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A Periodic Version of Lie Series
for Normal Mode Dynamics
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Abstract: Lie series solutions of smooth dynamical systems are adapted for
the classof periodic motions by invoking the temporal mode shapes of the
classicimpact oscillator.
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Despite the fact that perfectly periodic motions never indeed happen, the class of
periodic solutions of the differential equations of motion appears to be very important
even when dealing with the chaotic dynamics [1]. Typical problem formulations and
practical reasons for considering the periodic solutions can be also found in reference [2].

Let us consider a multiple degrees of freedom dynamical system described by the
differential equations of motion with respect to the coordinate and velocity vectors

ẋ = v,

v̇ = −f(x, v, t),

ṫ = 1,

(1)

where the vector-function f is assumed to have as many derivatives as needed in a
physically reasonable domain of the variables. Then, the dynamics of system (1) can be
locally described by the Lie series [3]

x = exp[(t − t0)G]x0 ≡

[

1 + (t − t0)G +
1

2!
(t − t0)

2G2 + . . .

]

x0, (2)

G = v0 ·
∂

∂x0

− f(x0, v0, t0) ·
∂

∂v0

+
∂

∂t0
(3)
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