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1 Introduction

Let Z be the set of integers, Z[k,l] = {i€ Zli=k,k+1,..,1} and Z[k,c0) =
{ieZli=kk+1,..}.

In [1], authors considered oscillations of the partial difference equation with several
nonlinear terms of the form

h

Um+1,n + Um,n+1 — Um,n + § pi(m7 n) |umfki,n7li
i=1

(e 7} .
SEN Um—k; n—1; — 0.

In this paper, we investigate the equation of the following form

h

Um+1,n+1 +um+1,n+um,n+l —Um,n +sz (mu n) |um—ki,n—li |ai SN Um—k;,n—1; = 07 (1)
=1

where m,n € Z[0,00), P;(m,n) >0 (i =1,2,---,h) and
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(Hl) ap >Qp_ 1> ->ap>1>a1 > >a; >0;

(Hg) ki,l; (i=1,2,---,h) are nonnegative integers.

Such an equation arises in several mathematical models (see e.g.[3]) including inter-
connected neuron units placed on an arbitrary large board, heat transfer in lattice of
molecules, population migration among cities, and discrete simulation of the heat equa-
tion et al.

The usual concepts of oscillation or stability of steady state solutions do not catch all
their fine details, and it is necessary to use the concept of frequency measures introduced
in [2] to provide better descriptions. In this paper, by employing frequency measures,
some new oscillatory criteria of (1) are established.

In addition to (Hy) and (Hz), we also assume

(Hs) pi = {pi(m,n)},, e zi0,00) (i = 1,2, , h) are real double sequences;

(Hy4) Suppose there exists a; > 0 (i = 1,2,---,h) such that 2?21 a; = 1 and
S s = 1

(Hs) If p; = {pi(m,n)} has negative components, then a; is chosen such that a; is a

quotient of odd positive integers.
Let

k= max {ki} >0, 1= Jnax {Li} >0, k= min, {ki}, 1= in, {l;}

<i<h
. {1 1}
y=ming —, -, — ¢ .
al ap

Since 0 < a; < 1, we see that v > 1.

Our plan is as follows. In the next section, we recall some of the terminologies and
basic results related to the frequency measures. Then we derive several criteria for all
solutions of (1) to be frequently oscillatory or unsaturated. In the final section, we give
some examples to illustrate our results.

For the sake of convenience, Z[—k, c0) x Z[—I,00) will be denoted by €2 in the sequel.
Given a double sequence {um, »}, the partial differences wm+1,n — Um and U, n41 — Um.n
will be denoted by Aqusm,,, and Asu,, , respectively.

and

2 Preliminaries

The union, intersection and difference of two sets A and B will be denoted by A + B,
A - B and A\B respectively. The number of elements of a set S will be denoted by |S] .
Let ® be a subset of Q. Then

X0 ={(i+m,j) € Q(i,j) € 2}, Y™®={(i,j+m)€Q|(i,j) € P}
are the translations of ®. Let «, 3, A and ¢ be integers satisfying a < 8 and A < 4. The
union 37, 7, X'YJ® will be denoted by X7Y)®. Clearly,
(i,7) € NXPY D & (i — 5,5 —t) € Q\D
fora<s<pfBand A<t <4. B B
For any m,n € Z[0,00), we set (™™ = {(i,j) € ®| —k <i<m,—<j<n}.If

o)
lim sup
m,n— oo mn
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exists, then the superior limit, denoted by p*(®), will be called the upper frequency
measure of ®. Similarly, if
e
lim inf
m,n— o0 mn

exists, then the inferior limit, denoted by p.(®), will be called the lower frequency mea-
sure of ®. If 1, (D) = p*(P), then the common limit is denoted by u(®) and is called the
frequency measure of ®.

Clearly, u(@) = 0, () = 1 and 0 < p.(P) < p*(®) < 1 for any subset ® of Q,
furthermore if ® is finite, then p(®) = 0.

The following results are concerned with the frequency measures and their proofs are
similar to those in [3].

Lemma 2.1 Let ® and T' be subsets of Q. Then p*(® +T) < p*(®) + p*(T).
Furthermore, if ® and I' are disjoint, then

p (@) + ps (1) < (@ 4+ 1) < (@) 4+ p*(1) < p™(@ +T) < p(@) + p*(I),
so that
e (®) + (D) = 1.
Lemma 2.2 Let ® be a subset of Q and o, 5, and § be integers such that a <
and X < 6. Then
p(XEYP0) < (B—a+1)([0— A+ p* ()
and
fs (XBYI®) < (B—a+1)(6 — A+ 1) ().
Lemma 2.3 Let ®4,..., P, be subsets of 2. Then

H(Se) ey (i)

(el ()

Lemma 2.4 Let ® and T" be subsets of 0. If u (®)+p*(T') > 1, then the intersection
® - T is infinite.

For any real double sequence {v;;} defined on a subset of , the level set
{(¢,7) € Q|v;; > ¢} is denoted by (v > ¢). The notations (v>c¢), (v < ¢), (v < ¢)
are similarly defined. Let u = {ui’j}(i)j)EQ be a real double sequence. If p*(u < 0) =0,

and

then u is said to be frequently positive, and if p*(u > 0) = 0 , then w is said to be
frequently negative.

u is said to be frequently oscillatory if it is neither frequently positive nor frequently
negative.. If p*(u > 0) = w € (0,1), then u is said to have unsaturated upper positive
part, and if p.(u > 0) = w € (0,1), then u is said to have unsaturated lower positive
part. u is said to have unsaturated positive part if u*(u > 0) = p.(u > 0) = w € (0, 1).

The concepts of frequently oscillatory and unsaturated double sequences were in-
troduced in [2-6]. It was also observed that if a double sequence u = ~{1L1-J-]»(i)j)eQ is
frequently oscillatory or has unsaturated positive part, then it is oscillatory, that is, u
is not positive for all large m and n, nor negative for all large m and n. Thus if we can
show that every solution of (1) is frequently oscillatory or has unsaturated positive part,
then every solution of (1) is oscillatory.



212 ZHANG YU JING, YANG JUN AND BU SHU HONG

3 Frequently Oscillatory Solutions

An inequality, which can be found in [7], will be used in deriving the following results:

h

h
> o = [[ a7, (2)
i=1 i=1
where o; > O,Z?zlgi =1,2;>0,i=1,2,--- ,h.

Lemma 3.1 Suppose there exist mg > 2k and ng > 21 such that

pi(m,n) >0 for (m,n) € Zmg — 2k ,mo +1] x Z[ng —2,n9 + 1], i =1,2,--- , h.

Let {umn} be a solution of (1). If umn >0 for (m,n) € Z[mo — 2k, mo + 1] x Z[ng —
21, no + 1], then

Attt <0, At <0 for (m,n) € Z[mo — k,mo] x Z[ng — I, no),

and if um.n < 0 for (m,n) € Z[mo — 2k, mg + 1] X Z[ng — 21, ng + 1], then

Aqtpn > 0, Aoty >0 for (m,n) € Zlmo — k,mo] x Zng — 1, ng].

Proof 1f up,, > 0 for (m,n) € Zimg — 2k, mo + 1] x Z[ng — 2I,ng + 1], it follows
from (1) that

h

;
Um41,n41 + Um+1,n + Um 1 + E pilm,n)up’ o
=1

Um,n

um-l—l,n—i—l + um-i—l,n + um,n-{-l

AR,

uerl,n + um,nJrl .

Hence A1t < 0, Attty < 0 for (m,n) € Z[mg — k,mo] x Zng — 1, ng].
_ Similarly, we also have Aty n > 0, Agtiy,n > 0 for (m,n) € Zmo—k, mg] X Zng —
I, ng). Let

h h
[10 - {Hp?(m,m}

Under the assumption (Hs), H?:l p;t is well defined. We remark that if p;(m,n) > 0,
the assumption (Hs) is not needed.

m,neZ[0,00)

Theorem 3.1 Suppose there exist constants w; (i =1,2,-+-  h) and w such that

h
wp<0)=w; =1,2,---,h), (H(Pi <0)> =w,

i=1

h h
. <7pr > 1) >4(k+1)(1+1) (Zwl —(h— 1)w> .
i=1 =1

Then every nontrivial solution of (1) is frequently oscillatory.
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Proof Suppose to the contrary that u = {u., ,} is a frequently positive solution
of (1). Then p*(u < 0) =0. By Lemmas 2.1-2.3, we have

1 = u {Q\X%@Y_ﬂl
+

< {Q\XEEY?1

. {kalY_Qll

M=

(pi<0)+(uﬁo)]}

1

(pi<0)+(u§0)]}

.
Il

-

Il
-

K3

-

N
Il
-

(pi<0)+(uﬁo)]}

h
+4(k+1)(1+1) {u* <Z (pi < 0)) +p5(u < 0)}

< {Q\X“‘Eifﬂ1 [

< u {Q\X“‘Eifﬂ1 [

i=1

(pi <0)+ (u<0)

-

h
}+4(E+ D(I+1) <Zwi—(h—1)w>

h
}+u* <7Hp§“ > 1) .
=1

=1

(pi <0)+(u<0)

-

=1

Therefore by Lemma 4, the intersection

{Q\X%’gy_ﬂl

h h
Z(pi<0)+(u§0)”- (vﬂp?i > 1)

=1

is infinite. This implies that there exist mg > 2k and ng > 2 such that

and

h
[T P (mo,mo) > 1 3)
i=1
pi(m,n) >0 (i =1,2,--- ,h),upmn > 0. (4)

for (m,n) € Z[mo—2k, mo+1] x Z[ng—2l,no+1]. In view of (4) and Lemma 3.1, we may
then see that Ajup, ., < 0 and Agtiy, , < 0 for (m,n) € Zimo — k,mo] X Zng — I, no],

and hence Umg—k; no—1; = Umo—k,no—1 = Ume,io (¢ =1,2,---, h), so that by (2) and (4),
h
0 > Umo+1,n0+1 T Umo+1,m9 T Umg,no+1 = Umg,ne + Zpi(mmno)u?nigf&,nofg

>

=1
h

a;
Umo+1,n0+1 T Umo+1,m9 T Umg,no+1 — Umg,ng + 7Y Hpi (m07 no)umomo
=1

h
(VHp(ili (m07n0) - 1) Umg,ng > 0,

i=1

which is a contradiction.
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In a similar manner, if u = {um,,,} is a frequently negative solution of (1) such that
p*(u > 0) = 0, then we may show that

focuno ()

{Q\X%f Yflf
=1

is infinite. Again we may arrive at a contradiction as above. The proof is complete.

Theorem 3.2 Suppose there exist constants w; (i =1,2,-+-  h) and w such that

h
M*(pz <0):wl (221727 7h)7 M* (VHP?I < 1) = w,

i=1

h
h Switw 1
(ps < 0)- i< > =1 - _ .
E P ”’pr h ah(k+ 1)1+ 1)

Then every nontrivial solution of (1) is frequently oscillatory.
Proof Suppose to the contrary that w = {um, ,} be an eventually positive solution
of (1). Then p*(u < 0) =0. By Lemmas 2.1-2.3, we get

> (pi<0)+ (VHp?Sl)HUSO)H

i=1

* {Q\X%ly?ﬁ

h h
= 1—u*{X2kY2l Z p1<0)+<7Hp;“§1>+(u§0)1}
=1 3
_ _ h
> —4(/€+1)(l+1){u* [Z (pi <0)+ <7Hp‘“<1> (u§0)}
=1
h
> 1-4k+1D(1I+1) Z/‘ (ps < 0) + p* (7Hpa1<1>
h h
_hﬂ* H pz<0 VHP?jﬁl > 0.
i=1 j=1

Thus, by Lemma 2.4, the intersection

ipz<0 <7Hpa1<1> u§0)1}

i=1

{Q\X”}Y%

is infinite. This implies that there exist mg > 2k and ng > 2l such that (3) and
pi(m,n) >0 (i =1,2,---,h), Umn >0

hold for (m,n) € Z[mo — 2k, mg + 1] x Z[ng — 2I,n + 1]. By similar discussions as in
the proof of Theorem 3.1, we may arrive at a contradiction against (3).
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In case u = {um,n} is eventually negative, then p*(u > 0) = 0. In an analogous
manner, we may see that

{Q\XZEYEQ

h
> (pi<0) <7Hp‘“ < 1) (u> 0)]}
i=1
is infinite. This can lead to a contradiction again. The proof is complete.

4 Unsaturated Solutions

The methods used in the above proofs can be modified to obtain the following results for
unsaturated solutions.

Theorem 4.1 Suppose there exist constants w; (i = 1,2,--- ,h),w and wy € (0,1)
such that

h
M*(pz < 0) = W (Z: 1727"' 7h)7 s (H(pl < 0)) = w,
i=1

(7Hp‘“>1>>4(%+1 I+1) (sz—l—wo— _1)w>,

Then every nontrivial solution of (1) has unsaturated upper positive part.

Proof Let u = {um,} be a nontrivial solution of (1). We assert that u*(u > 0) €
(wo, 1). Suppose not, then p*(u > 0) < wp or p*(u > 0) = 1. In the former case, applying
arguments similar to the proof of Theorem 3.1, we may then arrive at the fact that

ipz<0 u>0H <7Hp“%>1>

is infinite and a subsequent contradiction. In the latter case, we have p.(u < 0) = 0. By
Lemmas 2.1-2.3, we have

{Q\X”ﬁyzﬁ

Mp

>—~
I

o {Q\kalY_Ql

SETR {XE@YE&

(pi<0)+(u§0)]}

1

(pz<0)+(US0)]}

.
Il

'M?

Il
-

K3

Mw

IN

(pi<0)+(u§0)]}

1

.
Il

=1

> (pi<0)+ ug())”

=1

h
+ 4(k+1)( l2p1<0 uSO)]

IN

w* {Q\kalY_le
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IN

i {Q\X%’iy_z‘ll

+ 4(E+1)(Z+1)<Z i +wo — ( —1w>

} + fbs <7Hp‘“ > 1)
Therefore by Lemma 2.4, we know that the set

ipl<0 USOH (pr‘“>1>

is infinite. Then by discussions similar to those in the proof of Theorem 3.1 again, we
may arrive at a contradiction. This completes the proof. Combining Theorem 3.2 and
4.1, we have the following theorem the proof of which is omitted.

A

h
* {Q\X%’;Y_‘Zg > (pi <0)+ (u<0)

{Q\X%ly?ﬁ

Theorem 4.2 Suppose there exist constants w; (i = 1,2,--- h),w and wy € (0,1)
such that

h
B < 0) = i (i = 1,2, ), 4 (va;-“ < 1) )
=1

h
h S wit+w+w )
(pi <0)- G| > E S _ .
il;[l P pr h k1 1)+ 1)

Then every nontrivial solution of (1) has unsaturated upper positive part.

Theorem 4.3 Suppose there exist constants w; (i = 1,2,---  h),w’ 0" and wy €
(0,1) such that

h
/'L*(pl < O) = W (Z: 1727"' 7h)7 /1'* <’71_[p;lI S 1) =
=1

h h
Hp1<0 'prJ<1 =" 4k + 1)1+ (sz—l—w +w0—hw”> < 1.
i=1

1=1

Then every nontrivial solution of (1) has unsaturated upper positive part.
Proof We claim that u*(u > 0) € (wo, 1). First, we prove that p*(u > 0) > wq.
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Otherwise, if p*(u > 0) < wp, by Lemmas 2.1, 2.2 and 2.3, we have

h

sz<0 (v]_[p‘“<1>
h

S i< 0)+ (’pral < 1)”—u* {XEEY_ﬂl [(u>0)]}

i=1

i {Q\szlY_Qll

} +pt { XY [(u > 0)]}

= 2. {Xi’gyﬂ

v

h
—4(E+1)(E+1) {Zu (pi < 0) + ps (pr“Z<1>+u*(u>0)

i=1 i=1
—hp. lH (pi <0)- <7Hp‘“ <1> }>1.
i=1

Hence, by Lemma 2.4, we see that

h —_ -
Z pi < 0)+ (v [I» < 1)] } : {Q\XE’inll [(u > 0)]}

is infinite. Then there exist mg > 2k and ng > 21 such that (3) and

{Q\szlY_Qll

pl(man) Z 0 (1725 7h'); Um,n S 0

hold for (m,n) € Z[mo—2k, mo-+1] x Z[no—2l,no+1]. Applying similar discussions as in
the proof of Theorem 3.1, we can get a contradiction. Next, we prove that p*(u > 0) < 1.
Otherwise, p.(u < 0) = 0. Analogously, we see that

h — —
Z (pi <0) (v [Ir < 1)] } : {Q\X%’iYEﬁ [(u < 0)]}

is infinite. Then, we can also come to a contradiction. The proof is complete. ~ We
remark that very nontrivial solution of (1) has unsaturated lower positive part under the
same conditions as in Theorem 4.1, Theorem 4.2 or Theorem 4.3.

{Q\X%ly?ﬁ

5 Examples
We give two examples to illustrate our previous results.
Example 5.1 Consider the partial difference equation
Um+1,n+1 T Um+1,n + Umnt1 — Um,n + P1(M, 1) | Um—a,n—3] isgnum,4m73

1 3
+p2(m, n)[um—3,n—2|% $gNUM—3 n—2 + D3(M, 1) |Upm—1,7—1]|258NUm—1,n—1 =0, (5)

where p1(m,n) = 21(n=1) 4 25(5n=3) 4 923(3n+7) p2(m,n) = ps(m,n) = 1. Obviously,
ar =1/4,00 =1/2,a3 =3/2. Let ay = 1/5,a2 = 1/4,a3 = 11/20. It is easy to see that
S @iy =1, v =20/11. Tt is clear that

(i) o (=)
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3
p(p1 < 0) = p*(p2 < 0) = p*(p3 < 0) = p (H (pi <0) ) < Hp‘“ < 1) =0.

i=1
Therefore, by Theorem 3.1 or 3.2, every nontrivial solution of (5) is frequently oscillatory.
Furthermore, let wy € (0,1/80), we see that all conditions in Theorem 4.1, 4.2 or 4.3 are
satisfied. Thus, every nontrivial solution of (5) has unsaturated upper positive part.
Indeed, u = {(—1)"™2"} is such a solution with p*(u > 0) = 1/2.
Example 5.2 Consider the partial difference equation
1
um+1,n+1 + uerl,n + um,nJrl - um,n + D1 (m7 n)|um73,n73| 3 Sgnumf3,n73

1
+p2 (m; n)|um73,n72| 2 sgnum73,n72 + P3 (m7 n) |um71,n71 |2Sgnumfl,n71 - 07 (6)
where

—1, m=10s and n = 13t, s,t € Z[0, 00),
b1 (mu TL) = p3(mu TL) =1, p2(m7n) = 1. otherwise.

Choose a1 = 3/10, az = 1/3, ag = 11/30. It is easy to see that Z?:l a; =1, E?:l a;0; =
1 and v = 30/11. Clearly,

3 3 3
p(pr <0) = p* (p3 < 0) = pu (H (i < 0)) = fu (H (pi < 0)~<7_Hp§” < 1)) =0,
p(p2 <0)= p* (va )——, o (va‘“>1> gg

Then by Theorem 3.1 or 3.2, every nontrivial solution of (6) is frequently oscillatory.
Furthermore, when given wy = 1/4161, applying Theorem 4.1, 4.2 and 4.3, we may see
that every nontrivial solution of (6) has unsaturated upper positive part.
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