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Abstract: The Tonelli existence theorem in the calculus of variations and its
subsequent modifications were established for integrands f which satisfy con-
vexity and growth conditions. In our previous work a generic well-posedness
result (with respect to variations of the integrand of the integral functional)
without the convexity condition was established for a class of optimal control
problems satisfying the Cesari growth condition. In this paper we extend this
generic well-posedness result to two classes of linear optimal control problems.
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1 Introduction

The Tonelli existence theorem in the calculus of variations [11] and its subsequent gen-
eralizations and extensions (e.g. [2,3,6,9,10]) were established for integrands f which
satisfy convexity and growth conditions. Moreover, certain convexity assumptions are
also necessary for properties of lower semicontinuity of integral functionals which are
crucial in most of the existence proofs, although there are some interesting theorems
without convexity (see [2, Ch. 16] and [1,7, 8]).

In [13] it was shown that the convexity condition is not needed generically, and not
only for the existence but also for well-posedness of the problem (with respect to some
natural topology in the space of integrands). More precisely, in [13] we considered a
class of optimal control problems (with the same system of differential equations, the
same functional constraints and the same boundary conditions) which is identified with
the corresponding complete metric space of cost functions (integrands), say M. We did
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not impose any convexity assumptions. These integrands are only assumed to satisfy
the Cesari growth condition. The main result in [13] establishes the existence of an
everywhere dense Gs-set F C M such that for each integrand in F the corresponding
optimal control problem has a unique solution.

The next steps in this area of research were done in [5,12,14]. In [5] we introduced a
general variational principle having its prototype in the variational principle of Deville,
Godefroy and Zizler [4]. A generic existence result in the calculus of variations without
convexity assumptions was then obtained as a realization of this variational principle.
It was also shown in [5] that some other generic well-posedness results in optimization
theory known in the literature and their modifications are obtained as a realization of
this variational principle. Note that the generic existence result in [5] was established
for variational problems but not for optimal control problems and that the topologies in
the spaces of integrands in [13] and [5] are different.

In [12] we suggested a modification of the variational principle in [5] and applied
it to classes of optimal control problems with various topologies in the corresponding
spaces of integrands. As a realization of this principle we established a generic existence
result for a class of optimal control problems in which the constraint maps are also
subject to variations as well as the cost functions [12]. In [14] we applied the variational
principle obtained in [12] and established generic well-posedness results for two classes of
variational problems in which the values at the end points are also subject to variations
as well as the cost functions. In the present paper we establish generic well-posedness
results for two classes of linear optimal control problems in which the right-hand side of
the governing linear differential equations is also subject to variations.

2 Main Results

In this paper we use the following notations and definitions. Let k > 1 be an integer.
We denote by mes(FE) the Lebesgue measure of a measurable set £ C R¥, by |- | the
Euclidean norm in R* and by (-, -) the scalar product in R*¥. We use the convention that
o0 — 00 = 0. For any f € C9(RF) we set

[fllca = Ifllcsre) = sugk{la'“‘f(Z)/ax‘f” - Oyt
z€E

a; >0 is an integer, i =1,...,k, |of <gq},

where |a| = Zle ;.

For each function f: Y — [—o0, 00|, where Y is nonempty, we set inf(f) = inf{f(y):
yeY}

In this paper we usually consider topological spaces with two topologies where one is
weaker than the other. (Note that they can coincide.) We refer to them as the weak and
the strong topology, respectively. If (X, d) is a metric space with a metric d and Y C X,
then usually Y is also endowed with the metric d (unless another metric is introduced
in V). Assume that X; and X» are topological spaces and that each of them is endowed
with a weak and a strong topology. Then for the product X; x Xs we also introduce a
pair of topologies: a weak topology which is the product of the weak topologies of X3
and X5 and a strong topology which is the product of the strong topologies of X; and
Xo. If Y C X3, then we consider the topological subspace Y with the relative weak
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and strong topologies (unless other topologies are introduced). If (X;,d;), i = 1,2, are
metric spaces with the metric d; and ds respectively, then the space X; x X5 is endowed
with the metric d defined by

d((x1,11), (x2,92)) = di(21, x2) + d2(y1,92), (i, y:) € X XY, i=1,2.

Let 0 < Ty < Ty < oo and let m, n be natural numbers. Denote by X the set of
all pairs of functions (x,u), where z: [Ty, T2] — R™ is an absolutely continuous (a.c.)
function and u: [Ty, T2] — R™ is a measurable function.

To be more precise, we have to define elements of X as classes of pairs equivalent in
the sense that (r1,u;) and (x2,us) are equivalent if and only if z2(t) = z1(¢) for all
t € [T1,T>] and ug(t) = ui(t) for almost every t € (11, T5).

For the set X we consider the metric p defined by

p((x1, ), (22, u2)) = inf{mes{t € [T1, T3]+ w1 (t) — 22(t)| + |ua(t) — ua(t)] 2 €} < €},

(:vl,ul), (LL'Q,’U,Q) c X.
(2.1)
For each z € R™, each matrix A of dimension of n x n and each matrix B of dimension
n x m denote by X(z, A, B) the set of all (z,u) € X such that

xz(Ty) = z, (2.2)
z'(t) = Az(t) + Bu(t), te€ (T1,T2) (ae.). (2.3)

Denote by M the set of all functions f: (T1,Tz) x R x R™ — R! with the following
properties:

(i) f is measurable with respect to the o-algebra generated by products of Lebesgue
measurable subsets of (77, 7T>) and Borel subsets of R™ x R™;
(ii) f(t,-,-) is lower semicontinuous for almost every t € (T1,T2);
(ili) for each € > 0 there exists an integrable scalar function ¢.(t) > 0, t € (11, T5),
such that

lu| + || < Ye(t) + ef (t,z,u) forall (¢, z,u) € (Th,T2) x R™ x R™,

(iv) for each €, M > 0 there exists § > 0 such that for almost every ¢ € (11,T%) the
inequality |f(¢,z1,u1) — f(t,z2,us2)|] < € holds for each x1, zo € R™ and each
uy, ug € R™ satisfying

|zi], [us| < M, i=1,2 and |z1 — 2|, |ug — ua| < 0;

(v) for each M,e > 0 there exist I',§ > 0 such that for almost every ¢ € (T1,7T3)
the inequality

|f(t, 1, u) — f(t, 22, u)| < emax{|f(t,x1,u)|, |f(t, x2,u)|} + €
is valid for each z1,29 € R™ and each u € R™ satisfying
lz1], w2 < M, |ul >T, |z — 22| <6

(vi) thereisa constant ¢; > 0 such that |f(¢,0,0)| < ¢y for almost every t € (T1,T2).
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The growth condition used in (iii) was proposed by Cesari [2] and its equivalents and
modifications are rather common in the literature. It follows from property (i) that for
any f € M and any (z,u) € X the function f(¢,x(t),u(t)), t € (11,T5), is measurable.
Properties (iv) and (vi) imply that for each M > 0 there is cp; > 0 such that for almost
every t € (Th1,T2) the inequality |f(¢,z,u)| < ecpr holds for each z € R™ and each
u € R™ satisfying |z, |u] < M.

It is an elementary exercise to show that a function f = f(t,z,u) € C*((T1,T2) x
R™ x R™) belongs to M if (iii) and (vi) are true and the following conditions hold:

(a) for each M >0

sup{|9f/0x(t, z,u)| + |0f /Ou(t,x,u)|: t € (T1,Ts),
x € R" ue R™ and |z, |u] < M} < o
(b) there exist an increasing function ¢ : [0, 00) — [0, 00) and a bounded (on bounded

subsets of [0,00)) function %p: [0,00) — [0,00) such that for each (¢, z,u) €
(Tl,TQ) X R™ x Rm,

|0 /0x(t, z, u)| < to(lz|)tb(lul)

and

P(lul) < f(tz,u).

Denote by M! (respectively M¢) the set of all lower semicontinuous (respectively
continuous) functions f € M. Now we equip the set M with the strong and weak
topologies. For the space M we consider the uniformity determined by the following
base:

Eme) ={(f,g) e M x M: |f(t,z,u) — g(t,z,u)|] <, y
(t,z,u) € (T1,Tz) x R" x R™}, (2.4)

where ¢ > 0. It is easy to see that the uniform space M with this uniformity is metrizable
(by a metric dyq) and complete. This uniformity generates in M the strong topology.
Clearly M! and M€ are closed subsets of M with this topology.

For each € > 0 we set

Epw(e) = {(f, g) € M x M: there exists a nonnegative ¢ € L*(Ty,Ts)
T
such that /(b(t) dt <1, and for almost every ¢ € (T1,T5),
T
[f(t, 2, u) = g(t, 2, u)| < e+ emax{[f(t, z,u)l, [g(t, z, u)[} + €b(t)

for each x € R" and each u € Rm}.

From [12, Lemma 1.1] (see also Lemma 4.1 below) it follows that for the set M, there
exists a uniformity which is determined by the base Eaqw(€), € > 0. This uniformity
induces in M the weak topology.
For each f € M define I¥): X — R' U {o0} by
T>
IV (z,u) = / ftz(t),ut))dt, (z,u) € X. (2.6)

T
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Now we define subspaces of M which consist of integrands differentiable with respect
to the control variable u.

Let £k > 1 be an integer. Denote by My, the set of all f € M such that for each
(t,z) € (Ty,Ty) x R™ the function f(t,z,-) € C¥(R™). We consider the topological
subspace My C M with the relative weak topology. The strong topology on My is
induced by the uniformity which is determined by the following base:

Epni(e) ={(f,9) € My x My |f(t,z,u) — g(t,z,u)| <€
for all (t,z,u) € (Th,T2) x R" x R™ and (2.7)
If(t,z,-) = g(t, 2, )llermmy <€ forall (t,z)€ (T1,T2) x R"},

where € > 0. It is easy to see that the space My with this uniformity is metrizable (by
a metric daq,) and complete. Define

ML= M0 M, ¢ = M N M-

Clearly M! and M¢ are closed sets in M), with the strong topology.

Finally we define subspaces of M which consist of integrands differentiable with respect
to the state variable x and the control variable u. Denote by M the set of all f: (T4, T5) %
R"xR™ — R' in M such that for each t € (11, T) the function f(t,-,-) € C*(R"xR™).
We consider the topological subspace M} C M with the relative weak topology. The
strong topology in M is induced by the uniformity which is determined by the following

base:
Ej\Ak(e) = {(fug) € MZ X MZ |f(t,x,u) _g(tvxvu” <e

for all (t,z,u) € (T1,T2) x R" x R™ and (2.8)
||f(t, . ) — g(t, . ')Hck(Rn+m) <e forall te (Tl,TQ)},

where € > 0. It is easy to see that the space M} with this uniformity is metrizable (by
a metric d}, ;) and complete. Define

ME=Min M, M= M;nMe

Clearly M;! and M;¢ are closed sets in M with the strong topology.
Let A; be one of the following spaces:

Mv Mlv Mca Mkv Mécv ia MZa lea MZC

Denote by Ag; the set of all matrices A of dimension of n x n. For each A = (ai;)7;—;
set
JAll = max{lagl: i,j = 1,...,n}.

The space As; is equipped with the metric do; defined by
d21 (A, B) = |[A-B|

where A, B e Ay
Denote by Ass the set of all matrices A of dimension of n x m. For each

A=(a;;: i=1,...,n, j=1,...,m)
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set

|A] = max{|ai;|: i=1,...,n, j=1,...,m}.

The space Asgs is equipped with the metric dao defined by
d22(A, B) = ||[A - B|

for each A, B € Aas.
Let Asz3 = R™ be equipped with the metric

d23($7y) = |.’II - y|7 T,y € R™

Let z € R™, Ay = As1 X Ags and let A= Ay x As.
For each ay = (A, B) € Ay set

Sa2 = X(Z’ A7 B)'
For each a = (a1, az) € A; x Ay we define J,: X — R' U {cc} by
Ja(I’ u) = I(al)($7 u)’ ($7 u) 6 Sa2, Ja(-f, u) = CXD’ ('r7 u) 6 X\Sa2' (2'9)

It follows from Propositions 4.1 and 4.2 of [12] that J, is lower semicontinuous for all
a € Ay x Ay. It is not difficult to see that for each a € A, inf(J,) is finite. We will
establish the following result.

Theorem 2.1 There exists a set B C A which is a countable intersection of open
(in the weak topology) everywhere dense (in the strong topology) subsets of A such that
for any a € B, inf(J,) is finite and attained at a unique point (xq,uq) € X and the
following assertion holds:

For each € > 0 there exist a neighborhood V of a in A with the weak topology and § > 0
such that for each b € V, inf(Jy) is finite and if (z,v) € X satisfies Jp(z,v) < inf(Jp)+6,
then p((xq,uq), (2,0)) <€ and |Jp(2z,v) — Jo(za,uq)| < €.

Now we will state our second main result.
Let Ay = A21 X Agzg X Agg and let A = A; x Ay. For each as = (A, B,z) € Ay we
set

Sa, = X(2, A, B).

For each a = (a1,a2) € A; x Ay we define J.: X — R'U {o0} by

~

j;(x,u) = I(‘“)(:v,u), (x,u) € Say, Jalz,u) =00, (z,u)€ X\ Sa,.

It follows from Propositions 4.1 and 4.2 of [12] that .J, is lower semicontinuous for all

a € Ay x As. Tt is not difficult to see that for each a € A, inf(j;) is finite. We will
establish the following result.
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Theorem 2.2 There exists a set B C A which is a countable intersection of open
(in the weak topology) everywhere dense (in the strong topology) subsets of A such that
for any a € B, inf(J,) is finite and attained at a unique point (z4,uq) € X and the
following assertion holds:

For each € > 0 there exist a neighborhood V of a in A with the weak topology and § > 0
such that for each b € V, inf(J,) is finite and if (z,v) € X satisfies Jy(z,v) < inf(J,)+9,
then p((Ta,ta), (2,0)) <€ and |Jo(z,v) — Jo(a,us)| < e.

3 Variational Principles

We consider a metric space (X,p) which is called the domain space and a complete
metric space (A, d) which is called the data space. We always consider the set X with
the topology generated by the metric p. For the space A we consider the topology
generated by the metric d. This topology will be called the strong topology and denoted
by 7s. In addition to the strong topology we also consider a weaker topology on .4 which
is not necessarily Hausdorff. This topology will be called the weak topology and denoted
by 7,. We assume that with every ¢ € A a lower semicontinuous function f, on X
is associated with values in R = [~o00,00]. In our study we use the following basic
hypotheses about the functions.

(H1) For any a € A, any € > 0 and any v > 0 there exist a nonempty open set
W in A with the weak topology, = € X, a € R' and 7 > 0 such that

Wwn{be A: d(a,b) <e} # o

and for any b€ W
(1) inf(fp) is finite;
(ii) if z € X is such that fy(2) <inf(fy) +n, then p(z,z) <~v and |fp(z) —af <.

(H2) If a € A, inf(f,) is finite, {z,}52; C X is a Cauchy sequence and the
sequence {f,(z,)}52; is bounded, then the sequence {z,}°°; convergesin X.

Let a € A. We say that the minimization problem for f, on (X, p) is strongly well-
posed with respect to (A, 7,) if inf(f,) is finite and attained at a unique point x, € X
and the following assertion holds:

For each € > 0 there exist a neighborhood V of a in A with the weak topology and
d > 0 such that for each b € V, inf(fp) is finite and if z € X satisfies f,(z) < inf(fp)+9,
then p(zq,2) <e and |fp(2) — fo(2a)| <e.

(In a slightly different setting a similar property was introduced in [15].)

The following result was established in [12, Theorem 2.1].

Theorem 3.1 Assume that (H1) and (H2) hold. Then there exists a set B C A
which is a countable intersection of open (in the weak topology) everywhere dense (in the
strong topology) subsets of A such that for any a € B the minimization problem for f,
on (X, p) is strongly well posed with respect to (A, Ty).

Now we assume that A = A; X Ay where (A;,d;), ¢« = 1,2, are complete metric
spaces and

d((al,ag), (bl, bg)) =d; (al,bl) + dz(ag, bg), (al, ag), (bl, bz) c A.
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For the space Ay we consider the topology induced by the metric do (the strong and
weak topologies coincide) and for the space A; we consider the strong topology which is
induced by the metric d; and a weak topology which is weaker than the strong topology.
The strong topology of A is the product of the strong topology of A; and the topology
of As and the weak topology of A is the product of the weak topology of A; and the
topology of As.

Assume that with every a € A; a function ¢,: X — R'U{oo} is associated and with
every a € As a nonempty set S, C X is associated. For each a = (a1,a2) € A; X A
define f,: X — R' U {oo} by

fa(x) = ¢, (x) forall zeS,,, folr)=o00 forall ze€ X\ S,,. (3.1)

Fix 0 € As. We use the following hypotheses.
(A1) For each a € A, inf(f,) is finite and f, is lower semicontinuous.

(A2) Foreach a; € A, each € >0 and each D > 0 there exists a neighborhood V
of a; in A; with the weak topology such that for each b € V and each x € X satisfying
min{¢g, (), ¢p(x)} < D the inequality |¢q, () — ¢p(x)| < € holds.

(A3) For each (a1,az2) € A; x Az, each v € (0,1) and each r € (0,1) there exist
ap € A1, T € Sa,, 0 > 0 such that di(@i,a1) < r and for each x € S,, satisfying
ba, (v) < inf(f(a, ay)) + 0 the inequality p(z,7) < is valid.

(A4) For each a1 € Ay, each M,D >0 and each € € (0,1) there exists a number
d > 0 such that for each ay € Ay satisfying da(az,0) < M, each x € S,, satisfying
¢a,(x) < D and each £ € Ay satisfying da(az,&) < § there exists y € S¢ such that

p(m,y) <€ and |¢a1 (CL‘) — Qay (y)| <e

The following result was proved in [14, Proposition 1.1].

Proposition 3.1 Assume that (A1)-(A4) hold. Then (H1) holds.

4 Proofs of Theorems 2.1 and 2.2

The following result was proved in [12, Lemma 1.1].

Lemma 4.1 Let a,b€ R', e€(0,1), A >0 and let
la —b] < (14 A)e + emax{|al, |b]}.
Then
la—b < (1+A)e+e(1—e)™ ) +e(l—e) min{|al, |b]}.
Analogously to Proposition 4.4 of [12] we can prove the following result.

Proposition 4.1 Let f € M, €€ (0,1) and D > 0. Then there exists a neighbor-
hood V of f in M with the weak topology such that for each g € V and each (z,u) € X
satisfying min{I/(z,u), I9(z,u)} < D the inequality |I/(z,u) — IY(x,u)| < € is valid.

We preface the proofs of our main results by the following lemma.
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Lemma 4.2 Let f € M, M,D >0 and let € € (0,1). Then there exists a number
0 >0 such that for each z € R™, A € A1, B € Ay satisfying

[zl <M and [|A]l,||B]| < M, (4.1)
each
(z,u) € X(z,A,B) (4.2)
which satisfies
I (z,u) < D (4.3)

and each € € R, P € A1 and Q € Aaa satisfying
lz=¢ IA=P|, [B-Ql <4 (4.4)

there exists (y,v) € X(&, P,Q) such that

v(t) =u(t), te(Th,Tz) ae., (4.5)
lz(t) —y(@®)| <€, te[T, T,
[T (2, u) — I (y,v)| < e (4.7)

Proof By property (iii) (see the definition of M) there is an integrable scalar function
P1(t) >0, t € (T1,T3), such that

|| + |ul < 1(t) + f(t, z,u) forall (¢,z,u) € (Th,T2) x R™ x R™. (4.8)

Choose a positive number dy such that

do > sup{||e™||: T7€[0,Ty—T1], C € Ay; and ||C| < M + 1}. (4.9)
Set
Ts
Iall = [ (o). (4.10)
T
Inequality (4.8) implies that for each (¢,z,u) € (T1,T2) X R" x R™
|f(t,:v,u)| < f(tvxvu)+2¢1(t)' (4'11)
Choose a number
My > 2+ M(||¢1]| + D +1). (4.12)

We show that the following property holds:
(P) If z€ R™, A€ A2 and B € Ay satisfy (4.1) and (x,u) € X(z, A, B) satisfies
(4.3), then
|z(t)] < Mo —2 forall te [T,T5]. (4.13)
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Assume that z € R", A € A1 and B € Ajgs satisfy (4.1) and that (z,u) € X(z, A, B)
satisfies (4.3). Then it follows from the definition of X (z, A, B), (2.2), (2.3), (4.1), (4.3),

(4.8), (4.10) and (4.12) that for each ¢t € [T, T3]

t

/[A:z:(s) + Bu(s)] ds

T

|lz(8)] < Je(Ty)| +

< lo(2)| + 141 [ la(lds+ 18] [ lu(o)lds < M+ 3 [ (a(o)] + fuls)]) ds
T T Th

T>
< M<1 + / (le(s)] + |u(s>|>ds>

T
T T
< M<1+ [ rtsatputsds + [nts ds>
T1 T

<M1+ D+ ||¢1]]) £ Mo — 2.

Thus property (P) holds.
Choose a positive number

€0 < e(To—Ty+D+2|¢| +1)"1/4
and a positive number ¢; < 1 for which

€1 + 61(1 - 61)_1 < 60/8.

(4.14)

(4.15)

In view of property (v) (see the definition of M) there exist I'g, d9 > 0 such that for

almost every ¢ € (T1,T5)

|f(t,a:1,u) - f(t,:l?z,’u,)| <ea max{|f(t,a:1,u)|, |f(t,:c2,u)|} +ea

for each u € R™ and each z1,z2 € R"™ which satisfy
|z < Mo, i=1,2, |u]>To, |z1 — 22| < 4dp.
By property (iv) (see the definition of M) there exists a positive number
01 < min{dop, €1, 1}
such that for almost every t € (T1,T%) the inequality
|f(t,z1,u1) — f(t,m2,u2)] < €

holds for each x1,22 € R™ and each ui,us € R™ such that

|zi], Jui|] < Mo +To+1, i=1,2, |z1— 22|, |ur —ua| < 01.

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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Let 09 > 0 satisfy

T>
(52(10 + M62) (1 + D+ /1/11(15) dt) < 51/4
T

Choose § > 0 such that
o< min{l, o1, 62} (422)

and that for each A, P € Ay satisfying
[All <M, [[A-P|| <4
and each 7 € [0, To — T3] the inequality
le™ — T4 < 6y (4.23)

holds.

Assume that z € R", A€ Ay and B € Ayy satisfy (4.1), (x,u) € X satisfy (4.2),
(4.3) and £ € R™, P € Ay and Q € Ay satisfy (4.4). It follows from (4.2), (2.2) and
(2.3) that

xz(Ty) = z, (4.24)
z'(t) = Az(t) + Bu(t), te (T1,Tz) a.e. (4.25)
Relations (4.24) and (4.25) imply that
¢
z(t) = T4, 4 / e'=)ABu(s)ds, te [Ty,Ts). (4.26)
T
T>
In view of (4.3) and (4.8) [ |u(t)|dt < co. Define
T
¢
y(t) = TP 4 / P Qu(s)ds, te [Ty, T (4.27)
T
It is not difficult to see that
(y,u) € X(&, P, Q). (4.28)

It follows from (4.27), (4.26), (4.1), (4.4), (4.22), (4.9) and the choice of ¢ (see (4.23))
that for each ¢ € [Ty, 5]

¢ t

e(t=TA, 4 /e(t_S)ABu(s) ds — et=TPe _ /e(t_S)PQu(s) ds
T1 Tl

< |e(t7T1)P€ _ e(t*Tl)PZ| + |€(t7T1)PZ _ e(t*Tl)AZ|

ly(t) — z(t)| =
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t T t !
N /e(t—S)PQu(s)dS— /e<t—s>PBu(s)ds + /eu—stu(S)ds_/eu—smgu(s)ds
T1 T1 Tl Tl

<|¢E-— z|sup{|\eTcxH: T€[0,Ta—T1], C € A1, ||C]| £ M + 1} + 2|62

t t
+ / 1P |111B - Qllfu(s)|ds+ ( / |B|||u<s>|ds> sup{|le”"—e7 | 7€ [0, Ty — T1]}
T1 Tl
t t
< ddo+ Méby + d05/ lu(s)|ds + 52M/ |u(s)|ds
T1 Tl

T
< 8do + M6 + (}/ |u(t)|dt) (do6 + 62 M), (4.29)

Relations (4.8) and (4.3) imply that

Ty Ts T> T
lu(t)|dt < [ f(t,z(t),u(t))dt+ [ ¥i(t)dt < D+ [ i (t)dt. (4.30)
Jre=] [remzr]

In view of (4.29), (4.30), (4.22) and (4.21) for each ¢ € [T1,T5]

T

ly(t) — z(t)| < (ddo + Md2) <1 +D+ /1/11(t) dt) < 41/4. (4.31)
T
By property (P), (4.1), (4.2) and (4.3)
|$(t)| <My—2, te [Tl, TQ] (432)
Set
Q={te (T, T2): [u(t)| = To}. (4.33)

We will estimate

Ts
/ (6 2(), ult)) — £t (), u(t))] dr.
T

Clearly

T>
/ £t 2(), ult) — F(t,y(), u(t))|dt < / (6 a(), ult)) — F(t,y(e), u(t))| di
Ty Q

(4.34)
+ / Lf(t (), u(t)) — f(t,y(t),u(t))|dt.

[T1,T2\Q
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It follows from (4.33), (4.32), (4.31) and the choice of Ty, g (see (4.16)—(4.18)) that for
almost every t € Q

[f(t2(t),u(t) = f(ty(t), ut)] < er+ exmax{|f(t,2(t), u(t))], |t y(t), u(t))]}. (4.35)

In view of (4.35), (4.15) and Lemma 4.1 for almost every t €

[t 2(t), u(®) = f(ty(t), u®)] < e + (1 —e)) T +ea(l —e) T (¢ 2(t),ult))]
< €0/8+ (eo/8)[f (¢, x(t), u(t))]

Combined with (4.8), (4.3), (4.10) and (4.14) this inequality implies that

T>

/|f(t7$(t)7u(t)) — f(t,y(t), u(t))] dt < /[60/8+ (eo/8)f (¢, x(t), u(t))| dt
Q T
T (4.36)
< (eo/8)(T2 — T1) + (€0/8) /(f(tvx(t)vu(t)) + 291 (1)) dt
T

< (e0/8)(T2 = T1) + (e0/8)(D + 2[[¥1) ) < €/8.

It follows from the choice of §; (see (4.18)—(4.20)), (4.33), (4.32) and (4.31) that for
almost every ¢ € (T1,T5)\Q

[f (&, (), u(t)) — [t y(t), u(t))] < €.

Together with (4.14) this implies that

Lf (8 2(t), u(t) = f(t,y@), u(t)] < eo(T2 — T1) < €/4.
(T1,T2)\Q

Combined with (4.36) and (4.31) this inequality implies that
| () — T (g, )| < /2.

This completes the proof of Lemma 4.2.

Proofs of Theorems 2.1 and 2.2 By Theorem 3.1 and Proposition 3.1 we need only to
show that the hypotheses (A1) —(A4) and (H2) hold. We have already noted in Section 2
that (Al) is valid. (H2) follows from Proposition 4.2 of [12]. Proposition 4.1 implies
(A2). (A3) follows from Lemma 5.1 of [12]. Lemma 4.2 implies (A4). This completes
the proofs of Theorems 2.1 and 2.2.
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