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Editorial

Stochastic nonlinear differential equations have been widely used to model physical sys-
tems that have abrupt variations in their structures. These abrupt variations may re-
sult from component and interconnection failures or repairs, parameters shifting, sudden
environmental disturbances, abrupt variations of the operating point, etc. Stochastic
nonlinear differential equations typically consist of both continuous and discrete states,
which are, respectively, modelled by nonlinear differential equations and stochastic pro-
cesses. Time-varying engineering systems such as electrical networks, economic systems,
manufacturing systems, communication systems, and so forth have the characteristics of
time-delay. In general, the existence of time delays degrades the control performance
and may make the closed-loop stabilization very difficult.

Over the past two decades, considerable researches have been done on the analysis and
synthesis of time-delay stochastic linear systems (TDSLS). Delay-independent method-
ologies for TDSLS which guarantee stability and prescribed performance level have been
obtained. Recently, delay-dependent methodologies for TDSLS have been developed to
reduce the conservativeness of the delay-independent methodologies. To the best of our
knowledge, stability analysis and synthesis for time-delay stochastic nonlinear systems
(TDSNS) have not been thoroughly invesigated yet. It was an inspiration to organize a
special issue of this journal on:

Stability Analysis and Synthesis
for Time Delay Stochastic Nonlinear Systems

This special issue is composed of the invited papers written by leading researchers in
the field of control systems science and engineering. Various novel methodologies have
been proposed for TDSNS. The stabilization problem for TDSNS is addressed in three
papers. Four papers extend Hi,s design methodologies for TDSLS to TDSNS. One paper
generalizes the concept of dissipativeness deloped for non-delay deterministic systems to
TDSNS and one paper studies the problem of adaptive control for a class of TDSNS.

We would like to thank Professor A.A.Martynyuk, Editor-in-Chief of the Journal, for
providing us the opportunity to organize the special issue. Finally, we would like to
sincerely thank the contributors and the referees for all their hard works.

We hope that the Journal readers will share our evaluation and that the issue will be
welcome by a broad scientific community and will become a long-standing reference.

Sing Kiong Nguang! and Peng Shi? — Guest Editors

IThe Department of Electrical and Computer Engineering, The University of Auckland, Private Bag
92019 Auckland, New Zealand.
2Peng Shi, School of Technology, University of Glamorgan, Pontypridd, CF37 1DL, United Kingdom
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Dissipative Analysis and Stability of Nonlinear
Stochastic State-Delayed Systems
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Abstract: In this paper, we extend the concept of dissipativeness developed
for nondelay deterministic systems to stochastic state-delayed systems with
Markov jump disturbances. We give necessary and sufficient conditions for the
system to be dissipative and to have finite Lo-gain also known as the bounded-
real condition. Finally, we discuss the relationship between the dissipativeness
of the system, its Lo-gain, and its stochastic stability.

Keywords: Nonlinear state-delayed system; Markov jump process; dissipative sys-
tem; Lo-gain; bounded-real lemma; stochastic stability.

Mathematics Subject Classification (2000): 60H10, 93C10, 93D05.

1 Introduction

The important concept of dissipativity developed by Willems [14,15], Hill and Moy-
lan [5, 6] and Anderson [1], has been proven very successful in many feedback design syn-
thesis problems [1,11,12,14]. This concept which was originally inspired from electrical
network considerations, in particular passive circuits, generalizes many other important
concepts of physical systems such as positive realness, passivity, and losslessness. As
such, many important mathematical relations of dynamical systems such as the bounded
real lemma, positive real lemma, the existence of spectral factorization, and Ls-gain of
linear and nonlinear systems have been shown to be consequences of this important the-
ory. Moreover, there has been renewed interest lately on this important concept as having
been instrumental in the derivation of the solution of the nonlinear Ho, control problem
[12]. Tt has been shown that a sufficient condition for the solution to this problem is the
existence of a solution to some dissipation inequalities.

@ 2004 Informath Publishing Group. All rights reserved. 243
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However, the theory of dissipativeness more generally studied by Hill and Moylan [5, 6],
Willems [14,15] is purely from a deterministic setting. Many physical systems are how-
ever stochastic; for example, a control system is constantly perturbed by unwanted dis-
turbances, a communication system is affected by noise while an aeroplane is frequently
fluttered by air pockets. In addition, many physical systems are subject to random
changes which may result from abrupt phenomenon such as component and interconnec-
tion failures. Hence fault-tolerant systems have been developed to ensure high reliability
and performance in such situations.

Therefore, in this paper, we extend the theory of dissipativity to include stochastic
state-delayed systems or systems that are subject to random disturbances. In particular,
we consider a class of nonlinear stochastic systems with state-delay and random Markov-
ian jump parameters or disturbances. This class of systems belongs to the class of hybrid
systems with continuous state dynamics and discrete parameter variation. The control
and filtering problems for this class of systems has been discussed by many authors
[3,9,10]. In particular, Rishel [10] has derived the minimum principle for the general
nonlinear case without state-delay and in which the adjoint equations are deterministic.
While Ji and Chizeck [3, 7] have derived the structural properties, namely, controllability,
observability and stability for the linear case. Furthermore, the problems of controller
design for the linear case using LQ and LQG criteria have been discussed extensively in
Mariton [9].

Thus, in this paper, we discuss additional structural (or internal) properties of this
class of systems which are closely associated with their stability. We discuss the dissipa-
tive properties of this class of systems, which determine whether they absorb energy and
conserve it, or dissipate it; and based on this property, what could we infer about the
stability of such systems? We also give a fresh interpretation of the concept of dissipativ-
ity as both an input/output property and an internal property of a system. The closest
work to the current one in this paper can be found in [4] for systems without state-delay.

The paper is organized as follows. In Section 2, we define the problem and discuss
necessary and sufficient conditions for a nonlinear state-delayed system with Markov
jump disturbances to be dissipative. We continue this discussion in Section 3 for the case
of a quadratic supply rate and discuss the relationship between the dissipativity of the
system and its L2-gain, which leads to the bounded-real lemma for this class of systems.
Finally, in Section 4, we discuss the implications of dissipativity on the stability of the
system. Conclusions are then given in Section 5.

2 Dissipativity of State-Delayed Nonlinear Stochastic Systems with Jumps

In this section, we define the concept of dissipativity of a state-delayed nonlinear system
with jump Markov disturbances. The notation is standard except where specified other-
wise. Moreover, R, is the positive real-line, R" is the n-dimensional Euclidean space and
| - || represents the Euclidean vector norm. The spaces L1 0c((to, 1), R), £2(]0,T], R™)
are the standard Lebesgue spaces of locally integrable on (tg,¢1) and square integrable
over [0,T] vector functions on R™ respectively. While £4([0,T7], (2, F, P)) is the corre-
sponding space over the probability space (2, F, P), in which € is the sample space, F
is the o-algebra generated by 2 and P is a probability measure over F. Lastly, F will
denote the mathematical expectation operator.

Let us at the outset consider the following piece-wise autonomous nonlinear state-
delayed system defined over an open subset X x § of R™ x Z; with X containing the
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origin,
Looat) = fz@), z(t —d), u(t), r(t)),
z(t) = o(t), te[=d,0], =z(to) =zo = ¢(to), (1)
y(t) = h(xz(t),r(t)), (2)

where x(t) € X is the state vector, u(t) € Y C RP is the input function belonging to
an input space U, d > 0 is the delay, y(t) € ¥ C R™ is the output function which
belongs to the output space ¥ C R™, and ¢(t) € C[—d,0] is the initial function.
Besides the dependence on the input and initial conditions, the state of the system is
also a function of the discrete parameter r(¢) which is a continuous-time homogeneous
Markov process with finite discrete state-space S £ {1,2,...,1}. We assume that the
probabilities P; = (Pyy, ..., Py), with Py £ P(r(t) =1i), i = 1,...,1, satisfy the forward
Kolmogorov equation

P _
OF = AP, Py=P, tel0,T]
ot
where A = [\j;]i jes is the transition matrix, and A;; are real numbers such that for
i # 7, Aij >0, and for all ¢ € S, A\ = —Z#i Aij . In other words, the transition
probabilities are given by
Aijh 4+ o(h if j+#14,
Phtem =g o =i = { R
1+ Xish + o(h) if j=1,
. _o(h)
where o(h) are the remainder terms such that lim ——= = 0.

—0 h
The functions f: X X X xU xS — X, h: X xS — Y are real smooth functions of

their arguments for each r(t) € S. We also assume the following.

Assumption 2.1 The system X is causal, time-invariant and finite-dimensional.
Further, the functions f(-,-,-,7(¢)), h(-,r(t)) for each value of r(t) € S are smooth
C® functions of z € X and uw € U such that the system (1) is well-defined; that is,
for any initial state xz(tp) € X, initial mode r(tg) = ro € S and any admissible input,
u(t) € U, there exists a unique solution (¢, to, xo, Tty—d, 70, %) to (1) on [tg,00) which
continuously depends on the initial data.

Alternatively, the following assumptions are also sufficient to guarantee the existence
and uniqueness of solutions to the system ¥ [2].

Assumption 2.2 For all ¢, t1, t2 € [—d,0), r(t) € S,
(a) (Lipschitz condition)

Hf(.’L‘(tg),:C(tg - d)? u(t2)7 T(t))) - f(x(tl)v CC(tl - d)? u(t1)7 T(t))”

< Kqllz(te) — x(th)|| + Kal|z(ta — d) — 2(t; — d)|| + Ks|ju(tz) — u(t1)]|
Vx(tg), LL’(tl), LL’(tQ — d), LL’(tl — d) e X, u(tl), ’u(tg) EU;

(b) (Restriction on Growth)
1f (@), 2(t — d),u(t), ()PP < KT (1 + lz@)[I*) + K31 + [Ja(t — d)||*)
+ K31+ lu@®)|®), Vao@),z(t—d) eX, uecl
Ih(t,z(t), r()Il < Ka(1 + [2(®)]?), Ya(t) € X,
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where K1, K5, K3, K, are positive constants.

Now let F; be the o-algebra generated by r(t), ¢t € [0,7]. Then we take the input
space U and output space ), to be Fi-measurable, and piecewise continuous. Similarly,
the functions f(-,-,-), h(,-) are also assumed to be F; measurable by continuity with
respect to z € X.

If the system X is viewed as a black box with only inputs and outputs, then in the above
representation, the system X is a map X: U x X x § — ) which transforms inputs to
outputs through state functions z(t) € X for each r(t) € S. In view of this, if we assign
an energy measure to both the inputs and outputs of the system, then it is possible
to infer the internal behavior of the system by comparing these two quantities. This
motivates the following definition of a supply rate to the system.

Definition 2.1 A function s(u(t),y(t)): U x Y — R is a supply rate to the system
3 if s(+,-) is piecewise continuous and locally integrable, i.e.,

E

/ [s(u(t), y ()] dt] <o (4)

or s(+,) € L1,10c(to,t1) for any (to,t1) € R%, for all u(t) € U.

Remark 2.1 The supply rate s(-,-) is a measure of the instantaneous power into the
system. Part of this power is stored as internal energy and part of it is dissipated.

It follows from the above definition of supply rate that, to infer about the internal
behavior of the system, it is sufficient to evaluate the expected total amount of energy
expended by the system over a finite time interval. This leads us to the following defini-
tion.

Definition 2.2 The system X is dissipative with respect to (wrt) the supply rate
s(t) = s(u(t),y(t)) if for all u(t) €U and to,t; € R%,

ty

/s(u(t),y(t))dt] S0, Y > . (5)

to

E

when evaluated along any trajectory of the system starting at tg, z(¢t) = 0.

Remark 2.2 The above definition suggests that, the dissipativity of the system is an
input-output property. This is also the notion put forward in [5]. Furthermore, it also
raises the following question: Can every finite dimensional, time-invariant, causal system
be rendered dissipative by a suitable choice of input? The answer to this question will
be given in due course, but in short it is: yes and no!

The above Definition 2.2 being an inequality postulates the existence of a storage func-
tion and a possible dissipation rate for the system. It follows that if the system is assumed
to have some stored energy which is measured by a function ¥: Ry XX x X xS — Ry,
then for the system to be dissipative, it is necessary that in the transition from ¢y to t1,
the total amount of energy stored is less than the amount expended. This suggests the
following alternative definition of dissipativity.
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Definition 2.3 The system X is said to be dissipative with respect to a supply rate
s(u(t),y(t)) if for all (to,t1) € R% there exist positive-semidefinite functions (storage
functions) ¥: Ry x X x X x § — R4, such that the inequality

BU(ty, a(ty), oty —d), r(t1))—U(to, z(to), x(to—d), r(to)) < E /s(u(t),y(t))dt] (6)

to

is satisfied for all ¢; > tg, modes r(t1),r(t2) € S and initial states z(to—d),zo € X X X,
where z(t1) = x(t1, to, o, Ttg—d;, To, U)-

In the sequel we shall also use the following notations z(t;) = xy, = a;, x(t; — d) =
ZTp,—ay T(ti) =13, 1 € Z.

Remark 2.3 The system is also said to be lossless if the above inequality (6) is satisfied
as an equality.

The above inequality (6) can be converted to an equality by introducing the dissipation
rate d: M xU xS — R according to the following equation

E\Ij(tl7xt17xt1—d7rl) - \Ij(t07x07xto—d7ro> = E

/ [(6) + d(t)] dt] , -

to

Vti1 > to, Vry,rg €S.

Remark 2.4 The dissipation rate is nonnegative if the system is dissipative. Moreover,
the dissipation rate uniquely determines the storage function ¥(-,-,-,r(t)) for each r(t) €
S [15].

We now define the concept of available storage, the existence of which determines
whether the system is dissipative or not.

Definition 2.4 The available storage U%(¢,z,r(t)) for each r(t) € S of the dyna-
mical system ¥ is the quantity:

\I’a(tvx(t)v I(t - d)v T(t)) = sup —-F
o=z, ucU,t>0

where the supremum is taken over all possible inputs, v € U starting at = and time ¢y = 0.

It follows that, if the system is dissipative, then the available storage is well-defined
and finite in each state of the system z, and mode ry. Moreover, it determines the
maximum amount of energy which may be extracted from the system Y. This is stated
in the following theorem.

Theorem 2.1 The available storage, W*(-,-,-,7(t)) for each r(t) € S, is finite if
and only if (iff) the system is dissipative. Furthermore, any other storage function is
lower bounded by W*(-,-,-,7(t)) for each r(t) € S, d.e., 0 < V(- - - r(t)) < U(-,-,-,7(t)),
r(t) € S.

Proof Notice that U(-,-,-,-) > 0 since it is the supremum over a set with the zero
element (at ¢t = 0). Now assume that ¥*(-,-,-,-) < co. We have to show that the system
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is dissipative, i.e., for any (to,t1) € Ri

ty

[ stutr).utm i
to
Vg, 21 € X, 719,71 €S.

\I/a(to,xo, CC(tO — d), 7"0) + E Z E\IJa(tl,Il, I(tl — d), ’I”1>,

(9)

In this regard, notice that from (8)

t1
EV(ty,z1, x(t1 — d), 1) — $(to, o, x(to — d), r9) =sup E| — /s(t) dt], 10
) (10)
VTQ, r € S.
This implies that
ty
E\I’a(tl,dil, {E(tl - d), Tl) > \I/a(fo,xo, LL‘(to - d), T‘o) + E /S(t) dt‘| y (11)
to

and since all the above quantities are greater or equal to zero, it implies that U(-, -, -, r(t))

satisfies the dissipation inequality (6) for each r(t).
Conversely, assume that ¥ is dissipative. Then the dissipation inequality (6) implies

that
ty

/ s(t) dt

to
Vrg,x1 € X, 19,71 €S8,

\Ij(t())l’vatgfd)TO) + E Z E‘Ij(tl,flfl,l'tl,d,'l'j) Z 07

(12)

by definition. Therefore,

\I](t07x07xt0—d77.0) Z -F +E

O/s(t) dt

/ s(t) dt] (13)

which implies that

- b/ s(t) dt

Hence U(t,z, z(t —d), r(t)) < oo Vz € X, r(t) € S.

\I](t07x07xt0—d77.0) Z sup E = \I]a(t07x07xt0—d7T0)' (14>

r=x0,ucU,t>0

Remark 2.5 The above theorem summarizes the answer to the question we raised
above, that dissipativity is both an input/output property and an internal property. It
suggests that a system that is not dissipative wrt one supply rate may be dissipative wrt
to another. It therefore follows that the system must possess some internal structure
such that, the available storage W°(-,-,-,7(t)) is well-defined for each r(¢) € S and in
each state of the system for a particular supply rate.
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Remark 2.6 The importance of the above theorem in checking dissipativeness of
the nonlinear system Y cannot be overemphasized. It follows that, if the system is
reachable from the origin {0}, then by an appropriate choice of an input u(t) such
that Ue(-,-, -, r(t)), r(t) € S is finite, it can be rendered dissipative. However, evaluating
Wa(. - - -) is a difficult task without the output of the system specified a priori or solving
the state equations. This therefore calls for an alternative approach for determining the
dissipativeness of the system. This is discussed in the next section.

3 Relationship with L£o-gain

In this section, we discuss the connection between the dissipativity of the nonlinear system
Y with its Lo-gain. In the classical paper by Willems [14], the relationship between
dissipativity and Linear Quadratic (LQ)-control has been shown and this relationship
has been exploited to prove the existence of solutions to certain infinite-horizon LQ-
control problems leading to the Algebraic-Ricatti equation (ARE). Similarly, we also
discuss the relationship between the dissipativity of the nonlinear system with certain
Hamilton-Jacobi equations arising in the Lo-gain optimization of the nonlinear system.
To this end and for the purpose of clearity, let us consider an affine representation %% of
the system ¥ defined by:

L0 a(t) = fz(t), x(t —d), r(t) + gz, r(t))u(t), (15)
x(t) = ¢(t)a le [_2d7 0]7 x(tO) = o = ¢(t0)
h(z(t),r(t)), (16)

where g(-,-) € C%®°(X x S) € R™**. In this case, our existence and uniqueness Assump-
tions 2.2 take the following form:

Assumption 3.1 For all ty,t5 € [—2d,00), r(t) € S,
(a) (Lipschitz condition)

[ f(z(t2),z(t2 — d),r(t)) — fz(tr), x(tr — d), r(¥)[| + [lg(x(t2),7(t)) — g(x(tr), )|
< Ki|z(te) — x(ty)]| + Kal|z(ta — d) — z(t1 — d)|| + [Ju(ta) — u(t)]],
Va(ty),z(te) € X, wu(ty),u(t:) € U;

(b) (Restriction on growth)

1f(@(t), z(t — d),r(O)* + llg(=(t), 7O < KZ(1+[|2]*) + K3 (1 + [[a(t — d)[|*)
+ K21+ lu@®)|?), V@), z(t—d) € X, wu(t)el,

where K1, K, K3 are positive constants and ||g|? = Tr(gg”) represents the matrix trace
norm.

The question we wish to answer in this section is the following: If we restrict the
input space U of the system to be the space L£o[—2d, o), then under what conditions is
the system dissipative 7 or can be rendered dissipative? To motivate the discussion, we
expand the definition of Lo-gain [12] as follows.
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Definition 3.1 The system (15) is said to have La-gain from u(t) to y(t) less than
or equal to some number ' > 0 if for all (¢o,t1) € [—d, 00), initial state vector xo € X,
and mode 19 € S, the response of the system y(t) due to any u(t) € L3[0,00) satisfies

t1 t1
g| [ ||y<t>||2dt]s§7’2 SOOI + e = 0Py at + b ro) Y1z (1)
to to

and some class K functions [13] 8: X x S — Ry, B(0,r(t)) =0 Vr(t) € S.

Remark 3.1 In the above definition, if d = 0, we recover the usual definition of
Lo-gain for non-delay systems. In this regard, right-hand side represents an average.
Moreover, in the sequel we shall let v = +’/v/2 and call y the Ly-gain of the system with
a slight abuse of the definition.

Remark 3.2 1t is also obvious from the definition of £3-gain and dissipativity of the
nonlinear system (15) wrt to the supply rate s(u(t),y(t)), that, dissipativity of the
system wrt the supply rate s(u(t),y(t)), implies finite Lo-gain < 7.

Furthermore, from the definition of dissipativity given in (6), if the function U(¢, x(¢),
x(t—d), r(t)) belongs to C*(Ry x X x X), it is possible to go from the integral version
of the above dissipation inequality (6) to the differential form. This is stated in the
following lemma. We shall also be particularly interested in the following supply rate

s(u(t), y(1)) = 572 (lu@)II* + llult — DII?) — 3lly@®)]?, v > 0.
In the sequel, we shall also use the notation r(t) =¢ and r(¢t) =7, i,j € S.

Lemma 3.1 The nonlinear system %% is dissipative wrt the supply rate

sul0) 9(0)) = 572 (I + Jult ~ D)) ~ 5l

if there exist some C' nonnegative functions ¥: R x X x X xS — Ry such that the
following differential dissipation inequality is satisfied for all x(t) € X, r(t) € S:
\Ilt(tv Tty Lt—ds T(t)) + ‘IJEt (ta Tty Ti—ds T(t))[f(xtv Tt—d, T(t)) + g(xh T(t>>u]
+ Vo, y[f (@1-a, Be24, (£ = d)) + g(2t—a, 7(t — d))u(t — d)]
| 1 18
Y AWl aiea ) - 3@+ - ) + S ly@)F <o, 18)
r(t)=j€8
U(t,0,0,7(t)) =0 VteR, r(t)=1i, u(t),ult—d) e Ls—d, ),

where We(ey ), Wa (o, 0,0) and Uy, (-, -,-) are the row vectors of partial derivatives
of U(, ) wrtt, xy and xi—q respectively.

Proof Without any lost of generality, we will take to = 0 and ¢t; = T. Now consider
the following variation of the Dynkin’s formula [8]:

EV(T,z(T),z(T —d), r(T)) — (0,20, x—d,70)

. (19)

T
/E\Il(t,x(t), ot —d), r(t))dt| YT >0,
0
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where L is the infinitesimal generator of the process (z(t),r(t)), ¢ > 0 [8,9]. Then using
the above formula (19) in the dissipation inequality (6) and the fact that

LUt x,xe—q,7(t)) = Ui(t, x4, xo—g, r(t))
+ \I/It (tv Lty Lt—d, T(t)) f(xta Lt—d, T(t)) + g(xtv T(t))u]

+ Vo, o [f(@e-d, 2e2a,7(t = ) + g(24-a,7(t = d))u(t — d)] (20)
+ Z Xij¥(x,r,5), r(t) €S,
r(t)=j€S

the result follows.

Remark 3.3 By virtue of the above lemma, we will henceforth consider only C* storage
functions in this paper.

Lemma 3.2 For the nonlinear system X%, we have the following implications: (a) <
(0) = ()

(a) the system X% satisfies the dissipation inequality (18);

(b) the system L% is dissipative wrt to the supply rate s(u(t),y(t));

(c) the system L has La-gain from u(t) to y(t) less than or equal to .

Proof (sketch) (a) < (b) follows from Lemma 3.1 above, while (¢) follows from
(6),(17) and the fact that E¥(-,+,-,-) > 0 by Theorem 2.1.

We now state the main result of this section which is a consequence of Lemmas 3.1
and 3.2 above.

Theorem 3.1 A necessary and sufficient condition for the nonlinear system (15) to
be dissipative wrt the supply rate

su(0), y(1)) = 522 () + e — %) — 5 (o)

is that there exist a set of smooth positive-semidefinite solutions of the following stochastic
Hamilton-Jacobi (HJ) inequality for each r(t) € S:

U(t, xe, ©e—a, () + Vo, (6, x4, i, 7()) f (24, T4 g, (1))

+ o (o m, @ema, 7 () f (s Ti—24,7(t) + =5 Vo, gz, 7(t))g" (20, 7(t)) VL,

1

2~2

+ > AUt anaa ) <0, W(t0,0,i) =0 YeeX, r(t)=icS.
r(t)=j€S8

1
2~2
1 . .
Uy, ,g(xe—g,r(t — d))gT(xt_d, r(t — d))\IfT + 3 hT(xt, i)h(ze, 1)

Tt—d

+ (21)

Proof (Necessity) Theorem 2.1 has shown that if the system 3¢ is dissipative, then
there exists at least one set of solutions to the dissipation inequality (6) for each r(t) € S
which is given by the available storage, W*(t, x4, x1—q,7(t)), r(t) € S. We now show that
any solution of the dissipation inequality (6) is also a solution to the HJ-inequality (21).
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If the system is dissipative with storage function W(-,-,-,), then along any trajectory
of the system, the differential dissipation inequality (18) is satisfied. The left-hand-side
(LHS) of this inequality is a quadratic function of w with maximum at

u*(t, x) = %QT(%JU))\PQ (e, m(£))- (22)

The maximum value of the function corresponding to this stationary point, is given by
\I/t(tv Tty Tt—d, Z) + \Ijzt (t; Tty Tt—d, Z)f(xt; Tt—d, Z)

1 . .
+ Vo, o (t @, Be—q, 7 (1)) f(Ti—a, Te—2a,7(t)) + 22 Uy, g(ae,i)g” (1) 0,
1 1 . .
top Vo, yg(@ea,r(t —d)g" (wea,r(t — )V, + 3 WY (2, i)h(z, i)

(23)

+ injqf(t,xt,xt,d,j) VeeX, i€S.
jES

But the inequality (18) holds for all u(t), u(t —d) € La[—d, 00). Hence it must also hold
for u*(), and the result follows. This proves the necessity part of the theorem.
(Sufficiency) To prove sufficiency, we will show that, if there exists a solution to the HJ
inequality (21), then the system is dissipative. Therefore, let ¥(-,-,-) > 0 satisfy (21),
then completing the squares, we get

\I/t(t; Tty Tt—d, 7’) + \I/It (tv Tty Tt—d, Z)[f(xtv Tt—d, Z) + g(xh Z)U(t)]
+ Vo, o [f(@t—d Tt—2d,7(t — d)) + g(Tt—a,i)u(t — d)] + Z AijU(t, e, xe—a, j)
JjES

2 2 2
o 1 o 1 . . o
< 7||U(lf)||2 - §||y(t)||2 - 7IIU(t) 2 9" (@, i)V (z,0)|* + 7|\U(t —d)|?

,.YQ

1 .
- 7”“(15 —d) - e g (@4—q, 1)UL (t—d,24—q, 3424, 7(t — d))|)?

zo-al

Va(t),z(t—d)e X, i€,
which implies that

\I]t(tu Tty Tt—d, Z) + \I]:Et (ta Tty Tt—d, Z)[f(xta Tt—d, 7’) + g($t7 Z)U/(t)]

+ \I]It,d [f(xt—d7 Tt—2d, T(t - d)) + g(xt—da Z)U(t - d)] + Z )\Z]\I](t7 T, xt—dmj)
jeS
7 2 2 1 2 .
< S (@l + llut = dI7) = Sly@OIF YzeX, ieS.

Thus, the dissipation inequality (6) and (18) are satisfied, and hence the system is dissi-
pative wrt to s(u(t), y(t)).

Remark 3.4 The inequality (21) is known as the bounded-real inequality or condition
for the system ¢ and Theorem 3.1 is the equivalent of the bounded-real lemma for linear
systems.
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Remark 3.5 The above theorem provides an alternative approach for determining
dissipativeness wrt to the quadratic supply rate. It follows that, if the system possesses
the structure such that there exist smooth solutions to the HJ inequality (21) for each
mode of the system, then it guarantees the dissipativeness of the system.

4 Stability of Stochastic State-Delayed Jump Systems

In the previous two sections we have defined the concept of dissipativity of the state-
delayed nonlinear Markovian jump stochastic system (1), and have derived necessary and
sufficient conditions for the system to be dissipative wrt to any supply rate. We have also
explored the relationship between the dissipativity of the system and its Lo-gain which
is expressed in terms of the bounded-real condition or a set of coupled HJ-inequalities.
Finally in this section, we shall relate the three concepts of dissipativity, £s-gain and
stability of the system ¥¢. The question we would like to answer is the following: under
what conditions relating to the dissipativity of the system X¢ is the equilibrium x = {0}
stable, asymptotically stable?

In the deterministic case, if we regard the storage functions U(-,-, -, 7(t)), r(t) € S as
generalized energy functions similar to Lyapunov functions, then to investigate stability
using these functions, we would require that they be positive-definite and their time
derivatives along trajectories of the system are negative-definite. Such an approach can
also be considered in the stochastic case with stability defined in a stochastic sense.
Therefore, we begin by first considering the conditions under which the storage function
U(-,-, ) is positive definite. This leads us to the following definition.

Definition 4.1 The free system (15) (with u(¢) = 0) is said to be stochastically
zero-state detectable if for any trajectory of the system such that y(t) = 0Vt > 0 =
tlim E{||z(t,0,20,2_4,70,0)|*} = {0}.

We now show that, if ¥(-,-,-,-) >0Vz € X, r(t) € S, satisfies the HJ-inequality (21)
as in the above Theorem 3.1, and the free system is stochastically zero-state detectable,
then the following lemma guarantees that W(-,-,-) > 0 Va(t),z(t —d) € X, z(t) #0 or
x(t—d)#£0, r(t) €S.

Lemma 4.1 Suppose ¥(-,-,-,-) > 0 Va(t),z(t —d) € X, r(t) € S, satisfies the
HJ-inequality (21) and the system is dissipative as in Theorem 3.1 above, then if the
free system is stochastically zero-state detectable, then W(-,-,-,-) >0 for all x(t) #0 or
x(t—d)#0, r(t) €S.

Proof The available storages given in equation (8) are strictly convex in w for each
r(t) € S and are the infima of all solutions of the HJ inequality (21). Any other set of
solutions W(t,z(t),x(t — d),r(t)), Vr(t) € S of the HJ inequality is lower bounded by
We(e - r(t)), ie.,

Ut x(t), x(t —d), r(t)) < U(t,z(t), z(t — d), r(t))

Va(t), a(t —d) € X, r(t)€S. (24)

We now show that, if the system (15) is reachable from the origin, then there exists
a choice of input w(z(t), r(t)), such that C*(¢t,z(t),z(t — d),r(t)) > 0 Vaz(t) # 0,
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x(t—d)#0, Vr(t) € Sand for T >0

U (t, xp, xp—q,7(t)) =sup E
ueld

T
B %{ /(72”““)”2 + [lu(t = d)II*) - ||y(t>||2}dt]. (25)
0

It has been shown (Theorem 3.1) that for any solution W¥(.,-,-,r(¢t)), r(t) € S, of the
dissipation inequality (18), the control w*(-,-) attains the above supremum. Therefore,

T
- %{72 @R+ e - a))) - |y<t>|2}dt

0

U (t, xp, xp—q,7(t)) = FE . (26)

Now using the HJ-inequality (21) or the dissipation inequality (18), we get

\I/a(ta Tty Tt—d, T(t)) > —-E

T
/ {‘Ijt (t; Tty Tt—d, 7’) + \I/It (tv Tty Tt—d, Z)[f(xt; Tt—d, Z)
0

+ gz, )" (O] + Vo, [f(@1-a, Tr—2a,7(t = d)) + g(x1-a,7(t = d))u”(t = d)]

+ZAijW(taxt7xt—d7j)}dt1 >_E

jes

T
/E\Il(t,xt,xt_d,r(t))dt
0
> U(0,20,2—q,70) — EV(T,2(T), (T —d),»(T)) >0, VT >0

by dissipativity and Theorem 2.1. Now, from the above inequality, the condition when
we(., -, -,0) =0 corresponds to

U(0,z0,2—q,70) = BEV(T,2(T),2(T — d),r(T)) =0,

and since this holds for all T > 0, it implies that ¥%(-,-,-,-) = V(0,z9,2_4,70) =
EVY(T,z(T),z(T — d),r(T)) = 0. This further implies that y(¢) = 0, u(t) = 0, which
by stochastic zero-state detectability implies that zo = z(T) = «(T — d) = {0}. Since
T > 0 is arbitrary, the result follows.

We are now in a position to exploit ¥(-,-,-,-) as a candidate Lyapunov function for
the system X% since any solution W(-,-,-,7(t)), 7(t) € S, of the HJ-inequality is positive-
definite and guarantees dissipativity of the system for all r(¢) € S. To do this, we first
define the following concept of stochastic stability.

Definition 4.2 The equilibrium point z = 0 of the nonlinear system (15) with
u(t) = 0 is stochastically stable, if for any initial state xp € X and 79 € S,

/E{Hﬂﬁ(tytoyfﬂo,fﬂ—dﬁo,0)\\2}dt < o0. (27)
0

However, the following definition of stochastic stability will be more appropriate for
our application in this paper.
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Definition 4.3 The equilibrium point z = 0 of the nonlinear system (15) with
u(t) = 0 is locally asymptotically mean-square stable, if for any initial state z¢p € X
and rg € S,

tli)rgo B{||x(t, to, 20,z _g4,70,0)]*} = 0. (28)

Remark 4.1 The above definition also implies that stochastic stability or asymptotic
stability in the mean-square sense implies stochastic Lo-stability [13].

Remark 4.2 Tt is also seen from the definition of Lo-gain (Definition 3.1) that, if we
take (to,t1) = (0,00), then if the Lo-gain of the system is finite, then the system is
stochastically Lo-stable.

Furthermore, since the question of stability can only be addressed on the infinite-time
horizon, the HJ-inequality (21) takes the following form:

\Ijmt(xta Tt—d, i)f(!Et, Tt—d, l) + ‘I’zt,d(wt, LTt—d, T(t))f(ivt—m Tt—2d, T(t))

1 . . 1
+ 2—72‘I’zt9(517t, i0)g" (x4, 1)UL, + 2—72\I/xt—dg(xt*d’ r(t —d)g" (x—a,r(t — d))\Ithid

+ lhT(x,i)h(:zr,i) + Z)\ijlll(t,xt,xt,d,j) <0 Vap,aiq€eXx, i€eS.
2 JjE€S
(29)
We now state our main stability theorem.

Theorem 4.1 Suppose X% is dissipative wrt to the supply rate

su(0), (1)) = 522 ? + e — d)%) — 5 o),

then X% satisfies HJ-inequality (23) for each r(t) € S and the system has Lo-gain less
than or equal to v. Moreover, if 3¢ is stochastically zero-state detectable, then the free
system x(t) = f(x(t),z(t — d),r(t)) is locally mean square asymptotically stable.

Proof The first part of the theorem has already been proved in Lemmas 3.1 and
3.2. For the second part, from Lemma 4.1, ¥(-,-,-,7(t)), Vr(t) € S is positive-definite.
Since 3¢ is dissipative, the free system with w(t) = u(t —d) = 0 satisfies the following

dissipation inequality:
o0
JACIR
B Yy
0

for any initial conditions zg,x_q € X, rg € S. This implies that

1 o0
= t)||* dt
5 [ Ivto

0

or y(t) € Ly((Q, F, P)[0,00)), and therefore, tlim E(||ly(t)||?) = 0. By the assumption

U(z(00), x(00), 7(00)) + E < W(wo, —a,70)

E < U(xo,x_d,70), Vo, 2_q€X, 10ES

of stochastic zero-state detectability, we also get tlim E(|z@®)|?) = 0.
—00
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Remark 4.3 Theorem 4.1 above gives the bounded-real [1] conditions for the nonlin-
ear system X% In the special case of linear systems, it gives necessary and sufficient
conditions for the Lo-gain (or Heo-norm ) of the system to be less than or equal to v and
to be locally asymptotically stable [1].

Remark 4.4 As a final remark, we mention that, if the jump rates A;;, ¢,j € S, are
very small, then all the results derived in this paper will approach the deterministic case.

5 Conclusion

In this paper, we have extended the theory of dissipative system developed for deter-
ministic systems to the case of stochastic state-delayed systems with jump Markov dis-
turbances. We have derived necessary and sufficient conditions for the system to be
dissipative and to have finite Lo-gain or the bounded-real condition, and have given
sufficient conditions for stochastic stability of the system.

This paper has clearly laid down a framework for studying the H, control and filtering
problems for such systems and the stability of feedback interconnections. Future work
will concentrate on these issues.
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Abstract: This paper considers the problem of designing a robust Heo fuzzy
state-feedback controller for a class of time delay nonlinear Markovian jump
systems. The proposed controller guarantees the Lo-gain of the mapping
from the exogenous input noise to the regulated output to be less than some
prescribed value. Solutions to the problem are provided in terms of linear
matrix inequalities. To illustrate the effectiveness of the design developed in
this paper, a numerical example is also provided.
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1 Introduction

Markovian jump systems are also called hybrid systems, that is, the state space of a
system contains both continuous (differential equation) and discrete states (Markov pro-
cess). The Markovian jump system has been widely used to describe a physical system
that changes abruptly from one mode to another mode. These abrupt changes may be
caused by environmental disturbances, component and interconnection failures, param-
eters shifting, tracking, and fast variations in the operating point of the system. Over
the past few decades, the Markovian jump system has been extensively studied by many
researchers (see [1-7]).

It is a well known fact that engineering processes frequently contain time delays. Sta-
bility and control synthesis for time delay systems have been one of the most significant

@ 2004 Informath Publishing Group. All rights reserved. 257
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issues in control engineering applications. Linear systems with Markovian jumps and
time delays have been addressed by a number of researchers (see, for example, [9—-11]).
In [11], the delay-dependent robust stability and the H, control of time delay linear
Markovian jump systems have been investigated. Although many researchers have stud-
ied the control design for time delay linear Markovian jump systems for many years,
the control design for time delay nonlinear Markovian jump systems remains as an open
area.

In the past two decades, the H, control design for a class of nonlinear systems de-
scribed by a Takagi-Sugeno (TS) fuzzy model has been studied by a number of researchers
(see [12—25]). In this TS fuzzy model, local dynamics in different state space regions
are represented by local linear systems. The overall model of the system is obtained
by “blending” of these linear models through nonlinear membership functions. In other
words, a TS fuzzy model is essentially a multi-model approach in which simple sub-models
are combined to represent the global behavior of the system. Recently, the design of fuzzy
H~ control for a class of nonlinear systems without delays has been significantly con-
sidered and many results have been reported (e.g., [12—14]). Furthermore, there have
been also some attempts in [18—23] in which robust fuzzy control analysis and synthesis
for nonlinear time-delay systems have been examined. To the best of our knowledge, the
global robust He, fuzzy state-feedback control problem for a class of uncertain nonlinear
Markovian jump systems with time-varying delay via an LMI approach has not yet been
considered in the literature.

The main contribution of this paper is to design an ‘H ., fuzzy state-feedback controller
for a class of time delay nonlinear Markovian jump systems described by a Takagi-Sugeno
(TS) fuzzy model. Based on an LMI approach, we develop a state-feedback controller that
guarantees the Lo-gain of the mapping from the exogenous input noise to the regulated
output to be less than a prescribed value. The solutions are given in terms of a family
of linear matrix inequalities.

This paper is organized as follows. In Section 2, system description and definition are
presented. In Section 3, based on an LMI approach we develop a technique for designing
a robust H fuzzy state-feedback controller that guarantees the Lo-gain of the mapping
from the exogenous input noise to the regulated output to be less than a prescribed
value. The validity of this approach is demonstrated by an example from the literature
in Section 4. Finally in Section 5, the conclusion is given.

2 System Description and Definition

The class of time delay uncertain nonlinear Markovian jump system under consideration
is described by the following T'S fuzzy models:

Plant Rule é:  If v1(¢) is M;; and - -+ and vy(¢) is M;y then
&(t) = [Ai(n(t)) + AAi(n(t))]z(t) + Ag,(n(t))z(t — 7(1))
[

[A
+ By, (n(t))w(t) + [Bz, (n(t)) + ABz, (n(t))]u(t), «(0) =0, (2.1)
z(t) = [C1; (n(t)) + AC, (n(1))]x(t) + [D12,(n(t)) + AD12, (n(t))]u(t) '
a(t) =v(t), te[-7,0], 7(t)<
where M;, (j = 1,2,...,9) is fuzzy sets ¢ for rule i, v;(¢t) are the premise variables,

x(t) € R" is the state vector, u(t) € R™ is the input, w(t) € RP is the disturbance
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which belongs to £2]0,00), 2(t) € R® is the controlled output, the matrices A;(n(t)),
Ag;(n(t), B1,(n(t)), Be,(n(t)), C1,(n(t)) and D1z, (n(t)) are of appropriate dimensions,
r is the number of IF-THEN rules, 7(¢) is the bounded time-varying delay in the state
with the following assumption

0<7(t)<7 and 7(t)<p<1

and ¥(t) is a vector-valued initial continuous function defined on the interval [—r,0].
{n(t)}, t > 0 is a continuous-time discrete-state homogenous Markov process taking
values on a finite set S = {1,2,...,s} with transition probability matrix Pr = {P(¢)}
given by

B (t) = Pr(n(t +A) =k [ n(t) = 1)

B { AkA + O(A) if 1#k, (2.2)
L1+ MA+O0(A) i =k,
s . 0(A) . .
and > Py(t) =1, where A > 0; inno ——= =0; A\ >0, 2 #k is the transition rate
k=1 -
from mode ¢ to mode k; A\, = — > A, ¢,k €S gives the infinitesimal generator of
k=1, k#1

the Markov process {n(t), t > 0}.

The matrices AA;(n(t)), ABa,(n(t)), AC1(n(t)) and ADis,(n(t)) represent the
uncertainties in the system and satisfy the following assumption.

Assumption 2.1 Following equalities take place

AAi(n(t) = Ev, (n(6)) F (x(t),n(t), t) Hy, (n(t)),
ABa,; (1(t)) = Ez, (n(t)) F(x(t), n(t), t) Ha, (n(t)),
AC (n(t)) = Es, (n(t)) F(x(t), n(t), ) Hs, (n(t)),

AD1,(n(t)) = Ea, (n(t)) F ((t), n(t), ) Ha, (n(t)),

where Ej, (n(t)) and Hj,(n(t)), j =1,2,...,4, are known matrix functions which cha-
racterize the structure of the uncertainties. Furthermore, the following inequality holds:

1E (), n(t), )l < p(n(t)) (2.3)
for any known positive constant p(n(t)).
Let .
) = [] Mia(0), and () = =0
a=1 Z; w;(v(t))

where M;q(v4(t)) is the grade of membership of v,(t) in M;,. It is assumed in this paper
that

w;(v(t)) >0, i=1,2,...,n, and Zwi(y(t)) >0,
i=1

where 7 are the number of local plant rules, for all ¢. Therefore,

pi(v(t) >0, i=1,2,...,n, and Y m(v(t) =1
i=1
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for all ¢. For the convenience of notations, let w; = w;(¥(t)), wi = w:;(v(t)), n = n(t)
and any matrix N(u,n(t) =1) = N(u,2).

The resulting fuzzy system model is inferred as the weighted average of the local
models of the form

#(t) = [A(p 1) + AA(p, )] (t) + Aa(p, 1) 2(t = 7(2))
+ Bi(p, )w(t) + [Ba(p, 1) + ABa(p, )]u(t),  2(0) =0, (2.4)
z(t) = [Ci(p,0) + AC (1, 1)) 2(8) + [Dra(p, 1) + AD12(p, 2)] u(t),

where
1) = iNiAi(Z)a Aa(p,1) = iNiAdi (1),  Bi(u,1) = iMiBli(l)
i=1 i=1 =1
1) = ZT:MZBL (1),  Cilpr) = ZT:MOL» (1), Diz(p;2) Z,UZDIQ
=1 =1
ZuzAA = Er(p, ) F(2(t),0, ) H (1, ),
ABs(p,2) Z pilABa, (1) = B, 1) F(x(t), 1, ) Ha (1),
AC (1, 7) Z piAC, (1) = Bs(p,0)F(x(t),2,t) Hs (. ),
AD1a(p,1) Z piAD12, (1) = Ea(p,0) F(2(t), 2, t) Ha (s, 2)
with

= Z/LiEli(Z)v E2(:u77’) = Z,UiEQi (Z)v E3(:u71) = ZMZ’E& (Z)
) =Y wiBy (1), Hi(wo) = piHy, (1), H(u) = piHs, (1)
i=1 i=1 i=1
K 7’) = Z:uiH&' (7’)7 H4(:u’7’) = Z:uiH‘li (7’)
i=1 i=1

Definition 2.1 Suppose v is a given positive real number. A system of the form
(2.4) is said to have £2[0,T}] gain less than or equal to 7 if

E / (27 (0)2(8) — v (Hw()} dt| <0, (2.5)

where E[-] denotes as the expectation operator.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 4(3) (2004) 257-272 261

In this paper, we consider the following H., fuzzy state-feedback which is inferred as
the weighted average of the local models of the form:

u(t) = K(p,1)x(t), (2.6)
where K(p,2) = > p;K;(1). Before ending this section, we describe the problem under
j=1

our study as follows.
Problem Formulation Given the system (2.4), design an Ho, fuzzy state-feedback
controller of the form (2.6) such that the £2 gain vy-performance (2.5) is guaranteed.

3 Main Result

First, let us consider the closed-loop state space form of the fuzzy system model (2.4)
with the controller (2.6) which is given by

@(t) = [A(p,0) + Ba(p, ) K (p, )] (t) + Aalp, 1)z (t = 7(t))

+ [AA(u,2) + ABo(p,2) K (p,0)]x(t) + Bi(p, »)w(t), =(0)=0, (3.1)
or in a more compact form
@(t) = [A(,2) + Ba(pt,2) K (11,2))a(t) + Aa(p, )2 (t — 7(t)) + B, 2)@(t), (3.2)
x(0) =0, '
where _
Bl(:uvl) = [El(uﬂ’) EQ(:“J) Bl(:uvl) 0 O]a
F(x(t),2,t)Hy(p,2)x(t)
F(z(t),2,t)Ha(p,0) K (p1,2)() (3.3)

w(t) = w(t)
F(x(t), o, t)Hs(p, 0)2(t)
F(‘T(t)v %, t)H4 (/1'7 Z)K(M7 Z)CL‘(t)

To provide LMI-based solutions to the problem of designing a robust Ho, controller
that guarantees the La-gain of the mapping from the exogenous input noise to the regu-
lated output to be less than some prescribed value for a class of time delay uncertainty
nonlinear Markovian jump systems, the following theorem is given.

Theorem 3.1 Given the system (2.4), the inequality (2.5) holds if there exist a
prescribed Hoo performance v > 0, positive definite symmetric matrices P(1) and W (1)
forv=1,2,..., s, such that the following conditions hold:

Q”(Z) < 0, 1= 1,2, e, Ty (35)
Qij(1) +Q5:(1) <0, i<j<m,

where
Wij(2) (j)T - OR O R RN OO RN
Bij(r) —M+ EFf()E;(1) )T HT ®HT T T
W(2)Aq, (2) 0 —1=-WE BT HT HT T
Qi; (1) = P() 0 0 -WE ©T ®T T, (37)
Tij(2) 0 0 0 -1 (*)T (*)T
Tij(2) 0 0 0 0 -1 T
ZT () 0 0 0 0 0 —P@
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Vs (1) = Ai(1) P(1) + P()AT (1) + B2, (0)Y; (1) + Y} () By, (1) + A P(2),  (3.8)
Bij(1) = BL,(1) + E (1)C1, (1) P(2) + EF (1) D1a, (1)Y; (1), (3.9)
Lij(2) = Cr, ()P )+D12 (1)Y;(2), (3.10)
Ti5(1) = Co())P(2) + Di(1)Y;(0), (3.11)
M = diag{I,I,~I,1,1}, (3.12)
Z = ( . ,/ 1(1— 1)P(l) )\1(Z+1)P(l) ce \/)\_ZSP(Z)> 5 (3.13)
P(1) = diag {P( ) ..... Pi—1),P(t+1),..., P(s)}, (3.14)
with
Bu() = [Fn() Ea@ Bu@ 0 0], (3.15)
Ci(1) = [pWHL() p@)HF @) 0 0], (3.16)
D) =10 0 pHL() p@HL@]", (3.17)
Ei()=1[0 0 0 Es() Ey,@]. (3.18)
Furthermore, a suitable choice of the fuzzy controller is
= i Ki(@)a(t) (3.19)
j=1
where
K;(1) = Y;(0)(P(2) ™" (3.20)
Proof Consider a Lyapunov-Krasovskii functional candidate as follows:
V(x(t),2) = 2T (#)Q()x(t) + / 2T (V)G()z(v)dv, Y1 €S, (3.21)

1) > 0. Now let us consider the weak infinitesimal operator A of
1), t > 0}, which is the stochastic analog of the deterministic
), t > 0} is a Markov process with infinitesimal operator given

the joint process {(x
derivative [28]. {(z(¢
by [3]

where Q(z) > 0 and G(
g );

AV (a(t),0) = 2" (1) Q) (Alp 0) + Ba () K (11,2)) + (A, ) + Ba(p, ) K (1,0) " Q(1)
+G))a(t) + 2" (O)Q)Bi(p, )@ (1) + @ (1) BY (1,1)Q0)a(t)

Z A Q(k (1 — )2 (t — 7(t)G@)a(t — 7(t)) (3.22)
2" (t) (Z)Ad(m Da(t —7(t) + " (t = (1) Ag (1, ) Q(2)z(t).
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Using the fact that for any vectors z(t) and z(t — 7(t))

et (HQ() Aa(p, ) (t — (1) + 2 (t — 7() Ag (1) Q1) (t)

< g ORWA )G AT (1. )Q= ()

+ (1= Bt (t —7()G)z(t — 7(t),

(3.22) becomes

AV ((t),0) < 2" (1) [Q)(A(p, 2) + Bapa, ) K (1,2)) + (A, 0) + Ba (1, ) K (11,2) " Q(2)

L1
(1-5)

+ 2" ()Q) Bi () (t) + @ (1) BY (1,1)Q0)x(t).

Q) Aa(p, )G () A (1,1)Q() + G(1) + Y Asz(k)] a(t)
k=1

(3.23)
Adding and subtracting —2"(¢)z(t) + w?T (t)Mw(t) to and from (3.23), we get

) z(t)]"
AV(x(t),Z) < _ZT(t)Z(t) + ’LT)T(t)M'[E( ) (t)Z( ) [w(t)]

[A(p,2) + Ba(p, ) K (1,2)] " Q(2)
+RMIAR) + Ba(p, DK (,0)

+ 5 AQU) + GO
Ty Q) Aa(p )G () AT (1.2)Q()

EIT(M7Z)Q(Z) _M_

(+)T (3.24)

where M = diag{I,I,~I,1,I}.
Now let us consider the following terms

F(x(t), 2, t)H1(p,2)x(t) T F(x(t), 2, t)Hi (p, 2)z(t)

F(x(t), % t)Ha (p, 1) K (1, 2)2(¢) F(x(t),2,t)Ha (1, 0) K (p, 2)x(t)
W' (HMD(t) = w(t) M w(t)
F(x(t),2, ) Hz (1, ) (t) F(x(t),0,t)Hz(p, )z (t)
Fo(t), v ) Ha () K (1, )2 (6) F(a(t), v 6) a1, 1) K (1, )2 (6)

< p? ()2t (O{HT (1, 0)Hi (1) + KT (11,0) Hy (p,0) Ha (11, 0) K (,2)
+ Hy (11, 0) Hy (1, 0) + KT (p, 0) HY (i, 0) Ha(p, ) K (1, 0) Yo (8) 4+ yw™ (8)w(2)

(3.25)

and
2N (t)z(t) = T (1) [Cr (1) + B3, 0) F(x(t), 0, ) Hs (,2) + D1 (p,2) K (pu,2)
+ Ey(py2) F((t), 2, £) Ha (p1,0) K (11,2) T [Ch (1,0) + B, 0) F((t), 0, ) Hz (p1,2)
+ Dia(p,2) K (1, 0) + Ea(p, 0) F(2(t), 2, ) Ha(pa,2) K (2, 0)|2(t) (3.26)
) T

[C1(p52) + Dra(p, 1) K (1, 2)] ™ % ()T
[C1(py2) + Dra(p, ) K (M v)]
(

E™ (1,2)[C1(p,2) + Do, )K (1,2)] - ET(11,0) (1)
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where

E(p2)=[0 0 0 BEs(p1) Ea(p.2)].

Substituting (3.25) and (3.26) into (3.24), we have

T
AV(@(t),1) < —2T(1)2(t) + T (Dw(t) + [ 57((?)] B(1,1) { ;((m , (3.27)

where

[A(p,2) + B2(p, ) K (1,2)]TQ(2)
+ Q()[A(u, ) + Ba(p,2) K (1, 2)]
+ [C1(1,2) + D12 (i, 0) K (p1,2)] T
X [C’~1 (y2) + l~)12(u, 1) K (p,2)]
+ 100 2) + D K ()] ¥ O
X [C(,us7 2) + D (1, 0) K (1, 2)] (3.28)
+ k¥1 Ak Q(k) + G(2)

+ 1 QWAL )G (AT (1, 1)Q()

D(p,1) =

BT (1, 0Q() + L
~ -M+FE ,O)E(p, 2
B (1, )[C1 (1) + Dz, ) K (11,0)] B |

with

Clu.2) = [p()HT (1,2)  p()HF (11,2) 0 0],
D(p,2) =[0 0 p()HF(1,0) p()HT (,2)]" .

Using the fact

ZZ Z Zuwmun Nonn ZZM My () + Ny ()NE ()],

i=1 j=1 m=1n=1 11]1

we can rewrite (3.27) as follows:

AV (@(t),1) < =2 (1)2(t) +yw™( +ZZ“Z“J [{% ]T%’@ [57((?)]

=1 j=1

— ST(0)2(8) + +Zuz[ ] ) |20 e

£33 [ 210 r (@500 + 25:0) | 21

=1 1<y
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where

[4i(2) + B2, WK;(2)]TQ(2)
+ QA1) + B2, ()K; ()]
+[C1,(2) + D12, O K; ()]

X [C1;(1) + Daz; () K (1)]

+[Ci(0) + Di(K; (0)] o8
Dy;(2) = * [Ci(0) + D) K5 () . (3.30)
+ X AQ() + GO

+ 125 QW) Ad, WG AT ()Q()

| BL, Q@) + Ef )[C1, (1) + D12, K ()] —M+ Ef (0)E;(2)

Using (3.20) and pre and post multiplying (3.30) by
- P(z) 0O
== 9.

we obtain

P)AT (1) + Y} (1) B3, ()
+Ai()P@) + B2, (1)Y; (1)
+[C1; (1)P() + Dz, (0)Y; ()] "
x[C1; ()P (1) + D12; (1)Y; (1)
+Ci(PO) + Di(1)Y; ()" ()7
(1)®i;(1)2(2) = x[Ci(1)P(2) + D (2)Y; (1)] . (3.31)

+k§1 AP P~ (k)P(2)

[1]

+P()G)P() + gy Aa, G ()AF, (1)

| BE @) + EF()C1, ) P() + EF (1) D12,(0)Y;() —M+ EF()E;(2)

Note that (3.31) is the Schur complement of €;;(¢) defined in (3.7). Using (3.5), (3.6)
and (3.31), we learn that

®;i(1) <0, (3.32)
(I)ij (Z) + (I)ji(l) < 0. (333)

Following from (3.29), (3.32) and (3.33), we know that

AV (z(t),1) < —2T () z(t) + ywT ()w(t). (3.34)
Applying the operator E [ :}f() dt] on both sides of (3.34), we obtain
0
Ty Ty
E / AV((t), ) dt| < E / (=T (1)2(8) + " (Dw()) dt | (3.35)
0 0
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From the Dynkin’s formula [29], it follows that

Ty
B| [ &V(a(0),0)dt| = BV ((Ty)a(Ty))] - BV (0.0 (330)
0
Substitute (3.36) into (3.35) yields
Ty
0< B| [~ 02(0) + 1 (w(t) de|  EV («(Ty).oT)] + EV 2(0),1(0)).
0

Using (3.34) and the fact that V(z(0) =0, ¢(0)) =0 and V(z(T}),(Ty)) > 0, we have

Ty

j[{zT(UzU)——va(Uu(ﬂ}dt

0

E <0. (3.37)

Hence, the inequality (2.5) holds. This completes the proof of Theorem 3.1.

In order to demonstrate the effectiveness and advantages of the proposed design
methodology, an illustrative example is given in next section.

4 An Illustrative Example

Consider an uncertain nonlinear system which is governed by the following state equa-
tion [21]
#1(t) = —0.1c(t)2} () — a(n(t))zy (t — 7(t)) — 0.0224(t) — 0.67x3(t)
—0.123(t — 7(t)) — 0.00525(t — 7(t)) 4+ u(t) + 0.1w; (t),
o (t) = 21(t) + 0.1wy(t), (4.1)

0= [0

where z1(t) and x2(t) are the state vectors, u(t) is the control input, wy(¢) and w2 (t) are
the disturbance input, z(¢) is the regulated output, n(t) is the discrete state of the Markov
process, 7(t) =4+ 0.5c0s(0.9¢) and c(t) is the uncertain term, that is, ¢(t) € [0 2.25].
It is assumed that

z1(t) € [-1.5 1.5] and a9(t) € [-1.5 1.5].
Using the same procedure as in [14], the nonlinear term can be represented as

—0.67z3(t) = My -0 - z9(t) — (1 — My) - 1.5075z5(t),
—0.1a3(t — 7(t)) = My -0 - 2o(t — 7(t)) — (1 — M) - 0.22525(t — 7(t)).
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I}

A

Figure 4.1. Membership functions for two fuzzy set.

Solving the above equations, M; is obtained as follows:

Note that Mj(xz2(t)) and Mi(z2(t)) can be interpret as the membership functions of
fuzzy set.

Using these two fuzzy set, the uncertain nonlinear Markovian jump system with time-
varying delay can be represented by the following TS fuzzy model:

Plant Rule 1: If x9(t) is Mi(a2(t)) then

@(t) = [A1(r) + AAL )]z (t) + Ag, ()2(t — (1) + Br(W)w(t) + B2(2)u(t), (0) =0,
z(t) = C1(n)x(t),

Plant Rule 2:  If x2(t) is Ma(x2(t)) then

where
—-0.1125 —0.02 —0.1125 —1.5275
T I sl RO R il
—afr) —0.005 —afr) —0.23
O ] O R R el

I R T )

AA;1(2) = E1, (1) F(x(t),,t)Hy, (1), AAs(1) = E1, (1) F(x(t),1,t)Hy, (1),
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o(t) = [o1 () @3] and w(t) = [wy(t) wy ()"
Assuming ||F(z(t),2,t)|| < p(z) = 1 and letting

En0 =0 = |5

we have
—1.1250 0
H11(1)2H12(2): |: 0 O:| .

Assume that the system is a three modes Markov process as shown in Table 4.1.

Table 4.1 Modes of the Markov process.

Mode + | «(z)
1 0.0120
2 0.0125
3 0.0130

The transition probability matrix that relates the three modes is given as follows:

0.67 0.17 0.16
Py =030 047 0.23
0.26 0.10 0.64

Using the LMI optimization algorithm and Theorem 3.1 with § = 0.6, we obtain

~ = 0.1680

24912 —0.2673
P) = [—0.2673 0.0718} ’

Yi(1) = [~16.9067 —0.1051], Ya(1) = [—17.2552  —0.0235],
Ki(1) =[—11.5635 —44.5276],  Ky(1)=[-11.5934 —43.5022],

11072 —0.1535
W) = [—0.1535 16.1836} ’

1.1489 —0.1931}

2.3815 —0.2881
} ’ W) = [—0.1931 16.4120

P(2):[—0.2881 0.0841
Yi(2) = [~15.9725 0.0589)], Y5(2) = [~16.3401 0.1485],
Ki(2)=[-11.3092 —38.0433],  K»(2) =[-11.3526 —37.1260],

2.4793 —0.2638
PE) = {—0.2638 0.0857} ’

Y1(3) = [—17.0602 —0.0867], Ya(3) = [—17.4006 0.0530],
K1(3) =[—10.3932 —33.0111],  K»(3)=[-10.3394 —31.2150].

0.9718 —0.1883
W) = {—0.1883 15.8428} ’

The resulting fuzzy controller is

2

u(t) = piK;(0)x(t)

j=1
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Ratio of the regulated output energy to the disturbance energy
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Figure 4.2. The result of the changing between modes during the simulation with
the initial mode at Mode 2.

—x0
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1(t) and x2(t)
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The state variables, x
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o
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Figure 4.3. The histories of the state variables, x1(¢) and 22(t).

where
pr = Mi(z2(t)) and  po = Ma(x2(t)).

Remark 4.1 Figure 4.2 shows the changing between modes with the initial mode at
Mode 2. The histories of the state variables, 1 (t) and z2(t) are given in Figure 4.3. The
disturbance input signal, w(t), which was used during simulation is given in Figure 4.4.
The ratio of the regulated output energy to the disturbance input noise energy obtained
by using the Ho, fuzzy controller (4.2) is depicted in Figure 4.5. After 3 seconds, the ratio
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25} 1

Mode
N
|
|
|
|

0 0.5 1 15 2 25 3
Time (sec)
Figure 4.4. The disturbance input noise, w(t)

0.051 J

-0.05 - 1

The disturbance input, w(t)

0 0.5 1 1.5 2 25 3
Time (sec)

Figure 4.5. The ratio of the regulated output energy to the disturbance noise

energy, (;}f 2T (t)2(t) dt / gf wT (t)w(t) dt>.

of the regulated output energy to the disturbance input noise energy tends to a constant
value which is about 0.1680. From Figure 4.5, we can conclude that the inequality (2.5)
is guaranteed by the fuzzy controller (4.2).

5 Conclusion

In this paper, we have developed a technique for designing a robust H., fuzzy state-
feedback controller for a class of time delay nonlinear Markovian jump systems that
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guarantees the Lo-gain of the mapping from the exogenous input noise to the regulated
output to be less than some prescribed value. In addition, solutions to the problem are
given in terms of linear matrix inequalities which make them more useful. Finally, an
illustrative example is provided to demonstrate the effectiveness and advantages of the
proposed design methodology.
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1 Introduction

Since the celebrated paper [6] appeared, H,, control and filtering problems based on
state-space approach, have attracted much more researchers’ attention. For example,
[1,11] and [13] treated of the nonlinear uncertain H, control and filtering design, while
the H, for linear time-delay systems with norm-bounded uncertainties can be found
in [8,10,14,15] and the references therein. The aforementioned works are confined to
deterministic systems. Up to date, there are few results on stochastic H,, about which
the system equation is governed by Ito-type differential equation. Below, we summarize
the recent development for stochastic H,, briefly.

It is fair to say that [4] is the first paper which systematically dealt with the linear
stochastic H,, control for state and output feedback control, in which, a very useful
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stochastic bounded real lemma (SBRL) was also derived, which has been applied to Hy
filtering design of the stationary continuous time linear stochastic systems [5]. [2] first
studied linear stochastic Ho/Hs, control, in which, necessary and sufficient conditions
were given for both finite and infinite horizon Hy/H ., via coupled Riccati equations; [16]
was on output feedback H., control for linear stochastic systems with norm bounded
uncertainty in a state matrix, moreover, an applicable algorithm for designing an H.
control law was presented based on linear matrix inequalities (LMIs). In [3], we discussed
the general nonlinear stochastic Hy, control based on dissipative system theory and an
associated Hamilton-Jacobi equation, which can be viewed as an extension of the results
of [1] in some sense. In conclusion, we can say that stochastic H., has become an
attractive topic in recent years.

In spite of deterministic systems or stochastic systems, time-delay phenomena are
inevitable arising from many physical problems, which often cause instability of the
systems (see [18,19]). Therefore, the Hy, control of time-delay systems has received
much attention in the past years (e.g. [8,12]). This paper is on robust Hs, control for a
class of continuous time stochastic time-delay systems with nonlinear perturbation. By
imposing a loose limitation on the nonlinear term, a very general theorem is obtained via
matrix inequalities, from which, for some special case, we derived many useful sufficient
conditions for the existence of a desired H, controller in terms of LMIs. More specifically,
as corollary, we also improve the previous conclusions on stochastic stabilization.

The outline of the current paper is organized as follows. In Section 2, we first present
a general theorem on local and global H, control by means of matrix inequalities in-
dependent of the length of delays, respectively. As corollaries, for linear or nonlinearly
perturbed stochastic time-delay systems (D = 0), we are in a position to design an
LMI-based state-feedback H, control law, which makes our results more applicable [10].

Section 3 presents two examples to illustrate the effectiveness of our developed theory.

Section 4 concludes this note by some remarks.

For convenience, we adopt the following notations: A’ is the transpose of matrix A;
A >0 (A>0) is positive semi-definite (positive definite) matrix A; I is identity matrix;
L% (Ry, R') is the space of non-anticipative stochastic processes y(t) € R! with respect
to an increasing o-algebras F; (¢ > 0) satisfying

B [ lyto)|Pae < .
0

Here || - || denotes the standard Euclidean norm of a vector.

2 Main Results

In this section, we investigate the robust H., state feedback control of the following
stochastic time-delay system governed by It6 differential equations of the form

dz(t) = (Az(t) + Bx(t — 7) + Biu(t) + Bov(t) + Ho(z(t), z(t — 7), u(t))) dt
+ (Cx(t) + Dx(t — 7) + Dyu(t) + Hi(x(t), z(t — 1), u(t)))dw(t),
Coz(t) + Dou(t), (1)

x(t) = ¢(t) € L*(Q, Fo,C([-7,0],R")), te&[-7,0], 7>0.

I
—~~
~+
~
I
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In the above, z(t) € R™, u(t) € R™, v(t) € R", and z(t) € R® are called the sys-
tem state, control input, disturbance input, controlled output, respectively. w(t) is the
standard Wiener process defined on the complete probability space (Q,F,F;, P) with
an increasing filtration F; satisfying the usual conditions. Without loss of generality, we
can suppose w(t) is one-dimensional, and C% D = 0. Assume u(t) and v(t) to be adapted
and measurable processes with respect to F;, H;(0,-,-) =0, i = 0,1, i.e., x =0 is an
equilibrium point of (1). A, B, By, Ba, C, Ca, D, D1, and Dy are constant matrices,
7 > 0 is an uncertain time-delay, where we refer the reader to [18] for the notion of
L?(Q, Fo, C([-7,0], R™)). Under very mild conditions on H;(-,-,-), i = 0,1, (1) exists
a unique global solution on [0, 7] for any T > 0 [18]. It should be pointed out that (1)
can represent a class of more general nonlinear stochastic system via Taylor’s series ex-
pansion at the origin. In what follows, we will show that, for a broader class of nonlinear
functions H;(-,-,-), i = 0,1, LMI-based algorithms for robust H,, Control can be given,
which is very efficient in practical computation by means of the existing LMI Toolbox
[7]. Now, we first introduce the following definitions.

Definition 1 Stochastic time-delay differential system (1) with v(¢t) = 0 is called
locally robustly stabilizable, if there exists a constant state-feedback control law v = Kz,
such that the equilibrium point of the closed-loop system

dx(t) = ((A+ B1K)x(t) + Ba(t — 7) + Ho(z(t), z(t — 1), Kz(t)))dt
+ ((C+ D1 K)z(t) + Dx(t — 7) + Hi(2(t), z(t — 7), Kz(t))) dw, (2)
z(t) = ¢(t) € L*(, Fo,C([-7,0], R™)), te€[-7,0],
is asymptotically stable in probability [9] for all 7 > 0. It is called globally robustly

stabilizable, if the equilibrium point of (2) is asymptotically stable in the large [9] for
all 7 > 0.

Definition 2 Stochastic time-delay differential system (1) with ¢(¢) = 0, u(t) =0,
is said to have an H, performance level v > 0, if
lzll2 < llvll2, Vv #0€ LE(Re, RT) (3)

where

12115 = E/z’(t)z(t) dt.
0

Definition 3 Stochastic time-delay differential system (1) is called locally (globally)
robustly Hy, controllable, if there exists a constant state-feedback control law v = Kz,
such that system (1) is locally (globally) stabilizable via state-feedback control law u(t) =
Kz, and the corresponding closed-loop system has an H,, performance level v > 0.

For robust stabilization of (1) (B2 = 0), a very general result is given as follows, which
can be proved in the same way as Theorem 1 of [17], but for convenience, we would like
to give its detailed proof here.

Lemma 1 Suppose there exists € > 0, such that

sup |[H;(z,y, Kz)|| < ellzf|, i=0,1, (4)
yeR"
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for oall x € U, where U is a neighborhood of the origin, K € R™*", P >0 and Q >0
are the solutions of the following matrix inequality

Z+ 71 <0, (5)
then system (1) can be locally robustly stabilized by u(t) = Ka(t). If U is replaced by

R"™, then system (1) can be globally robustly stabilized by the same controller. In (5), Z
and Zy are defined by

{P(A+ BiK)+ (A+ B1K))P+Q /
7—| 4(C+DEKYPCtDE) ~ TBHEFDE)PD
B'P+ D'P(C + DyK) D'PD—Q
7, = [(26|C||+2€||D1| | K| + €l D 4 2¢ + €*)|| P|| T 0 }
0 el DI |1P[I1

Proof We construct the Lyapunov—Krasovskii functional as follows:

T

V(t,x) =2’ Pz + /x’(t —5)Qu(t — s)ds

0

where P >0 and @ > 0 are the solutions of (5). Let £; be the infinitesimal generator
of the closed-loop system (2) with K a solution to (5), then by It6’s formula, we have

L1V (t,z(t)) = ((C+ D1K)x(t) + Dx(t — 7) + Hi(2(t), x(t — 7), Kz(t)))' P
x ((C+ D1 K)xz(t) + Dx(t — 1) + Hi(z(t),z(t — 1), Kz(t))
+2[(A+ B1K)x(t) + Bx(t — 7) + Ho(z(t), z(t — 1), Kz(t))] Px(t)
+a'(6)Qx(t) — 2'(t — 7)Qa(t — 7).

(6)

Rearranging (6) yields

L1V (t,z(t) =2'(t)(P(A+ B1K)+ (A+ B1K)P+Q+ (C+ D1K)'P(C + D1K))x(t)
+22'(t)(PB + (C + D1K) PD)x(t — 7) + 2'(t — 7)(D'PD — Q)x(t — T)
+ 2H)(x(t), z(t — 1), Kx(t))Pz(t) + 2H, (z(t),x(t — 7), Kz(t))PDz(t — T)
+2H] (z(t),z(t — 7), Kz(t))P(C + D1 K)x(t)
+ H{(z(t),z(t — 1), Kz(t))PHy (z(t), z(t — 7), Kx(t))

(
N [x(gtc(—t)T)] Z [m(gtc(—t)T)] +2Hy (2 (1), 2(t — 7), K (1) Pa(t) (7)
+ 2H} (2(t), x(t — 7), Kx(t)) P(C + D1 K )x(t)
+ 2H{(z(t),z(t — 7), Kz(t))PDx(t — 1)

+ Hi(z(t),z(t — 1), Kz(t))PHy(z(t), z(t — 7), Kx(t)).
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In addition, by (4), we have

2H((x(t), z(t — 7), Kz(t)) Px(t) + 2H; (z(t),2(t — 7), Kz(t)) P(C + D1 K)z(t)
+2H(z(t),z(t — 1), Kz(t))PDz(t — )
+ Hi(z(t),z2(t — 1), Kz(t))PHy (2(t), z(t — 7), Kx(t)) (8)
< 2¢[| PI(ICI + I DaIHIE D@1 + 26 DI PIH@)]] 2t = 7)ll
+ [Pl 2@ + 2l Pll l=()]]%)-

1
for (t,x) € {t > 0} x U. By inequality |ab| < E(a2 +b?), (8) follows

2H((z(t),z(t — ), Kz(t))Px + 2H{ (z(t), 2(t — 7), Kz(t))P(C + D1 K)x(t)
+2H (z(t),z(t — 1), Kz(t))PDz(t — 7)
+ Hi(z(t),z(t — 7), Kz(t))PHy (x(t), z(t — 7), Kz(t))
< (2€|[C]| + 2¢[| D1 | | K[| + el DI + 2¢ + €) || P [|(t)]® (9)
+e| D[P fl(t = )l

B [z(f(f)ﬂyzl i)

Substituting (9) into (7), it follows

LV (t,z(t)) < [x(f(f)r)}/(Z“LZl) [x(f(f)ﬂ} <0

due to (5). That is, £1V(t,2(¢)) < 0 in the domain {t > 0} x U for = # 0. So the
locally robust stabilization is obtained by Corollary 1 of [9] (page 168). By the same
discussion, the globally robust stabilization can also be shown by Theorem 4.4 of [9].

Using Lemma 1, a sufficient condition for robust H., control is obtained as follows.

Theorem 1 Suppose there exists € > 0, such that (4) holds for all x € U with U
a neighborhood of the origin, K € R™*"™, P >0 and @ > 0 are the solutions to the
following matriz inequality

le + CéCQ + K/D/ZDQK Z12 P32

¥ = Zi2 Zao 0 <0 (10)
B,P 0 —2I
where
Z11 Zi2
=74+ 7.
[Zb 222] '

Then system (1) is locally robustly Hoo controlled by w(t) = Kx(t). If U is replaced by
R"™, then system (1) is globally robustly Hy, controlled by the same controller.

Proof Tt is obvious that (5) can be derived from (10), i.e. system (1) is robustly stable.
Therefore we only need to prove that the closed-loop system has H., performance level
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v. For any T > 0, by (10), it follows

T
12013, 0.7 = V?IIvl13, 0.1y = E/[(Z'(t)Z(t) — 7% (t)u(t)) dt
0

T

_F / (2 () CLCaz(t) + 2/ (1)K’ DDy Ka(t) — 720 (H)o(8)) dt + d(V (2(8))] — BV ((T))
0
T

<E / (2! () CCaz(t) + 2/ (1) K" DyDaKar(t) — 720! ()0(t)) dt + d(V (2(2))] (11)
OT

<E [ t)Z¢(1) <0
/

for 1 # 0, where @ = [2/(t) 2'(t — 7)) v'(t)]. Let T — oo in (11), (3) is immediately
obtained. Theorem 1 is proved.

Generally speaking, Theorem 1 cannot be directly used in practice, because the ele-
ments of Z; contain the norm of an unknown matrix P. However, from Theorem 1, we
can derive some useful results, which can be expressed in terms of LMIs.

Corollary 1 If the matriz inequality
711 + CéCQ + K/D/QDQK 712 PBQ

75 Zyw 0 | <0 (12)
BLP 0 —~2I
has solutions P >0, Q >0 and K € R™*", and
lim sup [|Hi(z,y, Kz)||/||z]| =0, =01, (13)
lzl—0 ye R~

where -
Zn Ziz ]
— — = Z,
[Z/m Za2
then system (1) can be locally robustly Ho controlled by u(t) = Kx(t).

Corollary 2 IfH; =0, i =0,1, and the matriz inequality (12) has solutions P > 0,
Q >0, and K € R™ "™, then the linear stochastic time-delay system

dx(t) = (Ax(t) + Bx(t — 7) + Byu(t) + Baov(t)) dt
+ (Cx(t) + Dx(t — 7) + Dyu(t)) dw(t),

14

2(t) = Cox(t) + Daul(t), (14)
a(t) = ¢(t) € L*(Q, Fo, C([~7,0],R")), t€[-7,0],

is globally robustly He, controllable. Especially, if D =0, and the following LMI

AP+ PA' + BiY +Y'B} + BQB' PC'+Y'D, P PC, Y'Dy B
CP+DyY -p 0o 0 0 0
P 0 -Q 0 0 0

CyP 0 0o —-I 0 o | <0 (15)
DoY 0 0 0 -1 0

B} 0 0 0 0 —~2I
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admits solutions P > 0, @ > 0 and Y € R™*™, then system (14) with D = 0 is
globally robustly Ho, controllable. In this case, the state feedback control law u(t) =

Kax(t) =Y P a(t).
Proof If H;(-,-,-) =0, i = 0,1, we can take ¢ = 0 in (4), then £;V(¢,2(¢t)) <0
for (t,x) € {t > 0} x R™, except possibly at =0, and ¥ < 0. Thus, the first part of

Corollary 2 is proved.
Furthermore, if D =0, (10) degenerates into

{P(A+ BiK)+ (A+ B,K)'P+Q+

(C+ D1K) P(C+ Di1K) +C5Co + K'Dy Do K } re
i 0 o | <0 (9
ByP 0 —2I

Pre- and postmultiply the above matrix inequality by diag(P~!, I, ), and set P= P
Y = KP ! =KP, Q=Q ' Then by Schur’s complement again, (16) is equivalent to
(15). Thus the second part of Corollary 2 is also proved.

Corollary 3 The unforced system

z(t) = Cox(t), (17)
o(t) € L*(Q, Fo, C([—7,0], R™)), t¢€[-T,0],

8
—
~
=
Il

is robustly stable and has Hs performance level 7y, if the following LMI

PA+AP+C'PC+Q+CyCo PB+C'PD  PB;
B'P+ D'PC D'PD —Q 0 | <0 (18)
BLP 0 —I

has solutions P >0, Q > 0.

Corollary 4 The stochastic linear time-delay controlled system

z(t) = Cox(t), (19)
z(t) = ¢(t) € L*(Q, Fo, C([-7,0],R")), te€[-7,0],

is globally robustly He, controlled, if the following LMI

PA+ AP+ C'PC+CyCy+Q V2PBy PB+C'PD PB;

V2B P —-Q 0 0
’ 1/ , <0 (20)
B'P+ D'PC 0 D'PD —Q 0
BLP 0 0 —~2T

admitting solutions P > 0 and @ > 0. Moreover, the feedback control law u(t) =
Q1B Px(t).

Proof Applying Theorem 1, this corollary is easily obtained.
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Below, for D = 0, we give another sufficient condition for the local (global) H, control
of system (1) in terms of LMIs. Applying the well known inequality

XY +Y'X<eX'X+eYY, Ve>o, (21)
1
with € =1 for simplicity, we have (if 0 < P < — I for some « > 0)
o

2H{(z(t), x(t — 7), Kz(t))Px(t) + 2H; (x(t), z(t — 7), Kz(t))P(C + D1 K)z(t)
+ Hi(z(t),z(t — 1), Kz(t))PHy(x(t), z(t — 7), Kx(t))

< 3jezllsc(t)l\2 + 2/ () Px(t) + 2'(t)(C + D1 K)' P(C + D1 K)(t).

Substituting (22) into (7), it follows

Elv(m(ﬂ)g[ﬂm } 2[ (1) }

t—7) x(t—1)
where
{P(A+ Bi1K)+ (A+ BK)'P+Q+ P+
_ o , PB
7 = 1 +2(C+ D1K)P(C+ D1K)}
B'P —0Q

So if (4) holds for all € U (z € R"), and Z < 0, then system (1) can be locally
(globally) robustly stabilized by u(t) = Kx(t). Accordingly, (12) is equivalent to

Zi +C4Cy+ K'DYDoK  Zyy  PBy
2{2 222 0 < 07 (23)
BLP 0 —I
1
admitting solutions 0 < P < —I, @ > 0 and K, where
!
211 212} 7
P | =27
[Ziz Z2

In analogy with the proof of Corollary 2, it is easy to show that (23) is equivalent to that
the following LMIs

i Aﬁ‘f‘ﬁA,‘f‘BlY I Yalt Y D D DV ’ 1
N ~ 2(PC"+Y'D P P PC, Y'Dy B
v+ o +p VPO HYDD 2 Y'D2 B
V2(CP + D1Y) -p 0 0 0 0
P 0 -Q o0 0 0
P @ <0 (24)
p 0 0 -7 )
3e
CyP 0 0 0 -1 0 0
DoY 0 0 0 0 —I 0
L B 0 0 0 0 0 —I_
and N
P>al (25)
exist solutions P > 0, @ > 0, Q@ > 0 and Y = KP~1 € R™" where P = P!,

Y =KPl'=KP,and Q=Q .
Summarize the above discussion, we have the following result.
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Theorem 2 For D =0 in (1), suppose (4) holds for all x € U (x € R™). If LMIs
(24) and (25) exist solutions P > 0, a >0, Q >0 and Y € R™*"™, simultaneously,
then system (1) can be locally (globally) robustly Ho. controlled by u(t) =Y P~ x(t).

Remark 1 All results obtained in this section can be extended without difficulty to
systems with multiple delays and independent stochastic perturbations.

Remark 2 Following the same line adopted above, there is no any difficulty to gen-
eralize what we have obtained to delay-dependent results with time-varying delay. For
instance, if we take 7(¢) to be a time-varying bounded delay satisfying

0<7(t) <h7(t)<d<1

and take the Lyapunov—Krasovskii functional

¢ 0t
V(x) =2/ (t)Px(t) + / 2 (0)Rxz(0) db + / / 7' (5)Qx(s) ds dp,
t—7(t) —7(t) t+8

P>0, R>0, @Q>0,

correspondingly, then the delay-dependent consequences can be obtained.
In (1), if we take 7 =0, B =D = By = Dy = C3 = 0, ¢(0) = x(0), then for the
system
dz(t) = (Ax(t) + Biu(t) + Ho(x(t),u(t))) dt

+ (Cx(t) + Dyu(t) + Hy(x(t), u(t))) dw(t)

a locally stabilizable condition is concluded by Theorem 2.

(26)

Corollary 5 If for some R> 0, @ > 0, the following generalized algebraic Riccati
equation (GARE)

PA+ A'P 4 C'PC — (PBy 4+ C'PD,)(R+ D,PD,)" (B,P + D{PC)+Q =0 (27)
has a positive definite solution P> 0, and

| 1i”IHO |Hi(w, Ko)|/|l2] =0, =01, (28)

~ ~

holds for K = —(R+ D,PDy)~Y(B|P + D, PC), then system (27) is locally asymptoti-
cally stabilizable. In this case, u(t) = Kz(t) = —(R+ D{PD1)"*(B|P + D{PC)x(t) is
a stabilizing control law.

It can be seen that Corollary 5 generalizes and improves Proposition 1 of [20].

Remark 3 There is something wrong in Proposition 1 of [20]. By checking its proof
therein, we can find that the smallest eigenvalue of Q > 0 must be larger than zero, i.e.,
@ > 0. In other words, (Ql/Q, A) being observable should be replaced by @ > 0.

3 Numerical Examples

Now, we present two examples to illustrate the validity of our developed theory in de-
signing the H, controller for nonlinear time-delay system (1).
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Ezample 1 In (1), take D =0, and

Ao [—4.12 1.23} . B= [—0.13 —0.91} B = [—1.25]’ By — [—0.2] 7

—-0.36 1.15 0.22 —-0.76 3.48 0.3
—-0.02 —-0.09 0.16

Ho(z(t), 2(t — 7), u(t)) = {Sin(u(t)xg(t — 7))z (t) ] |

cos(u(t)z1(t — 7))x2(t)
e~ Oz (t=m)+e2(t=7))" 1) (1)

= ity (1)

Hl(x(t),x(t—r),u(t))_{ ] V>0

Obviously, (4) holds for all x € R™ with € = 1. Substituting all the above data into (24),
and then solving the LMIs (24) and (25) by LMI Toolbox [7], we can obtain solutions,
when v =1,

—0.0042  0.1263 0.0008 1.0076
Y =[-0.2930 —1.3061], «a=1.1255>0.

P 0.3539 —0.0042} 0, @_{1.1197 0.0008} 0,

So by Theorem 2, system (1) can be globally robustly H., controlled by u(t) =
Y P la(t) = —0.8566z1 (t) — 2.45182(t).

Ezxample 2 In Example 1, we take
(1™ — 1) sinu(t)
H t t— t)) =
o(alt) alt =), utey = |1 ]
cosz1(t) — 1)e=23(t=7)
22(t) sin u(t)

Hy(z(t), o(t — 1), u(t)) = {( ] . YT >0

Obviously, we have

1Ho(, )l < \/(em® — 1)2 T sin o (2),

IHL G ) < 3 (cosa (t) — 12 + 23(0)

and
Xy 3
. et —1 . sinxg . coszy — 1
lim g =1, lim =1, lim Q
z1—0 T z2—0 T2 z1—0 X1

=0.

So there exists a sufficient small neighborhood U of the origin, such that for all z € U,
(4) holds with e = 1.05. Substituting all coefficient matrices of Example 1 into (24) with
€ = 1.05, when v = 1, via solving the LMIs (24) and (25), one has

P 0.3527 —0.0060 >0, O 1.1064 —0.0018 <0
~ | —0.0060  0.1371 ’ —0.0018  1.0000 ’

Y =[-0.2993 — 0.3101], «=1.0995> 0.
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So by Theorem 2, system (1) can be locally robustly H., controlled by wu(t) =
Y P1a(t) = —0.8875z1 (t) — 2.301324(t).

4 Conclusions

In the above sections, we have discussed the state feedback H,, control for a class of
stochastic time-delay systems with nonlinear perturbations. By means of LMIs, some
sufficient conditions are given for the existence of an H,, control law. Theorem 1 is a
very general consequence, from which we derive some useful results for linear time-delay
systems, delay-free systems or special nonlinearly perturbed time-delay systems. All
consequences except Theorem 1 and Corollary 1 are expressed in terms of LMIs, which
makes them more readily applied.
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Abstract: This paper deals with the problem of robust H filtering for dis-
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bance. It is assumed that the state-dependent noises and the nonlinearities
satisfying global Lipschitz conditions enter into both the state and measure-
ment equations, and the system matrices also contain parameter uncertainties
residing in a polytope. Attention is focused on the design of robust full-order
and reduced-order filters guaranteeing a prescribed noise attenuation level in
an Ho, sense with respect to all energy-bounded noise inputs for all admissible
uncertainties and time delays. Sufficient conditions for the existence of such
filters are formulated in terms of a set of linear matrix inequalities, upon which
admissible filters can be obtained from the solution of a convex optimization
problem. A numerical example is provided to illustrate the applicability of
the developed filter design procedure.
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1 Introduction

During the past decades, stochastic modelling has played an important role in many
branches of science such as biology, economics and engineering applications. Therefore,
much attention has been drawn to systems with stochastic perturbations from researchers
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working in related areas. By stochastic systems, we generally refer to systems whose pa-
rameter uncertainties are modelled as white noise processes. The appearance of these
parameter uncertainties are usually due to the random changes of the environment under
which the systems are operated, and thus it is a natural way to represent them in the
model by stochastic parameters fluctuating around some deterministic nominal values.
This kind of systems has been called systems with random parametric excitation [1], sto-
chastic bilinear systems [20,30] and linear stochastic systems with multiplicative noise
[15,17,31]. Analysis and synthesis of stochastic systems have been investigated exten-
sively and many fundamental results for deterministic systems have been extended to
stochastic cases. To mention a few, the analysis of asymptotic behaviour can be found
n [21]; the optimal control problems were reported in [17,31]; and recently with the
development of Ho, control theory, the robust control and filtering results have also been
extended to stochastic systems through Ricatti-like and linear matrix inequality (LMI)
approaches [8,18].

On the other hand, since time delay exists commonly in dynamic systems and is
frequently a source of instability and poor performance, much theoretical work has been
produced for time-delay systems. The most powerful approach for solving problems
arising in time-delay systems so far has been the so-called Lyapunov-Krasovskii approach,
in which the asymptotic stability as well as performances can be established by employing
appropriate Lyapunov-Krasovskii functionals. Within this framework, a great number
of results have been reported, including stability analysis [26], state-feedback control
[5,23, 28], output-feedback control [9, 10], filter design [12,13] and model reduction [34],
etc.

The simultaneous presence of stochastic uncertainty and time delays results in sto-
chastic time-delay systems (STDS) have attracted much attention in recent years, and
some useful research results related to STDS have been reported in the literature. Among
these results, the exponential stability and asymptotic stability of stochastic differential
delay equations are investigated in [22,24]; the problems of stabilization and H., con-
trol via a memoryless state-feedback are considered in [32]; and the filtering problems
have also been addressed in [2,19] for different classes of STDS. These useful results
have greatly advanced the analysis and synthesis of stochastic systems. However, it is
worth noting that most of the aforementioned results are developed for continuous-time
systems, while few results are available for discrete time-delay systems with stochastic
perturbations which are also important in practical applications.

In this paper, we are interested in the problem of robust H filtering for discrete sto-
chastic time-delay systems with parameter uncertainties and nonlinear disturbances. The
parameter uncertainty is assumed to be of polytopic-type, and the nonlinearity satisfies
global Lipschitz conditions, entering into both state and measurement equations. Atten-
tion is focused on the design of robust full-order and reduced-order filters guaranteeing
a prescribed noise attenuation level in an H., sense with respect to all energy-bounded
noise inputs for all admissible uncertainties and time delays. Sufficient conditions for
the existence of such filters are formulated in terms of a set of linear matrix inequalities,
upon which admissible filters can be obtained from the solution of a convex optimization
problem. A numerical example is provided to illustrate the applicability of the developed
filter design procedure.

Notations The notations used throughout the paper are fairly standard. The su-
perscript “T” stands for matrix transposition; R™ denotes the n-dimensional Euclidean
space and R™*" is the set of all real matrices of dimension m X n; the notation P > 0
means that P is real symmetric and positive definite; I and 0 represent identity matrix
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and zero matrices; the notation | - | refers to the Euclidean vector norm; Amin(-), Amax(*)
denote the minimum and the maximum eigenvalue of the corresponding matrix respec-
tively. In symmetric block matrices or long matrix expressions, we use an asterisk (x) to
represent a term that is induced by symmetry and diag{. ..} stands for a block-diagonal
matrix. In addition, F{z} and E{x|y} will, respectively, mean expectation of z and
expectation of x conditional on y. Matrices, if their dimensions are not explicitly stated,
are assumed to be compatible for algebraic operations. The space of square summable
infinite sequence is denoted by I3[0, 00).

2 Problem Formulation

Consider the following discrete stochastic time-delay system with nonlinear disturbance:

S:  xpq1 = [Azt + Agri—q + Ff(zt, 24—q) + Bwi] + [May + Maxi_gloe,
Y = [Cay + Caxi—q + Gg(x4, x1—q) + Dwi] + [Nay + Naxi—g)ve,
z; = Ly,
2= ép, t=—d, —d+1,...,0,

(1)

where x; € R™ is the state vector; y; € R™ is the measured output; z; € RP is the
signal to be estimated; w; € R' is the disturbance input which belongs to l2[0,00); v;
is a zero mean white noise sequence with covariance I; A, Ay, F', B, M, My, C, Cy,
G, D, N, Ny, L are system matrices with appropriate dimensions; d > 0 is a constant
time delay; {¢:: t = —d,—d+1,...,0} is a given initial condition sequence; f(xt,z:—q),
g(x¢, x4—q) are known nonlinear functions. Throughout the paper, we make the following
assumptions.

Assumption 1 The nonlinear functions satisfy
(1) f(0,0) =0, g(0,0) = 0;

(2) (Lipschitz conditions) there exist known real appropriately dimensioned matrices
S1, S2, T1, T such that for all z1, x2, y1, y2 satisfying

[f(z1,22) — flyr,y2)l| < [1S1(z1 —yo)|| + [|S2(22 — w2)] »
lg(z1,72) — g(y1, y2) || < Tz —yo)ll + (| T2 (22 — yo)| -

Assumption 2 The system matrices are appropriately dimensioned with partially
unknown parameters. We assume that

Qé(AaAdaFaBaMaM(hCaCdaGaDaNaNdaL) €ER

where R is a given convex bounded polyhedral domain described by s vertices

R 2 {Q()\): Q) = Z)\iﬂi; Z)\i =1 A= 0}
i=1 i=1

and Q; 2 (A;, Agi, Fy, Biy, My, My;, Ci, Cai, Gi, Dy, Ny, Ny, L;) denotes the vertices of the
polytope R.
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Remark 1 The system under investigation in this paper contains both parameter and
nonlinear uncertainties. As can be seen in Assumption 2, the parameter uncertainties
are assumed to be of polytopic-type, entering into all the matrices of the system model.
The polytopic uncertainty has been widely used in the problems of robust control and
filtering for uncertain systems, see, e.g., [3,7,14] and the references therein and many
practical systems possess parameter uncertainties which can be either exactly modeled or
over-bounded by the polytope R. In addition, the nonlinear uncertainty in Assumption 1
has also been widely used in the literature, see, e.g., [16,29, 33].

Remark 2 Although there is only a single delay taken into consideration in system S,
the results developed in this paper can be easily extended to systems with multiple state
delays. The reason why we consider single delay systems is to make our derivation more
lucid and to avoid complicated notations. It is also worth mentioning that the results
obtained in this paper can be readily extended to the case where v; enters system S in a
summation form, that is, the dynamic and measurement equations in system S have the
following form

T = [Axy + Agae—q + F f (24, xe—q) + Bwy| + Z My + Mgize—q] vei,
i—1

ks
Yyt = [Cxy + Caxi—q + Gg(zy, x4—a) + Dwy] + Z [Nixy + Naixi—a)] vii-
i=1
Here we are interested in estimating the signal z; by a linear dynamic filter of general
structure described by
.F . ift+1 = AF.ﬁ%t —|— BFyt,

z = Cpiy, (2)

j:t:@h t:—d7_d+1,...,07
where #; € R is the filter state vector and (Ar, Br, Cr) are appropriately dimensioned
filter matrices to be determined. It should be pointed out that here we are interested
not only in the full-order filtering problem (when k = n), but also in the reduced-order
filtering problem (when 1 < k < n). As can be seen in the following, these two filtering
problems are solved in a unified framework.

Augmenting the model of S to include the states of the filter F, we obtain the filtering
error system &:

E: &1 = [AG + AaK&_q + Fn(zy, me—a) + Bwy| + [M& + MaK& g vy,
[ 6&, (3)
§t:[¢? SOtT]Ta tE[—d,O],

where & = [UCtT UACtT]T ) n(:vt,wt_d) = [fT(xtaxt—d) QT(UCtaUUt—d)]T , €t =2 — 2 and

A o - [ A = [F o0 = [ B
A_{BFO AF]’ Ad_{Bch]’ F‘{o BFG]’ B_{BFD}’
— [ M 0 — [ My = iy N
M_[BFN 0}, Md_|:BFNd:|7 C=[L -Cr], K=[I 0].

We first introduce the following definitions.
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Definition 1 The filtering error system £ in (3) with w; = 0 is said to be mean-
square stable if for any € > 0, there is a §(¢) > 0 such that E{|&]?} <€, t > 0 when

sup  E{|&]?} < 6(e). In addition, if tlim E{|&]?} = 0 for any initial conditions, then
—d<5<0 —00

it is said to be mean-square asymptotically stable.

Definition 2 The filtering error system £ in (3) is said to be mean-square asymptoti-
cally stable with an Heo disturbance attenuation level +y if it is mean-square asymptotically
stable and under zero-initial conditions E{|le|l2} < v|lw]||2 for all nonzero disturbances
w € I3]0, 00), where

Blell) 2 B ( iT)/} folla 2 ( iwm)l/z.

t=0

Throughout the paper, we make the following assumption.
Assumption 3 System S in (2) is mean-square asymptotically stable.

Remark 8 Assumption 3 is made based on the fact that there is no control in the
system model § in (1), therefore the original system S in (1) to be estimated has to be
mean-square asymptotically stable, which is a prerequisite for the filtering error system
£ in (3) to be mean-square asymptotically stable.

Then the filtering problem to be addressed in this paper is expressed as follows.

Problem RHF (Robust Ho Filtering):  Given system S in (1), develop full-order
and reduced-order robust He filters of the form F in (2) such that for all admissible
uncertainties, disturbances and time delays the filtering error system & in (3) is robustly
mean-square asymptotically stable with an H., disturbance attenuation level v. Filters
satisfying this requirement are called robust H filters.

Throughout the paper, (A;, Agi, Fi, Bi, M;, Mg4;,C;) denotes matrices evaluated at
each of the vertices of the polytope R. The following lemma will be useful in our deriva-
tion.

Lemma 1 Let ®;, &2, &3 and II > 0 be given constant matrices with appropriate
dimensions. Then, for any scalar € > 0 satisfying el — ®IT1Py > 0 we have

[B1 + P @3] TI[D) + Po®3] < BT[IT! — ¢ 1Do0] | 71Dy + eI D3

3 Filtering Analysis

This section is concerned with the filtering analysis problem. More specifically, assuming
that the matrices (Ap, Br, Cr) of the filter F in (2) are already known, we shall study
the conditions under which the filtering error system £ in (3) is mean-square asymptot-
ically stable with an H., disturbance attenuation level «. To ease the exposition of our
results, we first consider the stationary case, i.e. 2 € R is fixed. The following theorem
shows that the Ho, performance of the filtering error system can be guaranteed if there
exist some positive definite matrices satisfying certain LMIs. This theorem will play an
instrumental role in the filter design problems.
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Theorem 1 Consider system S in (1) with Q € R fized, and suppose the filter
matrices (Ap, Br,Cr) of F in (2) are given. Then the filtering error system & in (3) is
mean-square asymptotically stable with an Ho, disturbance attenuation level bound v if
there exist matrices P >0, Q >0 and a scalar € > 0 satisfying

—P 0 0 PA PA; PB PF)
* —P 0 PM PM,y 0 0
* x -1 C 0 0 0
« x x O, 0 0 0 | <0, (5)
* * * * (CH 0 0
* * * * * -2 0

L * * * * * * —el |

where
©1 £ P+ K'QK +2eK" (5] 81 +T1'Th) K,
O2 £ —Q +2¢ (53 82+ T)'Ty) .
Proof Let X, & {&—d,&—d+1s---,&}, choose a Lyapunov functional candidate for

the filtering error system &

Wi () LWy + Wh,
T = T 7T (6)
Wi =¢'PG, Wa= > &KTQKE,

i=t—d

where P, @) are real symmetric positive definite matrices to be determined. Then, along
the solution of the filtering error system £ we have

T 2 E{Wi1(Xi1) | X} — Wie(X) = E{[Wii1(Xix1) — Wi(X)] | X}

— B{AW) | X} + E{AW: | X} ®

where
E{AW1 | X} = E{ (65, Péi1 — & P&)| X
- E{ ( [A¢ + K& g+ Py, v1—a) + Bwy]' P
X [A& + AgK &g+ Fnzy, 1—q) + B (8)
+ 2 {[MIg + MyK& g) v} PAG + AgKEa+ F(wr, v1—a) + Buwr]
+ [V + MaK&a) v} P{[ME + MaKE o] v} — g}pgt) ] Xt},

t t—1
E{AW2|Xt}_E{< > GETQKG - Y @TKTQK@) ‘Xt}

i=t+1—d i=t—d
=E{(K"QKE& — &L (JKTQKE&q) | X}
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Then from (7)—(9), we obtain
T =[A& + AaK&—a+ Fn(ze, xi—q) + Fwt]TP[/_lft + AgK&—q + Fn(ze, xi—a) + Bwy
+ [M& + MaK&—q)" PIM& + MaK& 4] — &' P&
+EKTQKE — & 4K QK —a. (10)
In addition, using Assumption 1, we have
1f (e, we-a)ll < [1S12el| + (| S2e-all,
lg(ze, ze—a)l| < [[Thael| + ([ T22e-all
which yields
1f @e, ze-a)l* < 20 Srel® + || Sowe—all®),
lg(@es we—a)l* < 20| Tvael® + | Towe—al®).
Then
N (e, we—a)n(@e, we—q) = [ (we, we—a) f (@0, 2e—q) + 9" (@4, Be—a)g (e, T1—a)
<2 (ISvel® + 1Seze—all” + | Tizel® + [ Tl (11)
= 26T KT (STS) + TP K& + 265 (K™ (S5 82 + T5 To) Kéi—a.
Since (5) implies € > 0 and eI-F' PF > 0, by identifying ®; = A&+AyKE& g4+ Buwy,

by =F, §g = n(z¢, zi—q) and II = P in Lemma 1 , we have an upper bound for the
first term of J in (10)

[A& + AaK&—q+ Fn(zy, me—q) + Ewt]TP[f_l{t + AgK&—a + Fn(zt, m1—q) + Buwy]

_ _ _ - - _ (12)
< [A& + AgK&—a + Bwt]T\IJ[A& + AgKé_q + Bw] + 677T(l"t7 Tp—a)n(xe, Te—a),
1
where U — [P*l — e*lFFT} .
Then from (10)—(12) we have
— — J— T — — J—
J < [A& + AaK&—_q+ Bwy| W [AG + AgKE&—q + Buw|
+2e¢ KT (ST S + T 1) K& + 268 (K™ (S5 82 + 15 1) K&i—a
— — T — —
+ [Mé& + MaK&—a) P [M& +MyKé&—q) — & P& (13)
+EKTQRG — ¢ JKTQKE
= U;TEO},
where
o= KT W,
AT A T 7L par - T I
(A \I/A—TIf+TI( QK;—M PM) ATOA, + TP, B
—|—2€K (Sl Sl —|— Tl Tl) K

[1]

_ _ — T —
- . (—Q+A§@Ad+Md PMd) ATUE
+2€ (ST 8y + T T)

* *

UB

s/



HUILJUN GAO, JAMES LAM AND CHANGHONG WANG
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Therefore, when assuming zero disturbance input w; = 0, it follows that
(&8 & KT

J<E gL KT)E
where
ATWA - P+ KTQK+ R
T ATWA;+ M PM
(2EKT (ST Sy +T1TT1)K+MTPM) AR d
( —Q+ AJV A+ 2¢ (5355 + Ty Th) )
+3, PN,

*

[1h

By Schur complement [4], LMI (5) implies the negative definiteness of Z, therefore, for

X # 0 we have J < 0, that is
E{Wip1(Xig1) | X} < Wi(A)

which means that there exists 0 < 3; < 1 satisfying
E{ Wi (X)) X} < BeWi(X)

t—1

E{Wi(X)| Xo} < [[ B:Wo(Xo) < o' Wo(Xo)

It is easy to obtain by using this relationship recursively that

i=0
where o = max ;. Thus 0 < a < 1 and we have
N 1 _aN+1
E{ Z [Wi(X)| Xo] } <(4a+-+a™)Wo(X) = 1o Wo(Xo).
t=0

Since @ > 0, then
<1 W)
=g Voldo).

N
Z {xtTth ‘ Xo}

lim FE {
N —o0
t=0
Using the Rayleigh quotient inequality, we have
al 1
< = Wi (X
< e 0

lim E{ EEAEY

N—o0
t=0
which means E{|z:|"} — 0 as ¢t — oo, then from Definition 1, we know that the filtering

. 2
error system & in (3) with w; = 0 is mean-square asymptotically stable
To establish the H, performance, assume zero initial condition, we have Wy (AXp) = 0
(14)

Now consider the following index

saof it}
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Then, with (13) for all nonzero w; we have

o0

I == E{ (e’tI‘et — 72(41?(4]15 + E{Wt+1(Xt+1)| Xt} - Wt(Xt)) } - E{WOO(XOO)}
t=0

< E{ S (eFer —22ln + ) } _ E{ 3 agéat}
t=0

t=0
where

ATWA - P+ KTQK
WM PM+T'C AT A, + D PN, ATUB
B +2eKT (STS + TP Th) K
= . (—Q-’-AE\I/Ad—I—MEPMd) ATUB
+2¢ (S5 S + T4 Ts) ¢
* * —2I + B vB

[1]x

—_

Then, by Schur complement, (5) guarantees = < 0, which further implies Z < 0 and
E{|lell2} < v|lwl|l2, then the filtering error system £ in (3) is mean-square asymptotically
stable with an H., noise attenuation level bound v, and the proof is completed.

Remark 4 Theorem 1 presents a sufficient condition for the H., performance of
discrete-time stochastic time-delay systems with nonlinear disturbances. It is worth
pointing out that the condition presented in Theorem 1 is an LMI condition and there-
fore can be easily tested by standard numerical software [11]. In the case when we assume
vy = 0, that is, no stochastic uncertainty is present in system S, LMI (5) becomes

-P 0 PA PA; PB PF
x —I C 0 0 0
©1 0 0 0
* @2 0 0
* * I 0
* * * —el

<0. (15)

* K K KX
* K K KX

LMI (15) is an Heo performance condition for linear discrete time-delay systems with non-
linear disturbances. In addition, if we further assume f(z¢, x1—q) =0 and g(x¢, 1_q) =
0, then LMI (5) becomes

-P 0 PA PA; PB
I C 0 0
* *x —-P+KTQK 0 0 <0. (16)
* * * —-Q 0
* * * * —2I

LMI (16) is an Hoo performance condition for linear discrete time-delay systems.
Then, the following theorem provides a sufficient condition of robust H., performance
for the filtering error system & in (3).
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Theorem 2 Consider system S in (1) with € R representing uncertain matrices,
and suppose the filter matrices (Ap, Bp,CFr) of F in (2) are given. Then the filtering
error system & in (8) is robustly mean-square asymptotically stable with an Hoo distur-
bance attenuation level bound y if there exist matrices P; > 0, Q; > 0, V and scalars
€; > 0 satisfying

rP—V VT 0 0 VT& VTA_di VTB;, VTF;7
* P-V-VvT 0 ViMi VTM g 0 0
* * -1 C; 0 0 0
* * * II; 0 0 0 <0
* * * * II, 0 0 (17)
* * * * * —y2I 0

L * * * * * * —e;1 |

Vi=1, , S,
where

I = —P,+ K"Q:K +2¢, K™ (575 + T Th) K,
H2 = _Qi + 261' (SgSQ + TQTTQ) .

Proof LMIs (17) guarantee that for any fixed Q € R, there exist matrices P > 0,
@ >0, V and a scalar € > 0 satisfying

rP—V-VT 0 0 VTA VvT4; VTB VTF-
* P-v-Vvt o VTM V™M, 0 0
* * I C 0 0 0
* * * 0, 0 0 0 < 0. (18)
* * * * (CI} 0 0
* * * * * —y2I 0
L * * * * * * —el |

In the following we will show that (18) is equivalent to (5). On one hand, if (5) holds,
(18) is readily established by choosing V = VT = P. On the other hand, if (18) holds, we
can explore the fact that V is nonsingular. In addition, we have (P — V)" P~ (P - V) >
0, which implies that —VTP~1V < P — VT — V. Therefore we can conclude from (18)
that

r—vTp-iy 0 0 VTA VvT4, VTB VTF-
* ~VTp-ltv 0 V™ VTM; 0 0
* * -1 C 0 0 0
* * * 0, 0 0 0 < 0. (19)
* * * * ©9 0 0
* * * * * —2T 0
L * * * * * * —el |

Performing a congruence transformation to (19) by diag {I, V-lPpV-lP 1,1, I}
yields (5), then the proof is completed.
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Remark 5 Instead of directly extending Theorem 1 to polytopic uncertain systems
based on the notion of quadratic stability, here we incorporate a new result of parameter-
dependent stability [6] to reduce the conservatism of filter designs in the quadratic frame-
work. Through the introduction of the slack variable V| the sufficient robust Ho, per-
formance condition resulting from Theorem 2 entails different positive definite matrices
P; and @; for each vertex of the polytope R, thus enabling us to obtain a parameter-
dependent performance criteria. To illustrate the benefit of such performance conditions,
let ©()\) denotes any given point of the polytope R. If we can find feasible solutions in
the light of (17), then it is not difficult to show that the Lyapunov matrices defined in
(6) for any fixed point ©()\) can be recovered by

PO =Y NP, Q) =) Qs
i=1 i=1

which implies that there are different Lyapunov functionals for different points in the
polytope. Then, the Lyapunov functional defined in (6) for the whole uncertainty domain
R can be expressed as

t—1
Wi(X, \) =& PONG + Y §TETQVKE, (20)

i=t—d

which is dependent of the parameter .

4 Filter Design

In this section we will focus on the design of full-order and reduced-order H filters of
the form F based on Theorem 2. That is, to determine the filter matrices (Ar, Bp, Cr)
which will guarantee the filtering error system £ to be mean-square asymptotically stable
with an H, performance. The following theorem provides sufficient conditions for the
existence of such H filters for system S.

Theorem 3 Consider system S in (1) with Q € R representing uncertain matrices.
Then an admissible robust Hoo filter of the form F in (2) exists if there exist matrices
X.,Y, Z, Ap, Bp, Cp, Py, Py, Psi, Q; and scalar ¢; > 0 fori=1,... s satisfying

Yo 0 0 Ty Tg T1o Ty 7

* TQ 0 T5 Tg 0 0
* *x —I Tg O 0 0
* * * Y7 0 0 0 <0, (21)
* * * x  Ilg 0 0
* * * * x =21 0
L * * * * * * —e; 1
Py Py
{ . P&l > 0, (22)

where
T, _ XF, ETBrG;
"TYTE BrG; |7
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o [Pi=X—X" Py-Y-E"Z
> * Py —27Z%—27 |’
T, = -XTAi-FETFFCi ETAF:|

Y7 YTA +BrC; Ap |’

[ XTM; + EYBgN; 0
Ty = T _ )
| YTM; +BrN; 0
Yo=[L; —Cr],
[—Pi; + Qi + 26 (STS1 + TTTy)  —Py
L - Py —Py; |’
[ XTAg + ETBrpCy;
O ,
| Y A4+ BrCy
To— [ XTMg; + EYBrpNy;
°7| Y™My+BrNg |’
[ X'B;, + EYBrD;
Tlo - T - B
| Y B, +BrD;

E=[Irxt Ogpx(n—i]-

Ty

Moreover, if the above condition has a set of feasible solution (X,Y,Z, Ap, Br,Cr, Py,
Py, Psi, Qi,€;), the matrices for an admissible robust Hoo filter in the form of F in (2)
can be calculated by the following steps:

(1) find square and nonsingular matrices S € R¥** and T € R¥** satisfying Z =
STTr-18;
(2) calculate the matrices for desired filter matrices by

&= E ] e

Proof Since LMIs (21) and (22) implies P3; — Z — Z* < 0 and P3; > 0, we can
infer that Z 4+ ZT > 0, therefore Z is nonsingular. Then we can always find square and
nonsingular k x k matrices S and T satisfying Z = STT~1S. Therefore, the matrices
(Ap, Br,CF) are uniquely defined in (23). Now introduce the following matrix variables:

B I 0 _ X YSsT T P Py _1

Then, it is easy to see that the matrix J defined above is nonsingular and we have
P; > 0. In the following we will prove that the filter F in (2) with state-space realization
(Ap, Br,Cr) defined in (23) is an admissible robust H filter such that the filtering error
system & in (3) is mean-square asymptotically stable with a guaranteed Ho, performance.

Now, by some algebraic matrix manipulations, it can be established that (21) is equiv-
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alent to
A 0 JWTAJ JWTA, JWVT'B, JTVTE,]
vV — VT)J i di i i
* TP, - 0 JWTM;J J'VTMg 0 0
vV — VT)J i di

< * -1 C;J 0 0 0 <0.
* * * JTIL J 0 0 0
* * * * 11, 0 0
* * * * * —~2T 0

L * * * * * * —e 1 ]

(25)

The equivalence between (21) and (25) can be verified in a reverse order by the follow-
ing steps. First, by substituting (A, Bp,Cr) defined in (23) into (4), the matrices
(/L Ay, F,B, M, Ml,?) of the filtering error system & in (3) can be obtained as

i A 0 i Ay
TS TBrC S TARS T’ 4= s TBrCy |
_[F 0 _ B _ M 0
F= |:0 S_TEFG:| ’ B= [S_TEFD:| ’ M= [S_TEFN 0] ’ (26)
— Md — _ 4

Then by substituting the matrices J, P;, V defined in (24) and the matrices (/_1, Ay F,
B, M, M, C) given by (26) into (25), and by considering the relationship Z = STT-1S,
we obtain inequality (21) after some straightforward matrix manipulations.

Now, performing a congruence transformation to (25) by diag{J %, J~1, I, J~1, 1,11}
yields (17). Therefore, we conclude from Theorem 2 that the filter F in (2) with state-
space realization (Ap, Bp, Cr) defined in (24) is an admissible robust H filter such that
the filtering error system £ in (3) is mean-square asymptotically stable with a guaranteed
H~ performance, and the proof is completed.

Remark 6 To obtain certain LMI conditions for the existence of desired filters, usually
linearization procedures have to be adopted. Since the standard linearization methods
adopted in [25,27] assume the off-diagonal entry of certain matrix (the matrix to be
partitioned, in this paper it is V' in Theorem 2) to be square and nonsingular, they can
only be used to deal with the full-order filtering problem. To keep the reduced-order filter
design tractable, here we have sought a different linearization procedure, which solves
both the full-order and reduced-order filtering synthesis problems in a unified framework.
It is worth noting that the matrix E defined in Theorem 3 plays an instrumental role.
For the full-order filtering, the matrix F becomes an identity matrix of dimension n, and
for the reduced-order case, we have imposed certain structural restriction on the (2,1)
block entry of the matrix V', which introduces some overdesign into the filter design.

Remark 7 Theorem 3 casts the robust Heo filtering problem into an LMI feasibility
test, and any feasible solution to the conditions presented in Theorem 3 will yield a
suitable filter, which can be obtained by following the two steps presented in Theorem 3.
Another formulation of suitable filters upon these feasible solution can be given by

[éf; %F]:[Z; ?] [%ﬁ FOF] (27)
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To prove (27), let us denote the filter z transfer function from y(t) to 2(t) by Tsy(z) =
Cr(zI — Ap)~!Bp. By substituting the filter matrices with (23) and by considering the
relationship Z = STT~1S, we have

T:y(s) = CpS™'T(2I — S TApS™'T) 'S TBp
= GF(ZI — Z_1AF)_1Z_1§F.
Therefore, an admissible filter can also be given by (27).

Remark 8 Note that (21) and (22) are LMIs not only over the matrix variables, but
also over the scalar v2. This implies that the scalar 42 can be included as an optimization
variable to obtain the minimum noise attenuation level bound. Then the minimum (in
terms of the feasibility of (21) and (22)) guaranteed cost of robust Ho, filters can be
readily found by solving the following convex optimization problems

Problem RHFD (Robust He filter design):  Minimize v subject to (21) and (22)
over (X7 }/7 Z7 AFaEFvéF; P1i7 PQ’U P3i7 Q’iv e’i)-

Remark 9 Theorem 3 presents a sufficient condition for the existence of robust Ho,
filters for discrete-time stochastic time-delay systems with nonlinear disturbance. In the
case when we assume v; = 0, that is, no stochastic uncertainty is present in system S,
LMI (21) becomes

Ta 0 Ty Tg Tio T
-1 Y¢ O 0 0

*
* * x Oy 0 0 <0
* * * x -0 0

* * * * * —e; 1

In addition, if we further assume f(xt,2;—q) = 0 and g(x¢,2:—q) = 0, then LMI (21)
becomes

Ty O Ty Ts Tio
* =1 Ts 0 0
P +Q; —Pyy
* —Pg P, 0 0 < 0.
* * * —Q; 0
* * * * —~2T

5 Illustrative Example

In this section, we will provide an example to illustrate the applicability of the above
filter design method. Consider the following system:

0.9944 —0.1203 —0.4302 0
Tip1 = [ 0.0017  0.9902 —-0.07474+0.0la |zt 4+ | 0 | wy
0 0.8187 0 0.1
0.01 0 0
+ O 003 0 TV, (28)
0 0 0.02

ye=[02 0.1 0.1+0.0la]a+[01 0.1+0.0la 0]zg
+0.2sin([0 0 0.2]x:+[0 0.1 0]xi—q)+0.1wy,
Zt = [0 0.1 0.2]%,3,
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where « is an unknown parameter satisfying —1 < « < 1. It is easy to see that system
(28) has the structure of system S in (1) with the following parameters:

[0.9944 —0.1203 —0.4302
A=10.0017 0.9902 —0.0747+ 0.0lc | ,

0 0.8187 0

(0.1 0 02 0
M=|0 003 0 |,B=]|0],

|0 0 0.02 0.1

Ag =03x3, F =03x1, Mg=03x3,
C=1[02 0.1 0.1+0.0la],
Cs=[0.1 01+00la 0],
G=02 D=01, N=01x3 Ng=0ix3,
L=[0 01 02],
flag,xp—q) =0
g, x—q) =0.2s8in ([0 0 0.2]x:+[0 0.1 O0]z¢—g).
In addition, the nonlinear functions f(x:,x:—q) and g(x¢,xi—q) satisfy Assumption 1
with
S =8=01x3, Ti=[0 0 02], Tz=[0 0.1 0].

By solving Problem RHFD, the obtained minimum feasible v* and the associated
matrices for different cases are as follows:

Third-order Filtering: (v* = 0.0200)

0.1864 1.3287  0.1981 : —3.5599
—0.0268  0.9945  0.0077 : —0.1232
Ar Br| _ : (29)
Cr O —0.0132  0.2543 0.0391 : —0.1472
L 0.0001 —0.0999 —-0.2048 0 |
Second-order Filtering: (v* = 0.0226)
0.9669 0.1947 : —0.0624
Ar Br| _ | 00002 09353 © —0.0084 | (30)
CF 0 -------------------------------
—0.0011  —0.1400 : 0
First-order Filtering: (v* = 0.0228)
Ap Bp 0.9589 : —0.1801
CF O S (40)
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6 Concluding Remarks

The problem of robust H, filtering for a class of stochastic nonlinear time-delay systems
in discrete time has been investigated in this paper. Sufficient conditions are obtained in
terms of linear matrix inequality for the existence of desired filters which guarantee the
filtering error system to be mean-square asymptotically stable with an H., disturbance
attenuation level. A parametrization of the filter matrices can be readily obtained if
these conditions have feasible solutions. A numerical example is provided to show the
applicability of the developed filter design methods.
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Abstract: The adaptive control problem of a class of stochastic time-delay
systems is investigated. Firstly we consider a simple class of stochastic sys-
tems with time-varying delays and design the corresponding adaptive con-
troller based on the solution of linear matrix inequalities (LMIs), which can
render the closed-loop asymptotically stable in probability. Then we apply
the adaptive idea to the interconnected system case. Under the condition that
interconnections satisfy the matching condition, we propose a class of decen-
tralized feedback controllers and the corresponding closed-loop systems are
also asymptotically stable in probability. Numerical examples on controlling
the two classes of stochastic systems are given to show the validity of obtained
theoretical results.

Keywords: Stochastic systems; time-delay systems; interconnected systems; adap-
tive control.
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1 Introduction

Time-delay is often encountered in various engineering systems, such as electrical net-
works, turbojet engines, microwave oscillators, nuclear reactors, rolling mills, chemical
processes, manual control, long transmission lines in pneumatic, and hydraulic systems,
etc. Its existence is often a source of instability and poor performance. Therefore, the
problem of stability analysis and robust control for dynamic time-delay systems has at-
tracted considerable attention of a number of researchers over the past years, see for
example, [1—-4] and the references therein.

@ 2004 Informath Publishing Group. All rights reserved. 303
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In this paper we will focus on controlling stochastic time-delay systems. In the existing
literature, some work has been done on stability analysis and control for stochastic time-
delay systems. The robust stability problem of linear stochastic time-delay systems
was studied in [5], while robust stability analysis for stochastic delay interval systems is
considered in [6]. In [7], the problem of control for uncertain stochastic time-delay systems
was considered, and the results were given in the form of LMIs. Filtering problem for
uncertain stochastic systems was considered in [8—10]. In the meantime, the problem of
control for interconnected stochastic time-delay systems was tackled in [11].

Unlike the existing results in literature, in this paper, we investigate the adaptive con-
trol problem of stochastic time-delay systems, whose bounds of uncertainties in matching
parts are not required to be known. Firstly we consider a simple class of stochastic sys-
tems with time-varying delays. Corresponding adaptive controller is designed based on
the solution of LMI. Then we apply the adaptive idea to the interconnected system case.
Under the condition that interconnections satisfy the matching condition, we propose
a class of decentralized feedback controllers, which can render the closed-loop systems
asymptotically stable.

2 Problem Formulation

Consider the following time delay system

de = (Az + f(z,z(t — d(t)) + Bu) dt + g(x, z(t — h(t))) dw,

z(t) = o(t), te[=d,0]. (1)

where x € R™ and u € R™ are the state and control input respectively, d(t) and h(t) are
time-varying delay parameters, A and B are known constant matrices with appropriate
dimensions. w is a zero-mean Wiener process. f(-) and g(-) are uncertain nonlinear
function vectors.

For system (1), we introduce the following standard assumptions.

Assumption 2.1 The time-varying time delays d(t) satisfies

dity<t<1, ht)<k<Ll 2)

Assumption 2.2 The nonlinear function f (-) can be decomposed into the matched
form and the unmatched form

[, x(t = d(t))) = BE(z, x(t — d(t))) + ((z, z(t = d(1))), (3)
where &(z,z(t — d(t))) and {(x, x(t — d(t))) satisfy

1€ (2,2 (t = d (@) < Bullxll + B2 |zt —d @), (4)
€ (@, z(t —d @I <7zl + 22zt —d@)], (5)

where v, and 7, are known positive scalars, §; and 5 are unknown positive scalars.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 4(3) (2004) 303-316 305

Assumption 2.3 There exist matrix Y, positive matrix X and positive scalars e
and €9 such that the following LMI holds

AX + XAT + BY + YTBT 4621 + £2431 X X

X —el 0 | <o. (6)
X 0 —EQI

Assumption 2.4 The nonlinear function g satisfies
9" Pg < az | BYPa|| |« (t — h (1)) + a5 | BT Pa (t — b (1))]| [2] ™
+oq ||BYPx|| ||@]| + cu || BT P (t — h (1) || [l (t = h ()],

where matrix P = X!, X satisfies LMI (6), a; (i = 1,2,3,4) are unknown positive
scalars.

Remark 1 Assumption 2.1 is often needed on investigating time-delay systems by em-
ploying Lyapunov-Krasovskii method. Different from the existing literatures on control of
stochastic time-delay systems, we divide the uncertainties into matched and unmatched
parts and the bounds of matched parts are not needed to be known in Assumption 2.2.
Assumption 2.3 is to guarantee that the system is asymptotically stable without the
matching parts and the stochastic parts. In practical systems we may also not know the
function g exactly, so Assumption 2.4 is imposed.

Before giving the problem statement in this paper, we first introduce the following
definition of stability in probability.

Consider the nonlinear stochastic system

dz = f(z,2(t — d))dt + g(a,o(t — d))dw, (8)
where x € R" is the state, w is an r-dimensional standard Wiener process, and functions
f and g are locally Lipschitz and satisfy f(0,0) =0 and ¢(0,0) = 0.

Definition 2.1 [7] The equilibrium = = 0 of the system (8) is said to be globally
asymptotically stable in probability for given () if for any s > 0 and € > 0
limP{sup|xf’$| >5} =0, P{tliT |z :0} =1,

z—0 s<t

where z;"* denotes the solution at time ¢ of a stochastic differential equation starting
from the state z at time s for s < ¢.

Lemma 2.1 [12] Consider system (8) and suppose there exists a positive definite, Ta-
dially unbounded, twice continuously differentiable function V(x) such that the following
inequality holds

2v(a) = 2 )+ 5 v oo S 00| <0,

then system (8) is globally asymptotically stable in probability.

In this paper, we will firstly consider designing controller to render system (1) globally
asymptotically stable in probability under the above assumptions, then further apply
the design idea to interconnected stochastic system case and design the corresponding
controller.

3 Robust Controller Design

In this section we will investigate designing adaptive state feedback controller to stabilize
uncertain stochastic system (1).
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Theorem 3.1 For system (1), the following adaptive state feedback controller
1
u=Kx — 5 9(t)B" Pz, (9)

where K = YX ™1 and matrices P, Y and X satisfy (6), 0(t) is adaptive parameter
whose adaptive law is
do(t)
dt
where a is an arbitrary positive scalar, can render the closed-loop system robustly stable
in probability.

Proof Substituting (9) into (1), we can obtain

= al| BT Pz|]?, (10)

de = (Ax + f(z,z(t —d(t)) + BK — % B@(t)BTP:E)>dt + g(z,z(t — h(t)))dw. (11)

Choose the following Lyapunov-Krasovskii function

v =aTPa+ La 00 + (s + ;) / (€) |2de

t—d(t)
) ) /
2 4 2
(12t r2y) [ letorra 12)
t—h(t)
t
e e N B
405(1 — k) 464(1 — k) ’
t—h(t)
where §;, (i = 1,2,...,6) are positive scalars, 6=0— é(t), 6 is a positive scalar defined

n (18).
Taking the time derivative of above Lyapunov function, one can get
LV <22"P(Az + f (v,x (t —d)) + BK) — 2" PB6 (t) B" Pz

+g(z,z(t—h)" Pg(z,z(t—h))+ a100
+ (G +e3") [Iall® = (1 =) llz (¢t = d @)IP]
2 B+ 00) (2l — (L= By (e — (e)?)

(1i )<z52+zi) (||BTPx D)’ —(1_k)\|BTpx(t_h(t))||2),

From Assumption 2.4, we obtain that
9" Pg < as ||BTPz|| ||z (t = b (1)]| + as HBTPJJ (t —h@®)] ll]
+a1 | BT Pa|| ||:c||+a4HBTPx t—h@®)||llzt—h))

(13)

T T _ 2
<5 L |57 Pa® + 6, + HB PwH + 02 [l (t = h (1)) »

+ 5 | BT Pz (t - h(t)>||2 + 03 |||
405 3

052 2
o |[BT Pt = R O)] + 8o (6~ b 0P
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We know

20 P(A+ f (z, 2(t — d)) + BK)
=127 (PA+ A"P+ PBK + K"B"P) x4+ 22" PB¢ (z,2 (t — d (1))
+ 22T P¢ (@, 2 (t — d)t))

2
<z" (PA+ AP+ PBK + K"B"P)z + Bl ot pBB Py 4 5 |lzl*>  (15)

Js5
3
(1—7’)56

+eptlz)® +

+ eTPBB Pz + (1 —17) 06 ||z (t —d (1))||* + e1722T PPx

€2

(1-7)

Substituting (14), (15) into (13), we can further obtain that

FyQQxTPPx +(1-7) 651 |l (t—d (t))||2 .

LV < —a @z + (0 0) | B"Pz|’ + a '56, (16)
where
~®=PA+A"P+ PBK + KB P + e,/2PP + 7' + (162 )WSPP
- T

1 1 (17)

e T+ 61 + 1_k52+53+m54+65+567

-~ & 03 i a3 a3 aj
g b LT , 18
65 (56(1—7')—"_461+452+463(1—k)+464(1—/€) ( )

As we know if LMI (6) holds, the following inequality stands

€2
1—

AX + XA+ BY +Y'BT + 1471 + VI +e' XTX + 651 XTX <0, (19)
T

Further, the following inequality holds (by multiply P on both sides of (19)

with P = X 1)

PA+ AP+ PBK + KTBTP + (al'yf + 15—27§> PP +ei'T+e;'T<0. (20)
- T

Therefore, from (17) and (20) we know there always exist sufficiently small positive

scalars §; (i =1,2,...,6) such that
o > 0. (21)

Substituting (10) into (16), we can obtain
LV < —2Tox (22)

which implies that the closed-loop system is robustly stable in probability.
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Corollary 3.1 If Assumptions 2.1, 2.4 and Assumption 2.2 with ((-) =0 are satis-
fied, and the pair (A, B) is completely controllable, the following controller

1

u=-3 0(t)BT Pz (23)
with adaptive law

do(t

PO _ 57 (24)

where a is a positive scalar, will render the closed-loop system (1) robustly stable in
probability.

Proof 1f (A, B) are completely controllable, for a given positive matrix  there always
exist positive scalar p such that the following Riccati equality

PA+ATP - uPBBP = -0 (25)

has positive matrix solution P. From the above proof, we can design the following
controller

1 1
u=-3 uBTY Px — 3 o(t)BT Px (26)
with adaptive law
doe(t
% = a| BT Pz|?. (27)

Further we let 6(t) = ©(t) + p, where p is a positive scalar. Thus the controller (26),
(27) will give us the desired result.

Corollary 3.2 If B =1 (I is an identity matriz) and Assumption 2.1 holds, the
following controller

u; = —% O(t)x
with adaptive law
@)
dt
will render the closed-loop system (1) robustly stable in probability.

= al|[|?

Proof If B =1, it is easy to see (A, B) are completely controllable and Assump-
tion 2.4 is satisfied. Therefore, we can design the required adaptive controller to achieve
our goal.

Remark 3.1 In the designed controller, we adopt the adaptive law (10). In fact, we
can also use the o-modification adaptive law, that is (10) can be changed into

dao(t) _ 2
= al| BT Pz||* — o6(t), (28)

where o is an adjustable parameter. Compared with the adaptive law (10), the modified
adaptive control law (28) can improve the robust performance for the closed-loop systems.
Similar to the proof of above, we can also obtain the closed-loop system (1) and (28) is
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uniformly ultimately bounded stable, and the bounds of the steady-state can be adjusted
to be sufficiently small by selecting small parameter o [4].

4 Control of Interconnected Time Delay Systems

In this section, we investigate a class of interconnected stochastic time-delay systems. A
controller is designed to stabilize the underlying system. Different from the literature,
instead of using bounds of uncertainties to design the controller, we assume all the
bounds unknown. Therefore, the proposed adaptive decentralized feedback controller
can be applied to stabilization of a large class of interconnected time-delay systems.
Consider the following interconnected systems whose i-th subsystem is described by

dr; = (Ale + Bzul) dt + fi(xi,xl,xg, e, Ty, T (t —di (t), e ,LL’n(t — dm(t)))) dt
+ gZ(I“ L1,T25...,Tn, Il(t — hil(t), . ,In(t — hln(t)))) dw, (29)
i=1,2,... N

We impose the following assumptions on system (29).
Assumption 4.1 For i, j =1,2,..., N, the time-varying time delays satisfy

dij(t) < 75 < 1, h”(t) < kj < 1. (30)

Assumption 4.2 For i, j =1,2,..., N and given @Q; > 0, there exist matrix P; > 0
and scalar o; > 0 such that the following equality holds
PiA; + AP, — 0,P,B;B' P, = —Q;. (31)

Assumption 4.3 For i = 1,2,..., N, the nonlinear functions f;(-) satisfy matching
condition

fi () =Bi& (), (32)

where &, (-) satisfies

N
1€ (I < Z (pij 15| + i ll2j (¢ = dij ())]]) - (33)

Here p;; and ¢;; are unknown positive scalars, ¢, j = 1,2,..., N.

Assumption 4.4 The following inequalities hold

N
9 ()" Pigi () < | BEPas| (5 11| + G |5 (£ = hij (1))

j=1

N
+ > |[BF P (= hig)|| (v 51| + Py |5 (¢ = hig (1))
j=1

where ¢;;, Eij, ;5 and Eij are positive scalars, i,7 =1,2,..., N.

Now we are ready to present our main result in this paper.
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Theorem 4.1 For interconnected stochastic systems (29) under Assumptions 4.1—
4.4, the following decentralized feedback controller, for i =1,2,...,N,

1

with adaptive law
do; (t)
dt
will render the closed-loop system robustly stable in probability, where a; is a positive
scalar.

— a; | Bf P ||” (36)

Proof Choose the following Lyapunov function

t

N N N
1
V=2 Vit D D / 5 () d<+z CH
i=1 i=1 =1 i
N N t
1
221 (11 % 05) / [EAIRIS (37)
i=1 j=1 R

t

N N
1 _ _
FIS e G 40T [ BRI

i=1 j=1 s

J

where 655 (s € [1,6], j € [1, N]) are positive scalars and

T
Vi = x; Py,

0,(1)=6,-6;(), 5%)

O, is defined in (44) (below).
Taking the derivative of V' with respect to time ¢, along the closed-loop system, we
obtain

LV = ZLV+ZaZ

_lTj by (g (DI = (L= 7) N (¢ = iy (1))

s
,_.

+
e
Eﬁz

i=1 j=1
N N 1 39
£ e () (g (1 = (=) (6= g ))F) )
i=1 j=1 J
N N 1 .
DD T i (5531 bt 5631%')
i=1 j=1
2
x (IBEPai]|” = (1= ky) | BE P (¢ = iy 0)]°)
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We know
LV; = 22T P, (Asx; + Bius + f;) + gF Pigi (40)

and
2x] Pif; = 2x] PiB&; (+)

2

< [2|2F PiBi|| pij Nl | + 2 |2 PiBi|| @i Nl (¢ — dij (8))]I]

j=1
3 (41)
< Z [ 1j pw i PiB; H + 615 [l }
j=1
N 2
- 2
+ 37 (05168 ot BB+ 00l ¢ = diy (1)
j=1
From Assumption 4.3 one can get
N
95 Pigi <Y |IBF Pl (s |5 | + Gl (8 = P (0)])
j=1
- _
+ Z | Bi" Piai(t — haj ()| (Wi 15| + il (¢ = haj (£)])
Jj=1
N
<3 [6510% | BE Pl |” + 85 1] (42)
j=1
al 2 2
—17 2
+ Z 03 03 || B Paal|” + 0 g (t = hij ()] }
j=1 -
al 2
- 2
+Z 0 % || B Prava (t = hag (D)™ + 05, |5 | }
j=1 -
N ) )
—1.7 2
+ Z 0; Wi | B P (t = hij ()| + b; [l (£ = hij ()] } :
j=1
Substituting (40)—(42) into (39), we obtain
N
LV <3 [oF (PAi + AP = 0P, BB ) w; + 01 || BT P
1=1
N . N )
+3° (018 (08 (1) - 0. (1) [T P )
i=1
N N L
+ ZZ ( 1j pw + 52; ‘pw + 53; 'j + 54_j1¢ij (43)

N
Il

-
.
Il

—

k

<)

(5503 +5573) ) 137 P

1
01, + 52; + 935 + T % (8aj + 065) + 055 | 151
J

+
M= 7
Mz

s
Il
-

<.
Il
-
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Let

N
A —1 2 -1 .2 -1,2 —172 1 —1,,2 —172
©:=> <51j Pij + 02y Pij 035 03y 04 iy T T (55j ij t 9; %) > + 03,

j=1
o = N | 815 4 —— a1 + 831 + —— (S43 + O62) + 0o (44)
i = 14 1_ P 21 31 1_ kz 41 61 5t -
Further, we obtain
N R N .
=1 1=1

Substituting (36) into (45), we obtain that

N

LV == al(Qi — \il)x;. (46)

i=1

From (46), by selecting sufficiently small parameters d;; (I € [1,6]) we know parameters
A; can be small enough to ensure

Qi — N1 >0.

It is readily to see that the closed-loop interconnected time-delay systems are robustly
asymptotically stable in probability.

5 Numerical Examples

In this section, simulation examples on time-delay stochastic systems and interconnected
stochastic systems are given to demonstrate the validness and feasibility of the obtained
theoretic results in previous sections.

Ezxample 1 Consider the following stochastic time-delay system
do — -3 1 ks (t—0.5(1+sint))sint n 01, gt
- 1 2 012 (t) cost 1

8 (|2 |1 ])"?
+ {53@ (t —0.3(1+sin(¢)))cost dw,

(47)

where 1, 02 and J3 are arbitrary scalars. We know the above system satisfying Assump-
tions 2.1 and 2.2, and when X =1, Y =0, 1 = €5 = 1, Assumption 2.3 is also satisfied.
Further we can verify that Assumption 2.4 also holds.

Therefore, based on Theorem 2.1 we can obtain the following controller

u= —% 0(t)BT Pz
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Figure 5.1. The states response curves with J; = 1.

20 . . . .
— 1
- H2 T
-15 L . L L
] 2 4 B g t 10

Figure 5.2. The states response curves with J; = 5.

with adaptive law
doit) o

The initial values are chosen as
2n0)=2  w0)=-1,  0(0)=2

and the sample time is 0.01s. The simulation results are shown in Figure 5.1 and Fig-
ure 5.2. In Figure 5.1, it shows the response curves with above adaptive controller when
01 = do = 63 = 1. With the same controller, the response curves are shown in Figure 5.2
when 6; = 5. From the figures, we can see that the designed controller can render the
closed-loop system stable.
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Ezxample 2 Consider the following stochastic interconnected time-delay system

_ —4 1 r11 0 53 (|$11x21|)1/2
dzy = ([ 1 1} [m] + M “) dt + [54:1:12 (t—0.3(1 +sint)) cost | ©

0
+ |:51£L'21 (f —0.6 (1 + sin t)) + 521!11 (t —0.5 (1 —+ cos (t))):| dt7

df”?‘{[f _14] sz N m - [55(|x21 (t-0.6(1O+sm(t)))x12|)1/2}}dt

d6x21

+ [57 (Jz12 (t — 0.3 (1 + cos (t))) x21|)1/2} dw.

We can verify that Assumptions 4.1-4.4 hold with P; = I. Therefore the following
decentralized feedback controllers can be constructed.

©,(t)BT Px; (48)

N~

U; = —

with adaptive law

~

6, (t)

e (49)

The initial values are chosen as
{E11(0) = 2, Ilg(O) = 1, Z21 (O) = —1, IQQ(O) = —2, @Z(O) = 2.
When the parameters §; = 1, the states response curves are shown in Figure 5.3, while

Figure 5.4 depicts the curves when §; = 5. From the two figures, the proposed decentral-
ized feedback controllers guarantee the closed-loop system stable.

2

— %11
|“ — x1d

=== w2l

Bl i) T'[!;, — 2

2 : : : s

I Z 4 B 3 t 10

Figure 5.3. The states response curves of interconnected systems with §; = 1.
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Figure 5.4. The states response curves of interconnected systems with §; = 5.

6 Conclusion

In this paper, the robust control problem for uncertain stochastic time-delay systems is
investigated. First we considered a simple class of systems and designed the correspond-
ing adaptive feedback controller. Based on L-K method, we proved that the resulting
closed-loop system is asymptotically stable. Next, we studied the problem of adaptive
control of a class of time-delay interconnected stochastic systems. Sufficient conditions
to construct a desired controller are derived. Simulations on controlling the uncertain
systems are conducted and the results showed the potential of the proposed techniques.
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Abstract: This paper presents the fuzzy linear control design method for a
class of stochastic nonlinear time-delay systems with state feedback. First, the
Takagi and Sugeno fuzzy linear model is employed to approximate a nonlinear
system. Next, based on the fuzzy linear model, a fuzzy linear controller is
developed to stabilize the nonlinear system. The control law is obtained to
ensure stochastical exponential stability in the mean-square, independent of
the time-delay. The sufficient conditions for the existence of such a control are
proposed in terms of a certain linear matrix inequality. Finally, a simulation
example is given to illustrate the applicability of the proposed design method.
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1 Introduction

Most of the systems, which are encountered in control engineering, contain various non-
linearities and are affected by random disturbance signals. Nonlinear systems with time-
delay constitute basic mathematical models of real phenomena, for instance in biology,
mechanics and economics, see e.g. [8,18]. Control of time-delay systems has been a sub-
ject of great practical importance, which has attracted a great deal of interest for several
decades. On the other hand, it turns out that the delayed state is very often the cause
for instability and poor performance of systems. Moreover, considerable attention has
been given to both the problems of robust stabilization and robust control for linear sys-
tems with unavoidable time-varying parameter uncertainties in modelling of dynamical
systems and certain types of time-delays [14].

@ 2004 Informath Publishing Group. All rights reserved. 317
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Since the introduction of fuzzy set theory by Zadeh in [30], many people have devoted
a great deal of time and effort to both theoretical research and implementation technique
for fuzzy logic controllers [15,22]. With the development of fuzzy systems, it is known
that the qualitative knowledge of a system can also be represented in nonlinear functional
form. On the basis of this idea, some fuzzy models based control system design methods
have appeared in the fuzzy control field [3, 22,23]. These methods are conceptually simple
and straightforward. Fuzzy controllers are usually characterized using Mamdani and T-
S type. In general, Mamdani type fuzzy controllers are designed empirically. However,
T-S controllers can be designed using the information of several local linearized models
of a given system via the so-called parallel-distributed compensation scheme. Various
stability conditions of fuzzy systems have been obtained by employing Lyapunov stability
theory [4,9, 10], passivity theory [20], and other methods [5,12,22]. Problem of control
design based on the state feedback for T-S fuzzy systems using LMI approach has been
studied in [28] and the delay-independent stability of T-S fuzzy model for a class of
nonlinear time-delay systems was investigated in [7]. Extension of the T-S fuzzy model
approach to the stability analysis and control design for both continuous and discrete-
time nonlinear systems with time-varying delay has been considered in [2] and also Lee,
et al. [11] presented design of an output feedback robust H, controller based on T-S
fuzzy model for uncertain fuzzy dynamic systems with time-varying delayed state.

Recently, several criteria of input-to-bounded state (IBS) stabilization and bounded-
input-bounded-output (BIBO) stabilization in mean-square for nonlinear and quasi-linear
stochastic control systems with time-varying uncertainties has been investigated in [6],
also, another stability concepts in the mean-square sense such as mean-square stability
(MSS) and the internal mean-square stability (IMSS) have been studied in [13]. The
stabilization of stochastic systems with multiplicative noise has been studied since the late
sixties, particularly in the context of linear quadratic optimal control, see e.g., [17,24].
Also, a stochastic fuzzy control has been proposed by applying the stochastic control
theory, instead of using a traditional fuzzy reasoning in [25] and a class of fuzzy stochastic
control systems with random delays investigated in [19].

The main contribution of this paper is to investigate the fuzzy linear control problem
for a class of stochastic nonlinear time-delay systems. The attention was focused on the
design of state feedback controller which ensures stochastical exponential stability in the
mean-square, independent of the time-delay. Finally, the simulation results show that
fuzzy linear state feedback controller can achieve the robust stability in the mean-square
independent of the time-delay.

Notation The following notations will be used throughout the paper. R™ denotes the
m-dimensional Euclidean space and R™*™ denotes the set of all real nxm matrices. The
superscript “T” denotes the transpose and the notation X > Y (respectively, X >Y),
where X and Y are symmetric matrices, means that X — Y is positive semi-definite
(respectively, positive definite). I is the identity matrix with compatible dimension.
C([—h,0]; R™) denote the family of continuous functions ¢ from [—h,0] to R™ with the
norm |j¢|| = sup |p(@)|, where |- | is the Euclidean norm in R". If A is a matrix,
h<6<0

denote by || 4| its operator norm, ie., ||A|| = sup{|Az|: |z| = 1} = \/Amax(ATA),

where Apax(A) means the largest eigenvalue of A. L2[0,00] is the space of the square

integrable vector. Moreover, let (€, F,{F}};>0, P) be a complete probability space and

L% ([=h,0]; R™) denote the family of all Fy-measurable C([—h,0]; R™)-valued random

variables ¢ = {¢(f): — h < @ < 0} such that sup E|(()]F < oo where E()
—h<6<0
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stands for the mathematical expectation operator with respect to the given probability
measure P.

2 Preliminaries and Problem Formulation

Consider a class of nonlinear continuous-time state delayed stochastic systems described
by

IS
8
—~
~
~—
|

[A(z(t))x(t) + Ag(z(t))x(t — h) + B(z(t))u(t)] dt + Eq dw(t), (1)
‘T(t) = Qp(t)v te [_hv 0]7 (2)

where x(t) = [21(t), z2(t), ..., 2,(t)]T € R™ is the state vector, u(t) = [ui(t),uz2(t),...,
um(t)]T € R™ is the control input, h is the unknown state delay, ¢(t) is the continuous
vector valued initial function and w(t) = [wyi(t),w2(t),...,w,(t)]T € R"™ is a scalar
Brownian motion defined on the probability space (€, F, {F;}i>0, P).

A fuzzy dynamic model has been proposed by Takagi and Sugeno [21] to represent local
linear input-output relations of nonlinear systems. This fuzzy linear model is described
by fuzzy If-Then rules and will be employed here to deal with the control design problem
of the nonlinear system (1)—(2). The i-th rule of this fuzzy model for the nonlinear
system (1) —(2) is of the following form [9, 21, 23]:

Plant Rule i:

If z1(t) is Fin and ... and z4(t) is Fig,

then dz(t) = [Ax(t) + Aigz(t — h) + Bu(t)] dt + Eq dw(t) ®)

for ¢ =1,2,..., L, where Fj; is the fuzzy set, A; € R™*", Ajq € R™*", B; € R™*™, L
is the number of If-Then rules, and z1(¢), z2(t), . .., z4(t) are the premise variables.
The overall fuzzy system is inferred as follows [9, 21, 23]:

[é 1 (2(8)) (Asz(t) + Asqz(t — h) + Biu(t))

dz(t) = - dt + Ey dw(t)
2 pi(2(1)) (4)
i=1
L
= hi(2(t)(Aia(t) + Aigz(t — h) + Bu(t)) dt + Ey duw(t)
i=1
where
2(t) = [21(t), 22(1), -, 2 (D], (5)
ia(t) = [ P50, (6)
hi(2(1)) = L/'LZ(Z(t)) 7 (7)
> 15(2(1))
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and F;;(z;(t)) is the grade of membership of z;(¢) in F;;.

Remark 1 In order to consider parametric uncertainties in the T-S fuzzy system (3),
we formulate the i-th rule of the fuzzy model as

Plant Rule 1:
If z1(t) is Fin and ... and z4(t) is Fig,
then dxz(t) = [(A; + AAD)x(t) + Ajgx(t — h) + (B; + ABY)u(t)] dt + Ey dw(t)

where AA? and AB? are assumed norm-bounded matrices with appropriate dimensions,
which represent parametric uncertainties in the plant model with the following structure

[AAY ABY] = DiI'i(t) [Fii Fail,

where D;, F1; and F5; are known real constant matrices of appropriate dimensions, and
I';(t) is an unknown matrix function and satisfies T'Y (¢)T;(¢) < I [12].

L
Assumption 1 We assume pu;(z(¢)) >0 for ¢ =1,2,...,L and > u;(2(¢t)) > 0 for
=1

K2

all ¢.
Therefore, we get [9, 23]
hi(=(t)) = 0 (8)
for 1 =1,2,...,L and
L
> hilz(t) =1 (9)
i=1

Therefore, from (1) we get [4]

dz(t) = [A(z(t)a(t) + Ag(x(t))x(t — h) + B(a(t))u(t)] dt + By dw(t)

L
= {Z hi(z(t))(Asz(t) + Asgz(t — h) + Byu(t))

+ { <A(a:) - Zz;hi(z(t))Ai)x(t) + <Ad(x) _i hi(z(t))Aid)x(t —h) (10)
+ (B(x) —é hi(z(t))Biu(t)>H dt + Eydw(t)
where
{ (A(x) - éhl(z(t))Az)x(t) + (Ad(x) - ghl(z(t))Aid)x(t —h)
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denotes the approximation error between the nonlinear system (1) and the fuzzy mo-
del (4).

Suppose the following fuzzy controller is employed to deal with the above control
system design:

Control Rule j:
If z1(t) is Fj1 and ... and z4(t) is Fjg,

then u(t) = K;z(t) (12)
for j =1,2,..., L. Hence, the overall fuzzy controller is given by
L
> (@) (Kjz(t))
u(t) = = = > hy(() K e() (13)

L
;uj(Z(t)) =t

where h;(z(t)) is defined in (8) and (9) and K are the control parameters.
Substituting (13) into (10) yields the closed-loop nonlinear control system as follows:

dz(t) = [A(z(t))a(t) + Ag(z(t))x(t — h) + B(a(t))u(t)] dt + By dw(t)

- [{Zihz 2(t))(A; + BiK;)z ()+Aidx(t—h)} (14)

i=1 j=1

+AA+ AA+ AB] dt + By dw(t)

where
L
Ad= <A<x<t>> - thz(t))Ai)x(t), (15)
Ady— (Ad< (0) = Y- mi(a(0) i )t - ) (16)
=1
L
Zh 1) 2 hi(=(0)(B(x(t)) — Bi) K () (17)

Assumption 2 There exist bounding matrices AA;, AA;q and AB; such that for
all trajectory x(t)

L

1840 < | S he)anat)| 18)
L

1A < ||>n '<z<t>>AAidx<t—h>|, (19)
1=1
L L

1851 < | Sy S newan ()| (20)

-
I |

j=1
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and the bounding matrices AA;, AA;q and AB; can be described by

AA; ;A
AAig | = | diaApa | » (21)

where [|6;]] <1, |64l <1 and ||n;]| <1, fori=1,2,...,L[1].

According to Assumption 2, we get

L

@@ = (a6 - % hz-(z(t))Ai)x(t))T

i=1

(22)

L

(AA)T(Adq) = ((Ad<x<t>> > m(z(t))Aid)x(t - h))T
L

X ((Ad(x(t)) -3 hi(z(t))Aid)x(t - h))

i=1

- (23)

(Zhl )) Adqa(t — ) <2L: )) AAqz(t — h))
(i hi(2(t)) GiaApaz(t — ) (Z hi(2(t)) GiaApaz(t — h))

< (Apaz(t — )" (Apa(t — 1))

and
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- (éhi@(t»;hxz(t»m Kjac(t))T(éhxz(t))éhj(z(mwp Koo
< (ilhj(z(t))Bijx(t)>T< jl hj(z(t))Bijx(t)),

i.e. the approximation error in the closed-loop nonlinear system is bounded by the spec-
ified structured bounding matrices A,, Apq and B,.

Next, observe the closed-loop system (14) and let z(¢,{) denote the state trajectory
from the initial data 2(f) = ¢(#) on —h < 6 < 0 in L% ([~h,0]; R?"). Clearly, the
system (14) admits a trivial solution x(¢;0) = 0 corresponding to the initial data ¢ = 0.
We introduce the following stability and stabilizability concepts.

Definition 1 [27] For the system (14) and every ¢ € L%, ([—h,0]; R*"), the trivial
solution is asymptotically stable in the mean square if

Jlim Elz(t; O =0, (25)

and is exponentially stable in the mean-square if there exist constants « > 0 and § > 0
such that

Elzt; Q)] <ae ™ sup E|C(0)*. (26)
—h<6<0

Definition 2 [27] We say that the system (1)—(2) is exponentially stabilizable in
mean-square if, for every ¢ € L}, ([—h,0]; R*"), there exists a fuzzy linear control law
(13) such that the resulting closed-loop system is exponentially stable in mean-square.

The objective of this paper is to design a fuzzy linear control for the stochastic non-
linear time-delay system (1)—(2). More specifically, we are interested in seeking the
control parameters K, for j = 1,2,...,L, such that the closed-loop system (14) is
exponentially stable in mean-square, independent of the unknown time-delay h.

3 Main Results and Proofs

We first give the following lemma, which will be used in the proof of our main results.

Lemma 1 [31] For any matrices X and Y with appropriate dimensions and for any
constant n > 0, we have:

1
XY +Y'X <nX'X + -YTY. (27)
n

3.1 Stochastic stability analysis

In this section, assuming that the fuzzy linear control is known and we will study the
conditions under which the closed-loop system is stochastically exponentially stable in
the mean-square. The following theorem will play a key role in the stability analysis of
closed-loop system and design of the expected fuzzy linear control.
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Theorem 1 Let the control parameters K, for j =1,2,..., L, be given. If the fuzzy
controller (13) is employed in the nonlinear system (1)—(2) and there exists positive
scalars €1, €2, €3, €4 and a positive definite matriz P = PT such that the following
matriz inequalities

(A; + BiK;))TP + P(A; + BiK;) + (e1 + &2 + €3 + £4) P?

(28)
ey AlgAia + e AT Ay +e5 ALy Apa + e (BpK;) T (BLK;) < 0

are satisfied for all i, j =1, 2,..., L, then the closed-loop nonlinear system (14) is expo-
nentially stable in the mean-square and independent of the unknown time-delay h.

Proof Fix ¢ € L, ([—h,0]; R*") arbitrarily, and write x(t,() = 2(t). We define the
Lyapunov function candidate

t

Y (x(t),t) =z (t)Px(t) + / z" (5)Qux(s) ds (29)

t—h

where P = PT is the positive definite solution to the matrix inequality (28) and Q =
QT > 0 is defined by

s (Zh df(éhi(z(t))/xid) +eylAT A, (30)

The stochastic differential of T along a given trajectory is obtained as

dY (z(t),t) = { ({Zihz 2(t))(A; + BiK; )}TP+Q>x(t)

=1 j=1

+2T(t—h) ( ; hi(z(t))Aid> TPx( (Z hi( )x(t —h)
0P (303 R W)+ B o)

=1 j=1

(31)

+ (AA+ AA; + AB)TPx(t) + 2T (H)P(AA + AA; + AB)
— 2T (t — h)Qu(t — h)}dt + 22T (t)PE; dw(t).

Now, by Lemma 1, it is trivial to show that for any positive scalars of €1, 2, €3, &4
the following matrix inequalities hold:

(( ; (e (0) A ) 0~ h))TPx@) s m)p((i et 4 ot 1)
.

=t (32)

L L
< e () P?x(t) + eyt (t - h) < Z hi(z(t))Aid> (Z hi(z(t))Aid)x(t —h),
i=1 ;
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(AA)TPx(t) + 2T (1) P(AA) < eoaT (t)P2x(t) + 5 (AA)T(AA)
< e’ ()P (t) + &5 (Apa(t)T (Apa(t) (33)
=2t (t)(e2P? + aglAgAp)x(t),

(AAG)TPa(t) + 2T (t)P(AAy) < ez (1) P?x(t) + 5 (AAL) T (AA.)
< esa’ () P2a(t) + e3 " (Apax(t — )" (Apaz(t — h)) (34)
=esa’ () PPa(t) + &5 w(t — h)" Ay Apax(t — h)

and

(AB)TPx(t) + 2T (t)P(AB) < eqa™ (t)P?x(t) + ¢, (AB)T (AB)

<eu P+t ( ShEOBK0) (SnemBin)

L T, L
=2t (t)( eaP? +¢;* hj(z(t))BpK; hi(z(t))BpK; | |x(t).
e et (Smeom) (Lueomns))
Then, noticing the definition (30), substituting (32)—(35) into (31) result in
L L T
0100 < O] (XSmO GO+ BK) P

i=1 j=1

L
+P( DD ha(2(t)hy () (A + BJQ)) + (e1 + &2 +e3 +e4)P?

(
+5fl<ihi

~

L
—1
L

T
d) (Z hi(z(t))Aid> + E;lAgAp + EglAgdApd
)B

(2(t) A
T
+e5! (Z hj(Z(t))Bij> <Z hi(=(t) PKj> }x(t)dt +220 ()PELdw(t) (36

j=1 =

L L
<3S T haCz(0)h (2 () {2 (D)[(As + BiK;)TP + P(A; + BK;)

+

ertexteste)PP el AL A+ ey AT Ay + 25 AT Apa
+ e, H(By KT (B, K)|z(t)} dt + 22T (t) PE; dw(t)

L L
<=0 Amin(—ILy)a" (H)a(t) dt + 227 (t) PEy dw(t),

i=1 j=1

where
IL; = (A + Bin)TP + P(A; + B,K;) + (1 + €2 + €3 + 64)P2 37)
37
+ ey AL A + 5 TAY A + o5 AN Ay + 71 (B K) T (B K).
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Then, according to the inequality (28), we find

IL;; <0, for ¢,7=1,2,...,L. (38)

Consequently, the inequalities (36) and (38) mean that the nonlinear stochastic time-
delay closed-loop system (14) is asymptotically stable (in the mean-square) by the fuzzy
control law (13).

The expected exponential stability (in the mean-square) of the closed-loop system (14)
can be proved by making some standard manipulation on (36), see [16]. Let 3;; be the
unique root of the equation

Amin(—=11i) = BijAmax (P) — BijhAmax(Q)e’" = 0, (39)

where II;; and Q are defined, respectively, in (37) and (30) and P is the positive definite
solution to (28) and h is the unknown time-delay. Then, by [26], we have

Elx(t)|2 < )‘r;iln(P)([/\maX(P) + hAmax(Q)]

+ 6ij)\max(q)h26ﬁijh) sup E|<(0)|267ﬁijt'
—h<6<0

(40)

Notice that, according to (40), the definition of exponential stable in Definition 1 is
satisfied and this complete the proof of Theorem 1.

The result of Theorem 1 may be conservative due to the use of inequalities (32) - (35).
However, such conservativeness can be significantly reduced by appropriate choices of
the parameters €1 €9, €3, €4 in a matrix norm sense.

Remark 2 The result of Theorem 1 can be easily extended to the multiple state
time-delay case. Consider the following nonlinear continuous-time multidelay stochastic
system

dz(t) = {A(z(t))x(t) + Z Ag(z(t))a(t — hi) + B(x(t))u(t)} dt + Z E; dw;(t), )

I(t) = @(t)v te [_hv 0]7 0<h= max(h1),
where (w1, wa, ..., wy) is an m-dimensional Brownian motion, instead of a scalar one
in system (1)—(2). Also, instead of (29), we define the Lyapunov function

t

Y(x(t),t) = 2T (t)Px(t) + Z / 27 (8)Q; () ds. (42)

i=1 t—h,

Remark 3 We can conclude the following matrix inequality, similar to matrix inequal-
ity (28) in Theorem 1, for the T-S fuzzy systems with norm-bounded and structured
parametric uncertainties introduced in Remark 1 as

(Al + BZKJ)TP + P)(AAz + BZKJ) + P((’I]l + 772)D1D1T + (51 + &2+ €3+ 64)I)P
+er P AL A + e;lAgAp + sglAgdApd

PR e (BpKG) T (BKG) 4y (FaiKG) T Foi Ky < 0,
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where according to Lemma 1 the following matrix inequalities are satisfied for V7,72 > 0
(AAY)TP + PAAY < PD,D] P +ny ' Y, Fui,

(AB’K;)"P + PABYK; < noPD,DF P 4 ny ' (Fo K;) T Fo K.

3.2 Fuzzy control design

This subsection is devoted to the design of control parameters K, for j =1,2,...,L,
by using the result in Theorem 1. We will show that the design of control parameters
problem can be solved via the resolution of matrix inequalities. Our approach follows
the one developed by Gahinet for the deterministic case [6]. The key tool, which makes
this possible, is the stochastic version of the Bounded Real Lemma. From deterministic
H, control theory we will need the following lemma, so-called, Projection Lemma.

Lemma 2 [29] Given a symmetric matric H € R™*™ and two matrices N € R>*™
and M € R™ "™ consider the problem of finding some matriz X such that

H+N'XT™M+MTXN <. (43)
Then, (43) is solvable for X if and only if
NT-E NTET <0, M™H g M™T <o. (44)

Here, if ¥ € R™™ and rankX = r, the orthogonal complement Y+ is defined as a
possibly nonunique (n — 1) x n matriz with rank n —r, such that $+% = 0.

By using the Schur complement formula, inequality (28) is equivalent to

(A; + B;K;)TP+ P(A; + BiK;) + UV}, (B,K;)T P
Bij —eql 0 <0,
P 0 —(81 +82+83+<€4)_II
(45)
where Lo
A
U= | %4, (46)
e Apg
The inequality (45) has the form
T+ NQM + MTQYN; <0, (47)
where
PB; P 0 0 B;
Q=K;, M=[100], N'=|B,|=|0 I 0|]|B,],
0 0 0 I 0
(48)
AfP+PA+9]¥; 0 P
Fi = 0 —E4I 0
P 0 —(€1+€2+83+64)711

Then, we have the following result.
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Theorem 2 The closed-loop fuzzy system (14) is exponentially stable in the mean-
square and independent of the unknown time-delay h, if the following conditions are

satisfied, for i =1,2,... L,
NN <o,
MM <o, (49)
P=PT >0,
where M, N; and T'; are defined in (48).

Proof The proof follows directly from Theorem 1 and Projection lemma.

Let [Vi; Vo] =[B; B,]'t and, by some calculation, we have
Voo Vs 0 Pt 0 0
NZ-TL_{SZ 02 1] 0o I 0], (50)
0 0 I
and
MTL = [8 é ﬂ . (51)

Then, it follows from (49) that we have:

—€4I 0

MTJ_I\iMTJ_T _
0 —(e1+eatez+eq) ']

} < 0. (52)
This further implies that MTLT; MTLT < 0 is satisfied for i =1,2,...,L and

14 (Vi V2] [I]

0
Vi

NI N =
[I 0][VT] —(€1+62+63+€4)711
2

<0, (53)

where
P YATP+PA; +9Tw)P~t 0 ][V
W:[Vli ‘/2]|: (z + + i ) :||:1:|

0 —E4I ‘/2T

Using the Schur complement formula, it is easy to see that (53) is equivalent to
AP+ PA; + (1 + &2+ 63 +e4) P2 + U], < 0. (54)

If the LMI in (54) have a positive-definite solution for P, then the closed-loop system
(14) is exponentially stable in the mean-square and independent of the unknown time-
delay h. Moreover, in this case, a set of particular solutions of control parameters K,
for j=1,2,...,L, corresponding to a feasible solution P can be obtained by using the
result of matrix inequality (54). Then, we obtain the following result.
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Theorem 3 If there exist positive scalars €1, €o2, €3, €4 such that the linear matriz
inequality (54) has positive definite solution P, then, the fuzzy control with parameters
N =K; for j=1,2,...,L can be easily obtained by solving (47) and will be such that
the closed-loop system (14) is exponentially stable in the mean-square and independent
of the unknown time-delay h.

Remark 4 In the case when E; = 0, that is, the stochastic system (1)—(2) is spe-
cialized to a deterministic system. Therefore, Theorems 1, 2 and 3 can be viewed as
extensions of existing results from deterministic systems to stochastic systems.

4 Simulation Results

In this section, to illustrate the effectiveness of the proposed method, we will design a
fuzzy linear controller for the following stochastic nonlinear time-delay system

da(t) = [<0.06 2(t)> + x(t — h) + u(t)] dt + dw(t) (55)
z(t)=1, te[=h,0]. (56)

Consider h =1 second as the time-delay parameter. To use the fuzzy linear controller
design, we consider a fuzzy model, which represents the dynamics of the nonlinear plant.
Therefore, we represent the system (55)—(56) by the following T-S fuzzy model

Plant Rule 1:

]f LL‘(t) 18 F117
then dz(t) =[-3z(t) + 0.5z(t — h) + 2u(t)] dt + dw(t).

Plant Rule 2

If I(t) 5 Fgl,
then dx(t) = [-2z(t) + 0.1x(t — h) + u(t)] dt + dw(t).

where the membership functions of Fy; and Fb; are given as follows:

1 1
. Foi=1—-F1 = ———
1+e,x25 21 11 1+€7127

=1
and the bounding matrices are chosen as A, = 0.5, Apq = 0.5 and B, = 1.
Substituting the above parameters into Theorem 3, using the LMI toolbox in MAT-
LAB the solutions of (47), i.e., state feedback gains, can be obtained as K; = 0.1 and
K5 =0.1709 and the positive scalars €1, €3, €3, €4 found as €1 =3 =e3 =4 = 0.1.
Robust stability of the state of system (55) in the presence of disturbance, i.e. Brownian
motions has been depicted in Figure 4.1 and it is seen that due to Brownian motion as
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Figure 4.1. Time behavior of the state of system.
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Figure 4.2. Control input.
the external disturbance, state still is bounded. The overall fuzzy controller is shown in
Figure 4.2.
5 Conclusions

In this paper, the fuzzy linear control design method for a class of stochastic nonlinear
time-delay systems with state feedback was developed. First, the Takagi and Sugeno
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fuzzy linear model was employed to approximate a nonlinear system. Next, based on
the fuzzy linear model, a fuzzy linear controller was developed to stabilize the non-linear
system. The control law has been obtained to ensure stochastical exponential stability
in the mean-square, independent of the time-delay and the sufficient conditions for the
existence of such a control were proposed in terms of certain linear matrix inequality.
A simulation example was given to illustrate the applicability of the proposed design
method.
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1 Introduction

It becomes increasingly apparent that delays occur in industrial and engineering systems
due to various reasons including finite capabilities of information processing among dif-
ferent parts of the system, inherent phenomena like mass transport flow and recycling
and/or by product of computational delays [12]. Considerable discussions on delays and
their stabilization/destabilization effects in control systems have commanded the inter-
ests of numerous investigators in recent years, see [1,6,13] and their references. In the
course of control design, it turns out that the design goals have to incorporate the impact
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of parameter shifting, component and interconnection failures which are frequently oc-
curring in practical situations. It is thus appropriate to investigate control processes with
the aid of stochastic models. One direction of investigation has been through piecewise
deterministic systems or Markovian jump dynamical systems [2] in which the underlying
dynamics are governed by different forms depending on the value of an associated finite-
state Markov process thus offer a base model of combined continuous and discrete states.
Research into this class of systems and their applications span several decades [5,15].
When the plant modelling uncertainty or external disturbance uncertainty is of major
concern in control systems, robust control theory provides tractable design tools using
the time domain and the frequency domain. For Markov jumping linear continuous-time
systems, the issue of robust stability and Heo-control has been investigated in [4,17]
and their references. The class of time- delay systems with jump parameters have been
recently considered in [1,13] and for a modest coverage on the subject, see [2, 14].

The purpose of this paper is to extend the results of [1,2,13] further by developing
new transformation methods that will help much in the study of stochastic stability
and stabilization of a class of uncertain systems with Markovian jump parameters and
distributed delays. In these systems, the jumping parameters are treated as continuous-
time, discrete-state Markov process and the parametric uncertainties are assumed to be
real, time-varying and norm-bounded. The time-delay factor is treated as a constant
within a prespecified range. Complete results of delay-dependent stochastic stability
criteria are developed for both the nominal and uncertain jumping distributed delay
systems with H., performance measure. Then we move to consider the H ., stabilization
problem with instantaneous and delayed state feedback. Finally, we investigate the design
of an Ho dynamic output feedback controller that ensures the close-loop stochastic
stability. We establish that the H, stability analysis and synthesis problems for the
distributed-delay Markovian jump systems with and without uncertain parameters can
be essentially solved in terms of the solutions of a finite set of coupled linear matrix
inequalities. Several examples are presented to illustrate the theoretical analysis.

Notations and Facts: In the sequel, the Euclidean norm is used for vectors. We use
Wt W= \(W) and ||W|| to denote, respectively, the transpose of, the inverse of, the
eigenvalues of and the induced norm of any square matrix W. We use W > 0 (>, <
,< 0) to denote a symmetric positive definite (positive semidefinite, negative, negative
semidefinite matrix W with A, (W) and Ap (W) being the minimum and maximum
eigenvalues of W and I to denote the n x n identity matrix. The Lebesgue space L2[0, T
consists of square-integrable functions on the interval [0, T'] equipped with the norm || -||2.
IE[-] stands for mathematical expectation. Let S = {1,2, ..., s} be a finite set, C[—7;,0] be
the space of continuous functions on the interval [—7;,0] and define C 2 U Cl—74,0] x
JES
{j}. Sometimes, the arguments of a function will be omitted in the analysis when no
confusion can arise.

Fact 1: For any real vectors 3, p and any matrix Q' = @ > 0 with appropriate dimen-
sions, it follows that

20" B < p'Qp+ Q4.

Fact 2: For any real matrices 21, Y5 and X3 with appropriate dimensions and X433 < T,
it follows that

Y1380 + TENEYE < a7 1E B 4 aXhY,, Ya > 0.
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Fact 3: Let X1, X9, X3 and 0 < R = R! be real constant matrices of compatible
dimensions and H(t) be a real matrix function satisfying H*(¢)H(t) < I. Then for any
p > 0 satisfying pXt3¥s < R, the following matrix inequality holds:

(23 + S1HOS) RN (EE+ SEH ()X < p7 '8 88 + B3(R — pXiyy) 5L,

Fact 4 (Schur Complement): Given constant matrices 1, 2, 3, where ; = Q¢
and 0 < Qy = Qf then Q; + Q405 Q3 < 0 if and only if

QO 9 —Q Q3
[Qs —Qg] <0 or [Qé Ol

2 Problem Statement
2.1 System description

Given a probability space (Q, F,P), where Q is the sample space, F is the algebra of
events and P is the probability measure defined on F. Let the random form process
{m,t € [0, 7]} be a homogeneous, finite-state Markovian process with right continuous
trajectories and taking values in a finite set S = {1,2,..., s} with generator $ = (w;)
and transition probability from mode 4 at time ¢ to mode j at time ¢t + 6, i, j € S:

i = Pr = =3) = J , 2.1
b= Prins=glm=0 = { (0000 T ey
with transition probability rates a;; > 0 for ¢, j € S, i # j and

NGg — — Z Qim (22)

m=1, m#i

where § > 0 and %iﬁ)l 0(8)/d = 0. The set S comprises the various operational modes of

the system under study. We consider a class of stochastic uncertain time-delay systems
with Markovian jump parameters described over the space (Q, F, P) by:

(X5) s @(t) = [Ao(m) + AAo(t, ne)la(t) + [Aa(ne) + AAa(t, ne)lx(t — 7) + T(ne)w(t),
= Apo(t,ne)z(t) + Analt, m)z(t — 1) + T(n)w(t) t = 0,
z(t) =), te[-7,0], n, =1, (2.3)
2(t) = Gne)x(t) + (0 )w(?t),
where z(t) € R™ is the state vector; w(t) € R is the disturbance input which belongs
to L2[0,7]; y(t) € RP is the measured output; z(¢t) € R" is the controlled output which
belongs to L2[(Q,F,P),[0,7]] and 7 € [0,7*] is a constant delay factor. For each

possible value n, = 4, i € S, we will denote the system matrices of (X ;) associated with

mode 7 by

Aoln) 2 A,(i),  T(m) 2TG),  Gp) 2

Aa(ne) 2 Aa(i), () £ (),

G, (2.5)
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where A,(i), Aq(7), G(7), T'(i) and ®(i) are known real constant matrices of appropri-
ate dimensions which describe the nominal system of (X;). The matrices AA,(t,n:)
and AAg4(t,n;) are real, time-varying matrix functions representing the norm-bounded
parameter uncertainties. For 7, = ¢, the admissible uncertainties are assumed to be
modeled in the form:

[AAO (ta Z) AAd(tv Z)] = Ma(Z)A(tv Z)[Na (Z) Nd(l)]v ||A(ta Z)HQ < 11 (26)
where M, (i) € R"*, N, (i) € RP*™ and N4(i) € RP*™ are known real constant matrices,
with A(t,i) € R**8 being unknown, time-varying matrix function whose elements are
Lebesgue measurable for any ¢ € S.

Our purpose in this paper is to develop criteria for H,, analysis and synthesis for

system (2.3) —(2.4). Initially, we focus on stochastic stability and Ls-gain criterion and
examine their robustness using the performance measure

T@) 2 IE{ / 2 ()2(t) — v2u (£)w(D)] dt}, 2.7)
0

where v > 0 is a desired level of disturbance attenuation.
2.2 Model transformation

For each possible value 1y = i, i € S, we introduce the following state transformation
t
o) =a(t)+ [ Asalt.ia(s)ds (2.8)
t—T1

into (2.3) to yield
6(t) = [Ano(t, i) + Aaa(t, 1)]z(t) + L (0)w(?). (2.9)

Given a sufficiently small scalar €, we define the augmented state-vector

C(t) = L‘;((tg)} € R, (2.10)

By combining (2.3) and (2.8)—(2.10) and taking the limit € — 0, we obtain the trans-
formed system

(=r) WPAMM®+/NM®@+MMM

C(t)y=o(t), te[-27,0], n,=1, t>0, (2.11)
(1)C(t) + @ (i) w(t), (2.12)

I
—~
~
~—
Il
Qi
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where
f(i)—[”i)}, GO =10 Gl Awal) = Aold) + Auld),
OOA (t,3) + Analt, i) 0 0 (2.13)
X olt, 1) + t,1 .
R e N L

For convenience, we introduce the matrices for i € S

Ao<i>=[_01 A°§(i>]= M(i)=[M“], 1P<z'>=[P"(Z.'> 0.},

N
5%
—~
.
~
I

Na(i) + Nd(l)’ Nad(i) = [O Nad(i)]v p(l) = U]P(Z)v (214)

o-[h o) m-[i] m-[3)

Remark 2.1 Some discussions on the model transformation are in order. On one
hand, the o-variable recovers the delay-dependent dynamics of system (X;). On the
other hand, the use of small scalar ¢ is meant to capture the slow-modes of the system.
It is readily seen for absolutely continuous initial functions that systems (X ;) and (Xr)
are equivalent. For single-mode systems s = 1, a different approach was developed in
[6] based on description-type transformation. In the sequel, it will be shown that our
transformation is more flexible.

For system (2.11)—(2.14), we provide the following definition.

Definition 2.1 System (X7) is said to be delay dependent robustly stochastically
stable (DDRSS) with disturbance attenuation v > 0 if for zero initial vector function
¢ = 0 defined on the interval [—7, 0] and initial mode 7, € S

o0 1/2
0l = | [#@:0a] <Al
0

for all 0 # w(t) € L2[0,00) and for all admissible uncertainties satisfying (2.6).

3 L5-Gain Analysis

The theorem and corollaries established in the sequel show that the stability behavior of
system X7 (or equivalently ¥ ) is related to the existence of a positive definite solution
of a family of linear matrix inequalities (LMIs) thereby providing a clear key to designing
the feedback controller.

Theorem 3.1 System Xp is DDRSS with disturbance attenuation v > 0 if given
matriz sequence Q. (i) = QL(i) > 0,1 € S, there exist matrices 0 < P, (i), Py(i), Px(i),
i € S and scalars 1(1) > 0, e2(i) > 0, p(i) > 0, v > 0, i € S, satisfying the system of
LMIs

Oo(i) IM21(i)  I22(7) I23(1) 24 (7)

Iy, (3) —e1(d) 0 0 0

11, (i) 0 —rea(i)] 0 0 <0,

INENG) 0 0 —7Qu (i) + Te2(i) Ng (i) N5 (2) 0 31
T4, (4) 0 0 0 —321 + (i) ®(d) (3.1)

Qu (i) Nd<z’>1]<07 [?ﬁ()[ <I>j<;>]<o, ies,



338 PENG SHI, M.S. MAHMOUD AND A. ISMAIL

where
~Pali) = Pyi) + 3 e Po(m)  ~Pe(i) + P4 + PE() Aoa()

My(i) = Peli) + Fo(@) 4 7 Qe () . (32)

~PLE) + Pali) + ALy()Po ) +GUDG() + pli)r? 3 i Qu(m)

1)V (i) Naali)

. Pt(i)B1 M, (i . PL(i)E1 My (i Pli)Ey M, (i

thy i) = | PORMO] gy = | TRORD TR (5
N ET0 - [PLETG)

H23(Z) = |:TP;(Z) s H24(Z) = Gt(l)é(l) . (34)

Proof Let x4(t) = (s +1t),t —7 < s <t and define the process {(x(t),n), t > 0}
over the state space C. It should be observed that {(x(t),7;), t > 0} is strong Markovian
[9] so is the process {(¢(t),n:), t > 0}. Now for n, =i € S, and given Q(i) = Q'(3) > 0,
let the Lyapunov functional V(-): R™ x R, x § — R, of the transformed system be
selected as

t ot

V(¢ 1) = CHOPC(E) + / / C*(5) FaQa (1) ESC(5) dsdo. (3.5)

t—7 0

The weak infinitesimal operator S$[] of the process {((t),4,t > 0} for system (2.11) -
(2.14) at the point {t,z,4} is given by [5,9]:

af — 8_V 6_V ;

+ Z O‘imv(tvgui?m)' (36)
: m=1

Using (2.9) - (2.14) we get:
%—‘g () = 2¢t(UPH(i)C(t) = 20 (£) PL(i)e (1) = 2¢H(1)IPE (i) {d(t)]

Apo(t,i) + Ana(t,i)]x(t) + F(i)w(t)]

o

=2¢" ()P (i) —o(t)+z(t)+ [ Ana(t,i)z(s)ds

t—T

= 2" ()P" (1) Aa ()¢ () + 2¢" ()P (1)L ()w(t)

+2 / CHHTP(3) Y (4)¢(0) db.
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Hence, it follows from (3.6)—(3.7) that

V] = ¢t [Azu)lp(w FPHAAGD + Y aimMm)] 0

20O DTl +2 [ COPETE) b+ / COBQ B0 (5

t—T1

t t

/ ¢ (0) B Q. (1) ELC(0 d9+2am [ [ ¢t E@utm i s) das.

t—7 0

Since for some p(i) > 0,i € S

5" i / / () EaQu(m) ESC(s) dsdd < 72p(i)C" (1) EQZaQO mELC(t) (39)

m=1 t—T1 6

and by Fact 1, we have

/gt ()P (i) d9—2/§t ()P (i) E2 Analt, i)z(6) db (3.10)

—r

STCt(t)IPt(i)EZ‘AAd(t,i)Q;l(i)AZd(f,i)EEIPt(i)C(G)+/xt(S)Qm(i)x(S)dS

= ¢ ()P () Ex Ana(t, )@ () A (1, §) ELIP (i) / CH(0) Q. (1) ELC(9) db.
Now, it follows from (3.8)—(3.10) that

I§V] < ¢t [Ag(z’)ﬂ)(z’) + P ()AA() + Y cimIP(m)

+p(i)7°Ey Y tim Qu(m)E} + TIPt(i)EMAd(t’i)le(i)AtM(t’i)Eémi)} ¢ (3.11)

+ TE2Q. (1) ES + 2¢ ()P (i) (i) w(t).
Application of Facts 2—3 to (3.11) yields:

V] < 0 [ AP + P OA) + 3 ainP(m)
B Qu(i)EY + a1 ()N Ly Naali) + 1 ()PH () M) (1) PG)
TP () B> Aa(9)[Qa ) — 22(6) Nali) N3(0)]~ AL (1) ELIP () (3.12)
+ 72 p(i) By Z QimQ(m)EY + 7521(i)IPt(i)ElMa(i)M;(i)E{IP(i)] C(t)

+ 2¢° ()P ()T (i)w(t) = ¢" ()T C(E) + 2¢" ()P (i) T (i)w(t)
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for some scalars e1(2) > 0, e2(7) > 0, p(¢) > 0. By taking w(t) = 0, the robust stability of
system (2.10) readily follows from (3.12) when II; < 0. Thus we conclude that $[V] < 0

for all ¢ # 0 and S$[V] < 0 for all ¢. By Dynkin’s formula [9], one has IE [ i S dt} =

E[V(t, z,9)|t=c0] — V(t,{,)|t=0 > 0. With some manipulations using (2. 10) and (3.12),
we obtain:

< IE{ 7Ct(t) [Ai(i)ﬂ)(i) + P! () Ao (i) + Z_: Qi P(m)

+ TE2Qq (1) B} + e1(1)Nja(i) Naa(i) + 1 (1)IP* (i) M (i) M* (1) P (i)
+7IP (1) B2 Aa(i)[Qu (i) — e2(i) Na (i) N (i)~ Ag (i) E5IP (i)

(3.13)

+72p(1) B2 Y ainmQu(m) By + 72y (i) P (6) B1 M () My (6) E{IP (i) + G*(6)G (i)

G
PP + G @ORILT - @' O] O + 060 0 )
By using (3.1)—(3.4) and Fact 4, it follows from inequality (3.13) that J(z) < 0 and
hence system (2.11)—(2.12) is DDRSS with disturbance attenuation y > 0.
The following corollary can be readily derived as special case of Theorem 3.1:

Corollary 3.1 Consider the nominal jump system
t

<&m:¢m:Ammw+/T@mef@wm

C(t) =a(t), te [:27, 0], no=1i, t>0, (3.14)
2(t) = G(i)¢(t) + (i) w(t). (3.15)

System Yy, is delay dependent stochastically stable (DDSS) with disturbance attenuation
v > 0 if given matriz sequence Q(i) = Q'(i) > 0, i € S, there exist matrices P(i) =
Pi(i) >0, i € S, satisfying the system of LMIs

Moo(i)  Tag(3) M4 (7) 2 i
My (i) —7Qq (i) 0 <0, { (I)”(Z.)I q’_(;)] <0, i€S8, (3.16)
115, (7) 0 —721 + @' (1) D (i)
where
—Pai) - Pi(i) + él QimPa(m)  —Pu(i) + P3(i) + PL())Aoali)
Iy (Z) = Py (i) + PL(4) +S7'Qx(l)

—Pi(i) + Pa(i) + ALy () Ps (i) +G'(1)G () + p(i)7? mZ:Zl @imQa(m)
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Remark 3.1 In the foregoing analysis, 7 is assumed to be known and constant. If
it turns out to be known, the largest value can be computed by solving a generalized
eigenvalue problem of the form:

Maximize T

et Po(i) > 0, Pali), Pa(i),
SUDICCLRO T 1(4) > 0, e2(i) >0, pli) >0, v>0 i€,
This problem can be readily solved using the LMI toolbox.
3.1 Example 1

In order to illustrate Theorem 3.1, we consider a pilot-scale multi-reach water quality
system [11] which can fall into the type (2.3)—(2.6). Let the Markov process governing
the mode switching has generator

-4 3 1
=12 -6 4
4 4 -8

For the three operating conditions (modes), the associated date are:
Mode 1:

{_8'2 —00.09}’ Aa(l)

I
L —
|
o O
—_ =
|

o O
—

—_
=
—~
[l
N~—
I
L —
O =
N O
—_

N,(1)=1[0.2 04],  Ng(1)=[0.1 0.3].

N,(2)=1[0.2 02], Ng2)=[0.1 0.2].

Mode 3:
=" O ae= T ] re=]p Y
GB3) = [0(52 092} ’ *3) = [0(52 o(.)s} ’ Ma(3) = [8;] ’

N,(3)=1[0.3 03], Ng(3)=1[0.2 0.1].
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Invoking the software environment [7], we solve inequalities (3.1) subject to (3.2)—(3.4)
for i =1, 2, 3. The feasible solutions obtained for

e1(1) = 0.7825,  £5(1) =1.5634,  p(1) = 3.2312,
£1(2) = 1.2671,  £5(2) =3.3451,  p(2) = 2.7645,
£1(3) =4.2355,  £5(3) = 0.6673,  p(3) = 4.4436

show water quality system is DDRSS with a disturbance attenuation level of v = 1.25
for any constant time delay 7 < 0.6715.

4 Robust H,, Stabilization
In this section, we consider the control uncertain jumping system with n, =i € S:

(Bse) s 2(t) = Ano(t,i)x(t) + Aaal(t, i)z(t — 7) + Bao(t,i)u(t) + T(H)w(t), >0,
.’L’(t) = (b(t)? le [_7—7 0]7 Mo = 1,
z(t) = G(D)z(t) + ®(i)w(t),

where u(t) € R" is the control input and
Bao(t, i) = Bo(t, i) + Ma(i)A(t, 1) Ny (i) (4.3)

with N, (i) € RPX". We will examine two distinct case of state feedback stabilization:
instantaneous feedback and delayed feedback.

4.1 Instantaneous state feedback
In this case we use the control law for n, =i € S

u(t) = K(@)z(t), €S (4.4)
such that the use of (2.8) and (4.4) into (4.1) yields for n; = i:

o(t) = [Aar(t, i) + Aaalt,0)]z(t) + T () w(t),

Apak (t, Z) = AAO(t, Z) + BAo(t, Z)K(Z) (4.5)
In this case the transformed system becomes
t
(Sri)s {0 =AanoO + [ 1) ds +Tud),
Ct)=0(t), te[-270], no=i, t=0, (4.6)

2(t) = G(i)¢(t) + P(Hw(t),

where

AAk(i) _ [_OI AAk(t7i) t’[— AAd(tvi):| . (48)
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Taking into consideration the standard result
Z1a | Xo(9) 0
PO = 300 xt )
XU(Z) = Pgl(i)a Xz(l) = Pil(i)a Xd(i) = _Xde(i)XU

we define the following matrices for ¢ € S:

MWF:g}&meﬂmwy Bmv{&@] Z@:Lg.y

ALg(i) = [ALy(i) 1], Nga(i) = Naa(i) + Np(i)K (i),  Nia(i) = [0 Nia(i)],
Y (i) = [Xa(i) X.(i)], H(@)=[H20i) Hi(i)], Nax(i) = Na(i)+ Np(i)Ka(i),

Q(7,i) = G*(i)G(i) + TE2Q.(3) ES + p(i) 2E2§:(%me (m)E% + e1(i)NZ (1) Naa(i).

(4.10)
The following theorem establish the main result:

Theorem 4.1 System Y is DDRSS with disturbance attenuation v > 0 under the
control law (4.3) if given matriz sequence Q. (i) = QL(i) > 0,1 € S, there exist matrices
Y (i), Z(i), H(i), i € S and scalars £1(i) > 0, e2(i) > 0, p(i) >0, v > 0,1 € S, satisfying
the system of LMIs

. . . rG
Iy (9) N(G)  TELMa(i) T EaAg(i) Ly (i)(G)(i) o RO
M (3) —e1()] 0 0 0 0
M()E! 0 —rea(i)I 0 0 0
. —T7Qx (1 0
A ° JVES AURAC ° N
1IN0 —~2T
+ @t(i)(gt)(i)Y(i) 0 0 0 L o (B (i) 0
i RE(4) 0 0 0 0 -V |
i) Na(i) VA P(i)
(i) _62(2)1} <0, [ (i) _7 <0, 1€ S, (4.11)
where
I3(i) = Y (i) AL (i) + Aoa(d)Y (i) — E1 (i) Z"(i) — Z(i)E} + Bo(i)H (i)
+ Ht( ) (z) Yt(l)Q(T, )Y () + o E1 Z ( VEs
+e1())Y* (i) NL g (0) Ny (i) BT L) + 1 (i) L* (i) E1 N (i) Ny (i) E{ L (3) (4.12)
+ &1 (i) L' (i) EyN{ (i) Naa (i)Y (i) .

y(l) dlag[Eth(l)Eg N Eth(z - 1)E2 Eth(i + 1)E2 . Eth(s)EgL
(’L) = [\/OéilEl (1)E2 e \/oal-sEth(s)EQ],
and the state-feedback gain is given by K (i) = Hq(i)[Y (i) E1] !

Proof Again, let x4(t) _é x(s+1t), t—7 < s < t and define the process {(x(t), n:), t >
0} over the state space C. It should be observed that {(x(¢),n;), t > 0} is strong
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Markovian [9] so is the process {(((¢),nm:), t > 0}. Now for n, = i € S, and given
Q(i) = Q'(i) > 0, let the Lyapunov functional V(:): R" x Ry x & — R, as given by
(3.5) and hence the weak infinitesimal operator %g[] of the process {((t),n:, t > 0} for
system (4.6) —(4.9) at the point {¢,2,n:} is given by (3.6). It is easy to see that:

7 {(t) = 2 (O (DA ar(i)(H) + 26 (OP' ()T (i)u(t) + 2 / ¢ ()P (4) T ()¢ (6) db.

3(
(4.13)
Hence, it follows from (3.6) and (4.13) that
V] = (0| Ak OP() + P ORar() + D Pl |c) (210
m=1
2 (P ()1 (0) +2/<f (P () d9+/<f ) ExQu () B (1) df
/ CH0) B2 Q, (i) ELC(0) db + Z Qim / /g )E2Q . (m) Ex((s) dsdé.
t—1 6
By maklng use of (3.9)—(3.10) into (4.14) and applylng Facts 23, we get
S5V] < ') {Aik(i) (i) + P* () Ao (i) + Z im P(m) + 1(1) Nig (1) Nya (i)
+ 7P (i) B2 Aa(1)[Qu (i) — e2(i) Na(i) Ny (i )] 1At( )E3IP (i) + TE2Q (1) Es (4.15)

+72p(i) By Z Qi Qa (M) By + 725 ()P (1) Ex Ma (1) Mg () ETIP (1) | (1)

+e (P ()M (i) M ()P (i) + 2¢* (1) P ()T (i)w(t)
for some scalars e1(i) > 0, e2(i) > 0, p(¢) > 0. By similarity to Theorem 3.1 the robust
stability of system ET k is guaranteed readily follows from (3.12) and Definition 2.1. Thus

we conclude that S$[V ] < 0 for all ¢ # 0 and SS§[V] < 0 for all ¢. Also, by Dynkin’s
formula [9], one has IE)[f SS[V]dt] = B[V (t,2,1)|i=] — V(£,¢, )40 > 0. With some
0

manipulations using (4.7) and (4.15), it is readily seen that:

7
J(x)g]E{ / " 0)=() - t<t>w<t>+s§[vndt} (4.16)

<B{ [0 Moo + PO + Z i P

+ TE2Qq (1) B + e1(1) Nyg (i) Nrali) + 1 (i )lPt( )M( )M (i)IP (i)
+7IP* (i) B2 Aa (1) [Qu (7) — €2() Na(i) Ng(0)] ™" Ag (1) B3P (i) + G (i) G (1)

+ 72p(i) Es Z WimQa (M) EL 4+ 1e5 1 ()P (i) By M, (i) M (i) ELTP (i)

+[P'@)C() + G (i) ()][721—<I>t(i)‘1>(i)]_1[1“t(i)ﬂ3(i)+‘Pt(i)@(i)}]€“(t)}-
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In line of Theorem 3.1, it follows from inequality (4.16) that J(z) < 0 is guaranteed if
the following inequality

AL (P () + P! (D) Aok (1) + ) @i P(m) + TE2Qu (1) E} + e1.(1) Ny (i) Nia(i)
m=1

+ e ()P (i) By M (i) M* (i) BiTP ()
+ 7P (i) B2 Aa(§)[Qx (i) — £2(i) Na(§) N(i)] ~* Ag (i) E3TP(3) (4.17)

+72p(i) Es Z Qim Qo (M) ES + 15 1 (i)IP (i) By M, (1) ML (i) BiTP (3) + G (i) G(4)

m=1

+ [P (OT() + G' ()@ (0)][y*] — @' ()@ (1)) [T ()P () + D ()G(i)] < 0

holds. Premultiplying (4.17) by IP~*(i), postmultiplying by IP~'(i), using (4.9)— (4.10)
and manipulating with the help of Fact 3, we obtain the LMI (4.11). It follows that
system (4.6)—(4.7) is DDRSS with disturbance attenuation v > 0 under the control
law (4.4).

The following corollary can be readily derived as special case of Theorem 3.1:

Corollary 4.1 The nominal jump system Yy, is delay dependent stochastically stable
(DDSS) with disturbance attenuation v > 0 under the control law (4.4) if given matriz
sequence Q(i1) = QL(i) > 0, i € S, there exist matrices Y (i), Z(i), H(i), i € S,
satisfying the system of LMIs

Ls0(i) TEAq(i) T(i)+Y'(D)G(i)®3E)  R(i)
B TAL (i) E} —7Q (1) 0 0 <0
Tt(i) + ®1(0)GH(4)Y (i) 0 —321 + & (i) D (i) 0 ’
RE(7) 0 0 —V() (4.18)
—2T Bt(4) .
[@?z) _I}<O7 1 €8,

where

Iz0 () = Y (i) Agq(i) + Aoa(i)Y (i) — E1Z"(i) — Z(i) By + Bo(i)H (i)
+ H'())BL (i) + Y (i)W (7,4)Y (i) + i E1 Z' (i) Es,

Qo(r,1) = G'(I)G (i) + TE2Qq (1) ES + p(i)7° B2 Y i Qu(m) E,
m=1

and the state-feedback gain is given by K (i) = Hq(i)[Y (i) E1] .
4.2 Delayed state feedback

In this case we use the control law for n, =i € S as

u(t) = Kq(D)z(t —71), 1€S8, (4.19)
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along with the following state transformation

t

o(t) =z(t) + / [Aaa(t, i) + Bao(t, 1) Kq(i)]z(s) ds

t—7

(4.20)

(4.21)

such that the use of (4.19)—(4.20) into (4.1) with (2.13)—(2.14) yields for n; =i € S:
6(t) = [Ano(t, i) + Aara(t, 1)]z(t) + T(D)w(t),
AAkd( , ) AAd(t Z) +BAo(t z)Kd(z)

Simple algebra yields the transformed system:

(Ero): E() = Asali) /rk $)ds + T(u(d),
¢(t) = o(t), [—2770]7 No =1, t=>0,
z(t) = G(’L’)C(t) + @(w(t),
where
Define
Aok:d(i) = Aod(i) + Bo(i)Kd(i), Akd(i) = Ad(l) + Bo(i)Kd(i>7

L(i) = [L2(i) L1(3)],

Aoali) = [_OI AO’”“’]? Nar(i) = Na(i) + No(G)LG)NR().

I

(4.25)

Taking into account the matrices of (4.9)—(4.10), we establish the following theorem:

Theorem 4.2 System Yrp is DDRSS with disturbance attenuation v > 0 under
there exist
matrices Y (i), Z(i), L(i), R(i), i € S and scalars e1(i) > 0, e2(i) > 0, p(i) > 0, v > 0,

the control law (4.19) if given matriz sequence Q(i) =

1 €S, satisfying the system of LMIs

QLG >0,ie S,

TEQAd(l) ol t
) = - (4) + Y (i)
IT4(2 Mz TE1 M, (7 TFE2Bo(1 X
74( ) (i) 1Ma@) iy }g(g) x G(i)®(i)
Mt(’L) —sl(i)l 0 0 0
M (i) E 0 —rea(i)] 0 0
7 Al (i) B —TQu(i) + 7e2(i
+ TR (z)E*?(L2 @BL(HE;  ° 0 x Nds»()i)NéiQ(E)) 0
2
T (i) + 4(0) G ()Y (i) 0 0 0 +¢;Zi){b(z)
I RY(i) 0 0 0 0
—Qz(i)  Ngr(i) =Y (i)Er I
e i) <o S (Gl
2 t(s
—v*I  D(7) :
[CP(Z) _I]<07 1 €S,

<0,

(4.26)
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where
I4(i) = V() Apq(i) + Aoa(D)Y (i) — E1 Z'(i) — Z(i) EY + B, (i) L(i)
+ L) By (i) + Y ()7, 0)Y (i) + ai B1 Z' (i) En
+ €1 (1) Y (i) Nag (i) No (1) E1L(3) + e1(i) L (4) E1 Ny (1) Ny (¢) E1 L(0)
+e1(i) L' (i) By Ny (i) Naa(i)Y (4)

(4.27)

and the delayed-feedback gain is given by Kq(i) = L(i)E1R(3).

Proof By similarity to Theorem 3.1 and letting the Lyapunov functional V() be
given by (3.5), the weak infinitesimal operator 3§[-] of the process {((t),n:, t > 0} for
system (4.22)—(4.23) at the point {¢,z,m;} is given by (3.6). Hence, it is easy to see
that:

Z—Z E() = 26 (Y () A na(i)C (1) + 26 (4P () (i) ()
t (4.28)
Lo / CH P! (3) Y (1) (6) db.
Hence, it follows from (3.6) and (4.27) that
V] = (1) [Azdum(i) P @A)+ Y aimP<m>] 0
L 2g (P )T (i) + 2 / ¢ () Y (1)C(0) df
o (4.29)

4 / CH (1) ExQu (i) FEC(1) df — / CH(0) E>Qu (1) ESC(0) dB

+ Zlaim / /Ct(S)E2Qm(m)E§C(s)de9.

t—7 0

Following parallel developments to Theorem 4.1, we applying Facts 2—3, use (3.9), (4.7),
(4.10) and (4.24) - (4.25) and manipulate, we get

J(z) < IE{ /(t(t) {Azd(i)lP(i) + P (i) Apa(i) + Z aimP(m) (4.30)
0 m=1
+ TE2Qu (i) ES + £1(i) Ni g (i) Nya(i) + e (6)IP* (4) M (i) M (i)IP (i)
+ 7IP" (1) B2 Apa (1)[Qu (1) — £2(1) Naw (1) Ny ()] 7 A4 (1) B3P (i)

+712p(i) Ey Z Qim Qo (M) EY 4 125 (i)IP! (i) By M, (i) ML (3) EYTP (i) 4+ G (i) G(4)

m=1

+[PYO)0() + GO P(@)][y2T — @ ()@ (3)] 7 I ()P (i) + ‘1>t(i)é(i)}] C(t)}
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for some scalars €1(i) > 0, e2(4) > 0, p(i) > 0. It follows from inequality (4.30) that
J(z) < 0 is guaranteed if the following inequality

AL P () + P () Aoa(i) + Y cimP(m) + TE2Qq (i) Eh + £1(1) N}y (1) Ny (i)

+eq ()P (4) M (1) M (1) IP (i)
+ 7P () B2 A (1) [Qu (1) — €2(0) Nar (1) Ny, ()]~ A4 (1) B3P (i) (4.31)

+7%p(i) Ey Z QimQz(m)ES + 165 1 (i)IP (i) By M, (i) ML (i) BiTP (4) + G (i) G(4)
+ [PY()T(4) + G*()@(0)][y*T — ' (1) (3)] [T (1) IP(i) + @*(0)G(i)] < O

holds. Premultiplying (4.17) by P~*(i), postmultiplying by TP~*(i), using (4.27) and
manipulating with the help of Fact 3, we obtain the LMI (4.26). It follows that system
(4.22)—(4.23) is DDRSS with disturbance attenuation v > 0 under the state-delayed
control law (4.19).

The following corollary can be readily derived as special case of Theorem 3.1:

Corollary 4.2 The nominal jump system Xy, is delay dependent stochastically stable
(DDSS) with disturbance attenuation v > 0 under the control law (4.19) if given matriz
sequence Q. (i) = QL(i) > 0, i € S, there exist matrices Y (i), Z(i), L(i), R(i), i € S,
satisfying the system of LMIs

40 (3) TE[Aq(i) + Bo () L(1) B2 R(1)]  T(i) + Y ()G(@)®(i)  R(i)
TAL () EY —7Qz (1) 0 0 <0
(i) + @' ()G ()Y (i) 0 —7*1 + @' ()P (i) 0 7
R*(i) 0 0 —Y(4)
2 t . .
—v2I D7) =Y (i)E; I )
{ o) I ] <0, { ; R |20 iES (4.32)

where

Mo (i) = Y (1) Aoy (i) + Aoa(1)Y (i) — E1Z" (i) — Z(i) By + Bo(i)L(1)

to\ Bt [ bl N i (4.33)
+ L*(0)BL (1) + Y ()0 (1,0)Y (0) + s E1 Z° (i) B

and the delayed-feedback gain is given by K4(i) = L(i)NR(i).

4.2 Example 2

We use the data of Example 1 in addition to

30(1)_[(1) ﬂ BO(Q)—LI) g] 30(3)_[3 ﬂ

Ny(1)=1[0.1 03], Ny(2)=[02 0.2, Ny3)=[0.3 0.1]
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and the level of disturbance attenuation v = 1.35. For the data under consideration and
in view of Theorem 4.1, the feasible solutions of LMIs (4.11) using the software LMILab
[7] yields the gain matrices

| 0.8532  0.9260 K(2) = 0.9145 —-0.6128
T —1.4317 —1.2628 " T 10.5844  1.9912 |’

11425 0.6603
K@) = [—0.3123 0.4912}

K(1)

for

e1(1) = 1.3345, g9(1) = 0.9144, p(1) = 2.4367,

e1(2) = 2.3567, £9(2) = 2.5433, p(2) = 1.5321,

£1(3) = 5.2355, €2(3) = 0.6673, p(3) = 2.3226,
and 7 < 0.4772.

On the other hand, considering Theorem 4.2 we solve the LMIs (4.26) to get the gain
matrices

0.0454 —-0.9231 —0.1636 0.2628
Ka(l) = } ,

©10.0422  0.9123 ]’ Ka(2) = [—0.5628 1.2182

0.3144  1.1268
Ka(3) = {—0.7435 —0.8655]

for
e1(1) = 3.4225, ea(1) = 0.7428, p(1) = 1.3452,

e1(2) = L7111,  £5(2) = 1.6655,  p(2) = 3.0987,
£1(3) = 4.0205,  £(3) = 0.0876,  p(3) = 4.2247

and 7 < 0.4653.

5 Hoo-Output Feedback Controller

In this section, we consider the design of an H..-output feedback controller for the
jumping system forn =i € S

&(t) = Ano(t,1)x(t) + Aaa(t,i)x(t — 7) + Bao(t, )u(t) + T'(i)w(t),

(
a(t) = o(t), te|-7,0,, t>0, (5.1)
y(t) = Co(i)z(t) + Do(i)w(t), (5.2)
() = G(i)z(t) + D(i)w(t), (5.3)

where y(t) € P is the measured output and the matrices C,(3), D, (i) are constant with

appropriate dimensions. Note that system (5.1)—(5.3) is more general (2.3)—(2.4) for

control design purposes. A dynamic output feedback controller for ¢ € S, has the form:
zo(t) = Ac(t)zc(t) + Be(ly(t) — Co(D)zo(t)],

u(t) = Ce(i)zc(t), (5.4)
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where zc(t) € R™ is the state of the controller and the matrices Ac (i) € R"*", Bo(i) €
RM>*P Co(i) € R™*™ are controller matrices to be determined. Combining (5.1) - (5.4)
for i € S, we obtain the closed-loop system

() = Asoa(t,)E(t) + Ajcan(t, D6t — 7(t) + Tyoalt, w(t), >0,
Et) = gic(t), te[-77,0] (5.5)
2(t) = G()&(t) + (i)w(t),

where

f0=| 20| ewn

zco(t)
AJCdA(t, Z) Ad( ) + M]c( )A(t,i)NJCd(i), (56)
T Al Ba@Ool) Ty v
Ajonalt,i) = [BC(?)Co(i) Ac(i)A— Bcz)co(i)] = Ajco(i) + Myc(i)At, i)Nyca(i),

Crealtii) = | gy | = Toeoi + Mu(d, ot

and

[ Al Bo(i)Cc (i)
AJcO(>—[BCZco(z‘> Ac(i) — ()C(i)}’

(
Mjc(i [1\_2 ] , Nyjca=[0 N,

a

A R AR RPN

s = [N 0] i =[O 0]t = | 51500 ]

Now for each possible value 1, = i, ¢ € S, we introduce the following state transformation

—+ / AJCdA(t,i)g(S) ds (5.8)

into (5.5) to yield
a(t) = [Ajea(t,i) + Ajcan(t,i)]E(L) + f‘,]c()(i)w(t). (5.9)

Define the augmented state-vector

_ /jf(t) 4n
w(t) = {f(t)} € R (5.10)
By combining (5.1) and (5.8) —(5.10), we obtain the transformed system
¢
w(t) = Ajoa(w(t) + / Tioa(@)w(s)ds + T jeoo(i)w(t),
t—7

w(t) =¢(t), te[-21,0], n,=i, t>0, (5.11)
2(t) = G(i)w(t) + ®()w(t), (5.12)
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where
Mcali) = | O Arealtdt Areas®D | _y o) 4 e A .0
Yioal(t ) [8 AJCdOA(t z):| = TJco(i) + MJc(i)A(t, i)NJCd, (5.13)
Moo = [ & AT AO] [0 0
Lol =[5 0] . Naoe = ) + 80 0. G0 =D G

Given matrices

0 < Pu(i) € R, Pu(i) e R*,  Pe(i) € R*", €S,

L [Pu) 0 . (5.14)

such that fori € S

=[5 ). w50 4]
Xg(z'):[x%(z’) XZz]’ Xd(i):[Xdé(i) ng}’ (5.15)

S0 = A(0) X)) At scoals) = [Abe(i) + A40) 1, E<i>=[ 0.],
O(r,i) = TE2R()ES 4+ £1(1) N 0y (1) Nycal(i) (5.16)

+ GG (i) + mp(i EQZazm

It follows from Theorem 3.1 that given matrix sequence 0 < IR(i) = IR'(i), i € S the
transformed system (5.11)—(5.12) is DDRSS with disturbance attenuation v > 0 if the
algebraic inequality:

S ) A coa(i) + Ascoa(i) (i) — E1E' (i) — E(i) B}
; Elstu)Ez( > aimlBRE(n)] ) BB + <7 ()M 0) B ML) S

+ 765 (()Mye (i) M (i) + 21 (0)O(7,1)5(0) (i)
+ 7B Aq(i)[IR(i) — e2(1)Nsca(i)Njoa(i)) " Ag(i) ES
+ [Laco(i) + X1 ()G ()R (D)]Y*T — (D) R(0)] ' Do () + (1) G (0)X]

M) M

DM(r,i)  Me(r,i)

(5.17)

M(r,i) = [ :
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is satisfied for some positive scalars €1(7), €2(i), p(i), i € S, where

M, (7,i) = %g;g: g %zzg: ?] (5.18)
N [Ma(ri) DMes(r,i)
Me(r.7) = | M a(r,i) DMeo(r, )}
o _M 1(7', Z) O
DMe(r,1) = I EO Meo(r, 1)
Q,.(7,7) = TIR(i) + €1())[Na (i) + Na(i)][NL(i) + NL(3)] + G (1) G(3)
+72p(i) Y cimIR(m),

My (7,8) = [Ao (i) + Aa(i )]Xdl( ) + X1 (9)[A5 (i) + Ag(3)]

+ X (0 Z 1(6) + € Mo (i) Mg (i) + T(0) [y — (1) @(2)) 1T (2),
DM ys(r,i) = o(Z)C’C( )Xa2 (i) + X5, (1)Co (i) Be (1)

+ ()T = () (3)] D (4) Be (i) + (i) G(i) Xaa (1)),
M 2(7,0) = [Ac(i) — Be(1)Col(i)] Xaz (i) + Xigo[A (1) — C5(1) Be (i)

+ XL (D (7, ) X2 (1) + Ko () Y im X5 (m) X (i),

My (7,0) = =X (i) + X (1) + [Ao (i) + Aa(0)] X, (),
M ea(7,1) = =X,5(i) + X (i) + [Ac (i) = Bo(i)Co(i)] Xz (i)
+ [Be(i)Do(i) + Xd2( )Gt(i) DI T = @ () (D)) @' (1) G (i) Xz (i)
+Xt 2 (D) (7, )Xy Zaﬁm 41 H(m) Xea (i),
Mea(7, 1) = Bo(i)Co (1) X (4),
M 3(r,4) =T (i) [y*] - ‘I’t(l)‘l’(')}_l‘l’t(')G(')Xt (i) + Bo (i) Co (1) X (i),
DMei(7,1) = X (i) + Xy (1) + meq " Ma ()M (i) + 7Aa()[IR(i) — e2NoaNog] ™ Ag(0),
Mea (7, 1) = X2 (i) +Xt (1) + X (1) (7, 1) X2 (4)

)
+ X ()G (D) @) [V — @' () 2(1)] D (1) (i) X2 (0).

Our objective is to develop conditions that can be used for computing the gains of
the dynamic output feedback controller. The following theorem summarizes the main
solvability conditions for controller (5.4) guaranteeing that the closed-loop system (5.11) —
(5.12) is delay-dependent robustly stochastically stable with disturbance attenuation ~.

Theorem 5.1 Consider the closed-loop system (5.11) - (5.12) with matrices described
in (5.6)—(5.7) and (5.13) - (5.16). Given scalars v > 0, e1(i) > 0, e2(i) > 0, p(i), i € S,
there exists a dynamic output feedback controller of the type (5.4) such that the closed-loop
system (5.11)—(5.12) is DDRSS with a disturbance attenuation v if there exist matrices
X1 (7)), Xua(i), Xer(3), Xea(i), Xa1(3), Xaa2(i), @ € S satisfying the following system of
simultaneous matriz inequalities and equations
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rﬂ(i) AL M) A ()
TM (i) —exl 0 <0, (5.19)
T AL (7) 0 —[IR — €2N, 4Nt
A >++AX§Z<H>TM+(2M;1u> Ma(0) I Wi(@)
M (i) —ail 0 <0, (5.20)
Ft(z) 0 — [y — ®t(i)D(i)] 0
Wi () 0 0 10
X2 (i) + X ( )+ X (D) (1, 0)Xu2(i) XLy ()G (1) (0)
[ ()G ()X (i) . @t(i)@(z‘)}] <0 G2
[Ac(i) — Be(i)Co ()] Xaz (1) L
FXROAC) ~ Be@C0) +andip@ e O
Xa(i) —Q,(ri) 0 > 5
Wi (i) 0 —Va (i)
X1 (1) — X1 (1) + X, (i) [Ao(4) + Aq(i)]* = 0, (5.23)

Xas(i) = Xya(0) + X () Ac (i) — Bo()Coli)]! + Xea()u(r,1)Xya(i) = 0. (5.24)
Then the associated controller matrices are given by:
Ao (i) = Ao (1),
Be(i) = =X (1)G* (i) [T — (1) 2(i)] @ () DY (i), (5.25)
Cel(i) = BY )T (i) [T — (1) @(0)] @ (1) G (i),

where
Vi(i) = diag[X} (1) XL (i — 1) Xl (i41)... X0 (s)],
Vo(i) = diag[ X[ (1) ... Xlo(i — 1) Xia(i+1) ... Xly(s)],
Wi(i) = [Van Xl (1) ... Vas Xl ()],
Wy(i) = [Vaa X} (1). .. aiX), (s)]

and Bi(i) and D} (i) are the pseudo-inverse of D,(i) and B,(i), respectively.

Proof We start from matrix inequality (5.17) and using (5.18) with standard alge-
braic manipulations, it follows that the choice of the controller matrices (5.25) subject
to inequalities (5.19)—(5.24) ensures that M (7,i) < 0, ¢ € S and hence guarantees
that system (5.11)—(5.12) is DDRSS with a disturbance attenuation v and the proof is
completed.

In the absence of uncertainties, the closed-loop system (5.11)—(5.12) reduces to

(1) = Ascoli) / T sco(i)e(s) ds + T sooliyu(t),
w(t) = o(t), te [—27, 0, no=1i, t>0, (5.26)
2(t) = G(i)w(t) + (i) w(t) (5.27)

and for which the following corollary holds:
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Corollary 5.1 Consider the closed-loop system (5.26) —(5.27) with matrices descri-
bed in (5.6)—(5.7) and (5.13) - (5.16). Given scalars p(i) > 0, i € calS, v > 0, there
exists a dynamic output feedback controller of the type (5.4) such that the closed-loop
system (5.26) - (5.27) is DDRSS with a disturbance attenuation v if there exist matrices
X1 (1), Xua(i), Xer(i), Xeali), Xar(i), Xga(i), i € S satisfying the following system of

simultaneous matriz inequalities and equations

[Xél( )Tjé_lt)((g)l( i)(i) T/_lﬂllg)] <0, (5.28)

[Ao(?) + Aq(d)]Xa1 (2)

+ Xl (D[Ao() + Aa(D)]' + cis X () re) Wi@)
I (i) b2 —et@ea) o | <0 (5:29)
Wf(z) 0 —V1(2)
X (i) + Xjp (i) + Xa (1) (7, 1) X2 (1) XLo(1)GH (1) D(i)
[ B (1)G (1) X,2(0) i @f(z)@(z)}] <0 530
[Ac(i) — Be (1) Co(i)] Xaz(4) . .
+ XL ()[Ac(i) — Be (i) Co(0)] + iy (i) ?f,m(z) Wa(i) o (551
Xyo (1) —Q,(7,1) 0 T
W3 (i) 0 —Va(i)
Xar (1) — X (i) + X (0)[Ao (i) + Aa(i)]" =0, (5.32)

Xan(i) = Xy2(i) + gy (1)[Ac (i) = Bo()Co(0)]" + Xea (1), (7, 1) X2 (i) = 0, (5.33)

where

0 (7,i) = TIR(i) + G' ()G (i) + 7°p(i) > iy IR(m) (5.34)
and the associated controller matrices are given by (5.25).

5.1 Example 3

We consider the multi-reach water quality system with the data given in Examples 1 and
2 in addition to the following

=[5 3] ae=[ 3 ce=[§ 5

Do<1)=[é ﬂ Do(2>=[0 1], Do<3)=[(1) ﬂ

With the aid of the LMILab [7], the feasible solutions of LMIs (5.19)—(5.24) yields the

controller matrices:

ac=| 0% Dl acw =7 L] acm= |50 O

0.7854 —1.3246]

~1.1157  0.8006
BC(l)_{0.2234 ~2.0045 }

Be(2) = { 0.7256  —1.7654
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0.3423  —1.0206
Be(3) = {—0.5494 3.1145 ] ’

0.2238 0.0912 0.3458  0.9442
CC(l)_[o.Mu 0.7644}’ CC(2>_[—0.1244 —0.4564}’

—0.8121 0.8724
Co(3) = [ 0.8126 —0.6944}

for 7 < 0.6545.

6 Conclusion

This paper has introduced a new transformation method for the Ho, analysis and syn-
thesis of a class of uncertain time-delay systems with Markovian jump parameters. It has
been established that the new method exhibits the delay-dependence properties of the
uncertain jumping system and therefore provides a tractable methodology for stability
analysis, stabilization and output feedback control. All the developed results have been
cast into the format of linear matrix inequalities and several examples have been worked
out to illustrate the theory.
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1 Introduction

Nonlinear stochastic control has long been an important research field that has attracted
many researchers, and enormous results have been published in the literature. In partic-
ular, the fundamental nonlinear stochastic stabilization issue has received considerable
research interests, and has found successful applications in control and communication
problems, such as attitude control of satellites and missile control, macroeconomic system
control, chemical process control, etc., see [8] for a survey.
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Recently, there have appeared many methods to tackle different kinds of nonlinear
stochastic systems. For example, in [2], a minimax dynamic game approach has been de-
veloped for the controller design problem of the nonlinear stochastic systems that employ
risk-sensitive performance criteria. The stabilization problem has been investigated in
[3, 4] for nonlinear stochastic systems, and a stochastic counterpart of the input-to-state
stabilization results has been provided. In [7], under an infinite-horizon risk-sensitive
cost criterion, the problem of output feedback control design has been studied for a class
of strict feedback stochastic nonlinear systems. In [16], the decentralized global stabiliza-
tion problem has been dealt with by using a Lyapunov-based recursive design method.
On the other hand, the dual nonlinear stochastic filtering problem has also been an ac-
tive area for three decades [8], and a number of nonlinear filtering approaches have been
proposed in the literature, such as extended Kalman filters, bound-optimal filters [13],
exponentially bounded filters [14, 20], etc.

It is now a recognized fact that the time delay is frequently a source of instability and
encountered in various engineering systems such as chemical processes, long transmission
lines in pneumatic systems, and so on. Recently, increasing attention has been focused on
robust and/or Hs, control problems for linear systems with certain types of time-delays,
see [1] for a survey. Within the stochastic framework, the stability analysis problem
for linear time-delay systems has been studied by many authors. For example, in [11],
the stability analysis problem for linear stochastic delay interval systems with Markovian
switching has been considered. In [17], an LMI approach has been developed to cope with
the robust Hy, control problem for linear uncertain stochastic systems with state delay.
As for nonlinear stochastic time-delay systems, the related results have been scattered,
and most of the results have been concerned with the stability analysis issue, see e.g.[5,9].
So far, the stabilization problem for general nonlinear time-delay systems has not been
fully investigated and remains important.

In this paper, we will consider the stabilization problem for a class of nonlinear contin-
uous stochastic systems with state delays. Such a class of systems have been intensively
investigated in [18—20] for the nonlinear filtering problems. An effective algebraic ma-
trix inequality approach is proposed to design the state feedback controllers, such that
the closed-loop system is stochastically exponentially stable (or exponentially ultimately
bounded) in the mean square, for all admissible nonlinearities and time-delays. We
first investigate the sufficient conditions for the nonlinear stochastic systems to be ex-
ponentially stable (or exponentially ultimately bounded), and then derive the explicit
expression of the desired controller gains. A numerical simulation example is provided
to show the usefulness and effectiveness of the proposed design method.

Notation  The notations in this paper are quite standard. R™ and R"™*™ denote,
respectively, the n dimensional Euclidean space and the set of all n x m real matri-
ces. The superscript “T” denotes the transpose and the notation X > Y (respectively,
X > Y) where X and Y are symmetric matrices, means that X — Y is positive
semi-definite (respectively, positive definite). I is the identity matrix with compati-
ble dimension. We let 7 > 0 and C([—7,0]; R") denote the family of continuous

functions ¢ from [—7,0] to R™ with the norm |¢|| = sup |¢(f)|, where |- | is
—7<6<0

the Euclidean norm in R™. If A is a matrix, denote by || A| its operator norm, i.e.,
Al = sup{|Az|: |z] = 1} = \/Amax(ATA) where Apax(-) (respectively, Apin(-)) means
the largest (respectively, smallest) eigenvalue of A. [2[0,00] is the space of square in-
tegrable vector. Moreover, let (2, F,{F;}+>0, P) be a complete probability space with
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a filtration {F;},>0 satisfying the usual conditions (i.e., the filtration contains all P-
null sets and is right continuous). Denote by L% ([~7,0]; R") the family of all Fo-
measurable C([—,0]; R™)-valued random variables £ = {¢{(0): —7 <6 < 0} such that

sup E|£(0)|P < co where E{-} stands for the mathematical expectation operator with
—7<6<0

res%ezt to the given probability measure P. Sometimes, the arguments of a function will
be omitted in the analysis when no confusion can arise.

2 Problem Formulation and Assumptions

Consider the following nonlinear continuous-time state delayed stochastic system in a
fixed complete probability space (2, F,{F:}i>0, P):

da(t) = [f(x(t), u(t)) + g(a(t — 7)) dt + Dz(t) dw(t), (1)
x(t) = o(t), te-1,0], (2)
where x(t) € R™ is the state, u(t) € R™ is the deterministic input, y(t) € RP is the
measurement output, and f(-,-) € R™ and g(-) € R™ are nonlinear vector functions.
7 > 0 denotes the state delay and ¢(t) is a continuous vector valued initial function.
Here, w(t) = [wi(t)wa(t) ... wn(t)]T € R™ is an m-dimensional Brownian motion.

The initial state x(0) has the mean Z(0) and covariance P(0), and is uncorrelated
with w(t). D is a known constant matrices with appropriate dimensions.

Assumption 1 The nonlinear vector functions f(-,-) and g(-) are assumed to satisfy
£(0,0) =0, g(0) =0 and

) - 14 8150 || < an| |20 |+ are g

9(z(t = 7)) = Agz(t = 7)| < agi|2z(t = 7)| + az2, (4)

where A € R"™*"™ B € R"™™ A; € R™*™ are known constant matrices, and a1 > 0,
a1z > 0, az; > 0 and a9y > 0 are known scalars.

Remark 1 The system (1)—(2) can be used to represent many important physical
nonlinear systems subject to inherent state delays and stochastic exogenous noises with
known statistics. Similar to [18—20], the nonlinear descriptions (3) —(4) quantify the ma-
ximum possible derivations from a linear model with (A4, B, A4) as its system parameter
matrices, and are more general than those of [13], [14].

When a state feedback control law

u(t) = Kx(t) (5)
is applied to the system (1)—(2), the closed-loop system is governed by
dz(t) = [f(x(t), Kz(t)) + g(x(t — 7))] dt + Dx(t) dw(t). (6)
For notation convenience, we give the following definitions:
A. = A+ BK, (7)

p(t) = f(a(t), Kx(t)) — Acx(t), (8)
q(t) = g(a(t — 7)) — Aaz(t — 1), (9)
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and then obtain from (6) that
dx(t) = [Acx(t) + Aqa(t — 1) + p(t) + q(t)] dt + D (t) dw(t). (10)

Now, let z(t;€) denote the state trajectory from the initial data z(f) = £(f) on
—7 <60 <0 in L% ([-7,0]; R"). It is clear from Assumption 1 that the system (10)
admits a trivial solution x(¢;0) =0 corresponding to the initial data & = 0.

Furthermore, we introduce the following concepts for stability and boundedness in the
mean square.

Definition 1 Consider the system (10). For every ¢ € L% ([—7,0]; R™),

(1) the trivial solution is exponentially stable in the mean square if there exist con-
stants a > 0 and 0 > 0 such that

Elzt8))? < az™P sup EIE(0))% (11)

—7<6<0

(2) the trivial solution is exponentially ultimately bounded in the mean square if
there exist constants o > 0, 8> 0, v > 0 such that

Elz(t; &) <oz sup  EIE(0)]* + . (12)
—7<6<0

The objective of this paper is to design a controller for the nonlinear time-delay sys-
tem (1)—(2), such that the closed-loop systems is exponentially stable (or exponentially
ultimately bounded) in the mean square. More specifically, we are interested in designing
a controller parameter K such that:

(1) in the case of a12 = 0 and as2 = 0 (i.e., there are no bounded nonlinearities
and uncertain disturbances), the solution of the system (10) is guaranteed to be
exponentially stable;

(2) in the case of aj3 # 0 or age # 0 (i.e., there are bounded nonlinearities or
uncertain disturbances), the solution of the system (10) is guaranteed to be ex-
ponentially ultimately bounded in the mean square.

3 Main Results and Proofs

In this section, the controller analysis problem will be considered firstly. Given a con-
troller structure, we shall establish the conditions under which the system dynamics is
stochastically exponentially stable (or exponentially ultimately bounded) in the mean
square. Then, we shall take the controller design problem into account, whose purpose is
to derive the explicit expression for the expected controller gain in terms of the positive
definite solution to an algebraic matrix inequality.

The following theorem will play an essential role in the design of the expected con-
trollers. It reveals that the exponential stability (or exponential ultimate boundedness)
of the controlled nonlinear time-delay stochastic system (10) can be guaranteed if a pos-
itive definite solution to a modified algebraic Riccati-like matrix inequality (quadratic
matrix inequality) is known to exist.
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Theorem 1 Let the controller parameter K be given. If there exist positive scalars
€1, €2, €3, €4 such that the following matrix inequality

ATP 4+ PA.+DTPD + (g1 + &2)P? + 45 a2, (I + KTK) +Q < 0

(13)

where

Q=c;"AT Ay +4ey ad T
has a solution P > 0, then in the mean square, the system (10) is
(i) exponentially stable in the case of a12 =0 and age = 0;
(i) exponentially ultimately bounded in the case of a12 # 0 or azs # 0

(14)

Proof Fix & € L% ([—7,0]; R") arbitrarily and write x(t;&) = x(t). For (x(t),t) €
R™ x R4, we define the Lyapunov function candidate

V(z(t),t) = 2T (t) Px(t) + / 2% (s)Qx(s) ds

t

(15)

where P is the positive definite solution to the matrix inequality (
defined in (14).

13) and Q > 0 is

By It6’s formula (see, e.g., [10]), the stochastic derivative of V along a given trajectory
is obtained as

= {«T () P[Acx(t) + Agu(t — ) + p(t) + q(1)]
[ e (t) + Ag(t — ) + p(t) + q(t)]" Pa(t)
) - (

2T ()Qx(t) — T (t — 7)Qux(t — )
2" (

t)DT PDx(t) }dt + 22 (t) PDzx(t) dw(t)

)
: (16)
= {x (O[AT P+ PA. + D'PD + Qx(t)
T (t)PAqx(t —7) + 2" (t — 7)Aj Px(t)
IT(t)P[ () +a(®)] + [p(t) + q(t)] T Px(t)
— 2" (t — 7)Qx(t — 1) }dt + 22 (t) PD(t) dw(t).

Let €1 and €2 be two positive scalars. Then the matrix inequality

(1% (P = e 2t (0 = ) AT [T (P - e Pt (0 - 1) AT)
yields

T () PAgz(t — 1) + 2" (t — 7)A] Px(t) 17
< ezt () P2a(t) + eyt (t — 1) AT Agx(t — 7). 1)

In the sequel, we will use several times the following simple inequality

(w+ )T (u4+v) < 2uTu+ 20T,
where v € R" and v € R".
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Noticing the Assumption 1 and the definitions (7)—(9), we have

0] [ e}

, (18)
<202, [ ;:%)] + 203, < 203,27 () (1 + K"K () + 243,
" ()q(t) = |g(a(t — 7)) — Aga(t —7)* < {azi|e(t — 7)| + aze}’ (19)

<2a3,2" (t — 7)x(t — 7) + 203,
Then, it follows from (18), (19) and
Uy =T ()P — &, P p(t) + q(1)]", 0T >0
that
z ' (O)Pp(t) + q(®)] + [p(t) + a(t)]" Px(t)
TP (t) + &5 [p(t) + a()] p(t) + a(1)]
< exa’ (1) P2 (t) + 2¢5 ' [p" ()p(t) + ¢* ()a(t)] (20)
=" (t)[e2P? + dey ta, (I + KT K)]a(t)
eyt a2 xT (t — Tt — 1) + 4y Ha2y + ay).

< e9x

For simplicity, we denote
=AY P+PA.A+D PD4(e1+e2) PP +4e; 'l (I+ KT K) e P AY Ag+4ey el 1, (21)

and then (13) and (14) indicate that IT < 0.
Substituting (14), (17) and (20) into (16) gives

AV (z(t),t) < [27 (#)z(t) + 4e5 ' (aly + a3y)]dt + 22" (£) PDx(t)dw(t). (22)
We are now in a position to show the expected exponential stability (or exponential

ultimate boundedness) of the system (10), by using the the technique developed in [10].
Let 8 > 0 be the unique root of the equation

)\min(_n) - BAII]&X(P> - ﬁTAmaX(Q)xBT = 0 (23)

where II and @ are defined, respectively, in (21) and (14), P is the positive definite
solution to (13), and 7 is the time-delay.
We can obtain from (22) that

d[2"'V (z(t), t)] = 2P [BV (x(t), t)dt + AV (x(t),t)]

< Iﬁt ( - P‘min(_H) - ﬂ)\max(P)] |x(t)|2 + ﬂAmax(Q) / |I(S)|2d8> dt

+dey H(a2y + ady)2Ptdt + 2272 () PDx(t)w(t)dt.
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Then, integrating both sides from 0 to T' > 0 and taking the expectation result in
T EV(@(T),T) < Pmax(P) + Amax(@)] _sup_ EIE@)F

T
~ Do =T = PP [ a0
0
T t
+ Bnax(Q)E / 2 / |2 (s)[dsdt + 4y ' (aF, + agy) 87" (¢ = 1).
0 t—1
Note that
min(s+7,T)
/ Bt/|x |dsdt</< / Btdt>|x s)|%ds
ax(s,0
T 0
< /m%” lz(s)|?ds < TxﬁT/x5t|x(t)|2dt+TxﬁT/|§(9)|2d9.
-7 0 -7

Then, considering the definition of 8 in (23), we have

.’L'ETEV({E(T), T) S [)\max(P) + T)\max(Q):I _ SE£<OE|§(6)|2

+ ﬂAmaX(Q)TQIﬁT sup FE[£(0 )|2 + 452_1(a%2 + a%2)ﬂ71(xﬁT -1),
—7<6<0

and

Ela(D) £ Anh (P)Anax(P) + Anax(Q)] sup  EIE(6)?

—7<6<0

+ Bhmax (Q)722"™ sup E|§(9)|2)x_ﬂT

—7<60<0
+dey ! (afy + a35) 87 AL (P) (@ = 1)z 7T,
Notice that (287 — 1)2="T < 1 and let
a = At (P) [Amax (P) 4 TAmax (Q) (1 + B72"7)], v = de5 " (afs + a35) 87 Ak, (P).

min

Since T > 0 is arbitrary, the definition of exponential ultimate boundedness in (12) is
then satisfied if a12 # 0 or ags # 0. If a12 = a12 = 0, it is obvious that the definition
of exponential stability in (11) is met. This completes the proof of Theorem 1.

Next, let us focus on deriving the explicit expression of expected controller gains by
using an algebraic matrix inequality approach. It is worth mentioning that, in most
literature concerning nonlinear stochastic stabilization problems, the solution has not
been given as an explicit representation.

Based on Theorem 1, we can see that the controller design problem can be transformed
into the following two-step problem: (i) find a necessary and sufficient condition for the
existence of the positive definite matrix P such that there exists a controller gain K
satisfying (13); and (ii) if the controller gain K exists, give the characterization of the
set of expected controller gains in terms of the positive definite matrix P and some other
free parameters.
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Lemma 1 [6] Let X € R™*™ and Y € R™*P1 (myq < py). There exists a
matriz U € R™*P which simultaneously satisfies Y = XU and UUT = I if and only
if XXT=YYT.

For presentation convenience, we define

[(e1,e9,P) = ATP + PA+ DTPD + (e +e2)P? + 4e5 "2, 1 + Q, (24)
Z(e1,e2,P) = ATP+ PA+ DYPD + P[(e; + €2)I — 0.25 20,2 BB"|P (25)
+dey (aly + ap) ] +er Aj A,

where @ is defined in (14).
The aforementioned two-step problem is solved in the following theorem.

Theorem 2 There exist positive scalars €1, €2 and a positive definite matriz P such
that the matriz inequality (13) has a solution K if and only if the following quadratic
matriz inequality

E(El,EQ,P) <0 (26)

holds, where Z(g1,e2, P) is defined in (25). Furthermore, if (26) is true, all gain matrices
K satisfying the matriz inequality (138) can be parameterized by

K = (0.5a7,'es/*AU — 0.25 a; 22 PB)" (27)
where A € R™™ s any matriz satisfying
AAT < —E(El,EQ,P) (28)
and U € R™™ s arbitrary orthogonal matriz (i.e., UUT =1).
Proof Rewrite the matrix inequality (13) as
KT™BTP 4+ PBK +4e5'a?, KTK +T'(¢1,£2, P) <0, (29)
where I'(e1, 2, P) is defined in (24).
In terms of the definition of Z(e1,e2, P) in (25), we can rearrange (29) as
(265 a1 KT +0.5¢) %07 PB)(2e5 2 a1 KT +0.5652a;) PB)™ < —Z(e1, 2, P). (30)

Obviously, there exists a controller gain matrix K such that the inequality (13) (or
equivalently (30)) holds for some positive scalars €1, €2 and positive definite matrix P if
and only if the right-hand side of (30) is positive definite, i.e., —Z(e1,e2, P) > 0 or (26)
holds. The first part of this theorem is proved.

Assume now that (26) is true. Note that the dimension of the controller gain K is
m x n. From (30) and the definition of A € R™*™ in (28), we could relate a A such that

(25;1/2(111KT + 0.55;/2af11PB)(25;1/2a11KT + 0.55§/2af11PB)T = AAT. (31)
It then follows from Lemma 1 that (31) holds if and only if
2e; a1 KT + 0.5y %a;! PB = AU, (32)

where U € R™*™ is an arbitrary orthogonal matrix. Therefore, the expression (27)
follows immediately. This completes the proof of the theorem.

Finally, our main results can be summarized in the following corollary.
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Corollary 1 Consider the nonlinear discrete-time state delayed stochastic system
(1) (2) with the state feedback controller u(t) = Kux(t). If there exist positive scalars
€1, €2, and a positive definite matriz P such that the matriz inequality (26) holds, then
the state feedback controller with its gain given in (27) will be such that the system (10)
is exponentially stable in the case of a1 =0 and ass = 0; or exponentially ultimately
bounded in the case of a12 #0 or ass # 0, both in the mean square.

Remark 2 Corollary 1 solves the addressed stabilization problem for the class of non-
linear time-delay stochastic systems in this paper. In implementation, we could first
solve the quadratic matrix inequality (26), and then obtain the expected control param-
eters from (27) easily. Firstly, based on the algorithms provided in [15] and references
therein, we may select appropriate positive scalar parameters €1 and €5 so as to reduce
the conservatism that may have resulted from the inequalities (17) and (20). Then, (26)
will be a standard quadratic matrix inequality (QMI) for P. For details concerning the
general QMIs and relevant algorithms, we refer the reader to [12]. It can also be no-
ticed that, there exists a lot of design freedom in our proposed procedure, such as the
choices of matrices A and U, which could be used to achieve other expected performance
specifications, e.g., reliability constraints.

4 Numerical Simulation

In this section, for the purpose of illustrating the usefulness and flexibility of the theory
developed in this paper, we present a simulation example.

Assume that the nonlinear continuous-time stochastic state delayed system (1)—(2) is
given by

dry(t) = [—2z1(t) — 0.122(t) + 0.2 cos(z1 (t) + x2(t))

+0.121(t — 0.1) + 0.16 sinxa (¢) 4+ 2.9u1 (¢) + 0.2u2(t)] dt 4+ 0.221 dw(t),
dxa(t) = [-0.121(t) + z2(t) + 0.15sin zo(t)

+ 0.1x2(t — 0.1) + 0.15 cos 1 (¢) 4+ 0.1uq (t) — 2.1ug(t)] dt 4+ 0.2z2 dw(t).

Considering the system (1) —(2) with the constraints (3)—(4), we can obtain that

-2 0.1 29 0.2
A_{_O'l . } B_[O.l _2'1}, Ay =011, D =02I,

d= 01, a11 = 025, a1 = 012, ag1 = 0, agg = 0.

We choose €1 = 4.8, €1 = 8.2, and solve (26) to obtain

p_ 0.1287 0.0013
~10.0013 0.2003 | -

Then, setting A = 2I; which meets (28) and considering two cases of U = Iy and
U = —1I5, we have two desired gain matrices as follows:

—0.7938 —0.7764
—0.7580  25.2439

—23.7023 —0.7764

Case 1: K; = —0.7580  2.3354 | "

}, Case 2: ng{
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Case 1: State Responses to Initial State (3,-3)
3 T T T T T

Amplitude

3 L L L L L
0 1 2 3 4 5 6

time (second)

Figure 4.1. 1z (solid), x2 (dashed).

Case 2: State Responses to Initial State (7,1)
7 T T T T

Amplitude
w
L

f=d

1 I 1 I ) I
0 1 2 3 4 5 6

time {second}

Figure 4.2. 1z (solid), x2 (dashed).

The responses of closed-loop system dynamics to initial conditions are shown in Fig-
ure 4.1 and Figure 4.2. The simulation results imply that the desired goal is well achieved,
i.e., the closed-loop system is exponentially stable in the mean square.
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5 Conclusions

In this paper, we have studied the stabilization problem for a class of nonlinear sto-
chastic time-delay systems. The nonlinearities are assumed to have the similar form as
those in [18—-20]. We have developed an effective algebraic matrix inequality approach
to designing the state feedback controllers, such that the closed-loop system is stochas-
tically exponentially stable (or exponentially ultimately bounded) in the mean square,
for all admissible nonlinearities and time-delays. We have investigated the sufficient con-
ditions for the nonlinear stochastic systems to be exponentially stable (or exponentially
ultimately bounded), and have derived the explicit expression of the desired controller
gains. A numerical simulation example has been provided to show the usefulness and
effectiveness of the proposed design method.
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bounded parameter uncertainties. The nonlinearities are assumed to satisfy
the global Lipschitz conditions and appear in both the state and measured
output equations. The purpose is to design a nonlinear observer ensuring
mean square asymptotic stability for the error system, irrespective of the
uncertainties and the time delays. A sufficient condition for the solvability of
this problem is derived in terms of a linear matrix inequality and the explicit
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1 Introduction

Observer design for linear as well as nonlinear systems has been an active research area
in the past years. Various approaches, such as transfer-function, geometric, algebraic,
singular value decomposition and so on, have been successfully proposed and many results
on the observer design have been reported in the literature. For some representative
work on this general topic, to name a few, we refer readers to [6,7,9,10,12] and the
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references therein. However, one of the limitations of classical observer theory is that
it cannot guarantee the observer performance when parameter uncertainty appears in
a system model. This has motivated the study of robust observer design problem; see,
e.g. [1,3,15], and the references cited therein. It is worth noting that in the context of
stochastic nonlinear systems, the robust observer design problem has been investigated
in [20], in which a method for the design of time-invariant observers with guaranteed
exponential convergence has been proposed.

On the other hand, it is well known that time delays are inherent in many physical
and engineering systems due to transportation lags, and conduction or computation
times [4,8]. It has been shown that time delay is often a main cause of instability of
a dynamic system. A number of estimation and control problems related to time-delay
systems have been addressed by many researchers [5,11,13,16—-18]. Recently, a great
deal of interest has been devoted to the observer design for time-delay systems. A general
form of linear observers for time-delay systems by using the factorization approach was
proposed in [19], where a necessary and sufficient condition for the existence of the
state functional observers was presented. For discrete-time delay systems, a memoryless
state observer was designed by the state augmentation approach in [13]. However, it
should be pointed out that disturbances as well as nonlinearities may be present in
time-delay systems. Therefore, the observer design problem for nonlinear time-delay
stochastic systems is important in both theory and practice and challenging, thus should
be considered. To date, to the authors’ best knowledge, little work has been done for
such stochastic systems.

In this paper, we are concerned with the problem of robust observer design for a class
of nonlinear stochastic systems with state delay and parameter uncertainties. The class of
systems under consideration is described by a linear stochastic differential delay equation
with the addition of known nonlinearities which depend not only on the state but also
on the delayed state and are assumed to satisfy the global Lipschitz conditions. The
nonlinearities appear in both the state and measured output equations. The parameter
uncertainties are real time-varying norm-bounded and appear in both the state and
output matrices of the linear part of the system model. The problem under study is the
design of a nonlinear observer that guarantees mean square asymptotic stability of the
error dynamics for the whole set of admissible systems. A linear matrix inequality (LMI)
approach is proposed to solve this problem and a solution is given in terms of an LMI,
which defines a convex set of solutions and can be easily computed by the available LMI
algorithms ([2]).

Notation Throughout this paper, for symmetric matrices X and Y, the notation
X >Y (respectively, X > Y) means that the matrix X —Y is positive semi-definite
(respectively, positive definite); I is the identity matrix with appropriate dimension. The
notation M T represents the transpose of the matrix M. While, (2, F, P) is a probability
space, where () is the sample space, F is the o-algebra of subsets of the sample space
and P is the probability measure on F. The notation & {-} stands for the expectation
operator; ||z|| stands for the Euclidean norm of the vector z. Matrices, if not explicitly
stated, are assumed to have compatible dimensions.
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2 Problem Formulation

Consider the following class of nonlinear stochastic systems with state-delay and para-
meter uncertainties:

(3): de(t) =[(A+AA®R) x(t) + (Ag + AAq()) z(t — 7) + Gg(a(t), z(t — 7))] dt
+[(B+ AB(t)) x(t) + (Ba+ ABy(t)) z(t — 7)] dw(¥), (1)

dy(t) = [(C+ AC>#)) z(t) + (Cqg + ACy(t)) x(t — 7) + Hh(x(t), z(t — 7))] dt
+ (D4 AD()) z(t) + (Dg + ADg4(t)) x(t — 7)] dw(?), (2)
x(t) = o(t), Vte][-T,0], (3)

where z(t) € R™ is the system state, y(t) € R™ is the measurement; w(t) is a zero-
mean real scalar Wiener process on (2, F, P) relative to an increasing family (F;)i>o
of o-algebras F, C F. We assume

E{dw(t)} =0,  &{dw(t)®} = dt. (4)

In system (X), ¢(t) is a real-valued continuous initial function on [—7,0], 7 > 0 is a
known time delay of the system, g(-,-): R™ x R™ — R"™ and h(-,-): R" Xx R® — R"»
are known nonlinear functions, A, Ay, B, By, C, Cy, D, Dy, G and H are known
real constant matrices, AA(t), AAq4(t), AB(t), ABy(t), AC(t), ACy(t), AD(t) and
ADy(t) are unknown matrices representing time-varying parameter uncertainties, and
are assumed to be of the form

AA(t) AAy(t) AB(t) AB4(t)

AC(t) AC4(t) AD(t) ADd(t)}

where My, Ms, N1, N2, N3 and N, are known real constant matrices and F(-): R —
RFX! is a unknown real-valued time-varying matrix satisfying

FO'F@t)<I, Vt. (6)

It is assumed that all the elements of F(t) are Lebesgue measurable. AA(t), AAy(t),
AB(t), AB4(t), AC(t), ACy(t), AD(t) and ADg4(t) are said to be admissible if both (5)
and (6) hold.

Remark 1 The parameter uncertainty structure as in (5) and (6) has been widely
used in the problems of robust control and robust filtering of uncertain systems, see,
for example, [11,12,15] and the references therein and many practical systems possess
parameter uncertainties which can be either exactly modeled, or overbounded by (6).
Observe that the unknown matrix F'(¢) in (5) can even be allowed to be state-dependent,
ie. F(t) = F(t,x(t)), as long as (6) is satisfied.

Throughout the paper, we make the following assumption on the nonlinear functions
in system (X).

_[%jp(t)ml No N3 N4, (5

Assumption 1
(I) 9(0,0) = 0;
(D) [lg(x1, 22) — g(y1,y2)[| < [|S1g(z1 — y1)| + [|S2g(22 — y2) |,
[h(z1, 22) = h(y1,y2) | < [1S1n (21 — y2)l| + [|S2n (22 — y2)],
for all z1, x2, y1, y2 € R™, where Si4, Sag, S1n and Syp, are known real constant
matrices.

Before formulating the problem to be addressed in this paper, we first introduce the
following concept of stochastic stability.
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Definition 1 The equilibrium x = 0 of the system (1) is said to be mean square
stable if for any € > 0 there is a d(¢) > 0 such that

Elz@))? <e, t>0
when sup & |¢(s)|” < d(e). If, in addition,
—7<5<0

lim z(t) =0

t—o0

for any initial conditions, then the equilibrium = = 0 of the system (1) is said to be
mean square asymptotically stable.

Now, the observer design problem we address in this paper can be formulated as
follows: given the uncertain nonlinear stochastic time-delay system (%), we are concerned
with obtaining an estimate &(t) of the state x(¢) by using the measurement y(t), such
that the error dynamics remain mean square asymptotically stable for all admissible
uncertainties satisfying (5) and (6) and the nonlinearities satisfying Assumption 1.

3 Main Results

In this section, an LMI approach is proposed to solve the robust observe design problems
formulated in the previous section. Before presenting the main results, we give the
following lemmas which will be used in the proof of our main results.

Lemma 1 [14] Let A, D, S, W and F be real matrices of appropriate dimensions
such that W >0 and FTF < I. Then we have the following:

(1) for scalar € >0 and vectors z,y € R",
20 TDFSy < e '2TDD 2 + ey TSTSy;
(2) for any scalar € >0 such that W — eDD* > 0,
(A+DFS)"W YA+ DFS) < ATW — eDDT) T A+ 157,
Theorem 1 Consider the uncertain nonlinear stochastic time-delay system (1) and
(3), that is,
(X1):  da(t) = [(A+AA(t) 2(t) + (Ag + AA4(t)) x(t — 7) + Gg(x(t), z(t — 7))] dt
+[(B+AB(t)) x(t) + (Ba + ABq(t)) x(t — 7)] dw(?), (7)
z(t) = ¢(t), Vte[-7,0] (8)

Then system (X1) is mean square asymptotically stable if there exist matrices P > 0,
Q >0 and scalars €1 >0, €2 >0 and e3 > 0, such that the following LMI holds:

Ql PAd+62NiTN2+63N§N4 PG PMl 0 BTP
AEP + €2N2TN1 + 63NEN3 Qo 0 0 0 BgP
GTP 0 -l 0 0 0 "
MTP 0 0 —el 0 0 |°
0 0 0 0 —el MIP
PB PBy, 0 0 PM, -P

(9)
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where

Q1 =ATP+ PA+Q+ 265,51+ €2N{ N1 + e3N3 N3 (10)
Qo —2615 qu-i-egNQ N2+€3N4 Ny — Q. (11)

Proof Define the following Lyapunov function candidate:

t

V(xe,t) = x(t)" P(t) + / z(s)TQu(s) ds (12)

t—7

where

z=x(t+0), Bel[-70].
By It6’s formula, we obtain the stochastic differential as
dV () = LV (x4, t)dt +22(t) " P[(B + AB(t)) 2(t) + (Bg + ABy(t)) z(t — 7)) dw(t), (13)
where
LV (z,t) = 22(t)" P [(A+ AA)) x(t) + (Ag + AA4(t)) x(t — 7) + Gg(z(t), z(t — 7))

)
+[(B+AB(t) x(t) + (Ba 4+ ABa(t)) z(t — 7)) "
x P [(B + AB(t)) z(t) + (Ba + ABqg(t)) z(t — 7))

+a(t)TQu(t) —a(t — 7)TQu(t — 7). (14)
From Assumption 1, it follows that

lg(e(®), 2(t = DI < [S1g2 (O] + [[S2g2(t — 7).

Therefore
2 2 2
lg(x(t),z(t — )" < 2||S1gz@)]]” + 2| S2gz(t — 7). (15)

Considering this and (5) and using Lemma 1, we have that for any scalars ¢; > 0 and
€s > 0,

2x(t)TPGg(:E(t), x(t — 7))
< e 'a(t)" PGGT Pa(t) + erg(a(t), z(t — 7)) T g(z(t), (t — 7)) (16)
< e tx(t)" PGGT Pa(t) + 26 [x( )TST S1gx(t) + z(t — T)TST Sogx(t — )]

and

20() T P[AA)z(t) + AAg(t)x(t — 7)) = 22(t) Y PMyF(t) [Ny (t) + Noz(t — 7)]

17
< &5tz (t)" PMy M Pa(t) + 3 [Ny (t) + Noz(t — 7)) " [N1z(t) + Noa(t — 7)]. (a7

Furthermore, from (9) it is easy to see that

es] — M PM; >0



374 SHENGYUAN XU, PENG SHI, CHUNMEI FENG, YIQIAN GUO AND YUN ZOU

which implies
P —e;'PMiMIP > 0.

Therefore, by using Lemma 1 again, we have

[B+MF®)N|' P[B+MF®N]<B P(P—e'PMyMIP)” PB+e&sN' N

(18)
where
B=[B By], N=[N; Ni].

Noting

[(B+ AB(t))x(t) + (Bg + ABy(t))z(t — )" P

x [(B+ AB(t)) z(t) + (Bqg + ABy(t)) x(t — 7)]

=[50 ale—0)") B+ 2P ON] P B+ anE0N] | o]
and using (16)—(18) we obtain
(t)
LV(wt) < [2(®)T a(t—7)T|W [w - ﬂ] 19)

where

W [t e 'PGGTP + ¢, ' PMiM{EP PAg+ 2NNy + 63N3TN4]

AEP—I—EQN;Nl—FEgNENg QQ
+B'P(P-e'PM,MIP) " PB.

On the other hand, pre and post-multiplying (9) by

I 0 0 0 0O
0 I 0 0 0O
0 01 00O
00 0 I 0O
00 0 0 0 I
0000 IO

and using Schur complement, we have W < 0, this together with (19) implies

LV(.It, t) <0

{x<f(—t)r>} 70

which, by the result in [8], guarantees the mean square asymptotic stability of sys-
tem (Xq).

for

Now, we are in a position to give a solution to the robust observer design problem
formulated in the previous section.
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Theorem 2 Consider the uncertain nonlinear stochastic time-delay system (¥) under
Assumption 1. If there exist matrices P; > 0, P» > 0, Q1 > 0, Q2 > 0 and Z and
scalars €1 >0, €2 >0 and €3 > 0, such that the following LMI holds:

El Al A2 0 A3
AT 2 0 0 I
AT 0 -1 0 0 | <0 (20)

0 0 0 Yy Il
AT TIT o0 Tl -1

where

=, = diag (E11,Z12) ,

=y = diag (E21, Z02) ,

En=ATP + PA+ Q1+ 2615;23@ + e2N{' N1 + e3Ng Ns,
E1o=ATPy+ P,A— ZC - C"Z" + Qs + 26157 51,

Eo1 = 26159, S2g + €2Ng No + €3N Ny — Q1

Eoo = 26195 S5 — Qo,

As — _PlAd+€2N]iFN2+€3NéFN4 0
T 0 PyAq—ZCq)’
Ay = PG 0 0 Py M,y
71 0 PG -ZH P,M —ZM|’
BT™P, BTP,—DTZT
A3 = 0 0 )
[BYP, BJP,—DIZT
h=1"% 0 ’

I = [MTP, MTP,— MSZ'],
T, =diag (e, e1l,e11,ex1),

Ty =e3l,

T3 = diag(P1, P2).

Then the robust observer design problem is solvable, where

S1 So
S, = g , So — 9. 21
Furthermore, when LMI (20) is satisfied, a suitable nonlinear observer is given as follows:

dz(t) = [Az(t) + Agz2(t — 7) + Gg(2(t), 2(t — 7))] dt

b LLdy(t) — (Ca(t) + Cair(t — 7) + HA(#(8), 2(t — 7)) df] | (22)

where L = PQ_lZ.
Proof Let
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then from (1)—(3) and (22), we obtain

dE(t) = [(A — LO)E(t) + (Aq — LOQ)i(t — 7) + (AA(t) — LAC(L)) z(t)
+ (AAu(t) — LAC(t) a(t — 7) + GE(w(t), a(t — 7),&(t), &(t — 7))] dt
+[((B = LD) + (AB(t) — LAD(t))) (1)

+ ((Bg — LDg) + (ABy(t) — LADG(t))) z(t — 7)] dw(t),

—~

(23)

Setting
)" = [=(0)" @)

and considering (1) —(3) and (18), we have
dn(t) = [(Ae + AAc(t)) 1(t) + (Aca + AAca(t)) n(t — 7)

+ Gele(a(t),x(t — 7), (1), 2(t — 7))]dt (24)
+ [(Bc + ABc(t)) U(f) + (Bcd + ABCd(t)) U(f - T)} dw(t),

where
1=y alie] aa0=[sagacw o]
Aca = _%d Ag —OLC’J o Adaalt) = _AAd(Sfdgng(t) 8] 7
B, — _B_BLD 8] AB.(t) = _AB(t)AiB(Lt)AD(t) 8}
Bea = | By _BdLDd 8} ’ ABealt) = _ABd(t??dI(ft&Dd(t) 8] ,
0= [¢ 0]
and

Eola(t),w(t—7),2(1),2(t—7)) = [g(a(t),2(t = 7))"  &(@(t),a(t —7), &), 2(t —7))"]" .
Using Assumption 1 yields
lecta(t). 2t 7). 2(0). it — )| < 2| S| +2[[Same -0 ". 25)

where

5 | S O 5 | S O
5o 0] se] 2] -
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Noting (5), it can be easily seen that

[AA(t) AAci(t) AB(t) ABeq(t)] = MicF(t)[Nie Nae Niz. Ny,

where
M
Mlc— |:M1—}JM2:|, Nlc:[Nl 0]7 NQC:[NQ 0]7
N3, =[N3 0], Nyc=[Ns 0]
Define

P. = diag (P1, P»),

Qe = diag (Q1,Q2),
Qe =ATP. + P.A. + Q. + 261575, + NNy + e3NL N3,
Qoe = 26155 S5 + €aNE Now + esNEN, — Q.

then by some algebraic manipulations and noting (20), it follows that

r P.Acqg + eaNEN, 7
Qe ere le??2¢ PG, P.Mi, BTP,
R 0
AT P, + &, NEIN,

Cd—i— 63]\%]\?30 1 e 0 0 0 Byl
GTP, 0 —al 0 0 0
MEP, 0 0 —el 0 0

0 0 0 0 —esI MEP.
Pch Pchd 0 0 Pchc _Pc _
=1 A1 A2 0 A3
A'lI‘ EQ 0 0 Hl

Finally, using this inequality and Theorem 1, the desired result follows immediately.

Remark 2 Theorem 2 provides an LMI method for designing robust observers for
system (X). It is worth pointing out that the LMI in (20) can be solved by means of
numerically efficient convex programming algorithms, and no tuning of parameters is
required [2, though there are several parameters and matrices to be determined.

4 Numerical Example

In this section, we provide an example to demonstrate the effectiveness of the proposed
method.
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Consider the following class of nonlinear stochastic systems with state-delay and pa-
rameter uncertainties:

doy(t) = [—1.821(t) + (0.2 — 0.4F () (t) — (0.1 4 0.2f(t))w1 (t — 1.5) + 0.229(t — 1.5)
+ 0.3sin(—0.221(¢) + 0.1z2(¢) + 0.1z1(t — 0.5) 4+ 0.222(t — 1.5))] dt
+ (0.1 +0.2f(t))z1(t) + (0.3 +0.2f(t))x2(t)
+0.4f(t)z1(t — 1.5) — 0.2x2(t — 1.5)] dw(t),

dzo(t) = [—0.4z1(t) — (2.5 + 0.2f(t))z2(t) — 0.1f(t)z1(t — 1.5) — 0.1z2(t — 1.5)
+ 0.28in(—0.221 () + 0.1x2(t) + 0.1z1(t — 1.5) 4+ 0.222(t — 1.5))] dt
+[(0.1f(t) = 0.4)z1(t) + (1 + 0.1f(¢t))x2(t)
+ (0.6 +0.2f(t))x1(t — 1.5) + 0.1z2(¢t — 1.5)] dw(t),

dy(t) = [0.121(t) — (0.4 4 0.2 (t))x2(t) + (0.4 — 0.1f(£))21(t — 1.5) + 0.6z(t — 1.5)

+0.5sin(0.221(t) — 0.1z2(¢) + 0.2z, (t — 1.5))] dt
+[0.1F (@)1 (8) + (0.1F(t) — 0.2)25(t)
+ (0.2f(t) — 0.5)x1(t — 1.5) + 0.2z2(¢t — 1.5)] dw(t),

where f(t) is unknown but satisfies |f(¢)] < 1. It is easy to see that the above system
has the form (1) and (2) with parameters as follows

18 02 0.1 02
A_{—o.zx —2.5}’ Ad_{ 0 —0.1}’
0.1 03 0 —0.2
B_{—o.zx 1}’ Bd_{O.G 0.1]’
C=[01 -04], Ca=1[04 0.6],
D=[0 -02], Dy =[-05 0.2],
0.3
6= val. H =05,
0.4
M, = {0'2] : M, =0.2,
Ny =[0 -1], Ny =[-05 0],
N3 =[0.5 0.5], Ny=[1 0],
Sig=[-02 0.1], Sag =1[0.1 0.2],
S =[02 —0.1], Sor, =[0.2 0].

Now, using the Matlab LMI Control Toolbox, we obtain the solution to the LMI (20) as
follows:

p _ [ 50934 —0.7812 p_ [ 28203 —0.5012
L= 107812 4.3022|° 271 -05012  1.6465|°
0 = 10.9532 —0.5227 Qs = 4.3914 —0.7795
1= 105227  3.6335|° 27 —0.7795 47745 |
0.1271
Z = [—2.1537} '

€1 =4.8400, € =2.6078, €3 =2.7588.
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Therefore, by Theorem 2, it follows that the robust observer design problem is solvable,
and the desired nonlinear observer can be chosen by

di(t) = <[:(1,:i _055] a(t) + {_8'1 _O(')ﬂ #(t—1.5)
+ [gjg}sin([—0.2 0.1]2(t) +[0.1 0.2];@@—1.5))) dt

—0.1981
+[098

—1.3684] (dy(t) — ([0.1 —0.4]&(t)+[0.4 0.6]&(t—1.5)

+ 05sin([—0.2 0.1]a() +[0.1 0.2]a(t—1.5)))dt).

5 Conclusions

In this paper, we have studied the robust observer design problem for a class of nonlinear
stochastic systems with state delays and time-varying norm-bounded parameter uncer-
tainties. In terms of an LMI, a nonlinear observer has been developed to guarantee mean
square asymptotic stability of the error dynamics for all admissible uncertainties. A
numerical example has been provided to show the effectiveness of the proposed methods.
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