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Abstract: We investigate the Lyapunov stability of the stationary solutions of
the differential equations of restricted six-body problem with the gravitational
centre. The gravitational field is created by bodies Py, P1, P>, P3s and P, with
masses mg, mi, Mma, ms and my, respectively. In this gravitational field the
movement of a body P with zero mass (m = 0) is investigated. The bodies
Py, P, P; and P; form a rhombus, rotating uniformly around the centre
of gravity Py. In the article we have formulated necessary and sufficient
conditions of Lyapunov stability and instability of equilibrium point of this
model. All necessary analytical calculations are executed in the system of
symbolical calculations (SSC) “Mathematica”.
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1 Introduction

It is known, that the restricted Newtonian many-body problem is very important for a
wide class of applications, from theoretical physics to celestial mechanics and astrody-
namics [1,6]. It is well known [4,5], that the differential equations of this problem are
in general not integrable, therefore Poincaré considered the first problem should be the
search for the exact particular solutions and the research of their stability [1]. The latter
problem is the most difficult in the qualitative theory of the differential equations and can
be solved within the framework of the Kolmogorov-Arnold-Mozer () theory [12,13].

With occurrence of the systems of symbolic calculations, for example, Mathematica [10],
possibilities of performance of symbolic calculations have essentially increased. Such cal-
culations are necessary for correct application of the well known Arnold-Mozer theorem
[13,15]. Let’s consider the following restricted 6-body problem in Grebenikov-Elmabsout
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Figure 1.1

model [3,7]. In the non-inertial Euclidean space Pyxyz there are six bodies Py, Py, P,
P3, Py and P with masses mg, m1, ma, ms, my and m. It is shown, that in this model
the bodies P;, P, P; and P, move in one plane and form a rhombus, rotating uniformly
around a body Py [2]. In this gravitational newtonian field, produced by mutual grav-
itation of five bodies, we investigate the motion of a body P with zero mass m = 0
(Figure 1.1).

The purpose of our work is the definition of the stationary solutions (states of equilib-
rium) of differential equations, describing this model, and the research of their Lyapunov
stability by methods of computer algebra. It has been proved, that exact rhombus-like so-
lutions do exist in this physical model, if the following conditions are executed [8]: a) the
masses, located in the opposite vertices of a rhombus, are equal among themselves:

my=mg; Mg =My (1)
b) relations of diagonals p1, p2, and masses mq, mz of a rhombus are correlated as:

P8~ (L4 9]
80— (L+ )7

A:

2 Definition of Equilibrium State

Without loss of generality, it is possible to assume, that the gravitational rhombus rotates
always in a plane Py XY around an axis Z with a constant angular velocity w.

It is obvious, that the sizes of a rhombus can be arbitrary, therefore we shall define
coordinates of a thombus as follows: Py(a,0), P5(0,1), Ps(—«,0), P4(0,—1).

In [9] it is shown that

B dmo(1 + a2)3/2(a3 —1)+my(8a® — (1 + a2)3/2) 3
N a3 (8 — (1 + a?)3/2) ’ (3)

ma2
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therefore from conditions « > 0, mg > 0, m1 > 0, mo > 0 we receive admissible values
of the parameter a: 1/\/§ < a < /3. For > 1 the masses can take any values and in
the range 1/\/§ < a <1 the relation

4(1+a?)32(1 — a?)
8a3 — (1 + a2)3/2

mo (4)

should be satisfied. The angular velocity of rotation of the rhombus Py P, P3P, is defined
by the formula [2]

(5)

C4fmo(1 4+ a2)3/2(8a% — (14 a2)3/2) + fmi (6403 — (1 + a2)3/2)
“ 403(1 + a?)3/2(8 — (1 + a?)3/2) )

where f is a gravitation constant.

Further for convenience we shall consider, that f =1 and mg = 0.

The differential equations of motion of passive gravitating point P (m = 0) in uni-
formly rotating Cartesian frame Py XY Z are [4]:

d*X 2 ay X OR

Pl T e

d*Y dX Y  OR

- =WV ow— — (6)

az YT T E Ty

where

4
1 XX;+YY, +2Z;
R=> m( & - 3 !
J Tj

(7)

P =X*+Y?+ 2%, i =X]+4Y'+ 7}

X, Y, Z are the coordinates of the zero mass (point P), X;, Y;, Z; are the given
coordinates of points P;, w is the angular velocity of rotation of the rhombus P P, P3Py
around Py. System (6) is not integrable in a general form, therefore we shall search
for partial solutions, such as “equilibrium state”. For this purpose we shall introduce a

6-dimensional phase space =X, y=Y, 2 =2, u= dd_)t(’ v = %, w = Z—f Then
the system (6) becomes

dx dy dz

at " oat - a W

du 9 r OR

E:w x+2wv—r—3+%,

dv 9 y OR ®)

E:w y—2wu——3+6—y,

d_w z L OR
dt r3 Oz’
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Finding of equilibrium state of system (8) is reduced to the solution of the system of
equations

u=0, v=0, ,w=0,

s x 3 mi(z — @) n mox
(22 + 2 + 22)3/2 (=) + 2+ 22)32 " (224 (y— 1)? + 22)3/2
ms(z + «) n max —0
(r o +y2+ 2208 @t G+ DE 22 )
Wy — y _ miy + ma(y — 1)
(22 4 y% + 22)3/2 (z—a)?2+y?2+22)32 " (224 (y—1)2+22)3/2  (9)
n may L ma(y +1) _ 0
(r o +y2+ P2 @t (y+ DF 422 )
z miz + moZz
(22 + 32 + 22)3/2 (—a)2 + 2+ 22)32 " (22 + (y — 1)? + 22)3/2
+ msz + mqyz -0
(r o +y2+ 20 @t (y+ )2+ 2P

From the last equation it follows that z = 0, that is all stationary solutions lay in the
plane Pyxy, and the solution of the system (9) is reduced to the solution of the following
system

S x B mi(x — ) n mak
(22 + 42 + 22)3/2 (T — )2 +y2+ 2232 " (22 + (y— 1)2 + 22)3/2
ms(z + @) n max _0o
(x4 a)2+y2+22)32 " (a2 + (y+1)2+22)3/2) 7 (10)
Wiy — y 3 myy n ma(y —1)
(22 + 42 + 22)3/2 (T — )2 +y2+ 2232 " (22 + (y — 1)2 + 22)3/2
msy ma(y +1) _
+ + = 0.
(x4 a)?+y?+22)32 (22 + (y+1)2+ 22)%/2

The following theorem takes place.

Theorem 2.1 Necessary and sufficient condition of existence of the stationary solu-
tions of the restricted siz-body problem is decidability of system (10) with respect to the
unknown x and y.

The equations (10) are nonlinear, therefore the question on their decidability can be
studied by graphic and iteration techniques. In terms of the “Mathematica” system a
graphic solution of system (10) is constructed. For example, for m; = 0.5 and « = 0.95
the two curves are shown on Figure 2.1.

On this figure the bold points denote points Py, Py, P>, P3, P;. Cross-points of the
curves, laying on axes of coordinates, are denoted by N;, other cross-points — by S;. The
points N; and S; are the equilibrium solutions of system (10). The calculations show,
that the quantity of equilibrium states essentially depends both on the gravitational
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Figure 2.1

parameter m; and on the size of the diagonal a. Using Newton iteration method, we
determine the coordinates of the equilibrium state for various values of the parameters
my and .

3 Research of the Linear Stability of Equilibrium State

To investigate the linear stability of the equilibrium solutions of system of the differential
equations (8) it is necessary to construct a linearized system of the differential equations
in the neighborhood of points N; and S;, (Figure 2.1) with coordinates z}, y;, zF = 0,
and to study properties of eigenvalues of a matrix of this system. Denoting by x the phase
vector z = (u—uj,v—vf,w—wf,x—x;,y—y’, z—2z) and executing the procedure of
linearization of the right parts of system (8) in the neighborhood of a phase point =0

in SSC “Mathematica”, we shall get the system of linear differential equations

dzr

— = Az. 11
p x (11)
Six-dimensional matrix A is
0 0 0 1 0 O
0 0 O 0 1 0
0 0 0 0 0 1
A= a b 0 0 2w 0 (12)
b ¢ 0 -2w 0 O
0 0d O 0 O

The elements a, b, ¢, d of matrix A depend on the values z}, v, m1, a, whose expressions
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m o Nl SI
M As Mo N M A Ao A
0.001 | 0.99985 42 35155 +1.97710i £0.9948671 +0.099199;
0.9999 235146 +1.97703i £0.9908947 +0.1305081
1.0031 234591 +1.97251i +0.744772i +0.651662i
1.0032 1234574 197237 £0.34841 + 0.70044i | +0.34841 - 0.70044i
0.003 | 0.99954 1228897 +1.94015/ +0.98424i +0.173624i
0.9999 1228842 +1.93971 £0.95927i +0.273300i
1.0022 228494 £1.9369 £0.736147i +0.661479i
1.0023 1228479 +1.93678i +0.04689 + 0.70116/ | +0.04689 - 0.70116/
0.009 | 0.99863 220639 +1.89254i £0.9488691 +0.310446i
0.999 220593 +1.89218i £0.9065971 +0.411469i
1.0001 220458 +1.80111 +0.73989i +0.658941
1.0002 220446 +1.89101; +0.051454 + 0.70221 | +0.051454 - 0.7022i
0.01 | 09985 219734 +1.88743i +0.937409; +0.341927i
0.9998 £2.19578 +1.88619i +0.738788i +0.660504i
0.9999 £2.19566 £1.88617 +0.0537 + 0.70257 £0.0537 - 0.7025i
0.03 | 0.99546 4209331 +1.831071i +0.14454 + 0.71804i | +0.14454-0.71804i
0.9955 +2.09328 +1.83104 +0.16925 + 0.72271 +0.16925 - 0.7227i
0.09 | 0.986537 £1.98254 +1.78116i +0.47268 + 0.841281 | +0.47268 - 0.84128i
0.987 +1.98234 +1.78102i +0.50501 + 0.85608 | +0.50501 - 0.85608i
0.1 | 0.98507 197277 +1.77794i +0.49967 + 0.85574i | +0.49967 - 0.85574i
0.99 £1.97088 +1.77667 +0.62882 + 0.91929i | +0.62882 - 0.91929i
09 | 08874 12.02623 +2.003951 +1.1724 + 1.3235 +1.1724 - 1.3235i
0.89 +2.02549 +2.003231 +1.1821 + 1.32431 +1.1821 - 1.3243i

Table 3.1. Eigenvalues of matrix A.

are quite cumbersome, therefore we shall present the expressions for a and d:

0=+ 3z}2 _ 1 n 3z2my
(@2 +y2)P2 (@ + )32 (2] —a)? +y?)5/2
6x; amy n 3amq my
((@f —a)2 +y2)52  ((af —a)? +y2)%2 ((af — a)? +y;?)3/2
n 3xf2m2 mo n Bxfzmg
G+ =07 P+ D (@ @y
ms n 6xf2am3 n 3a2msg
(@ +a)2+y2)32  ((@f +a)? +y2)%2 0 ((a] + ) +y;?)5/2
n 3z5%my _ my
@+ G+ D2 @+ (o + D2
d= — 1 _ mi _ mo
(@2 +yr2)32 (27 —a)2+y2)%2 (0 + (y; —1)2)3/2
ms my

(@ TP YRR (@ (g D2

(13)

From the formula (14) it is clear, that d < 0. The eigenvalues of a matrix A are

defined from the characteristic equation

det(A — AE) = (\? —d)(A\* + (4w? —a — c)\* + ac — b*) = 0.

(15)

First multiplier of the equation (15) gives two pure imaginary eigenvalues, for example,
A5 and Ag. Using the instruction “Eigenvalues” of SSC “Mathematica” for calculation of
eigenvalues, we have received other eigenvalues A1, A2, A3z, A4 of matrix A at points Ny

and S7 for various values of m; and «. Some of them are given in Table 3.1.
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From Table 3.1 it is clear, that at point N; for any values of the parameters m, and
« the eigenvalues of matrix A are not pure imaginary. The similar result is received for
other points N;.

At point S7 for small enough values of m; and «, close to unit, the eigenvalues of
matrix A are pure imaginary, that is the equilibrium solutions S are stable in the first
approximation. By the iterative method we calculate an interval of stability for m,

0 <my <m7* =0.0250344906 . . .. (16)
The interval of stability for v depends on my, for each values of m; there is an interval of
variation of «: (a*,a**). The calculated values of a* and o** for different m; are given
in the following table:

my a* ot m o a**

0.001 | 0.9998476686 | 1.0031639276 0.002 | 0.9996953824 | 1.0026710278

0.003 | 0.9995431685 | 1.0022385906 0.004 | 0.9993910147 | 1.0018413555

0.009 | 0.9986311638 | 1.0001378981 0.01 | 0.9984793776 | 0.9998343232

0.02 | 0.9969648966 | 0.9972354376 0.025 | 0.9962099616 | 0.9962207882
Table 3.2.

The calculations executed for other points S;, give the similar result. The carried
out analysis allows to formulate the statements, following from the classical Lyapunov
theorem on stability in the first approximation.

Theorem 3.1 The stationary solutions of the differential equations of the restricted
siz-body problem, located on rotating axes of coordinates, are unstable for any values of
mass my and for any values of the relations of rhombus diagonals «.

Theorem 3.2 The stationary solutions of the differential equations of the restricted
siz-body problem, not located on the axes of coordinates, are stable in the first approzi-
mation for any value of parameter my from the interval (15) and any value of parameter
a from the interval o < a < a**.

4 Research of Lyapunov Stability

The restricted 6-body problem is typically Hamiltonian, and, hence, differential equa-
tions, describing dynamics of our model, can be written a canonical form. Hence it
follows, in particular, that the problem of stability of the stationary solutions Sy, So,
Ss, S4 in the sense of Lyapunov [5] can be solved only in the framework of KAM-theory
[6,15] on the basis of the well known Arnold-Mozer theorem [12,13]. Now we formulate
this theorem [6].
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Theorem 4.1 Let a Hamiltonian system

dqi 0K dpr 0K
dt — dp’  dt ¢’
P1 q1 (17)
daz _OK —dp2 0K
dt — Ops’ dt — Og

by given with the Hamiltonian

K(q1,q2,p1,p2) = K2(q1, 92,1, p2) + K3(q1, 92, p1,p2) + Ka(q1,92,p1,02) + . - -,

and let the origin be a singular point, such as the equilibrium state of system (17).
Besides, let a canonical transformation

(q1,92,p1,p2) = (V1,92,T1,T5)

exist, which yields
K(qlu q27p17p2) = W(wla w27 Tlu T2)7

where

W (1, 2, Th, To) = Wao(Th, To) + Wa(Th, To) + Ws (Y1, 02, Th, T2) + . . .,

(18)
Wy = 01T + 0975, W, = 020T12 + e ThTs + 002T22.

If:
(1) eigenvalues of a matriz of linearized system (17) are the imaginary numbers tio1,
:|:i02,'
(2) nio1 + noos # 0 for |n1| + |7’LQ| <4;
(3) €2003 + 110102 + o207 # 0,
then the equilibrium
Ty =Ty =191 =12 =0

of the Hamiltonian system

dpy  OW ar, oW

dt — 0Ty’ dt oYy’
dy2 _ OW ary _ _ow
dt oDy’ at — Oin

with the Hamiltonian (18) is Lyapunov stable.

Now we turn to a four-dimensional-phase space of Lagrangian coordinates and im-
pulses (z,y,pz,py). We shall get the Hamiltonian system of the 4-th order, equivalent
to system (8):

dx oh dy  0Oh

dt— op.dt - dpy
. _ _Oh  dpy __Oh

(19)

dt oz’ at oy’
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where the Hamiltonian h is expressed by the formula (see [9]):

1 _

h=w(yps —apy) + 5 (07 + ) — (2 +9°)71/7
—mi((@ - a)? + ) —ma((@® + (y = 1)°) (20)
—ma((x + )’ +y°) 72 —ma((@® + (y + 1))

The elementary transformation makes any point S; with coordinates x*, y* the be-

ginning of coordinates: X =z —2*, Y =y—y*, P, =py — Pz, Py = Dpy —py-. For the
Hamiltonian we get the expression:

H=w((Y +4.)(Px +par) = (X +27)(Py +py))

5 (P 4P+ (B 40y )) = (X 427 + (V7)) 2

—mi((X - a” =) + (Y +y7)) 7 (X a7 1)
Y4y =)V ma((X 42"+ ) + (Y +y7)%) 2

—ma(X + 22+ (Y +y*+1)%)7 V2

In the new variables the Hamiltonian differential equations of motion have the form

dX  0H dy  OH
dt ~ 0Py’ At 0Py’
X Y (22)
dPx _ oM dPy oM
). & dt oY’

The formulated Arnold-Mozer theorem is in applicable to system (22), as the Hamiltonian
(22) is not a positively definite function of the variable (X,Y, Px, Py) [5]. It is necessary
to execute its further transformations. For this purpose it is necessary to construct
Birkhoff normalization. This normalization will be executed for a certain equilibrium
position. For example, we shall consider the point S, stable in the first approximation,
with coordinates

x* =0.37355, y* =0.971439,

calculated for my; = 0.001 and a = 0.99985.
We build a sequence of Hamiltonian transformations, necessary for fulfilment of con-
ditions of the Arnold-Mozer theorem.

4.1 Transformation 1

In a sufficiently small neighborhood of the point S; the analytical Hamiltonian (21) is
presented in the form of a convergent power series:

H= HQ(X,Y,P)(,Py) +H3(X,Y) +H4(X,Y) +...,
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where Hy(k =2,3,...) is a homogeneous form of k-th degree, in our case

Hy = 0.414231X2 — 0.915163Y? + 0.5(P% + P2) — 0.690873XY
+w(YPx — XPy)),
Hz = —0.317928 X3 + 0.835341Y> — 1.049161 XY + 1.316579XY?, (23)
Hy= —0.19571X* — 0.73835Y* + 1.52426 XY + 1.65464X %Y 2
—2.09451XY3.

Expression (23) indicates, that the quadratic form Hs2(X,Y, Px, Py) contains the term
w(Y Px — X Py), which is the first obstacle on the way of investigation of the Lyapunov
stability.

4.2 Transformation 2

Let’s execute the linear transformation

[X,Y, Px, Py]| = Blq1,¢2,p1, 2], (24)

where symplectic matrix [10] B is defined so, that in the new transformed Hamiltonian

K(q1,q2,p1,p2) = K2(q1, 92,01, p2) + K3(q1,92,p1,02) + Ka(q1, G2, p1,02) + - ..

the quadratic form has a normal Birkhoff form [6, 14]

1 1
Ky = 5 o1(qt + 1) — 5 02(45 + 1),

where frequencies o1, 09: 01 = |A1] = |A2], o2 = [A3] = [A4], A1, A2, A3, Ay are the
eigenvalues of linearized system for system (8) at point Sj.

Finding of elements of a matrix B is reduced to the solution of system of linear
algebraic equations of the 16-th order. For the examined point S; o1 = 0.994537,
oo = 0.102242, and the matrix B has the form

0 0 1.98114  5.328999

B —1.03191 0.38363 —0.35829 —1.29568 (25)
~ | —0.93804 0.16108  0.35842 1.29614 |-

0.356334 —0.13247 0.95557  5.29166

The application of canonical transformation (24) with matrix (25) to Hamiltonian H
gives the following expressions for the forms Ky, K3 and Kjy:

Ky = 0.49727(pi + ¢7) — 0.05112(p5 + ¢3),

K3 = 0.700344p} — 3.771015pips — 4.896871p1p3 + 0.452007p3
+ 5.846024pTq) + 32.621649p1paqy + 45.164737p5q1 + 1.821347p1gi
+ 4.013408p2q? — 0.917884¢5 — 2.173359p2qs — 12.127657p1pago
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— 16.790077p2qs — 1.354234p1q1q2 — 2.984107p2q1q2 + 1.023717¢2¢;
+0.251729p1¢2 + 0.554696p2q2 — 0.380585¢1¢2 + 0.047163¢3,
Ky = —6.249106p] — 69.140864p7ps — 285.506731pip3 — 521.541002p1p5
— 355.623129p3 — 5.919479p3q1 — 40.652926p%p2q1 — 89.158571p1piqy
— 61.002839p3q; + 11.059209p7q7 + 62.773252p1paqi + 88.314296p3q}
+ 3.396809p1¢5 + 8.059740p2q3 — 0.837196¢] + 2.200668p3 ¢,
+ 15.113422p3pago + 33.146227p1p3qe + 22.678852p3g2 — 8.222901p3q1go
— 46.674065p1p2q1q2 — 65.664708p2q1 g2 — 3.788466p1¢7q2 — 8.98904p2q% o
+ 1.244968¢3q2 + 1.528502p7q5 + 8.675942p1p2qa + 12.205991p3q3
+ 1.408427p1q143 + 3.341829p2q1 g5 — 0.694257¢%q5 — 0.174536p1¢5
— 0.414127p2g5 + 0.172068¢145 — 0.01599245.

4.3 Transformation 3

Let’s pass from the canonical variables (¢1,¢2,p1,p2) to the new canonical variables
according to the Birkhoff formulas [14]

q1 =V 27’1 sin 91, qo = vV 27’2 sin 92,

(26)
p1:\/27'1(30591, p2:\/2TQC0592.

Transformation (26) eliminates expressions with the coordinates 61, 62 from the qua-
dratic part of the new Hamiltonian F' and leaves expressions, dependent only on the new
variables 7y, 7. If we present new Hamiltonian F' in the form

F(01,02,71,72) = Fa(11,72) + F3(01,02, 71, 72) + Fy(61,02,71,72) + ...,
then after necessary symbolical transformations we shall receive

Fy = o111 — 0972 = 0.9945371 — 0.10224279,
F3 = (0.197768 cosf; — 1.7831 cos 36, + 2.18664 sin 6, + 4.78281sin 36, )7%/>

+ (6.46201 cos(260; — 03) + 0.342795 cos B — 4.54683 cos(26, + 62)

+ 25.3277sin(260; — 03) — 1.62584 sin 02 + 20.806 sin(261 + 02))71/72

— (6.5692 cos 6y + 5.7507 cos(61 — 262) + 1.53053 cos(61 + 262)

—63.3344 sin 6 — 40.781 sin(f; — 263) — 23.6299sin(0; + 263))\/T172

+ (135108 cosfy — 0.072612 cos 20 — 11.7728 sinf — 11.9062 sin 36,) 7./,
Fy = (—5.09985 — 10.8238 cos 2601 — 9.07276 cos 46, — 2.52267 sin 26,

— 4.65814 sin 46, )77 — (74.5687 cos(6; — 02) + 70.691 cos(36; — 02)
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+ 70.081 cos(f1 + 62) + 61.223 cos(30; + 02) + 9.64362 sin(6; — 62)
+27.3509 5in(36; — 62) + 6.8308 sin(0; + 02) + 21.362sin(360; + 62))73/%\/7,
— (196.35871 72 4+ 371.598 cos 2601 + 211.36 cos(26; — 262) + 198.027 cos 2604
+ 164.69 cos(26; + 262) + 87.7501 sin20; + 57.3347 sin(20; — 265)

—6.1244 sin 2605 + 33.2323(261 + 262))1172 — (298.027 cos(6; — 362)

+ 810.55 cos(fy — 02) + 745.399 cos(f1 + 02) + 232.19 cos(f1 + 302)

+ 48.8327 sin(6; — 362) + 106.145 sin(6; — 6) + 73.522 sin(6; + 62)

+ 15.512sin(61 + 302))v/7 75/ % — (527.356 + 711.214 cos 20,
+ 183.923 cos 40y — 22.2647 sin 205 — 11.5465 sin 46,73

4.4 Transformation 4
Let’s construct the final canonical transformation
(01,02, 71, m2) — (1,92, Th,T>) (27)

which sets to zero the form of order of 3/2 F5(61,02,71,72), and excludes phase angles
from the second-order form Fjy (61,62, 71,72). Besides, the quadratic form Fy(7y,72) does
not change. So, the transformed Hamiltonian should be

W (1,12, Th, To) = Wa(Th, To) + Wa(Th, To) + Wi (11,02, T1,T2) + . . .. (28)
We shall search the given transformation as
01 = 1 + Vi (1, Yo, T1, Ta) + Via (1, 92, T1, T2),
02 = g + Vaz (Y1, 2, Th, Ta) + Vaa (Y1, 92, T1, T2),
1 =T1 + Ur3(¢1, 92, T1, To) + Ura (1, 2, T, T2
Ty = Ty + Uas (Y1, Y2, T1, Ta) + Uaa(v1, 92, T1, To

where Vi3, Vig, Vas, Vo, Uss, U1s, Uss, Usy are determined from some linear partial
differential equations. For example, the equation for the unknown function Uiz has the
form

(
(

29
) (29)
)

3

0U.3 U3

Oy 0o
where A;3 is expressed by partial derivative of forms F3(601, 02, 71, 72) and Fy (61, 62, 71, 72),
in which the replacement (27) is executed. The solution, which guarantees the form (28)
for the new Hamiltonian W (v, 12, T1, T5), is to be found by the method of characteristics
[10] and has the form

oo = A13(Y1, 2, T, Ts),

Us = (0.198854 costhy + 1.7929 cos 3¢y — 2.19865 sinth; — 4.809 sin 3¢ ) T2/
+ (6.179 cos(2u1 — 1b2) + 4.819 cos(20y + thy) — 24.222 sin(20p; — 1bs)

— 22.054in(2t); 4 12))T1VTa + (6.605 cos by + 4.79616 cos(1h1 — 2¢)9)
— 63.6823 sin1p1 + 1.937 cos(thy + 2¢2) — 34.012sin(hy — 2¢h2)

—29.909 sin(ypy + 2¢2))VT1 To.
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Carrying out transformation (29) with the found functions Vi3, Vi4, Vag, Vaa, Uis, Ug,
Uss, Uay, we receive for transformed Hamiltonian the final form (28), where

Wy = 01Ty — 0915 = 0.99453T7 — 0.102242T5,

Wy = —197.657T12 —5539.05TT5 + 2591.95T22.

As a result of the executed transformations it is possible to assert the following.

1. The intervals for my: (0, m3*) and a: (a*,a**) are found. At each point of these
intervals the linear system is stable.
2. The resonant curves are determined

{ fi,—2(m1, @) = o1(m1, @) — 202(my, a),
fL,Q(ml,Oé) = O, (30)
{ fl,_3(m1,o<) = Ul(ml,a) — 302(7711,(1),

J1,-3(my, ) =0,

which should be excluded from the set of intervals of stability.
3. Third condition of the theorem is also executed, thus for the point S; the value
of function Wy(oq,02) is equal to 2018.72.

The executed calculations for points S5, S3, S4 give similar results.
Thus, the following statement is valid.

Theorem 4.1 The equilibrium points, not lying on coordinate axes, are Lyapunov
stable for any values of parameters mi from interval of stability 0 < mp < mj* =
0.0250344906 . .. and any values of o from interval o* < a < a™**, except for the points,
belonging to two resonant curves (30).
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