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Abstract: The adaptive control problem of a class of stochastic time-delay
systems is investigated. Firstly we consider a simple class of stochastic sys-
tems with time-varying delays and design the corresponding adaptive con-
troller based on the solution of linear matrix inequalities (LMIs), which can
render the closed-loop asymptotically stable in probability. Then we apply
the adaptive idea to the interconnected system case. Under the condition that
interconnections satisfy the matching condition, we propose a class of decen-
tralized feedback controllers and the corresponding closed-loop systems are
also asymptotically stable in probability. Numerical examples on controlling
the two classes of stochastic systems are given to show the validity of obtained
theoretical results.
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1 Introduction

Time-delay is often encountered in various engineering systems, such as electrical net-
works, turbojet engines, microwave oscillators, nuclear reactors, rolling mills, chemical
processes, manual control, long transmission lines in pneumatic, and hydraulic systems,
etc. Its existence is often a source of instability and poor performance. Therefore, the
problem of stability analysis and robust control for dynamic time-delay systems has at-
tracted considerable attention of a number of researchers over the past years, see for
example, [1—-4] and the references therein.
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In this paper we will focus on controlling stochastic time-delay systems. In the existing
literature, some work has been done on stability analysis and control for stochastic time-
delay systems. The robust stability problem of linear stochastic time-delay systems
was studied in [5], while robust stability analysis for stochastic delay interval systems is
considered in [6]. In [7], the problem of control for uncertain stochastic time-delay systems
was considered, and the results were given in the form of LMIs. Filtering problem for
uncertain stochastic systems was considered in [8—10]. In the meantime, the problem of
control for interconnected stochastic time-delay systems was tackled in [11].

Unlike the existing results in literature, in this paper, we investigate the adaptive con-
trol problem of stochastic time-delay systems, whose bounds of uncertainties in matching
parts are not required to be known. Firstly we consider a simple class of stochastic sys-
tems with time-varying delays. Corresponding adaptive controller is designed based on
the solution of LMI. Then we apply the adaptive idea to the interconnected system case.
Under the condition that interconnections satisfy the matching condition, we propose
a class of decentralized feedback controllers, which can render the closed-loop systems
asymptotically stable.

2 Problem Formulation

Consider the following time delay system

de = (Az + f(z,z(t — d(t)) + Bu) dt + g(x, z(t — h(t))) dw,

z(t) = o(t), te[-d,0]. (1)

where x € R™ and u € R™ are the state and control input respectively, d(t) and h(t) are
time-varying delay parameters, A and B are known constant matrices with appropriate
dimensions. w is a zero-mean Wiener process. f(-) and g(-) are uncertain nonlinear
function vectors.

For system (1), we introduce the following standard assumptions.

Assumption 2.1 The time-varying time delays d(¢) satisfies

dity<t<1, ht)<k<Ll 2)

Assumption 2.2 The nonlinear function f (-) can be decomposed into the matched
form and the unmatched form

fox(t = d(t)) = BE(z, x(t — d(t))) + ((z, z(t - d(1))), (3)
where &(z, z(t — d(t))) and {(x, x(t — d(t))) satisfy

1€ (2,2 (t = d @) < Bu el + B2 |z (= d @), (4)
€ (@, (t —d @I <7 llzll + 2zt —d @), (5)

where v, and 7, are known positive scalars, $; and 35 are unknown positive scalars.
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Assumption 2.3 There exist matrix Y, positive matrix X and positive scalars e
and e9 such that the following LMI holds

AX + XAT + BY + YTBT 4621 + £2431 X X

X —el 0 | <o. (6)
X 0 —EQI

Assumption 2.4 The nonlinear function g satisfies
9" Pg < az | BYPa|| |« (t —h (1))l + a5 | BT Pa (t — h (1))]| || ™
+ o || BYPa|| ||zl + aa || BT P (t — h (8))|| = (t = B (1))]],

where matrix P = X!, X satisfies LMI (6), o; (i = 1,2,3,4) are unknown positive
scalars.

Remark 1 Assumption 2.1 is often needed on investigating time-delay systems by em-
ploying Lyapunov-Krasovskii method. Different from the existing literatures on control of
stochastic time-delay systems, we divide the uncertainties into matched and unmatched
parts and the bounds of matched parts are not needed to be known in Assumption 2.2.
Assumption 2.3 is to guarantee that the system is asymptotically stable without the
matching parts and the stochastic parts. In practical systems we may also not know the
function g exactly, so Assumption 2.4 is imposed.

Before giving the problem statement in this paper, we first introduce the following
definition of stability in probability.

Consider the nonlinear stochastic system

dz = f(z,2(t — d))dt + g(a,(t — d))dw, (8)
where x € R" is the state, w is an r-dimensional standard Wiener process, and functions
f and g are locally Lipschitz and satisfy f(0,0) =0 and ¢(0,0) = 0.

Definition 2.1 [7] The equilibrium = = 0 of the system (8) is said to be globally
asymptotically stable in probability for given z(¢) if for any s > 0 and £ > 0
limP{sup|xf’m| >5} =0, P{tliEn |:vf$|=O} =1,

z—0 s<t

where 2} denotes the solution at time ¢ of a stochastic differential equation starting
from the state z at time s for s < ¢.

Lemma 2.1 [12] Consider system (8) and suppose there exists a positive definite, ra-
dially unbounded, twice continuously differentiable function V(x) such that the following
inequality holds

2v(o) = 2 )+ 5 v oo S a0 <o,

then system (8) is globally asymptotically stable in probability.

In this paper, we will firstly consider designing controller to render system (1) globally
asymptotically stable in probability under the above assumptions, then further apply
the design idea to interconnected stochastic system case and design the corresponding
controller.

3 Robust Controller Design

In this section we will investigate designing adaptive state feedback controller to stabilize
uncertain stochastic system (1).
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Theorem 3.1 For system (1), the following adaptive state feedback controller
1
u=Kx — 5 6(t)B" Pz, (9)

where K = YX ™1 and matrices P, Y and X satisfy (6), 0(t) is adaptive parameter
whose adaptive law is
do(t)
dt
where a is an arbitrary positive scalar, can render the closed-loop system robustly stable
in probability.

= al| BT Pz|]?, (10)

Proof Substituting (9) into (1), we can obtain
dex = (Ax + f(z,z(t —d(t)) + BK — % BG(t)BTPI)> dt + g(z,z(t — h(t)))dw. (11)

Choose the following Lyapunov-Krasovskii function

v =aTPa + La 50 + (s + ;) / (€ |2de

t—d(t)
) ) /
2 4 2
(12t 12y) [ letorra 12)
t—h(t)
t
st eis) [ isTera
405(1 — k) = 464(1 — k) ’
t—h(t)
where §;, (i = 1,2,...,6) are positive scalars, 6=0— é(t), 6 is a positive scalar defined

n (18).
Taking the time derivative of above Lyapunov function, one can get

LV <22"P(Az + f (v,2 (t —d)) + BK) — 2" PB6 (t) B* Pz
+g(zz(t—h)" Pg(z,z(t—h))+ a100
+ (F+e3) [llall® = (L =7) fla (¢ = d (1)]°]
2 8+ 00) (2l — (L= B (e — (e)?)

(1i )<z§+z§t) (||BTP3: D)’ —(1—k:)HBTP:z:(t—h(t))||2)_

From Assumption 2.4, we obtain that
9" Pg < as ||BTPz|| ||z (t = b (1)]| + as HBTPHE (t —h@®)] ll]
+a1 | BT Pz|| ||| +a4HBTP:c t—h@®)|[llzt—h@))

(13)

T T _ 2
<m L |87 Pa® + 6, + HB PwH + 02 [l (t = (1) »

+ 5 | B Pz (t - h(t)>||2 + 03 |||
404 3

a2 2
oL |[BT P (= R O)] + 8o (6~ h (0P
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We know

20 P(A+ f (z, 2(t — d)) + BK)
=127 (PA+ A"P+ PBK + K"B"P) x4+ 22" PB¢ (z, 2 (t — d (1))
+ 22T P¢ (x, 2 (t — d)t))

2
<a" (PA+ AP+ PBK + K"BTP)a + BL ot pBB Py 4 5 |lzl®>  (15)

J5
3
(1—7’)56

+ep el +

+ TPBB Pz + (1 —1) 06 ||z (t —d (1)||* + e1722T PPx

€2

(1-7)

Substituting (14), (15) into (13), we can further obtain that

FyngPPa: +(1-7) 651 |l (t—d (t))||2 .

LV < —a 0z + (0-0) | BT Pz|’ + a '56, (16)
where
~®=PA+A"P+ PBK + K"B P + e,/2PP + 7' + (152 )WSPP
- T

1 1 (17)

+eg T+ 6) + 1_k52+53+m54+65+567

~ & 03 i a3 a3 aj
g b LT , 18
65 (56(1—7')—"_461+452+463(1—k)+464(1—/€) ( )

As we know if LMI (6) holds, the following inequality stands

€2
1-—

AX + XA+ BY +Y'BT + 1471 + VI + e ' XTX + ' XTX <0, (19)
T

Further, the following inequality holds (by multiply P on both sides of (19)

with P = X 1)

PA+ ATP 4+ PBK + KTBTP + (51712 + 15—27;4’) PP +ei'T+e,'T<0. (20)
- T

Therefore, from (17) and (20) we know there always exist sufficiently small positive

scalars §; (i =1,2,...,6) such that
o > 0. (21)

Substituting (10) into (16), we can obtain
LV < —2Tox (22)

which implies that the closed-loop system is robustly stable in probability.
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Corollary 3.1 If Assumptions 2.1, 2.4 and Assumption 2.2 with ((-) =0 are satis-
fied, and the pair (A, B) is completely controllable, the following controller

1

u=-3 0(t)BT Pz (23)
with adaptive law

do(t

PO _ 57 (24)

where a s a positive scalar, will render the closed-loop system (1) robustly stable in
probability.

Proof 1f (A, B) are completely controllable, for a given positive matrix Q there always
exist positive scalar p such that the following Riccati equality

PA+ A™P - uPBB'P = -0 (25)

has positive matrix solution P. From the above proof, we can design the following
controller

1 1
u=-3 uBT Px — 3 o(t)BT Px (26)
with adaptive law
do(t
% = a| BT Pz|?. (27)

Further we let 6(t) = ©(t) + p, where p is a positive scalar. Thus the controller (26),
(27) will give us the desired result.

Corollary 3.2 If B =1 (I is an identity matriz) and Assumption 2.1 holds, the
following controller

u; = —% O(t)x
with adaptive law
a0l
dt
will render the closed-loop system (1) robustly stable in probability.

= al|[|?

Proof If B =1, it is easy to see (A, B) are completely controllable and Assump-
tion 2.4 is satisfied. Therefore, we can design the required adaptive controller to achieve
our goal.

Remark 3.1 In the designed controller, we adopt the adaptive law (10). In fact, we
can also use the o-modification adaptive law, that is (10) can be changed into

dao(t) _ 2
= al| BT Pz||* — o6(t), (28)

where o is an adjustable parameter. Compared with the adaptive law (10), the modified
adaptive control law (28) can improve the robust performance for the closed-loop systems.
Similar to the proof of above, we can also obtain the closed-loop system (1) and (28) is
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uniformly ultimately bounded stable, and the bounds of the steady-state can be adjusted
to be sufficiently small by selecting small parameter o [4].

4 Control of Interconnected Time Delay Systems

In this section, we investigate a class of interconnected stochastic time-delay systems. A
controller is designed to stabilize the underlying system. Different from the literature,
instead of using bounds of uncertainties to design the controller, we assume all the
bounds unknown. Therefore, the proposed adaptive decentralized feedback controller
can be applied to stabilization of a large class of interconnected time-delay systems.
Consider the following interconnected systems whose i-th subsystem is described by

dr; = (Ale + Bzul) dt + fi(xi,xl,xg, ey Ty, T (t —di1 (t), e ,LL‘n(t — dm(t)))) dt

+gi(Ii,I1,I2, N ,xn,xl(t — hil(t), e ,In(t — hln(t))» dw, (29)
i=1,2,...,N.

We impose the following assumptions on system (29).
Assumption 4.1 For i, j =1,2,..., N, the time-varying time delays satisfy

dij(t) < 75 < 1, h”(t) < kj < 1. (30)

Assumption 4.2 For i, j =1,2,..., N and given @Q; > 0, there exist matrix P; > 0
and scalar o; > 0 such that the following equality holds
PiA; + A;P; — 0,P,B; B} P, = Q. (31)

Assumption 4.3 For i = 1,2,..., N, the nonlinear functions f;(-) satisfy matching
condition

Ji() = Bi& (), (32)

where &; (-) satisfies

N
16 (I < Z (pij 15| + @i llj (¢ = dij ())]]) - (33)

Here p;; and ¢;; are unknown positive scalars, ¢, j = 1,2,..., N.

Assumption 4.4 The following inequalities hold

N
9 ()" Pigi () < || BE P | (5 Nl 1| + G |5 (£ = hij (£))]])

j=1

N
+ > B P (t = hig)|| (i 5] + Py |5 (¢ = Rig (1))
j=1

where ¢;;, Eij, ;5 and Eij are positive scalars, i,7 =1,2,..., N.

Now we are ready to present our main result in this paper.
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Theorem 4.1 For interconnected stochastic systems (29) under Assumptions 4.1—
4.4, the following decentralized feedback controller, for i =1,2,..., N,

1

with adaptive law
do; (t)
dt
will render the closed-loop system robustly stable in probability, where a; is a positive
scalar.

— a;||BF Py ) (36)

Proof Choose the following Lyapunov function

t

N N N
1
V=2 Vit D D / 5 () d<+z CH
i=1 i=1 =1 i
N N t
1
2.2 (13 % 05) / [EAIRS (37)
i=1 j=1 R

t

N N
1 - _
22 T 05 % + 65, %5,) / 1B Pis (€)1,

i=1 j=1 s

J

where 655 (s € [1,6], j € [1, N]) are positive scalars and

T
Vi = x; P,

0,(t) =6, -6;(1), 5%)

O, is defined in (44) (below).
Taking the derivative of V' with respect to time ¢, along the closed-loop system, we
obtain

LV = ZLV+ZaZ

_lTj by (g (1 = (L= 7) s (¢ = iy ()]

s
,_.

+
e
Eﬁz

i=1 j=1
N N 1 39
E I e () (g I = =)y (6= g ) )
i=1 j=1 J
N N 1 .
DD T i (5531 bt 5631%)
i=1 j=1
2
x (IBEPai]|” = (1= ky) | BE P (¢ = iy 0)]°)
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We know
LV; = 2z} P, (Asx; + Bius + f;) + gF Pigs (40)

and
2z} Pif; = 2x] PiB&; (+)

2

< [2|2F PiBi|| pij Nl | + 2 |2 PiBi|| @i Nl (= diy ()]

j=1
3 (41)
< Z [ 1j pw |7 PiB; H + 615 [l }
j=1
al 2
- 2
+ 37 (65168 [aT BB+ 00l ¢ = i (1)
j=1
From Assumption 4.3 one can get
N
95 Pigi <Y |IBF Pl (Gis |5 | + Gyl (8 = P (0)])
j=1
+ Z 1B Pas (t = hag ()| (gl + Pyl (¢ = hag (£))[])
Jj=1
N
<3 [6510% | BE P |” + 0 1] (42)
j=1
al 2 2
—17 2
+ Z 03 03 || B Piwal|” + 0 g (t = hij ()] }
j=1
al 2
- 2
+Z 0 % || B Prava (t = hag (0)||” + 85, |5 | }
j=1 -
N ) )
—1.7 2
+ Z 0o; Wi | B P (t = hij ()| + b; [l (£ = hij ()] } :
j=1 -
Substituting (40)—(42) into (39), we obtain
N
LV <3 [oF (PAi + AT P = 0P, BB ) i + 01 || BY P
1=1
N . N )
+3° (018 (08 (1) - 0. (1) [T P )
i=1
N N L
+ ZZ ( 1j pw + 52; ‘pw + 53; 'j + 54_j1¢ij (43)

N
Il

-
.
Il

s

k

<)

(5503 + 5573) ) 137 Pan

1
01, + 52; + 935 + T % (8aj + 065) + 055 | 151
J

+
M= T
Mz

s
Il
-

<.
Il
-



312 CHANGCHUN HUA, XINPING GUAN AND YAN SHI

Let

N
A —-1 2 -1 2 -1 ,2 —172 1 —1,,2 —172
0= <51j Pij + 095 P + 035 G35 + 045 by + =k (55j ¥i; + 6; %) > + i,

j=1
o = N | 815 4+ —— a1 + G31 + —— (S4s + 052) + 0o (44)
i = 14 1_ P 21 3 1_ kz 41 61 5t -
Further, we obtain
N R N .
=1 1=1

Substituting (36) into (45), we obtain that

N

LV ==Y al(Qi — \il)x;. (46)

i=1

From (46), by selecting sufficiently small parameters d;; (I € [1,6]) we know parameters
A; can be small enough to ensure

Qi — N1 >0.

It is readily to see that the closed-loop interconnected time-delay systems are robustly
asymptotically stable in probability.

5 Numerical Examples

In this section, simulation examples on time-delay stochastic systems and interconnected
stochastic systems are given to demonstrate the validness and feasibility of the obtained
theoretic results in previous sections.

Ezxample 1 Consider the following stochastic time-delay system
et 3 1 ks (t—0.5(1+sint))sint n 01,z
B 1 2 012 (t) cost 1

8 (|2 |1 ])"?
+ {53332 (t —0.3(1+sin(¢)))cost dw,

(47)

where 1, 02 and J3 are arbitrary scalars. We know the above system satisfying Assump-
tions 2.1 and 2.2, and when X =1, Y =0, 1 = e5 = 1, Assumption 2.3 is also satisfied.
Further we can verify that Assumption 2.4 also holds.

Therefore, based on Theorem 2.1 we can obtain the following controller

u= —% 0(t)BT Pz
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2 T T T T
- x
1 — w2 |
0
-1 ]
2 ]
3 - - - -
0 2 4 B g 1t 10
Figure 5.1. The states response curves with J; = 1.
20 T T T T
— 1
R
15 : - - :
a 2 4 b g t 10

Figure 5.2. The states response curves with J; = 5.

with adaptive law

do(t) . o
ar [l

The initial values are chosen as
2n0)=2  w(0)=—1,  0(0)=2

and the sample time is 0.01s. The simulation results are shown in Figure 5.1 and Fig-
ure 5.2. In Figure 5.1, it shows the response curves with above adaptive controller when
01 = do = 63 = 1. With the same controller, the response curves are shown in Figure 5.2
when é; = 5. From the figures, we can see that the designed controller can render the
closed-loop system stable.
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Ezxample 2 Consider the following stochastic interconnected time-delay system

. —4 1 r11 0 53 (|$11x21|)1/2
dzy = ([ 1 1} [m] + M “) dt + [54:1:12 (t—0.3(1 +sint)) cost | ™

0
+ [51$21 (f —0.6 (1 + sin t)) + 521’11 (f —0.5 (1 —+ cos (f))):| dt’

dm?‘{[f _14] sz N m - [55(|x21 (t-0.6(1O+sin(t)))x12|)1/2}}dt

dex21

+ [57 (Jz12 (t — 0.3 (1 + cos (t))) $21|)1/2} dw.

We can verify that Assumptions 4.1—4.4 hold with P; = I. Therefore the following
decentralized feedback controllers can be constructed.

©,(t)Bf Px; (48)

N~

U; = —

with adaptive law

~

6, (t)

e (49)

The initial values are chosen as
{E11(0) = 2, Ilg(O) = 1, T21 (O) = —1, IQQ(O) = —2, @Z(O) = 2.
When the parameters §; = 1, the states response curves are shown in Figure 5.3, while

Figure 5.4 depicts the curves when §; = 5. From the two figures, the proposed decentral-
ized feedback controllers guarantee the closed-loop system stable.

2 - . . :

2 - - - -
1] 2 4 ] 5] t 10

Figure 5.3. The states response curves of interconnected systems with §; = 1.
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2 T T T T
— x11
— %12

1 ---- w21
— - ¥

0

-1 i

2 - . L .

0 2 4 B g t 10

Figure 5.4. The states response curves of interconnected systems with §; = 5.

6 Conclusion

In this paper, the robust control problem for uncertain stochastic time-delay systems is
investigated. First we considered a simple class of systems and designed the correspond-
ing adaptive feedback controller. Based on L-K method, we proved that the resulting
closed-loop system is asymptotically stable. Next, we studied the problem of adaptive
control of a class of time-delay interconnected stochastic systems. Sufficient conditions
to construct a desired controller are derived. Simulations on controlling the uncertain
systems are conducted and the results showed the potential of the proposed techniques.
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