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1 Introduction

Since the celebrated paper [6] appeared, H,, control and filtering problems based on
state-space approach, have attracted much more researchers’ attention. For example,
[1,11] and [13] treated of the nonlinear uncertain Hy, control and filtering design, while
the H, for linear time-delay systems with norm-bounded uncertainties can be found
in [8,10,14,15] and the references therein. The aforementioned works are confined to
deterministic systems. Up to date, there are few results on stochastic H,, about which
the system equation is governed by Ito-type differential equation. Below, we summarize
the recent development for stochastic H,, briefly.

It is fair to say that [4] is the first paper which systematically dealt with the linear
stochastic H,, control for state and output feedback control, in which, a very useful
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stochastic bounded real lemma (SBRL) was also derived, which has been applied to Ho,
filtering design of the stationary continuous time linear stochastic systems [5]. [2] first
studied linear stochastic Ho/Hs, control, in which, necessary and sufficient conditions
were given for both finite and infinite horizon Hy/H ., via coupled Riccati equations; [16]
was on output feedback H., control for linear stochastic systems with norm bounded
uncertainty in a state matrix, moreover, an applicable algorithm for designing an H.
control law was presented based on linear matrix inequalities (LMIs). In [3], we discussed
the general nonlinear stochastic Hy, control based on dissipative system theory and an
associated Hamilton-Jacobi equation, which can be viewed as an extension of the results
of [1] in some sense. In conclusion, we can say that stochastic H., has become an
attractive topic in recent years.

In spite of deterministic systems or stochastic systems, time-delay phenomena are
inevitable arising from many physical problems, which often cause instability of the
systems (see [18,19]). Therefore, the H,, control of time-delay systems has received
much attention in the past years (e.g. [8,12]). This paper is on robust Hs, control for a
class of continuous time stochastic time-delay systems with nonlinear perturbation. By
imposing a loose limitation on the nonlinear term, a very general theorem is obtained via
matrix inequalities, from which, for some special case, we derived many useful sufficient
conditions for the existence of a desired H, controller in terms of LMIs. More specifically,
as corollary, we also improve the previous conclusions on stochastic stabilization.

The outline of the current paper is organized as follows. In Section 2, we first present
a general theorem on local and global H, control by means of matrix inequalities in-
dependent of the length of delays, respectively. As corollaries, for linear or nonlinearly
perturbed stochastic time-delay systems (D = 0), we are in a position to design an
LMI-based state-feedback H, control law, which makes our results more applicable [10].

Section 3 presents two examples to illustrate the effectiveness of our developed theory.

Section 4 concludes this note by some remarks.

For convenience, we adopt the following notations: A’ is the transpose of matrix A;
A >0 (A>0) is positive semi-definite (positive definite) matrix A; I is identity matrix;
L2 (R4, R!) is the space of non-anticipative stochastic processes y(t) € R! with respect
to an increasing o-algebras F; (¢ > 0) satisfying

B [ loto)|Pae < .
0

Here || - || denotes the standard Euclidean norm of a vector.

2 Main Results

In this section, we investigate the robust H. state feedback control of the following
stochastic time-delay system governed by Ito differential equations of the form

dz(t) = (Az(t) + Bx(t — 7) + Biu(t) + Bov(t) + Ho(z(t), z(t — 7), u(t))) dt
+ (Cx(t) + Dx(t — 7) + Dyu(t) + Hy(x(t), z(t — 1), u(t)))dw(t),
Coz(t) + Dou(t), (1)

x(t) = ¢(t) € L*(Q, Fo,C([—-7,0],R")), t&[-7,0], 7>0.

I
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In the above, z(t) € R™, u(t) € R™, v(t) € R", and z(t) € R® are called the sys-
tem state, control input, disturbance input, controlled output, respectively. w(t) is the
standard Wiener process defined on the complete probability space (Q,F,F;, P) with
an increasing filtration F; satisfying the usual conditions. Without loss of generality, we
can suppose w(t) is one-dimensional, and C% D = 0. Assume u(t) and v(¢) to be adapted
and measurable processes with respect to F;, H;(0,-,-) =0, i = 0,1, i.e., x =0 is an
equilibrium point of (1). A, B, By, Ba, C, Ca, D, D1, and Dy are constant matrices,
7 > 0 is an uncertain time-delay, where we refer the reader to [18] for the notion of
L3(Q, Fo, C([-7,0], R")). Under very mild conditions on H;(-,-,-), i = 0,1, (1) exists
a unique global solution on [0, 7] for any T > 0 [18]. It should be pointed out that (1)
can represent a class of more general nonlinear stochastic system via Taylor’s series ex-
pansion at the origin. In what follows, we will show that, for a broader class of nonlinear
functions H;(-,-,-), i = 0,1, LMI-based algorithms for robust H,, Control can be given,
which is very efficient in practical computation by means of the existing LMI Toolbox
[7]. Now, we first introduce the following definitions.

Definition 1 Stochastic time-delay differential system (1) with v(¢) = 0 is called
locally robustly stabilizable, if there exists a constant state-feedback control law v = Kz,
such that the equilibrium point of the closed-loop system

dx(t) = ((A+ B1K)x(t) + Bx(t — 7) + Ho(z(t), z(t — 1), Kz(t))) dt
+ ((C+ D1 K)x(t) + Dx(t — 7) + H1(x(t), z(t — 1), Kz(t))) dw, (2)
z(t) = @(t) € L*(, Fo,C([-7,0], R™)), te€[-7,0],
is asymptotically stable in probability [9] for all 7 > 0. It is called globally robustly

stabilizable, if the equilibrium point of (2) is asymptotically stable in the large [9] for
all 7 > 0.

Definition 2 Stochastic time-delay differential system (1) with ¢(¢) =0, u(t) =0,
is said to have an Ho, performance level v > 0, if
Izll2 <llvll2, Vo #0€ LE(Ry, RT) (3)

where

1213 = E / S (0)2(0) d.
0

Definition 3 Stochastic time-delay differential system (1) is called locally (globally)
robustly Ho controllable, if there exists a constant state-feedback control law v = Kz,
such that system (1) is locally (globally) stabilizable via state-feedback control law u(t) =
Kz, and the corresponding closed-loop system has an H,, performance level v > 0.

For robust stabilization of (1) (B2 = 0), a very general result is given as follows, which
can be proved in the same way as Theorem 1 of [17], but for convenience, we would like
to give its detailed proof here.

Lemma 1 Suppose there exists € > 0, such that

sup |[H;(z,y, Kz)|| < ellzf|, i=0,1, (4)
yeR"
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for oall x € U, where U is a neighborhood of the origin, K € R™*", P >0 and Q >0
are the solutions of the following matrix inequality

Z+ 71 <0, (5)
then system (1) can be locally robustly stabilized by u(t) = Kax(t). If U is replaced by

R"™, then system (1) can be globally robustly stabilized by the same controller. In (5), Z
and Zy are defined by

{P(A+ B1K)+ (A+ B1K)'P+ Q ,
7 HC+DKYP(C+ D)y | PBHEHDKYPD
B'P+ D'P(C + DiK) D'PD—Q
7, = [(26|C||+2€||D1| [ K || + €l| Dl + 2 + €2)[| P|| T 0 }
0 el| D] || P11

Proof We construct the Lyapunov—Krasovskii functional as follows:

T

V(t,x) =2’ Pz + /:Cl(t —5)Qux(t — s)ds

0

where P > 0 and @ > 0 are the solutions of (5). Let £; be the infinitesimal generator
of the closed-loop system (2) with K a solution to (5), then by It&’s formula, we have

L1V (t,z(t)) = ((C+ D1K)x(t) + Dx(t — 7) + Hi(2(t), z(t — 7), Kx(t)))' P
x ((C+ D1 K)xz(t) + Dx(t — 1) + Hy(z(t),z(t — 1), Kz(t))
[(A + B1K)x(t) + Bx(t — 7) + Ho(z(t), z(t — 1), Kz(t))] Px(t)
o' (t)Qu(t) — 2/ (t — 7)Qu(t — 7).

(6)

Rearranging (6) yields

L1V (t,z(t)) =2'(t)(P(A+ B1K) + (A+ B1K)P+Q+ (C+ D1K)'P(C + D1K))x(t)
+22'(t)(PB + (C + D1K)PD)x(t —7) + 2'(t — 7)(D'PD — Q)x(t — 7)

+ 2H)(x(t), z(t — 1), Kx(t))Pz(t) + 2H, (z(t),x(t — 7), Kz(t))PDz(t — T)
+2H{(z(t),z(t — 7), Kz(t))P(C + D1 K )x(t)

+ Hi(x(t),z(t — 1), Kx(t))PHy (z(t), z(t — 7), Kx(t))

_ {w(f(—t)ﬂ] 7 {w(f(—t)ﬂ] +2HY (1), 2(t — ), Ka(t)) P (t) (7)
+ 2H{ (x(t), z(t — 1), Kx(t))P(C + D1 K)z(t)

+2H(z(t),z(t — 7), Kz(t))PDx(t — )

+ Hi(z(t),z(t — 1), Kz(t))PHy (x(t), z(t — 7), Kz(t)).
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In addition, by (4), we have

2H((x(t), z(t — 7), Kz(t)) Px(t) + 2H (z(t),2(t — 7), Kz(t)) P(C + D1 K)z(t)
+2H{(z(t),z(t — 1), Kz(t))PDz(t — )
+ Hi(z(t),x2(t — 1), Kz(t))PHy (2(t), z(t — 1), Kx(t)) (8)
< 2¢[| PI(ICI + I DaIHIE D@1 + 26 DI PI @)l 2t = 7)ll
+ [Pl lz@)]1* + 2l Pll l=()]]%)-

1
for (t,x) € {t > 0} x U. By inequality |ab| < E(a2 +b?), (8) follows

2H((z(t),z(t — ), Kz(t))Px + 2H{ (z(t), 2(t — 7), Kz(t))P(C + D1 K)x(t)
+2H (z(t),z(t — ), Kz(t))PDz(t — 7)
+ Hi(z(t),z(t — 7), Kz(t))PHy (x(t), z(t — 7), Kz(t))
< (2€|[C| + 2¢[|Da || | K[| + €l | DI + 2¢ + €) || Pl [|(t)]® (9)
+e| DI P fl(t = )l

(%] 2 ]
Substituting (9) into (7), it follows

LoVt 2(t)) < [ x(t)T)}I(ZJFZl) [ z(t) } <0

x(t — x(t—7)

due to (5). That is, £:V(t,z(¢)) < 0 in the domain {t > 0} x U for = # 0. So the
locally robust stabilization is obtained by Corollary 1 of [9] (page 168). By the same
discussion, the globally robust stabilization can also be shown by Theorem 4.4 of [9].

Using Lemma 1, a sufficient condition for robust H., control is obtained as follows.

Theorem 1 Suppose there exists € > 0, such that (4) holds for all x € U with U
a neighborhood of the origin, K € R™*", P >0 and @ > 0 are the solutions to the
following matriz inequality

le + CéCQ + KID/QDQK Z12 PB2

Y= Zi2 Zoo 0 <0 (10)
BLP 0 —~21
where
VATERVAT
=Z+ 7.
[212 222] '

Then system (1) is locally robustly Hoo controlled by wu(t) = Kx(t). If U is replaced by
R"™, then system (1) is globally robustly Hy, controlled by the same controller.

Proof Tt is obvious that (5) can be derived from (10), i.e. system (1) is robustly stable.
Therefore we only need to prove that the closed-loop system has H., performance level
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v. For any T > 0, by (10), it follows

T
12113, 0.7 = VIV 113, 0.1y = E/[(Z'(t)Z(t) — 7% (t)u(t)) dt
0

T

_E / (2! () CLCaz(t) + 2 () K’ DDy Ka(t) — 720 (H)o(t)) dt + d(V (2(8))] — BV ((T))
0
T

<F / (2 ()CLCoz(t) + 2/ ()K" DyDs K a(t) — 420 (£)0(#)) dt + d(V (2(t))] (11)
OT

<E [ 9(t)5y(t) <0
/

for 1 # 0, where t = [2/(t) 2'(t — 7)) v'(t)]. Let T — oo in (11), (3) is immediately
obtained. Theorem 1 is proved.

Generally speaking, Theorem 1 cannot be directly used in practice, because the ele-
ments of Z; contain the norm of an unknown matrix P. However, from Theorem 1, we
can derive some useful results, which can be expressed in terms of LMIs.

Corollary 1 If the matriz inequality
711 + CéCQ + K/D/QDQK 712 PBQ

75 Zyw 0 | <0 (12)
BLP 0 —42I
has solutions P >0, Q >0 and K € R™*", and
lim sup [|Hi(z,y, Kz)||/||z]| =0, =01, (13)
lz[|—0 ye R

where -
Zn Ziz ]
— — = Z,
[Z/m Za2
then system (1) can be locally robustly Ho, controlled by u(t) = Kx(t).

Corollary 2 IfH; =0, i =0,1, and the matriz inequality (12) has solutions P > 0,
Q >0, and K € R™*"™, then the linear stochastic time-delay system

dx(t) = (Ax(t) + Bx(t — 7) + Byu(t) + Baov(t)) dt
+ (Cx(t) + Dx(t — 7) + Dyu(t)) dw(t),

14

2(t) = Cox(t) + Daul(t), (14)
a(t) = ¢(t) € L*(Q, Fo, C([-7,0], R")), te€ [-7,0],

s globally robustly Hy, controllable. Especially, if D =0, and the following LMI

AP+ PA' + BiY +Y'B} + BQB' PC'+Y'D, P PC, Y'Dy B
CP+DyY -P 0 0 0 0
P 0 -Q 0 0 0

CyP 0 0o —-I 0 o | <0 (15)
DoY 0 0 0 -1 0

B} 0 0 0 0 —2I
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admits solutions P > 0, @ >0 and Y € R™*", then system (14) with D = 0 is
globally robustly Ho, controllable. In this case, the state feedback control law u(t) =

Kaz(t) =Y P a(t).
Proof If H;(-,-,-) =0, i = 0,1, we can take ¢ = 0 in (4), then £,V (¢,2(¢t)) <0
for (t,x) € {t > 0} x R™, except possibly at =0, and ¥ < 0. Thus, the first part of

Corollary 2 is proved.
Furthermore, if D =0, (10) degenerates into

{P(A+ BiK)+ (A+ B,K)'P+Q+

(C+ D1K)'P(C+ D1K) + C5C2 + K'Dy Dy K } re e
i o o | <0 (9
ByP 0 —2I

Pre- and postmultiply the above matrix inequality by diag(P~*!, I, ), and set P= p-1
Y = KP ! =KP, Q=Q ' Then by Schur’s complement again, (16) is equivalent to
(15). Thus the second part of Corollary 2 is also proved.

Corollary 3 The unforced system

z(t) = Cox(t), (17)
z(t) = ¢(t) € L*(Q, Fo, C([~7,0], R™)), te&[-T,0],

is robustly stable and has Hs performance level vy, if the following LMI

PA+ AP+ C'PC+Q+CyCo PB+C'PD  PB;
B'P+ D'PC D'PD —Q 0 | <0 (18)
BLP 0 —2I

has solutions P >0, Q > 0.

Corollary 4 The stochastic linear time-delay controlled system

z(t) = Cox(t), (19)
z(t) = ¢(t) € L*(Q, Fo, C([-7,0],R™)), te[-7,0],

is globally robustly Hy, controlled, if the following LMI

PA+ AP+ C'PC+CyCy+Q V2PBy PB+C'PD PB;

V2B P —-Q 0 0
’ 1/ , <0 (20)
B'P+ D'PC 0 D'PD —Q 0
BLP 0 0 —~2T

admitting solutions P > 0 and @ > 0. Moreover, the feedback control law u(t) =
Q1B Px(t).

Proof Applying Theorem 1, this corollary is easily obtained.
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Below, for D = 0, we give another sufficient condition for the local (global) Hs, control
of system (1) in terms of LMIs. Applying the well known inequality

XY 4+Y'X <eX'X+e Y'Y, Ve>0, (21)
1
with € =1 for simplicity, we have (if 0 < P < — I for some a > 0)
«

2H{(z(t), x(t — 7), Kz(t))Px(t) + 2H; (x(t), z(t — 7), Kz(t))P(C + D1 K)z(t)
+ Hi(z(t),z(t — 1), Kz(t))PHy(x(t), z(t — 1), Kx(t))

< 3762H£C(t)”2 + 2/ () Px(t) + 2'(t)(C + D1 K)' P(C + D1 K)(t).

Substituting (22) into (7), it follows

Elv(m(ﬂ)g[ﬂm } 2[ (1) }

t—7) x(t—1)
where
{P(A+ Bi1K)+ (A+ BK)'P+Q+ P+
_ o , PB
7 = I +2(C+ D1K)P(C+ D1K)}
B'P —0Q

So if (4) holds for all € U (z € R"), and Z < 0, then system (1) can be locally
(globally) robustly stabilized by u(t) = Kx(t). Accordingly, (12) is equivalent to

Zi +C4Cy+ K'DYDoK  Zyy  PBy
Zl, Zss 0 | <O, (23)
BLP —
1
admitting solutions 0 < P < —I, @ > 0 and K, where
!
211 212} 7
P = =2
[Ziz Z2

In analogy with the proof of Corollary 2, it is easy to show that (23) is equivalent to that
the following LMIs

i Aﬁ‘f‘ﬁA,‘f‘BlY Dt Y D D DV ’ 1
N ~ 2(PC"+Y'D P P PC, Y'Dy B
v+ o +p VPO HYDD 2 Y'D2 B
V2(CP + DY) -p 0 0 0 0
P 0 -Q 0 0 0
P @ <0 (24)
p 0 0 -7 0 0
3e
CoP 0 0 0 -1 0 0
DyY 0 0 0 0 —I 0
L B 0 0 0 0 0 —I_
and N
P>al (25)
exist solutions P > 0, & > 0, Q@ > 0 and Y = KP~1 € R™" where P = P!,

Y =KPl'=KP,and Q=Q .
Summarize the above discussion, we have the following result.
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Theorem 2 For D =0 in (1), suppose (4) holds for all x € U (x € R™). If LMIs
(24) and (25) exist solutions P > 0, a >0, Q >0 and Y € R™*"™, simultaneously,
then system (1) can be locally (globally) robustly Ho. controlled by u(t) =Y P~ x(t).

Remark 1 All results obtained in this section can be extended without difficulty to
systems with multiple delays and independent stochastic perturbations.

Remark 2 Following the same line adopted above, there is no any difficulty to gen-
eralize what we have obtained to delay-dependent results with time-varying delay. For
instance, if we take 7(¢) to be a time-varying bounded delay satisfying

0<7(t) <h7(t)<d<1

and take the Lyapunov—Krasovskii functional

¢ 0t
V(x) =2/ (t)Px(t) + / 2 (0)Rxz(0) db + / / 7' (5)Qx(s) ds dp,
t—7(t) —7(t) t+8

P>0, R>0, Q>0,

correspondingly, then the delay-dependent consequences can be obtained.
In (1), if we take 7 =0, B =D = By = Dy = C3 =0, ¢(0) = x(0), then for the
system
dz(t) = (Ax(t) + Biu(t) + Ho(z(t), u(t))) dt

+ (Cx(t) + Dyu(t) + Hy(x(t),u(t))) dw(t)

a locally stabilizable condition is concluded by Theorem 2.

(26)

Corollary 5 If for some R> 0, @ > 0, the following generalized algebraic Riccati
equation (GARE)

PA+ A'P 4+ C'PC — (PBy + C'PD,)(R+ D,PD,)""(B,P + D{PC)+Q =0 (27)
has a positive definite solution P> 0, and

| 11”1110 |Hi(w, Ka)|/l|z]l = 0, i =0,1, (28)

~ ~

holds for K = —(R+ D,PDy)~Y(B|P + D, PC), then system (27) is locally asymptoti-
cally stabilizable. In this case, u(t) = Kz(t) = —(R + D{PD1)"*(B}P + D{PC)x(t) is
a stabilizing control law.
It can be seen that Corollary 5 generalizes and improves Proposition 1 of [20].
Remark 3 There is something wrong in Proposition 1 of [20]. By checking its proof

therein, we can find that the smallest eigenvalue of @ > 0 must be larger than zero, i.e.,
Q@ > 0. In other words, (Ql/z, A) being observable should be replaced by @ > 0.

3 Numerical Examples

Now, we present two examples to illustrate the validity of our developed theory in de-
signing the H, controller for nonlinear time-delay system (1).
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Ezample 1 In (1), take D =0, and

—4.12 123 —0.13  —0.91 ~1.25 ~0.2
A= [—0.36 1.15}’ B_{ 0.22 —0.76}’ Bl_[ 3.48]’ BQ‘[ 0.3]’

—0.02 —0.09 0.16
¢= { 0.09 —0.08]’ D1 = [0.23

} . Cy=[01 0.02], Dy=[0.1],
sin(u(t)x2(t — 7))x1(t) ]

cos(u(t)xy(t — 7))z (t) |’

e~ @1 (=T +aa(-m) g (1)

el Oty (1)

fmu@xxu—rxu@»—[

Hy(x(t), a(t — 1), u(t))—{ ] V71> 0.

Obviously, (4) holds for all x € R™ with € = 1. Substituting all the above data into (24),
and then solving the LMIs (24) and (25) by LMI Toolbox [7], we can obtain solutions,
when v =1,

P 0.3539 —0.0042} >0, 0= {1.1197 0.0008

—0.0042  0.1263 0.0008 1.0076} >0,
Y =[-0.2930 —1.3061], «a =1.1255>0.

So by Theorem 2, system (1) can be globally robustly H., controlled by u(t) =
Y P-lz(t) = —0.856621(t) — 2.45182(t).

Ezample 2 In Example 1, we take

(e®1® — 1) sinu(t) }
sinxy(t) cosu(t) |’

Hanmx@—ﬂwm»—[

(cosz1(t) — 1)e=3(t=7)
x2(t) sin u(t)

Hy(2(t), (t — 1), ult)) = [ ] . VT >0.

Obviously, we have

1Ho(, )l < y/(em® — 1)2 T sin o (0),

IHL (o) < 3 (cosaa(t) — 12 + 23(0)

and
z1 _ 1 1 -1
lim u ,  lim Sz 1, lim M

z1—0 T z2—0 T2 z1—0 X1

=0.

So there exists a sufficient small neighborhood U of the origin, such that for all z € U,
(4) holds with e = 1.05. Substituting all coefficient matrices of Example 1 into (24) with
€ = 1.05, when v = 1, via solving the LMIs (24) and (25), one has

0.3527 —0.0060 1.1064 —0.0018 -0

P=1"0.0060 0.1371} >0, Q= {—0.0018 1.0000 ’
Y =[-0.2993 - 0.3101], «=1.0995> 0.
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So by Theorem 2, system (1) can be locally robustly H., controlled by u(t) =
Y P1a(t) = —0.8875z1 (t) — 2.301322(t).

4 Conclusions

In the above sections, we have discussed the state feedback H,, control for a class of
stochastic time-delay systems with nonlinear perturbations. By means of LMIs, some
sufficient conditions are given for the existence of an H,, control law. Theorem 1 is a
very general consequence, from which we derive some useful results for linear time-delay
systems, delay-free systems or special nonlinearly perturbed time-delay systems. All
consequences except Theorem 1 and Corollary 1 are expressed in terms of LMIs, which
makes them more readily applied.
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