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Abstract: In this work we study the existence and uniqueness of the solution
for a linear electromagnetic material characterized by the memory effects due
to a rate-type equation for the electric conduction when a general dissipative
boundary condition is assumed on the boundary of the solid. We show the
existence of a domain of dependence and we give some limitations of the values
of the material constants which assure the asymptotic stability of the solution.
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1 Introduction

The purpose of this paper is to keep on studying memory effects in electromagnetic sys-
tems, which occur through a rate-type equation for the electric conduction. Its presence
in the system of equations has been recently considered in another work [5], where we
have supposed that the boundary of the solid is a perfect conductor.

In the present work a homogeneous, isotropic and conducting solid, characterized also
by linear constitutive equations for the electric displacement and the magnetic induction,
is considered on supposing that a general dissipative boundary condition holds on its
boundary.

After introducing the field equations, the thermodynamic restrictions on the constitu-
tive equations and the free energy in Section 2, we formulate the initial-boundary value
problem. Thus, we show that a domain of dependence inequality exists for these bodies
and we derive a useful energy estimate.

TWork performed under the auspices of C.N.R. and M.U.R.S.T..
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In Section 4 we prove the existence and uniqueness theorems for the weak and the
strong solution of this evolutive problem; then, we study the asymptotic stability, which
holds under suitable hypotheses on the values of the material constants of the medium.

2 Basic Equations and Thermodynamic Restrictions

Let B be an electromagnetic solid, which occupies at time ¢ a bounded and regular domain
Q) C R? with a smooth boundary 99.
The electromagnetic phenomena of B are described by Maxwell’s equations

D(z,t) =V x H(z,t) — J(x,t) — I (x,t), B(z,t) = =V x E(z, 1), (2.1)
V. -D(z,t) =0, V-B(z,t)=0, (2.2)

where E and H denote the electric and magnetic fields, J is the electric current density,
D is the electric displacement, B is the magnetic induction; moreover, J¢ is a forced
current density which must be considered as a given function of the position =z € 2 and
t € RT. In (2.2); we have supposed that the free charge density is zero.
Besides Maxwell’s equations we must consider the thermodynamic principles [1-2].
The Dissipation Principle states that for any cyclic process the following inequality

%[D(m,t) B, )+ B(o, ) - H(z, 1) + 3, 1) - Bz, )] dt > 0 (2.3)

holds, the equality sign referring to reversible processes.
The Second Law for smooth isothermal processes yields

U(x,t) < D(x,t) - E(x, t) + B(x, t) - H(z, t) + E(x, t) - I(z, 1), (2.4)

where v is the free energy.
Let us assume that B is a homogeneous and isotropic conductor, whose constitutive
equations are linear and given by

D(z,t) = eE(z,t), B(x,t) = uH(z,1), (2.5)

where both the dielectric constant € and the permeability p are positive constants. For
the electric conduction we suppose that the following rate-type equation

aJ(z,t) + J(z,t) = cE(x,t) (2.6)

holds, where « is a positive parameter and ¢ denotes the conductivity, which is assumed
constant too.
Using (2.5) and the relation derived from (2.6) for E, inequality (2.4) becomes [5]

d1 1
?{—— eB? 4+ pH2 + 2 32 dt+j§—J2dtzo, (2.7)
dt 2 o o

which, taking into account that the integration is made on cycles, yields

o> 0. (2.8)
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Finally, we can introduce the free energy
1 2 2 Q12
Pz, t) = 3 eE*(z,t) + pH*(z,t) + = J*(x,t)|, (2.9)
o

which satisfies (2.4) on account of (2.6).

3 Formulation of the Problem and Domain of Dependence

Maxwell’s equations (2.1), taking account of the constitutive equations (2.5), and (2.6)
take the form

V x H(z,t) — eE(x,t) — J(z,t) = f(z,1), (3.1)
V x E(z,t) + pH(z, t) = g(x,t), (3.2)
ad(z,t) + I(z,t) — oB(z, t) = 1z, 1), (3.3)

on introducing the source terms g and 1, which are two known functions of z and t as
well as £ = Jy; the other two equations (2.2) reduce to

V- -E(z,t) =0, V- -H(z,t) =0, (3.4)

in Q x RT.
The initial conditions are

E(x,0) = Eo(z), H(z,0) =Hy(z), J(z,0)=J¢(z) VzeQ, (3.5)

while on 092 we consider a linear dissipative boundary condition, characterized by the
following definition [8].

We first denote by ¥ the set of the states, to which E and H belong together J, and
introduce the function space

I(Q):{EEL2(Q): /E(:c,t)-VqS(:v,t)dx:O V¢GC§°(Q,R)},
Q

which allows us to consider equations (3.4) automatically satisfied if both E and H belong
to it.

Definition 3.1 A linear and dissipative boundary condition ¥’ C ¥ is a linear closed
subset of I(2) x I(Q) such that C}(Q2) x C}(Q) C ¥’ and
/E(:z:, t) x H(z,t) -n(z)da >0 V(E,H)eY (3.6)
aQ

with the static condition
/|H-n|2da:0,
o0

where n is the unit outward normal to 0f2.

We shall denote by P the problem (3.1)—(3.6).
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Lemma 3.1 The electromagnetic fields E and H satisfy this inequality
x¢(x,t) + Bz, 1) x H(z,t) -u(z) >0,  x=2(en)” "/, (3.7)

for any unit vector u(x).

Proof From the definition of the free energy, given by (2.9), it follows that

E(z,1)] < [2¢(z,t)/e]/, [H(z, )] < [2¢(2,0)/p]"? (3-8)
and hence we obtain (3.7) easily.

Let
E(At) = [ ¢(z,t)dx (3.9)
/

be the total energy for every domain A C , where ¢ is given by (2.9), we have the
following theorem.

Theorem 3.1 If the triplet (E,H,J) is a solution of the problem P, for every (xo,T)
€ Q x R the total energy satisfies

E(B(=xg,p),T) < E(B(zg,p+ xT),0 +/ / Wz, t) - I(z,t) /0
) (3.10)
QNB(zo,p+x(T—t))
+g(z,t) - H(x,t) — f(x,t) - E(z,t)] dz dt,
where x is given by (3.7)2 and B(zg,p) = {z € Q: |x — zo| < p}.
Proof We introduce the weighted energy
o0.0) = [Vl o(.0) d (3.11)
Q

where ¢ is expressed by (2.9) in terms of the solution (E,H,J) of the problem P and
o(x,t) € C§°(Q, RT), and we consider its derivative with respect to time, where E, H and
J can be eliminated by means of (3.1) - (3.3). Using the identity VxE-H—-V xH-E =
V- (E x H), we get

E¢(Q,t) = /[1(:1:,15) J(x,t) /o + g(z,t) - H(z,t) — f(z,t) - E(z,1)

Q

—J3(z,t)/o)¢(x,t) do + /[E(:z:, t) x H(z,t) - Vo(x, t) + ¥z, t)d(z, t)]da (3.12)
Q

- /E(:z:, t) x H(z,t) - n(x)é(z, t)da.

o0

Following [4], we put ¢(z,t) = ¢5(z,t) = ¢5(y) € C§°(R), a monotonic decreasing
function of y = |z — xo| — p — x(T —t), with p > 0, (z0,7) € Q x RT, x given by



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 3(1) (2003) 1-22 5

(3.7)2, such that ¢5(y) = 1 for all y < =4, ¢s(y) = 0 for all y > &, ¢5(y) < 0,
bs(x,t) = xd5(y), Vos(x,t) = d5(y)V]x — x|, for any (x,t) € Q x (0,T). Thus, from
(3.12), using (3.7) and the properties of ¢;, it follows an inequality, which, integrated
over (0,7, yields

T
Eqsa(Q,T)—Em(Q,O)S//[l(:c,t)-J(I,t)/0+g(w,t)~H(I,t) (3.13)
0 Q ’

—f(z,t) - E(x,t)]¢s (2, t) dz dt,

whose limit as § tends to zero gives (3.10), since ¢s tends to the characteristic function
of the subset B(zg,p+ x(T —1)).

From this theorem a useful estimate of the energy can be derived as follows.

Corollary 3.1 For any solution (E,H,J) of the problem P we have this inequality
T
E(Q,t) < eT{E(Q,O) + M//[fz(:c,t) +g2(z,t) + (2, 1)) dz dt}, (3.14)
0 Q

where M = max{2/e,2/u,2/(ac)} and t € (0,T).
Proof 1If p is large enough, (3.10) yields
t
E(Q,t) — E(2,0) < //[l(:c,T) Iz, 7))o +glx,7) - H(z,7) — £(x,7) - E(x, 7)] de dT,
v (3.15)

where ¢t € (0,T).
Applications of Schwarz’s inequality allow us to increase the integral as follows

A J 1 1/2 1 1/2
//(1~J/U+g-H—f~E)dsz§/</—12d:c) </—J2d:c) dr
o o
0 Q Q Q

0

t 1/2 1/2 t
+/(/g2d:v> (/H2d:v> dT+/(/f2d$
0 0 O 0 Q

(3.16)
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Using the elementary inequality 2ab < a® + b?, we have 2(ab)'/? < a + b; then,
(a2 4012 + V)2 = a+ b+ c+2(ab)/? 4+ 2(ac)/? +2(be)'/? < 4(a+b+c) and hence
al’2 012 4 /2 < 2(a 4 b+ )2

Therefore, (3.16) becomes

t
/ 1-J/o+g-H—f-E)dvdr (3.17)
0 Q
t 1/2 t 5 t 5 t 5 1/2
< [/E(Q,T)dT] 2(/—/f2d:cd7-+/—/de:ch+/—/l2d:ch)
€ 7] ao
0 0 Q 0 Q 0 Q
/ / 2 2 2
§/E(Q,T)dT—l—//(—f2+—g2+—12>dxd7'
£ i oo
0 0 Q
and (3.15), with
t
§(t)=/E(Q,T)dT, ¢t = BO1), €(0) = B(Q,0), (3.18)
0
can be written as follows
T
£(t) —€(0) gg(t)+M//(f2+g2+12)dxdt. (3.19)
0 Q
Putting
T
a=¢(0)+ M//(f2 +g? + 1) dr dt, (3.20)
0 Q
(3.19) reduces to
i)y <&t)+a Yte(0,T). (3.21)

From the last inequality, integrating with £(0) = 0, we have
£(t) <alet —1), (3.22)
which allows us to derive from (3.21)
¢ (t) < ae' (3.23)

and hence to obtain (3.14).
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4 Existence and Uniqueness Theorem

To study the existence and uniqueness of the solution to the problem P, we consider the
following function spaces

L(Q)={EcI(Q):VxEcL*2)},
H,(9,(0,T)) = L*((0,T); () N H'((0,T); L*(2)),
H(Q,(0,T)) = H'((0,T); L*(2)),
H(Q,(0,T)) ={(E,H,J) € H\(Q,(0,T)) x Hy(,(0,T)) x H5(,(0,T)):

(E,H) satisfies (5.6) on 0Q x (0,T)},
w(Q,(0,7)) ={(E,H,J) € L2((O,T); 1()) x L2((07 T);1(2))
x L2((0,7); L*(Q)): (E,H) satisfies (3.6) on 99 x (0,T)},

together with

Wo(€, (0,T)) = L*((0, T); L*()) x L*((0,T); (%)) x L*((0, T);
Wi(€, (0, 7)) = L*((0,T); 11(Q)) x L*((0,T); 11()) x L*((0,T); L*(%2)),

=
N
=

where (0,7) C R™.

Definition 4.1 We call strong solution of P with sources (f,g,1) € Wy(Q,(0,7))
and initial data (Eo,Ho, Jo) € 1(2) x I(Q) x L*(Q2) any triplet (E,H,J) € H(£, (0,T))
which satisfies almost everywhere (3.1)—(3.3) in © x (0,7) and (3.5) in .

Definition 4.2 We call weak solution of P with sources (f,g,1) € Wy (Q (
initial data (Eo,Ho,Jo) € 1(Q) x I(Q) x L?(Q) any triplet (E,H,J) €
such that the following identity

"O
~
~—
~—
Qo
=}

- o

T
// {[aé(gc,t) — V x h(z,t) + p(x,t)] - E(z,t) 4 [ph(z, t) + V x e(z,1)]
00

-H(z,t) + {g p(z,t) — %p(m,t) —e(x, t)} J(x,t) — f(x,t) - e(x, t)

T

1 (4.1)
+g(z,t) -h(z,t) + 1z, t) - — p(z,t) pdedt — le(x,t) x H(z,t) - n(z)
et
+ E(z,t) x h(z,t) -n(x)] dx dt + /[EEO(:E) -e(z,0) + pHo(x) - h(x,0)
Q
+ %Jo(:v) -p(z,0)]dz =0,
holds for any (e, h,p) € H(£,(0,T)) such that
e(z,T)=0, h(z,T)=0, p(z,T)=0. (4.2)

We now prove the uniqueness and the existence of the weak solution.
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Theorem 4.1 (Uniqueness) The problem P has at most one solution in the sense of
Definition 4.2.

Proof The identity (4.1) must hold for any (e,h,p) € H(R,(0,T)); therefore, fol-
lowing [6], we can choose

(r—taz) 0<t<r

ole.)={ ¢ SR
T—t)b(z) 0<t<T

- { o0 950r "
(tr—t)e(x) 0<t<T

o) = { o SR

where 7 is a fixed value of (0,7T) and (a, b, c) is an arbitrary triplet of I1(Q2) x I () x
L3(Q).
Substituting (4.3) into (4.1), we obtain

/ {(7’ —t)[V x a(z) - H(z,t) — V x b(z) - E(z,t) — J(z,t) - c(x) /o
0 Q
— (J(x,t) + f(x,t)) - a(z) + g(z,t) - b(z) + (cE(z,t) + 1(x, 1)) - c(x) /0]

- [aa(:c) "E(z,t) + pb(z) - H(z, t) + % c(z) - Iz, t)] }d:c dt

(4.4)

- (t —t)[a(z) x H(z,t) -n(x) + E(z,t) x b(z) - n(z)]da dt

+ T/ |:€E0($) -a(z) + pHo(z) - b(x) + %Jo(:v) : c(:v)] dz = 0.
Q

Hence, differentiating with respect to 7, we have an identity, which, on introducing
the following notation for the fields in (4.4)

T

Dy (z,7) = /CI)(x,t) dt, (4.5)

0

becomes
/{V xa(z) -Hy(z,7) =V xb(z) -Ei(z,7) — [Ji(x,7) + fi(z,7)] - a(x)
Q

+gi1(x,7) - b(x) + [6E1(z,7) — J1(x,7) + L1 (x,7)] - c(x) /o }dx

- /[a(:z:) x Hy(z,7) -n(x) + E1(z,7) x b(z) - n(z)]da (4.6)
o2
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+ /[EE()(SC) -a(z) + pHo(z) - b(x) + %Jo(:v) - c(z)]dx
Q

—/ {aa(:c)-diTEl(a:,T)—i-ub(:c)-diTHl(a:,T)—i-gc(x)-diTJl(x,T) dx = 0.
Q

This identity must be applied to the case with (f,g,1) = (0,0,0) and (Eq, Hy,Jo) =
(0,0,0), which corresponds to the homogeneous system with zero initial data.

We observe that the relation derived in such a case must hold for every (a,b,c) €
L(Q) x I1(Q) x L?(Q); therefore, in particular, it follows that both E; and H; belong
to Il (Q)

Thus, we can put

a(I) = El(va)v b(I) = Hl(va)v C(I) = Jl(va)v (47)
in the modified relation (4.6), which reduces to

d1

55/[EE%(:EuT)+IU’H%(:E7T)+§J§(‘T7T) dx

Q

:_/EJ%(I,T)CZI—/Eh(x,T) x Hy(z,7) - n(z)da <0,

g
Q [219]

on account of (3.6) too.
Since Ej(x,0) =0, Hy(z,0) =0, J1(z,0) = 0, by integrating (4.8) over (0, 7) we get
/ [EE%(JJ,T) + pH2 (z, 7) + e J2(x,7)|dx <0, (4.9)
o
Q

from which we have
Ei(z,7) =0, Hi(z,7)=0, Ji(z,7)=0 (4.10)
for almost all 7 € (0,T); therefore, it follows that
E(z,t) =0, H(z,t)=0, J(z,t)=0 (4.11)

in 2 x (0,T), i.e. the uniqueness of the weak solution.
For the existence of the weak solution we first give this theorem.

Theorem 4.2 Let us consider the sets
R={(f,g1) e Wo(2,(0,7): f=VxH-eE-J, g=VxE (4.12)
+uH, 1=aJ+J-0cE V(E,H,J) e H(Q,(0,7))]},
S = {(Eo,Ho,Jo) S Il(Q) X Il(Q) X LQ(Q)},
T = {(Eo,Ho, Jo) € I(Q) x I() x L*(Q)},

—~

4.13)
4.14)

—~
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R xS is dense in Wo(Q,(0,T)) x T.

Proof To prove the density of R x S in Wy(Q,(0,T)) x T, we consider its closure
R x S8, which is a closed linear subspace of Wy(2, (0,7)) x T, and we prove that its
orthogonal complement C contains the null element only.

If we suppose that a non-zero element ((£*,g*,1*), (ES, Hf,J5)) € C exists, it follows
that for any (E,H,J) € H(Q,(0,T)) and (Eg,H,Jo) € S the following equality

T

”//FVanﬁE—Jyﬁ+mvxE+tugﬁ+lmj+J—am-rdxﬁ
g

0 Q (4.15)

+/(EES-Eo-i-/iHS-Ho-f—gJS'Jo)dI:O.
ag
Q

must hold.

In this identity the arbitrariness of (E,H,J) € H(Q,(0,7)) and (E¢,Hy,Jo) € S
allows us to take first H=0, J =0 and Eg =0, then E=0, J=0 and Hy =0 and
finally E=0, H=0 and Jy =0 and to obtain

T
l//@Ef”—VxE-§+ILFMzﬁ:O,EO:Q (4.16)
0 Q
T
t//wH1f+VxH}ﬁMmﬁ:Q Hy =0, (4.17)
0 Q
T
l//[%mj+D~F—JfﬂMML_Q Jo=0, (4.18)
0 Q

respectively.
The initial conditions, which must be considered in these three identities, suggest to
proceed as we have done for the uniqueness theorem, assuming now

0 0<t<sr
M%w:{@—ﬂA@)TStST,

0 0<t<r
H@J%_{@—ﬂB@)rgth’ (4.19)

0 0<t<r
M%ﬂ:{@—ﬂC@)TﬁtST7

where 7 is a fixed value in (0,7), for every (A,B,C) € I1(Q) x I () x L*(Q2), such that
(3.6) holds; therefore, with this choice (E,H,J) € H(Q,(0,T)).

Substituting (4.19) into (4.16) —(4.18), we get three relations where the range of inte-
gration (0,7T) reduces to (7,7T). Then, differentiating with respect to 7 the relations so
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derived and putting
i d
ff(x,7) = /f*(x,t)dt with e £ (x,7) = —£*(z,7) (4.20)
T

and analogous expressions for g* and 1*, we obtain the following system

/A —f*(x T)dx—l—/[VXA() gl (x,7) o)
o) :

—A(z) -1 (z,7)]dx =0,

/B ngdex—/VxB x) - £ (x,7)dx =0, (4.22)

d 1
g/C@y——H@JMz+/C@y{EQJ%HJﬂLﬂdx_O (4.23)
o dr o
Q

We observe that this system must hold for every (A,B,C) € I;(Q) x I1(Q) x L*(Q);
hence, in particular, it follows that £ and g} belong to I;(2) and are equal to zero on
0N for the absence of any surface integral in the system.

Thus, we can put

A(x)=f£(z,7), B(z)=gi(z,7), C(z)=1i(z,7) (4.24)
and, adding (4.21) - (4.23), we get
o R LT IR e R v
Q

! (4.25)
== ![l?(z,r)? dx — ![v x £ (x,7) - gl (x,7) — V x gl (x,7) - £ (2, 7)] du.

Hence, taking account of the previous observation, since from (4.20); we have £*(z,T)
=0, gi(z,T) =0, Ii(z,T) = 0, the integral over (7,T) yields

;/&wwmm+mg@mm+§mwmw}M+f/%mm@PMM—oomm
Q T Q

Therefore, we get

*(z,t) =0, g*(z,t)=0, 1"(z,t)=0. (4.27)
Thus, (4.15) reduces to
/ (8E0 Eq + /LHO Hy+ — JO JQ) =0 Eo,HQ,Jo) € S, (428)
Q
from which, choosing E(t) = H(t) = 0, J(t) = 0, then H(¢) = Hy, E(t) = 0,
J(t) =0 and finally J(¢) = Jo, E()—O H()—O,Weget
E;=0, H;=0, J;=0. (4.29)

Equations (4.27) and (4.29) are contrary to the assumed hypothesis and hence R x §
is dense in Wy (€2, (0,7)) x T.
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Theorem 4.3 (Existence) There exists the solution of the problem P in the sense of
Definition 4.2 for all data (f,g,1) € Wo(Q,(0,T)) and (Eo,Ho,Jo) € T.

Proof To show the theorem we must prove that R xS is closed in Wy(€2, (0,7)) x 7.
Let (f g™ 1) ¢ R and (E((J")7 Hén),Jén)) €S, n =12 .. be two sequences
convergent to (f,g,1) € Wo(Q,(0,T)) and (Eg,Hy,Jo) € S, respectively; we denote by
(EM H™ JM) € H(Q,(0,T)), n=1,2.., the corresponding solutions.

Applying Corollary 3.1 to the differences E(™ —E(™) H® —H)  J0) _ 30 vields

1
5/ { |E(n) _ E(m)|2 + ,u|H(n) _ H(m)|2 + @ |J(n) _ J(m)|2:| da
o

1 n m n m o n m
geT{k/{dEg)—Eg P plHGY —H P+ 1357 - 36 ﬂdx (430)
Q

T
N M//Hf(") _ R g ()2 4 1) 10m)2)g dt}
0 Q

and hence it follows that (E(")7 H™, J("))7 n =1,2..., is a Cauchy sequence; thus, there
exists the limit

lim (E™, H™ J™) = (E,H,J) € H(Q, (0,T)). (4.31)

n—oo

Substituting the solutions and the corresponding sources into equations (3.1)—(3.3)
gives a sequence of identities; the limit as n — 400 is an analogous identity expressed
in terms of (f,g,1) and (E,H,J), which is the solution of our problem.

We can now prove the uniqueness and the existence of the strong solution.

Theorem 4.4 There exists a unique strong solution of the problem P in the sense of
Definition 4.1 for all data (f,g,1) € W1(Q,(0,T)) and (Eo,Ho,Jo) € I1(Q) x [1(N2) x
L2(9).

Proof We observe that a strong solution, when it exists, coincides with the weak
solution of the problem P. In fact, let (E,H,J) € H(, (0,T)) be such a strong solution,
corresponding to given initial conditions (Eq, Ho, Jo) € I1(Q)x 11 (2) x L3(Q) and sources
(f,g,1) € Wi(£,(0,T)), then it satisfies the system (3.1)—(3.3) almost everywhere. It is
enough to take the integrals over 2 and (0,7) of the inner product of each equation of
the system with any e, h and p/o, respectively, such that (e,h,p) € H(©,(0,7)) and
e(x,T) =0, h(x,T) =0, p(x,7) = 0, and subtract the second and the third relations
from the first one, to arrive at (4.1), which characterizes weak solutions.

Therefore, applying Theorem 4.1, the uniqueness of the strong solution follows at once.

For the existence of the strong solution, let (E/,H',J") € W(£,(0,T)) be the weak
solution to the problem P, whose existence and uniqueness have been already proved,
corresponding to suitable data (f',g’,1') € Wy(Q,(0,T)) and (Ef{, Hp,Jj) € I1(R2) x
I(2) x L?(2). This solution satisfies (4.1) for any (e,h,p) € H(£,(0,T)) such that
e(x,T) =0, h(x,T) =0, p(x,T) = 0; therefore, as we have done to prove the unique-
ness theorem, we can choose the form (4.3) for (e,h,p) and derive a relation analogous



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 3(1) (2003) 1-22 13

to (4.6), which allows us to conclude that both E{ and H/, defined by (4.5), belong to
I, (92) and that (E',H’,J’) satisfies the following system

eE] =V xH| - J| — f] + <E}, (4.32)
pH| = -V x E| + g} + uHj, (4.33)
aJ) = =J) + oE| + 1, + oJ). (4.34)

We can now fix the suitable data as follows
! 1 1 ! 1 !
ff=——Vxg+—1, g =-VxTf, I'=——f——1, (4.35)
I « €

1 1 1
EgZE(VXHo—Jo), HGZ—;VXE(), J6: E(UE()—J()). (436)

Then, we put
" I 1 - / 1 =~ ’ 1
E:El_gf1+E0a H:Hl"‘;gl‘i‘HO, J:Jl"‘all‘i"]oa (4.37)
which yield
- 1 . 3 1 . z 1
B =By f H=H-_ g J=J-_1 (4.38)
and R ~ R
E(z,0) = Eo(z), H(z,0)=Hy(z), J(z,0)=JTo(z). (4.39)

Substituting (4.38), (4.36) and the expressions of (E},H},J}), derived from (4.37),
together with the expressions of (f], g},1}), which follow from (4.35), we have

cE=VxH-J_f (4.40)
yH=-VxE+g, (4.41)
aJ =-J+oE+1 (4.42)

and hence see that (E,H,J) is the strong solution of the problem P.

5 Asymptotic Stability

The problem P can be transformed into an equivalent one characterized by zero initial
data, by putting

)

E(z,t) = E(z,t) —u(z,t), H(x,t)=H(z,t) — v(z,t),
J(x,t) = I(z,t) — w(a,t),
where (u,v,w) are regular fields with support compact in  x R such that

V-u(z,t) =0, V-v(z,t)=0
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and
u(z,0) = Eg(z), v(z,0) =Hy(z), w(z,0)=Jg(x).

On substituting the expressions of (E, H,J) in terms of (E, H, j) and (u,v,w), equa-
tions (3.1) —(3.3) assume a similar form but with the terms

F(z,t) = —f(x,t) —w(x,t) + V x v(z,t) — eu(z, t),
G(z,t) =gz, t) = V xu(z,t) — pv(z,t),
I(z,t) = (z,t) + ou(x, t) — w(x,t) — aw(z,t)
to be considered as three new sources in the corresponding equations.

Therefore, without changing the notation of the fields (E, H,J), the new problem is
given by

eE(x,t) — V x H(z,t) + J(z,t) = F(x, 1), (5.1)
pH(z,t) + V x B(z, t) = G(z, 1), (5.2)
aJ(z,t) + I(z,t) — oB(z,t) = I(x, 1) (5.3)
with (3.4), the new initial conditions
EQ(.T) = 0, HQ(LL‘) = O, JQ(,T) =0 (54)

and the boundary condition (3.6), which holds because of the hypotheses on u and v,
equal to zero on 0.

We introduce the Fourier transform of any f: Rt — R", identified with the causal
extension on (—o0,0), where f is put equal to zero, i.e.

+oo
flw) = / f(t) exp[—iwt]dt, (5.5)
and recall that if f, f' € L2(RT) then f, f’ € L*>(R) and we have
1T
fo) =ivf) - £0), 10 =7 [ fw)d (56)

We denote by P’ the new problem (5.1)—(5.4) with the boundary condition (3.6), for
which, since it holds for any ¢ € R™, Plancherel’s theorem justifies the assumption that

/E(:z:,w) x H*(z,w) -n(z)da >0 V(EH) e, V(z,w)edxR, (5.7)
o2

where * denotes the complex conjugate and 3 is the set of Fourier’s transforms of the
electromagnetic fields (E,H) € ¥'.
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We consider the function spaces of Section 4, where (0,7') is changed into R*, and,
in particular, we introduce

n+1
WQ(Q, R+) = {(F, G,I) S Wo(Q, R+)Z % (F, G, I) S Wo(Q, R+),
o

where the last conditions, on the initial values of the new sources and of their derivatives
with respect to time, are satisfied by choosing the derivatives of u, v, w at t = 0
opportunely.

When the Fourier transforms with respect to time are considered, the function spaces
can be distinguished with a superposed “; in particular W(, R*) becomes

=0 (TL—O,172,3)}7
t=0

W(QLR) = {(E,H,J) € L*(R; [(Q)) x L*(R; I(Q)) x L*(R; L*(Q)): iwE,
iwH € L*(R;1()) and (E, H) satisfies (5.7) on 9Q x R}

and analogously for W5 (Q, R).
Theorem 5.1 If

I(w) = / (BP + [HP + 32 + |V x B + |V x H]?) da, (5.8)
Q

under suitable conditions on the material constants the following inequality

(min{e, 1})*Z(w) < 52@)/ (IF)? + |G + 1]?) da (5.9)
Q
holds with §(w) a positive function of the material constants for any w € R.

Proof Application of Fourier’s transform to the system (5.1)—(5.3), taking account
of (5.6); and (5.4), yields

iweB(z,w) — V x H(z,w) + J(z,w) = F(z,w), (5.10)
iwpH(z, w) + V x B(z,w) = G(z,w), (5.11)
(14 iwa)d(z,w) — oB(z,w) = I(z,w). (5.12)

From this system, the integrals over €2 of the inner products of the first equation with
E*, J* and V x H* yield

iws/|E|2dI—/VxI:I-E*d:c+/j~E*da::/f‘-E*d:c, (5.13)
Q Q Q

iwa/E-j*dx—/VXI:I-j*dm+/|j|2dm=/F-j*dx, (5.14)
Q Q Q Q

iwa/E-Vxﬂ*dm—/Wxﬂ|2dz+/j-Vxﬂ*dz:/f‘-Vxﬂ*dm; (5.15)
Q

Q Q Q



16 G. AMENDOLA

analogously, the inner products of the conjugate of the second equation with H and

V x E give
—iwu/|fI|2d:c+/V><]§]*~f1da::/é*~flda:,
Q Q Q

—iwu/I:I*~VxEd:c+/|VXE|2dI:/G*~VxEd:c,
Q Q Q

(5.16)

(5.17)

and finally from the inner products of the conjugate of the third equation with J and E

it follows that

(1—iwa)/|j|2dac—a/E*-jdx:/i*-jdx,

Q Q Q

(1—iwa)/j*~]§]dar—a/|E|2d:c:/i*~EdI.
Q

Q Q

Let w # 0. The real parts of (5.19), (5.18), (5.17) and (5.15) yield

U/|E|2d17:—Re/i*-ﬁ]d:c—l—Re/j*~Edm+wa1m/j*~fldz,
Q Q Q

/|j|2d:c:Re/i*-jd:c—i—aRe/E*-jda:,
Q Q Q

/|VXE|2dI:Re/G*~VxEdz—qum/I:I*~VxEd:c,
Q Q Q

/|Vxﬂ|2dx:—Re/F~foI*dx
Q Q

—wEIm/E-VXI:I*dm—i—Re/j-VXI:I*d:v;
Q Q

while the imaginary part of (5.16) gives

A 1 A A A N
u/|H|2d:c_—<—Im/G*-Hd:c+Im/VxE*-Hd:c).
w
Q Q Q

In (5.20) - (5.24) we have some quantities to be derived.
First, from the real part of (5.16) we have at once

Re/VxE*~ﬂdm:Re/G*-ﬂdm,
Q Q

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)
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which, taking account of (5.7), allows us to derive from the real part of (5.13)

Re/J E*dw-Re/F E*dx—i—Re/G* de—/E*xH nda;
Q Q o0
therefore, (5.21) becomes

Q Q
—|—Re/G* de—/E*xH nda)

o0

Then, we consider (5.19), whose imaginary part, on account of (5.26), yields

m/j*-Edm-lm/i*-Edm+wa<Re/f‘-E*dm
Q Q Q
—i—Re/G* de—/E*xH nda)

o0

whence, taking account of (5.26) too, (5.20) assumes the following form

/|E|2dx——Re/I* de—i—waIm/I* E dz
Q

+ (1 +w?a )[Re/F E*d:c—l—Re/G* Hda:—/E*xH nda}
o0

Substituting this relation into the imaginary part of (5.13) we get

Im/VXH E*dm——Im/F E*dw—l—(w——l)lm ‘Edx

—wiRe/I* Eda:—l—w{ (1+ w?a?) }< e/
o o
Q Q
—i—Re/G* Hdw—/E*xH nda)

useful to rewrite (5.24) and (5.22) as follows

"Lj>

. 1 . . .
;L/|H|2d:c_——(1m/G*-Hda:+1m/F-E*d:c) —fRe/I*-EdI
w ag

Q Q Q

Q

1 ~ N PN
+_<w2a_a_ )Im/I*-Edw—i—[£(1+w2a2)—a](Re/F-E*dx
w o o
Q
/C; -Hda /E*xH nda)
Q

17

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)
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/|VXE|2dI—Re/G*~V><Eda:+w,u{—lm/]§‘-]§]*dar
Q Q
_wi I R 226 I B £ 242) —
wURe/I Ed:c—l—(w > 1>Im/1 Ed:c—i—w[a(l—i-wa) a}(5'32)
Q Q
><(Re/F-E*dw—i—Re/G*-I:Id:v—/E*XI:I-nda)}.
Q

Q [219]

Finally, for (5.23) we must derive its last term, which follows from the real part of
(5.14), using (5.27) and (5.28), i.e.

Re/VxI:I-j*d:C:—Re/F-j*dx—wEIm/i*-de—i—Re/i*-jdac
Q Q

Q Q

(5.33)
+(a—w2sa)<Re/]§‘-E*da:+Re/G*-fId:c—/E*xﬂ-nda),
Q Q
hence, we have
/|VxfI|2d:c_—Re/]§‘-VxfI*d:c—i—ws{—Im/f“E*da:
Q Q Q
—i—wi(—Re/i*-Ed:v—i—walm/i*-ﬁ)dw)} —Re/f‘-j*d:v
o
Q Q Q
(5.34)

—2w51m/i*~Edm+Re/i*-jdm+{J+w25{£(1+w2a2)—2a]}
o
Q

X (Re/F-E*dw—l—Re/G*-ﬂdw—/E*><I:I-nda>.
Q o0

Q

Thus, from (5.29) multiplied by €/, (5.31), (5.27), (5.32) and (5.34) we have
/ (el + pHP? + T + |V x E[> + |V x H|?)dz = {3(1 + ?w?)[2 + (e + p)w?]
Q
—|—20—a[1+(25+u)w2]}<Re/F-E*dw—i—Re/G* ‘Hdzx
Q Q
N A 1 PN PN
—/E* xH-nda) ——[1+(5+u)w2]1m/F~E*dI—Re/F-J*dI (5.35)
w
o0 Q
~Re [F-VxH'do— = Im [ G Hdo+Re [ &V xEds
w
Q Q Q
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S 1
s (a+u)w2]Re/I* -Edr + ;{E—aw2[2+ (e + p)w?]
(o2 (o2

—[1+(25+u)w2]}1m/i*-Ed:c—|—2Re/i*~jda:.

In this equality we have the presence of a surface integral, which must satisfy the
boundary condition (5.7). This term can be neglected if its coefficient is not positive,
that is when

0(&) = 042(5+u)§2+[ (5+u+2a2)—a(25+u)}§+2§+20—a20 (5.36)

9
g

alo

for all w € R, with & = w?.

We give some sufficient conditions to can neglect this boundary term in (5.35).

We first examine the case when all the coefficients in (5.36) are positive or null; thus,
we impose that the following system

2¢0? — (26 + ploa + (e + >0,
{ (2€ + ) (e +p) (537)

202 —aoc+2:>0

must be satisfied for all positive values of the material constants.

If we consider the first inequality in function of « and the second of o, the system is
always satisfied if the discriminants are not greater than zero, i.e. when ¢ and « satisfy
these inequalities

V2E ), a<d4Ve (5.38)

Moreover, some other particular cases can be considered by imposing that be positive
or null the sum of the first two terms or the sum of the second and the third term of
each inequality in (5.37). Thus, we see that if one of the following conditions, relative
to (5.37)1,

€
o<
T 24

2t p or ao< setp) (5.39)

>
- 2 T 2e4p

SHEe)

is satisfied together with one of the other two conditions, corresponding now to the second
inequality of (5.37),
a<20 or ao <2, (5.40)

then the system (5.37) holds and the boundary term is negligible in (5.35).

Finally, another interesting condition on the parameters can be easily derived by
neglecting the boundary terms in (5.27) and (5.29), since their coefficients are negative
for all w € R, and by assuming €/o > a, which allows us to neglect the boundary terms
also in (5.31) and (5.32), while in (5.34) we can consider /0 > 2a. Therefore, the other
sufficient condition is the following one

(5.41)

| ™
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This inequality is a simpler restriction on the product of « and o for it is expressed
in term of € only. However, if we consider that the previous case, when (5.39)2 holds

together with (5.40)2, since 2 > Eéi—j:’:), is expressed by the unique condition

< et (5.42)
2e+p
we see that (5.41) is more restrictive than (5.42), where also p is interested,
e _celetn
b - <"
M85 et

Thus, the equality (5.35) becomes an inequality whenever the boundary term can be
neglected. In these cases, let us consider the sum of the moduli of the coefficients of the
real and imaginary parts of the same integral; then we denote by v(w) the maximum of
these quantities and we get

stz <o frae)"( frerae)”
([ dw>l”</w>“ (s (frremea)”
(frerw) (o) (frera) "( froema)” o
() (o)) fore)”

<mrto| [ (e w16 02y as] e

Q

Hence we have (5.9) immediately.

Let w = 0. In this case we are interested in finding static solutions, consequently
(5.10) - (5.12) must be considered with w = 0, as well as (5.13)—(5.19). Proceeding as
we have done previously, we see that (5.35) reduces to

7o(0) = / (BP + 3P + |V x BP + |V x HP?) dz
Q

= (l+20>(Re/f‘-E*da€+Re/G*-I:Idac> —Re/F-j*d:E
o
Q Q

—Re/F VxH*dw—i—Re/G* VxEdw——Re/I* E dz (5.44)
Q Q

+zRe/i*.jdx_<zg+l)/ﬁ*xﬂ.nda
g
Q

[219]
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1/2
JOFE +16P + 1) de | (202,
Q

<c

where all the fields are functions of (z,0) and ¢ is a constant [9]. Hence it follows that

7o(0) < c/ (B2, 0)P + |Gz, 0)2 + [i(z, 0)[?] da, (5.45)
Q

i.e. a relation similar to (5.9) with a constant C'.

Theorem 5.2 Let the sources be (F,G,I) € Wo(Q2,R™T), then the inverse Fourier
transforms of (E,H,J) € H(Q,R) ezist and are L*-functions with zero initial data.

Proof In (5.9) d(w) is a positive function of w € R and approaches infinity as w?;
such a condition, together with the hypotheses on the sources, states that the integral
on R exists for the right-hand side of (5.9), that is

+oo
/ /52(w)(|ﬁ‘|2 LGP 4 [1P) dedw < +oo. (5.46)

—oo

Therefore, (5.9) gives

—+oo

/I(w) dw < 70/ (%)2(@2 + |G + [1?) dz dw, (5.47)
—oo

— 00

i.e. there exists finite the integral over R of Z(w).

Application of Plancherel’s theorem yields the existence of the inverse Fourier trans-
forms of (E, I:I, J ); moreover, these solutions have the asymptotic behaviour which follows
by belonging to the space fI(Q, R).
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