementary solutions and the problem of small
solutions (Phraghmen-Lindel6f Principle) for FDE in a Hilbert space was obtained by
author in [30-33,40].

In cited papers [30—33,35] one can also find results on the spectral properties of
the operator-valued functions (operator pencils) that are the symbols (characteristic
quasipolynomials) of the autonomous FDE with operator coefficients in a Hilbert space
(see also references in [30-33]).

Recently results on Riesz basisness in the space La((—h,0),C™) of the exponential
solutions for FDE of neutral type with a different understanding of solvability and defi-
nition of solutions have been obtained by Lunel and Yakubovich in [34].

For a more complete description of our results on Riesz basisness and estimates of the
strong solutions presented in this article see [2—4,35-37,39].
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